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The Navier-Stokes Equations —
a Neverending Challenge?

M. Wiegner, Aachen

Introduction

If one reflects on the development in the mathematical study of one of the

most famous partial differential equations, the Navier-Stokes equations, the first
name coming to ones mind is that of J. Leray. More than sixty years have passed
since the publication of his pioneering paper [L34], in which he layed the ground to
a wide and fruitful field of research to follow, and which is still not at its end. In
this paper he gave important answers to the problems of existence, uniqueness and
regularity of solutions to the (time dependent) Navier-Stokes equations, and posed
conjectures and questions, which are — partly — still today unsolved.
Nevertheless the challenge of these equations has stipulated and influenced the
treatment and improved and refined the methods of research of partial differen-
tial equations to an extent which can hardly be overestimated. Especially the last
twenty years have brought a bulk of achievements, survey articles, books and an
increasing number of research papers. Mathematicians working in this field are
aware of the monographs of O.A. Ladyzhenskaya [La 69], R. Temam [T 77], W.
von Wahl [vW 86], P.L. Lions [Li 96], and the recent two volumes of P. Galdi
[Ga 98] on the stationary Navier-Stokes equations. As a starting point let us
mention the paper of W. von Wahl [vW 78] in volume 80 of the Jahresberichte
der DMV, and its anniversary was one of the reasons to take up the subject
again.

So if one tries to survey the developments of the last twenty years on a lim-
ited number of pages, it is evident that one cannot follow all the twigs of this tree,
that one will possibly overlook someones contributions, which might turn out to be
of future importance, and that it may happen that one emphasizes some results due
to personal taste. Let me apologize for this right at the beginning.

Last let me gratefully acknowledge that a lot of discussions with several col-
leagues have (hopefully) improved this presentation, and my special thanks in this
respect have to go to Hermann Sohr from Paderborn.



2 M. Wiegner
1 The Equations

The instationary Navier-Stokes equations model the time evolution of an
incompressible fluid, filling a domain Q C R”; physically, » =2 or 3. The un-
knowns are the velocity field

u:Qx[0,7] - R"
and a pressure

p:2x[0,T]—-R
fulfilling the equations

u—vhu+ u-Viu+Vp=f

1
() divu=20

supplemented by an initial condition
u(x,0) =a(x) ,x €N

and some boundary condition; in general one assumes the “no-slip”-condition
u=00n90x (0,7)

if Q) # 0, and some condition at infinity, if {2 is unbounded.
The viscosity v (a positive constant), the exterior force f and the initial velocity a
are given and supposed to belong to some function spaces. Here one is free to pose
a wide variety of assumptions; comments on this will follow.

From daily experience one knows, that the viscosity v (precisely, the Rey-
noldsnumber R = %L, relating the viscosity to characteristic scales of velocity and
length) has a crucial influence on the dynamics of the fluid. It measures the propor-
tion of the inertia term |(u - V)u| in relation to the viscous term |vAu|. At the ex-
treme ends, there are the Euler equations (v = 0 as the limit of high Reynoldsnum-
bers), while on the other side, we have the “slow flows”, just given by dropping the
nonlinear term (u- V)u. We shall consider these linear instationary Stokes equa-
tions in greater detail below. The research and the problems of the Euler equations
(and further models) are a story of its own; see for this the second half of the first
volume of the monograph by P.L. Lions [Li 96]. On the other hand a lot of
mathematical problems of the Navier-Stokes equations are independent of the size
of v; hence we shall assume v = 1 unless otherwise stated.

The smoothness of the boundary 8Q will in general be tacitly assumed,
though there is some important research for domains with corners and other irre-
gular domains, being e.g. basic for some free boundary value problems. For further
information on this topic one may consult e.g. the monograph by L. Stupelis [St
95], see also P. Deuring- W. von Wahl [DvW 95] and P. Galdi-C. Simader-H. Sohr
[GaSiS 94].

Besides the monographs mentioned above the reader may wish to get an in-
troduction to fluid mechanics. To my opinion, the “Elementary Fluid Dynamics”
by Acheson [A 98] may serve as a good start; Chorin-Marsden [ChM 98] does this
on an undergraduate level.
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2 The Stationary Stokes System and the Stokes Operator

Dropping the time-dependence and the nonlinear term one gets the Stokes system

-Au+Vqg=f
2) divu:O} on €
u=0 on 00

The complete first volume of Galdi’s recent monograph [G 98] is devoted to it and
gives information on the state of research and the open questions for this system.
Hence we feel free to comment only on those results which shall be needed in the
following.

A modern functional analytic treatment of partial differential equations is
based on operators in function spaces. A natural choice are those based on L,(2)
or more generally on L,(Q2),1 < p < co. As one is interested in divergence free
functions, one is led to consider the closure of the smooth divergence free vector
fields in L,, that is

Ly, = clos {u € C(Q)"|div u =0}
which is again a reflexive Banachspace. The natural question now is the following:
Is there a unique decomposition (the so called Helmholtz decomposition)
L,=Ly,®Gp
with a linear continuous projection P : L, — L, , and how to characterize G,?
It turns out that the construction of P is related to the unique solvability of a cer-

tain Neumann-problem for the Laplacian. As an example, if u is smooth and Q a
bounded domain in R3, then

(Pu)(x):%rot rl‘;“_‘(; I) dy | - Vh(x)
Q

where 4 is harmonic with Neumann boundary values given by v - Pu= 0 on 89, v
the outer normal.

Obviously P is a nonlocal operator depending on 2, which does neither pre-
serve boundary values nor commutes with differentiation (if Q # R"). These facts are
arepeated source for wrong proofs and claims in the field of Navier-Stokes equation.
On the positive side, in general P preserves regularity and is independent of p. It
turns out, that the complement G, consists just of those L,-functions, which are
gradients of L,-functions (resp. L, -functions in case of unbounded domains).
One may now define the Stokes-Operator 4 by

Au=—PAu
with domain of definition

D(4) =L, NHNH}

Thus the system (2) is equivalent to
(2')  Au= Pf with u € D(4).
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The Helmholtz decomposition is valid in case p = 2 for all domains (and L, is
orthogonal to G). If p # 2, this might not be true in general, counterexamples are
mentioned in III. Remark 1.3, in [Ga 98, Vol. I]. This decomposition was proved
by D. Fujiwara and H. Morimoto [FM 77] for bounded domains; for exterior do-
mains see e.g. G.G. Simader and H. Sohr [SiS 92]. Domains with noncompact
boundaries were considered e.g. by G. Thaether [Th 95] and R. Farwig- H. Sohr
[FaS 96a], and for estimates in weighted spaces on unbounded domains see e.g.
[FaS 97] and M. Specovius [Sp 90].

3 The Stokes Semigroup

The instationary Stokes system is given by

u—ADu+Vg=f
3) divu=0 } on (0,T]xQ
u(0,x) =a(x) on Q
u=0 on [0,7]x 900

Having the Stokes operator A at hand, (3) may be viewed at as an ordinary differ-
ential equation in the Banach space L, ,

W (1) + Au(t) = (1)
u(0)=a

withu € C([0, T],D(A4)) N C1((0, T), Lp0) (assuming w.lo.g.a € L,,).
Hence the research concentrated on the question, whether 4 generates a
semigroup. Though the system is not parabolic, it turns out that nevertheless

tA

“A generates an analytic semigroup e~*4, which is uniformly bounded”.

This is the Stokes semigroup. In the case of a Hilbert space, p = 2, this is
evident, as then A is nonnegative and selfadjoint. In general one has to prove a re-
solvent estimate

[+ 4)7 1], < NI,

forA\e S, :={ze€C|z#0,|arg z| < m—¢}.

There is one exception of the fact that the Helmholtzprojection does not

commute with the Laplacian, namely the whole space 2 = R". Hence in this case
the resolvent estimate reduces to that for the Laplacian. Next the case of the half-
space Q = R/} was settled by M. Mc Cracken [McC 81] and the case of bounded
domains by Y. Giga [G 81]. In the latter case the norm of the semigroup is bounded
by an exponentially decaying factor.
The case of an exterior domain Q = R"\G, G simply connected and bounded, was
proved by W. Borchers and H. Sohr [BS 87], if » > 3. Two-dimensional exterior do-
mains proved to be more difficult, and the result was finally given by W. Borchers
and W. Varnhorn [BV 93], and precise potential theoretic estimates for the resol-
vent equation can be found in the book of W. Varnhorn [Va 94].
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Other types of domains where the result holds, are

e Domains with 99 being a compact perturbation of an (n — 1)-dimensional hy-
perplane (R. Farwig and H. Sohr [FS 94])

e Cones in R? (P. Deuring [D 93))

e Aperture domains (R. Farwig and H. Sohr [FS 96a])

e Domains with a finite number of outlets at infinity

o Infinite layers like R? x [—1, 1] (M. Wiegner [W 94b])

o Domains of the type R* x Q,Q bounded.

Apart from the boundedness of the semigroup
e L,; — Ly,

one is interested also in L, — L,—estimates, which are used in proving existence of
solutions as well as in the study of time-asymptotic behaviour. The basic paper here
is that of T. Kato [Ka 84] for the case & = R". By L, — L -estimates, one means
the following: The solution of the heat-equation on R”

u; — Au = 0 with initial data ug

fulfills the estimates

- —p—1i
lu(t)lly < ct ™ |luoll, and [Vu(@)ll, < et ™2 luoll,

for 1 <p<g<oowith p=1% (Il) - é) Now the same estimates are valid for the

Stokes-equation on R”. The case of different unbounded domains bears more com-
plications. A breakthrough was the result of H. Iwashita [I 89], that for exterior do-
mains

el < et #lol, and Ve~ v, < et ™o

with u as above, but with the latter estimate restricted to ¢ < n. That his restriction
is unavoidable in the sense, that higher values of ¢ will not increase the limit expo-
nent 5, was shown by P. Maremonti and V. A. Solonnikov [MaSo 96]. It is con-

nected with the fact, that for exterior domains the estimate
2
1 D%ull, < cll4ul|,

is in general valid only for p <%, and has consequences for the time decay of the so-
lutions.

4 Weak solutions

The above results were unknown to Leray in the 30s — so how did he
achieve answers to the existence problem?

One observes that for smooth (u,p) one may multiply (- V)u+ Vp by u
and integrate with respect to space. The result is zero, if u is divergencefree and
vanishes on the boundary. Hence integration over space-time gives for smooth so-
lutions the energy(in-)equality
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t

(ED )15 +2 [ 1) s < ol +2 [ [ 1-uasas
0 0 0

which may serve as the basic estimate for a Galerkin procedure in passing to the
limit of the finite dimensional approximations. His result (for general domains see
E. Hopf [H 51]) was the existence of a global weak solution (on an arbitrary time in-
tervall [0, 7) in the following sense:

Definition 4.1. Let f € L,((0,T) x Q).
u€ Ly((0,T),Ly,) N Ly((0,T), ﬁ;) is a weak solution to (1), if

T
//(—u ¢ +VuVe  +  (u-V)u-¢)dxdr
0 Q

T
:Q/uo-qb(O)dx + O/Q/f~¢dxdt

Jor all smooth divergence free vector fields ¢ of compact support with $(T) = 0.
This type of solution is moreover weakly continuous from [0, 7] into Ly,. As we
shall see below there are further methods to construct weak solutions; but all weak
solutions constructed so far do fulfill the energy inequality (EI).

At the first glance it seems that the pressure has disappeard. But it may be
reconstructed from the fact, that a distribution S with (S, ¢) = 0) for divergence-
free testvectors may be represented by some distribution 7 as S = V. The proper-

ties of 7 are derived from that of u — as a rule of thumb one may keep in mind:
2)9

“m behaves like |u]
There are exceptions of course (e.g. with respect to the time-regularity for r — 0, R.
Rautmann [Ra 83]). It may even cause problems to verify that 7 belongs to some cer-
tain L,-space in unbounded domains. These informations are important for the study
of local regularity properties, see § 8. Further at some occasions, one has to check the
properties of the pressure already during the process of solving the equations. This
occurs e.g. if one is interested in local properties of the solution like the validity of a
localized energy inequality, as can be found in L. Caffarelli, R. Kohn and L. Niren-
berg ((CKN 82]) and H. Sohr, W. von Wahl and M. Wiegner ([SYWW 86]).

Someone not so familiar with partial differential equations might now ask :
If the existence was proved half a century ago — where is the challenge now? The an-
swer is:
The intimately connected questions of uniqueness and regularity!

5 Uniqueness

The natural way to prove uniqueness is to subtract the equations for the
presumably two different solutions u;,u,, multiply by the differences v = u; — u;
and integrate over spacetime 2, = 2 x [0, #]. Estimating the resulting terms with




























































