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The rapid growth in direct digital manufacturing technologies has opened the challenge
of designing optimal micro-structures for high-performance components. Current topology
optimization techniques do not work well for this type of problems and hence in this paper
we propose a technique based on an implicit representation of the structural topology.
The detailed microstructure is defined by a continuous variable, the size distribution field,
defined over the design domain by chosen shape functions. We can optimize the structural
topology by optimizing only the weights of the size distribution field and, for any given
size distribution, we use standard meshing software to determine the actual detailed micro-
structure. We have implemented the optimization loop using commercial CAD and FEA
software, running under a genetic algorithm in MATLAB. Application this novel technique
to the design of a sandwich beam has produced designs that are superior to any standard
solid beam or even optimized truss structure.

I. Introduction

Recent advances in direct digital manufacturing technologies have made it possible to replace convention-
ally machined load-bearing parts with space-frame-like components. This development opens the challenge
of finding optimal architectures for these space frames, in order to maximize the benefits of these new design
and manufacturing approaches. Problems of this kind belong to the field of structural topology optimization
which has seen major advances in recent years. However, despite the availability of high-performance com-
puters and powerful commercial CAD and FEA software, existing approaches are suitable only for problems
in which the micro-structure to be designed is rather coarse. If our objective is to design fine micro-structures
then current topology optimization techniques are unable to converge to a solution that is even close to opti-
mal. In this paper we introduce an implicit topology optimization method that successfully addresses these
drawbacks.

The paper begins with a brief review of relevant structural topology optimization methods followed by
an introduction to direct digital manufacturing technologies for metallic structures. Section III introduces
the design problem, a simply-supported beam, that is chosen as a focus of the present study and then
the proposed implicit topology optimization method is presented. Section IV describes the optimization
algorithm used in this study and the software implementation of the whole optimization cycle is presented
in Section V. Section VI presents the results of the optimization problem and Section VII introduces two
metrics to compare the performance of beams designed by the present approach with standard beams and a
simple truss. Section VIII concludes the paper.

II. Background

This section provides a brief review of current approaches to structural topology optimization, followed
by an overview of direct digital manufacturing technologies for metallic materials.
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A. Approaches to Structural Topology Optimization

Current approaches to structural topology optimization can be classified into continuummethods and discrete
methods.1

In the continuum methods, the design domain is discretized into a set of continuum finite elements and
the material properties of each element are varied, or an element may even be removed, in order to obtain the
optimal material distribution for given loads and boundary conditions.2,3 There are many computational
implementations of this type of approach, from open source to commercial packages. For example, Bendsøe
and Sigmund4 provide a compact 99-line MATLAB code for the Solid Isotropic Material with Penalization
(SIMP) method and Abaqus/CAE version 6.11 includes an optimization module based on the homogenization
method. However, this approach does not generate actual structures and thus extensive post-processing of
the optimization results is required to convert them into actual members and voids. An example result
obtained from this approach is provided in Figure 1, showing an adaptive wing leading edge that has been
optimized for single-point actuation. It can be seen that there are some isolated patches of material and non-
smooth structural boundaries. As a result, a great deal of post-processing would be required to transform
this particular solution into a practical structure.

Design Domain

Figure 1: Continuum topology optimization of aircraft leading wing.5

Discrete optimization methods have a long history dating back to the 1900’s and significant improvements
have been made in recent decades.1 There are two key approaches to discrete topology optimization: ground-
structure based methods and shape-grammar methods.6

In ground-structure based methods, the design domain is represented by a ground structure that con-
tains the full set of possible structural components, attached to a grid of nodes that has a high degree of
connectivity. By eliminating some of the members included in the ground structure and also varying the
cross-sectional dimensions of its members, one can search for structures with optimal topology and member
sizes. Although the ground structure method is rather intuitive, it may also create impractical structures
with floating components or disconnected load points. An example result obtained from this method is
provided in Figure 2 showing some isolated parts.

Input actuation

Fixed 

points

Figure 2: Impractical structure obtained from ground structure based method.8

To avoid these difficulties Lu and Kota7,8 introduced the load-path technique. In this case, a finite set
of load paths connecting the points of application of the loads to the support points is predefined and an
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optimization is carried out to select a specific set. Santer and Pellegrino5 combined the load-path technique
with the K Shortest Simple Path (KSSP) method in which only the shortest K load paths (where K is an
integer) are included in the set, instead of all possible load paths. Figure 3 shows an optimized adaptive wing
leading edge obtained by the KSSP technique. Load path methods produce fully connected structures. They
are still a type of ground-structure method, since they work with a predefined set of structural members.
Although load-path methods produce more practical structures than other ground-structure methods, their
results are still dependent on the definition of the ground set, which limits their generality.

Figure 3: Aircraft adaptive leading edge obtained from KSSP method.5

In the shape-grammar method,9,10 instead of eliminating structural members originally included in the
ground structure, the topology of the structure is grown from an initially defined, simple structure, through
repeated applications of a series of rules (“shape grammar”). Simulated annealing is used to apply the shape
grammar and optimize the structural topology; Figure 4 shows an example of this approach.
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Figure 4: Example of shape grammar rules.10

In discrete approaches the structural topology has to be defined explicitly which, for the type of problems
of interest in this paper, introduces a very large design space. For example, 50 load paths in the design domain
would lead to a design space containing 250 − 1 ≈ 1.12 × 1015 possible structures. Discrete approaches
successfully avoid the drawbacks of continuum approaches, but the large design space that is generated by
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them significantly increases the difficulty of finding optimal topologies.

B. Direct Digital Manufacturing

Direct Digital Manufacturing (DDM) is an automatic manufacturing process that creates physical parts di-
rectly from 3D CAD files or data using computer-controlled additive fabrication techniques. DDM technology
can manufacture complex geometries with high energy efficiency, low material waste and fast speed.

Current direct digital manufacturing technologies can produce structural components from a wide range
of materials including polymers and metals such as steel, titanium and alloy. Two main DDM technologies,
laser sintering and electron beam melting, can be used to manufacture structural components. Laser sintering
technology uses a high power laser to fuse small metallic particles by scanning cross-sections generated from
3D CAD files.11,12 The CAD files are sliced into layers and the structure is built layer by layer, starting
from the bottom. The layout of a typical laser sintering machine is shown in Figure 5.

Figure 5: Schematic of laser sintering machine.12

In electron beam melting (EBM) technology electrons are emitted from a filament which is heated to
> 2500oC and are accelerated through the anode to half the speed of light. When the electrons hit the
heated powder, kinetic energy is transformed to heat and the metal is melted.13 Similar to laser sintering,
EBM melts the metallic powder layer by layer, a schematic of EBM is shown in Figure 6. Figure 7 shows a
titanium cube with an internal microstructure designed by the present authors and made by CalRam Inc.
using Electron Beam Melting.

DDM technology has made it possible to transform designs of almost limitless complexity into reality,
and without significant increases in cost. In the rest of this paper we will focus on optimization techniques
that can exploit this new capability.

III. Implicit Topology Optimization

To overcome the drawbacks of both continuum and discrete approaches, we will adopt an implicit repre-
sentation of the structural topology. The detailed microstructure is defined by a continuous variable, the size
distribution field, defined over the design domain by a weighted interpolation of some chosen shape functions.
Thus instead of searching the entire design space, we can optimize the structural topology by optimizing
only the weights of the size distribution field. For any given size distribution, we will use standard meshing
software to determine the actual detailed micro-structure.

In this section we provide details of our proposed optimization technique. We will first introduce a beam
design problem that will be used as an example to present our method. Then, we explain the key idea of
the new method and finally its implementation.
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Figure 6: Schematic of EBM technology.13

(a) (b)

Figure 7: Lightweight cube made by EBM: (a) cut view generated from CAD file; (b) sectioned titanium
cube.
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A. Optimization Problem

We will study a simply supported 2D beam under uniformly distributed load. Beam design is a classical
problem and hence we will be able to compare the results obtained from our study with well-known analytical
solutions.

A schematic of the design problem is provided in Figure 8, showing a simply supported beam with length
of 1 m and height of 0.1 m under a uniformly distributed load of 1000 N. The beam has a continuous outer
skin and an internal microstructure. The skin is 2 mm thick and the microstructure consists of rods with a
diameter of 2 mm; initially, only the topology of the microstructure will be varied.

F=1000N

Lx=1m

Ly=0.1m

Figure 8: Schematic of beam design problem.

Our objective is to design a lightweight beam that is also very stiff. These two objectives will be combined
as a weighted sum to define the following combined objective:

Minimize f(T ) = ω1
Mass(T )

Mass0
+ ω2

U(T )

U0
(1)

where ω1, ω2 are weighting coefficients such that their sum is one, the design variable T and the objective U
are the topology of the microstructure and the total strain energy of the beam, respectively.

Since the loading is prescribed, maximizing stiffness is equivalent to minimizing the deflection of the
beam and, since the strain energy can be considered a generalized measure of deformation, U is used to
characterize structural stiffness. Mass0 and U0 are a reference mass and strain energy, respectively, used to
normalize the objectives. We will take ω1 = 0.3 and ω2 = 0.7 in this problem.

It is possible that a structural design with large deformation but very small mass could produce a small
value of the combined objective function. We avoid such structures by introducing a constraint on the
maximum deformation. Valid designs will have to satisfy mechanical constraints on stress, to avoid yielding
of the material, and buckling, to avoid that any member of the micro-structure buckles. We define the
parameter, λ, as the ratio between the critical buckling load and the applied load:

λ =
Fmax

F
(2)

Here Fmax is the critical buckling load and λ must be larger than 1 if the applied load is to be lower than
the critical buckling load. λ can be obtained by finding the first eigenvalue through a buckling analysis of a
structure under fixed loading F = 1000 N.

In conclusion, the optimization problem can be formulated as follows:

Minimize: f(T ) = ω1
Mass(T )

Mass0
+ ω2

U(T )

U0

subject to: σY ≤ σ0 (Stress constraint)

λ ≥ 1 (Buckling constraint)

δ ≤ 4 mm (Deformation constraint)

(3)

where σY and δ are the Mises stress and the maximum deformation of the top surface of the beam, respec-
tively.
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B. Structural Size Field

In an explicit representation of structural topology the positions of the nodes and their connectivity would
be defined explicitly. Our proposed approach is to use a continuous function, the structural size field, to
describe the variation of the length of the structural members. This idea is similar to adaptive finite element
meshing in stress analysis; adaptive meshing techniques focus on the distribution and size of the mesh rather
than the actual positions of the nodes or their connectivity. Similarly, in implicit topology optimization
we define the size field and then generate a corresponding microstructure, such that its size distribution
conforms to the size field.

Two simple examples of analytically defined size fields are provided in Figure 9, showing rectangular
domains covered by triangular elements with edge length conforming to h(x, y). The two examples are
generated by a simple MATLAB mesh generator, DistMesh, developed by Persson.15 These examples show
that complex topologies can be obtained without explicit definitions of nodes or connectivity, which shows
that optimization of the structural size field is a viable approach to try.

(b)

(a)Y

X

Ly

Lx

Lx

Ly

Figure 9: Microstructures defined by analytical size field: (a) h(x, y) = h0{1 + 5 sin( y
Ly

π)}; (b) h(x, y) =

h0{1 + 7
Ly−y
Ly

}.

Since using a single analytical function for the structural size field would be a severe restriction, the field
will be defined on the nodes of the background mesh shown in Figure 10. There are 36 nodes in this mesh,
corresponding to 36 independent variables, hi( i = 1, 2, . . . , 36), from which the size field over the whole
domain is obtained by linear interpolation of those 36 variables.

0 0.2 0.4 0.6 0.8 1
0

0.05

0.1

X (m)

Y
 (

m
)

Figure 10: Background mesh.

h(x, y) = Interpolation(x, y, h⃗), h⃗ = (h1, h2, . . . , h36) (4)

Thus, formulating the topology optimization problem in terms of these 36 variables, it becomes:
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Minimize : f (⃗h) = ω1
Mass(⃗h)

Mass0
+ ω2

U (⃗h)

U0
, h⃗ = (h1, h2, . . . , h36)

subject to : σY ≤ σ0 (Stress constraint)

λ ≥ 1 (Buckling constraint)

δ ≤ 4 mm (Deformation constraint)

h0 ≤ hi ≤ 6 · h0 , where h0 = 0.0064 m

(5)

C. Structural Topology Generation

The structural topology is produced by a mesh generator that takes the structural size field as an input
and generates a corresponding microstructure, as shown in Figure 11. Mesh generation methods fall into
three main categories: hierarchical spatial decompositions, advancing-front methods, and Delaunay based
methods.16 Among these methods, Delaunay based methods promise greater flexibility and are suitable for
adaptive meshing.17 A mesh generator should (1) be able to generate meshes of high quality; (2) be able to
obtain a mesh that conforms to a specified size field; (3) be fast and robust.

Mesh Generator

Structural Size Field

0.012

0.025

0.038

0

0

0.05

0.1

0.2 0.4 0.6 0.8 1

Figure 11: Procedure of structural topology generation

In this paper we use the Delaunay based mesh generator MESH2D developed by Darren Engwirda.
MESH2D is a Matlab toolbox of 2D meshing routines that allows for the automatic generation of unstructured
triangular meshes for 2D geometry. An iterative algorithm is used that optimizes the mesh topology/nodes
position to achieve high quality triangulations.18 In each step a constrained Delaunay triangulation is
generated and then nodes are added or removed from the mesh until the required element size distribution
is satisfied.

IV. Optimization Algorithm

The convexity of this optimization problem cannot be guaranteed, as it cannot even be described by
mathematical equations. In addition, the design space for this problem is hard to analyze. Therefore, we use
a genetic algorithm to solve the optimization problem. Genetic algorithms pioneered by Goldberg19 have
many advantages over other algorithms, including the ability to handle non-convex problems while dealing
with different types of domains.6,20

The flow chart in Figure 12 shows the general procedure of a genetic algorithm. There are three main
steps: selection, crossover and mutation. A population of 20 individuals (structures) is generated. Good
individuals are selected as parents according to the fitness of each individual. Crossover combines the parents
to create offspring which contains features of the parents. Mutation is then conducted to increase the diversity
of the population. The worst parents are replaced by a new generation, but the best individuals are kept.
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This process continues until a prescribed maximum number of generations is reached. An open-source
MATLAB genetic algorithm toolbox developed by the University of Sheffield,21 is used in this paper.

Ini alize Popula on (Randomly generated)

Evaluate Objec ve values

FEA of Ini!al popula!on

Selec on

Select best designs as ”parents”

Crossover

Recombine parents to get children

Genera on number

Max genera on

No

Yes

Finish

Evaluate Objec ve values

FEA of new popula!on

Increment of 

Genera on Counter

Muta on

Randomly change values of children

Reinsert 

Replace worst parents with new children

Figure 12: Flow chart of genetic algorithm.

A. Objective and Fitness Functions

The selection of individuals could be made on basis of the values of the objective function associated with
each individual, however this approach is problematic as the objective may become negative (although not
in the present example) and the range of objectives may be so large that individuals with a small objective
dominate the reproduction resulting in rapid convergence to possibly local optima. A suitable mapping of
the objective into a fitness function is necessary.19,22

Here a method proposed by Baker23 is used to avoid this issue. In Baker’s method, the fitness of an
individual is determined based on its rank in the population rather than the value of the objective function.
Baker suggested that by limiting the range of relative fitness, no individuals can generate excessive offspring
and so prevent premature convergence. The selective pressure or maximum range, MAX, is used to limit
the range of relative fitness. Individuals are sorted in descending order and the fitness is calculated as:23

F (xi) = 2−MAX + 2(MAX − 1)
xi − 1

Nind − 1
(6)

Here, xi is the position of the i-th individual and Nind is the total number of individuals in the population.
For example, the least fit individual which has the largest objective value and is ranked first has a fitness of
0; the best fit individual has the smallest objective value and has a fitness of MAX. Thus, the difference

between the fitness of adjacent individuals can be limited to 2(MAX−1)
Nind−1 ; MAX is typically chosen in the

interval [1.1, 2].22 Here we choose MAX = 2.
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B. Selection

Selection of suitable parents to evolve the next generation is the key part of the optimization process.24

Stochastic Universal Sampling (SUS), introduced by Baker,25 is used in this paper. SUS creates N equally
spaced pointers, where N is the number of selections required. The population is shuffled randomly and
a single random number, r, in the range [0, Sum/N) is generated, where Sum is the sum of fitnesses of
the individuals. The N individuals are then chosen by generating N pointers spaced by Sum/N , [r, r +
Sum
N , ..., r+ Sum

N (N − 1)], and selecting the individuals whose fitnesses span the positions of the pointers, as
shown in Figure 13. In the above example, N = 4 and A to G are the individuals. The four pointers are in
the range of individuals A, B, C and F , so these individuals are selected.

r [0, Sum/N) Sum/N

0 Total Fitness = Sum Sum

A B GD E FC

Figure 13: Schematic of stochastic universal sampling.26

C. Crossover and Mutation

Crossover produces new individuals that have some parts of both parents’ genetic information. Each design
variable is encoded into a 25-digit binary number, which is called a chromosome. Single-point crossover is
used in this paper. An integer position, i, is selected randomly between 1 and the chromosome length, l,
minus one [1, l − 1], and the genetic information at [i, l] is exchanged between the two individuals. Figure
14 shows an example of crossover with i = 8 and l = 10. The binary numbers at [8, 9, 10] of parents P1 and
P2 are exchanged to obtain offspring O1 and O2.

P1: 1  0  0  0  1  1  0  1  1  0

P2: 1  1  0  1  0  1  0  0  1  1

O1: 1  0  0  0  1  1  0  0  1  1

O2: 1  1  0  1  0  1  0  1  1  0

Figure 14: Crossover, i=8.

Mutation is applied to increase the diversity of the population; some binary numbers of a chromosome
are selected, based on the mutation probability and then flipped, as shown in Figure 15. The mutation
probability is usually very low, typically in the range 0.001, 0.01.22 We choose the mutation probability as
0.01 in this paper. After crossover and mutation, the next generation of individuals is produced and then
inserted into the parents’ generation to replace the least fit individuals.
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Original string:    1  0  0  0  1  1  0  1  1  0

Mutated string:   1  0  0  0  0  1  0  1  1  0

Muta!on point

Figure 15: Mutation.

V. Optimization Implementation

We have developed a MATLAB script that connects topology generator, CAD software, FEA software
and optimizer to implement the complete topology optimization cycle. Figure 16 shows the flow chart of this
process. The Mesh generator, MESH2D, reads the structural size field as an input, computes the position of
the nodes and their connectivity, and exports the topology through text files. Rhino 3D (Version 5 WIP),
a NURBS-based CAD software, is adopted to create CAD files for finite element analysis. Rhino 3D can
be run with Python scripts that parameterize a CAD model and automate the model generation. Next,
the FEA software Abaqus/CAE software reads the files generated by Rhino 3D and evaluates the structural
performance. Abaqus/CAE can also be run in batch mode with Python scripts that automate the finite
element analysis. The mass of the structure, its deformation, maximum stress and critical buckling load are
obtained at this point. Based on the computed structural performance, the optimization solver21 updates
the three design variables. Rhino 3D reads the new variables and creates the next set of designs. The whole
procedure is automated by our MATLAB script.

VI. Results

In this section we present the results of the beam design problem. Two levels of optimization have been
carried out, structural topology optimization and structural size optimization. The results of the beam
design problem with microstructure of varying topology and fixed cross-sectional size are presented next.
They are followed by the results of a size optimization problem that uses the topology obtained previously.

A. Topology Optimization

We have chosen Titanium alloy Ti-4AI-4V, with σY = 970 MPa, E = 114 GPa and ρ = 4430 kg/m3, for the
structure. The outer skin thickness, t, and the diameter of the rods, d, that form the microstructure have
fixed values t = d = 2 mm. Recall that the objective function is

f (⃗h) = ω1
Mass(⃗h)

Mass0
+ ω2

U (⃗h)

U0
, h⃗ = (h1, h2, . . . , h36) (7)

Here we take ω1 = 0.3 and ω1 = 0.7. The reference values, Mass0 and U0, are the mass and strain
energy of the structure with h1 = h2 = . . . = h36 = 2h0, where h0 = 0.0064 m, Mass0 = 0.3086 kg and
U0 = 1.2431 Nm. The reference structure is shown in Figure 17. There are 36 nodes in the background
mesh (Figure 10). We set the values of hi on nodes with the same Y-coordinate to be equal and hence the
number of design variables is reduced to 6:

h⃗ = (h1, h2, . . . , h6) (8)

There are 20 individuals in each generation and after running the analysis for 100 generations it converges
to a minimum. The optimized structural size field and corresponding structure are shown in Figure 18. It
can be seen that the microstructure is much finer at top and bottom than in the middle. I-beams are known
to be an efficient shape; the beam obtained here is similar to an I-beam and so this result matches our
expectation. The evolution of objective function, mass, strain energy, and constraints are shown in Figures
19, 20 and 21. The final values of the objective, mass and strain energy are 0.8972, 0.4249 kg and 0.8598
Nm, respectively.
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Figure 16: Flow chart of optimization procedure.
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Figure 17: Reference structure with uniform size field: h1 = h2 = . . . = h6 = 0.0128 m
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Figure 18: Optimized structural size field and topology.
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Figure 19: Evolution of solutions: (a) value of objective function; (b) mass.
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Figure 20: Evolution of solutions: (a) strain energy; (b) maximum deflection of top surface of beam.
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Figure 21: Evolution of solutions: (a) maximum Mises stress; (b) eigenvalue λ.
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B. Size Optimization

In the previous section, the thickness of the outer skin and the rods were both fixed at 2 mm. In this section
we choose the topology obtained in the previous section and optimize t and d. The size optimization is
formulated as follows:

Minimize : f(t, d) = ω1
Mass(t, d)

Mass0
+ ω2

U(t, d)

U0

subject to : σY ≤ σ0 (Stress constraint)

δ ≤ 4 mm (Deformation constraint)

λ ≥ 1 (Buckling constraint)

Fixed topology (Topology constraint)

1 mm ≤ t ≤ 5 mm (Size constraint 1)

1 mm ≤ d ≤ 4 mm (Size constraint 2)

(9)

The lower limit, 1 mm, is set by Electron Beam Melting technology; the upper limit on d is set to avoid
that adjacent members of microstructure become merged. Similarly, in order to avoid overlap between outer
skin and its adjacent microstructure, the upper limit of t is also set. The upper limits have been calculated
by considering a microstructure with minimum edge length of 6.4 mm which is the smallest value of the
structural size field h0 as considered in Equation 5.

The evolution of t, d, objective function, mass, strain energy, and constraints are shown in Figures 22, 23,
24 and 25. The final diameter of the rods and the thickness of the skin are 1 mm and 4.4 mm, respectively.
The final value of the objective has been reduced to 0.5574. The mass and strain energy are 0.2886 kg and
0.4917 Nm, respectively. These results will be discussed in the next section.
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Figure 22: Evolution of diameter of microstructure, d, and thickness of skin, t.

VII. Comparison with Conventional Beams

In this section we compare the results obtained from implicit topology optimization to conventionally
designed beams. We will first introduce two dimensionless metrics to evaluate beam performance, and a
shape parameter that characterizes a solid beam cross-section. Then the performance of solid beams and a
simple truss structure is compared with solutions obtained from the optimization.

A. Performance Metrics

The performance of a simply supported beam with uniform cross-section and loaded by uniformly distributed
load is governed by six parameters: massm, density ρ, beam length l, total external force F , Young’s modulus
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Figure 23: Evolution of solutions: (a) value of objective function; (b) mass.
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Figure 24: Evolution of solutions: (a) strain energy; (b) maximum deflection of top surface of beam.
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Figure 25: Evolution of solutions: (a) maximum Mises stress; (b) eigenvalue λ.

E, and maximum deflection δ. The dimensions of these quantities can be expressed as a product of the basic
physical dimensions mass, length and time, represented by M, L and T, respectively. Their dimensions are
listed in Table 1.

Table 1: Summary of parameters’ dimensions

Quantity Dimension

Mass, m M

Density, ρ ML−3

Beam length, l L

Total external force, F MLT−2

Young’s Modulus , E ML−1T−2

Deformation, δ L

Since the quantity ρl3 has dimension of M, a dimensionless mass parameter is m/ρl3. The stiffness
F/δ has dimensions of MT−2 and the combination of the Young’s modulus and beam length, El, also has
dimensions of MT−2. Hence a dimensionless stiffness can be defined as F/Elδ. These two dimensionless
parameters, m/ρl3 and F/Elδ, are adopted to evaluate the structural performance.

B. Comparison with Solid Beam

1. Shape Factor for Elastic Bending

The shape of a beam’s cross-section significantly affects its efficiency. Beams with hollow-box or I-section
are better than solid square sections of the same cross-sectional area. In order to characterize this, we use
the shape factor ϕ, introduced by Ashby.27 This factor measures the structural efficiency of a section shape
and is independent of material properties. The shape factor ϕ is a ratio between the stiffness of the section
of interest and a reference shape, which is taken to be a solid square section with the same cross-sectional
area. The bending stiffness S of a beam is proportional to EI, where I is the second moment of area.

S ∝ EI (10)

The second moment of area, I0, for the reference beam of square section, with edge length b0 and area
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A = b20 is

I0 =
b40
12

=
A2

12
(11)

The shape factor for elastic bending is derived as:

ϕ =
S

S0
=

EI

EI0
=

12I

A2
(12)

The shape factor for elastic bending is a dimensionless parameter that only depends on shape; beams of
any scale have the same value of ϕ if their section shapes are the same.27

For a beam with rectangular cross-section, Figure 26, the shape factor can be calculated as:

h

b

Figure 26: Cross-section with rectangular shape

ϕ =
12I

A2
=

bh3

b2h2
=

h

b
(13)

and from this equation it follows that high values of ϕ are obtained by increasing the aspect ratio h
b . If

the section of a beam is elongated, or hollow, or I-shaped, or a thin-walled tube, then ϕ can have values
of 50 or even larger.27 However, due to the manufacturing and material constraints, large values of ϕ may
not be feasible. Assuming beams with high ϕ could be fabricated, the upper bound of ϕ is set by material
properties. Analyses done by Gerard,28 Weaver and Ashby29 indicate that the maximum practical shape
efficiency is limited by local buckling. Ashby27 has estimated the following upper bound for ϕ:

ϕmax ≈ 2.3

√
E

σf
(14)

where σf is the material failure stress. For beams made of Titanium alloy Ti-4AI-4V, we take σf as the
yield strength σf = 970 MPa and obtain ϕmax = 25.

2. Performance Comparison

The two performance metrics and the shape factor can be combined to obtain a relation between section
shape and performance. The analytical solution for the problem that is being considered is:

δ =
5Fl3

384EI
(15)

Hence the second moment of area can be written as:

I =
5Fl3

384Eδ
(16)

Substituting the expression for the shape factor, Equation 12, into Equation 16 we obtain:

A2 =
15Fl3

96Eδϕ
(17)
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Substituting m = ρAl and after some algebra, we obtain:(
m

ρl3

)2

=
F

Elδ

15

96ϕ
(18)

Figure 27 shows a plot of m/ρl3 versus F/Elδ for ϕ = 1, ϕ = 5, ϕ = 10, ϕ = 55.1 and ϕ = 212.1 for solid
beams. Two additional points mark the structures obtained in Section VI. The figure shows that the two
solutions from optimization have equivalent performance to beams with ϕ = 55.1 and ϕ = 212.1. Recalling
that the maximum value of the shape factor ϕ for solid beams is approximately 25, it can be concluded
that the structures obtained by implicit topology optimization are much better than the best possible solid
beams.
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Figure 27: Performance comparison with solid beams.

C. Comparison with Simple Truss

The simple truss shown in Figure 28 is compared with the beams obtained by optimization. The two
structures with optimized microstructure had t = 2.0 mm and d = 2.0 mm when only the topology was
optimized, and t = 4.44 mm and d = 1.0 mm when the cross-sections were also optimized. Keeping both
the topology and the ratio t

d fixed but varying the scale, we have obtained the performance curves for the
cases t

d = 2
2 and t

d = 4.44
1 . These curves are plotted in Figure 29.

We have also optimized the member cross-sections of the truss. Assuming the upper and lower chords
to have square cross-section of size t and the diagonal to be circular rods with diameter d we obtained
t = 4.62 mm and d = 3.34 mm. The performance of two truss designs, one with the ratio t

d = 2
2 and the

other with the optimized ratio t
d = 4.62

3.34 , are also plotted in Figure 29. This figure shows that the best
optimized beam lies just below the best truss.

Figure 28: Simple symmetric truss.
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Figure 29: Performance comparison with simple truss.

VIII. Conclusion

The objective of this study was to introduce an implicit topology optimization method for designing and
manufacturing lightweight structural components. The implicit topology optimization method developed in
this paper, based on varying the structural size field by a genetic algorithm, has been shown to be a way
to avoid impractical structures or a huge design space. By studying a simple and yet classical beam design
problem, we have obtained optimized beams with a denser microstructure near the faces, which satisfies our
intuition that optimized structures should be similar to an I-beam.

Two levels of optimization, topology optimization and size optimization using a previously optimized
topology, were studied in this paper. Comparing with the initial reference structure, the objective function
has been reduced by 10.3% by the topology optimization and 44.3% by the size optimization. A detailed
implementation of the optimization loop using commercial CAD and FEA software, running under a genetic
algorithm has been developed. It has been found that using a MATLAB script as an interface to connect
these software packages is efficient, robust, and quite general.

Two performance metrics were introduced and the optimized beams obtained in the present study were
compared with solid beams and a simple truss. Our comparison has shown that the optimized structures
are superior to these other structures.
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