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Abstract

Intractable maximum likelihood problems can sometimes be finessed with a Monte-Carlo im-

plementation of the EM algorithm. However, there appears to be little theory governing when

Monte-Carlo EM (MCEM) sequences converge. Consequently, in some applications, conver-

gence is assumed rather than proved. Motivated by this problem in the context of modeling
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market penetration of new products and services over time, we develop (i) high-level conditions

for rates of almost-sure convergence and convergence in distribution of any MCEM sequence

and (ii) primitive conditions for almost-sure monotonicity and almost-sure convergence of an

MCEM sequence when Monte-Carlo integration is carried out using independent Gibbs runs.

We verify the main primitive conditions for the Bass product diffusion model and apply the

methodology to data on wireless telecommunication services.

KEY WORDS: Monte-Carlo EM , Convergence Conditions, Gibbs Sampling, Temporal Dif-

fusion, New Products and Services, Bass Model.

1. Introduction

The EM algorithm (Dempster, Laird, and Rubin, 1977) is a popular sequential procedure

for computing maximum likelihood estimates in incomplete data problems. The E step of the

algorithm requires computation of a conditional expectation of the augmented, or complete, data

likelihood function. When this computation is infeasible, recourse can be made to direct Monte-

Carlo integration or, more commonly, to a blending of Monte-Carlo integration with Markov chain

sampling techniques like the Gibbs sampler, the Metropolis algorithm, or the Hastings algorithm.

In any case, the resulting scheme is called a Monte-Carlo EM , or MCEM algorithm. Wei and

Tanner (1990) were the first to propose such a scheme. Guo and Thompson (1991), Shephard (1993),

Chan and Ledolter (1995), and Meng and Schilling (1996) present substantial applications. See also

related work by Hajivassiliou and Ruud (1994).

Biscarat (1994) states conditions for almost-sure convergence of a general class of stochastic

algorithms and verifies these conditions for an MCEM algorithm applied to a mixture problem

involving direct Monte-Carlo integration of the E step. While Chan and Ledolter (1995) focus on
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applying the MCEM algorithm to a certain type of time series count data, in the course of doing

so they implicitly develop some convergence theory for a general MCEM sequence where one long

Gibbs run is used in the E step of each iteration. They establish convergence in probability of such

an MCEM sequence to a local maximizer of the incomplete data likelihood provided the starting

values for the sequence are in a small neighborhood of the local maximizer. They also give heuristic

arguments for asymptotic normality and efficiency of the MCEM sequence.

In this paper, we seek to clarify and complement the results of Biscarat (1994) and Chan and

Ledolter (1995) by deriving (i) high-level conditions for almost-sure convergence and convergence in

distribution of any MCEM sequence and (ii) primitive conditions for almost-sure monotonicity and

almost-sure convergence of an MCEM sequence when the E step of each iteration is implemented

using Monte-Carlo integration with independent Gibbs runs.

The high-level conditions in (i) are independent of the Monte-Carlo method used to implement

the E step. For example, they cover direct Monte-Carlo integration, or Monte-Carlo integration

using either the Metropolis algorithm, the Hastings algorithm, the Gibbs sampler with either one

long run or many independent runs, or a mixture of these techniques. In fact, nothing intrinsic to

maximum likelihood estimation is implicit in the high-level conditions. The conditions cover Monte-

Carlo approximations of convergent sequences defined by optimization of any criterion function at

each iteration. Our aim in (ii) is not to find the most general conditions, but rather a set of

conditions that are understandable to practitioners and appear to have a reasonably wide range of

applicability.

Throughout, we assume that an EM sequence, started at a parameter value θ0, converges to a

value θ̂. We then develop conditions under which an MCEM sequence, started at θ0, converges in

an appropriate sense to θ̂. By taking this approach we separate convergence issues for EM from
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those for MCEM . (See Dempster et al. (1977), Wu (1983), and Biscarat (1994) for more on the

former.) For notational simplicity, we develop convergence conditions in the context of maximum

likelihood estimation rather than maximum posterior likelihood estimation. In the final section,

we indicate how to translate the frequentist conditions to a Bayesian setting.

We were introduced to the MCEM methodology through work on modeling the temporal dif-

fusion of telecommunication services into residential and business markets. This work, together

with an apparent lack of clear guidance in the literature on requirements for convergence of

MCEM sequences, provided the impetus for this paper. We present some details of the Bass

model (Bass, 1969), a widely used temporal diffusion model for business applications, and verify

the main primitive conditions for convergence for this model.

The paper is organized as follows: In Section 2, we discuss the EM and MCEM algorithms in

more detail, introducing necessary notation. The convergence theorems are presented in Section 3.

Section 4 introduces the Bass model. We verify the main primitive conditions implying almost-sure

convergence of the MCEM sequence for this model and present simulation results illustrating the

performance of the MCEM procedure in this context. In addition, we apply the methodology to

data on wireless telecommunications services in the United States. In Section 5, we summarize and

discuss related issues.

2. The EM and MCEM Algorithms

Let Y = (Y1, . . . , Yn) denote the observed data vector where n is the sample size. Let Y denote

the support of Y and let y denote an element of Y. Write f(y | θ) for the observed data likelihood

where θ is an element of the parameter space, Θ. Let θ0 denote the value of the parameter that

generated the observed data. Our objective is to estimate θ0 by the method of maximum likelihood.
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Sometimes direct maximization of f(y | θ) is intractable due to the incomplete nature of the

observed data set. Still, it may be possible to obtain a maximum likelihood estimator indirectly

through the sequential EM procedure. Let X = (X1, . . . , Xp) denote the missing data vector, X

the support of X, and x an element of X . Write f(x,y | θ) for the complete data likelihood. Let

φ denote an arbitrary element of Θ. Write f(· | y, φ) for the conditional density of X given Y = y

and φ, and l(x,y | θ) for log f(x,y | θ). For each θ and φ in Θ, let

Q(θ | φ) =
∫
X
l(x,y | θ) f(x | y, φ) dx

and define the set

θ(φ) = argmax
Θ

Q(θ | φ) .

Throughout we shall assume that θ(φ) contains at least one element in Θ for each φ in Θ. The

EM algorithm generates a sequence θ1, θ2, . . . where θi ∈ θ(θi−1), i = 1, 2, . . . with θ0 an arbitrary

starting value. In this paper, we assume that θi → θ̂ as i → ∞ for some θ̂ in Θ. For example,

Wu (1983) shows that if f(y | θ) is unimodal, then under mild regularity conditions, θi converges

to this mode as i tends to infinity.

It may not be possible to evaluate Q(θ | φ) either directly or through numerical integration.

However, it may be possible to estimate Q(θ | φ) through Monte-Carlo integration. If it is easy

to generate samples from f(· | y, φ), then Monte-Carlo integration is straightforward. If not, a

Markov Chain sampling technique like the Gibbs sampler may be used to facilitate Monte-Carlo

integration. To fix ideas, we develop notation for a Gibbs implementation.

For each k ≥ 1, write fk(· | y, φ) for the conditional density of X given Y = y and φ after

k Gibbs iterations. Let Xk
i (φ), i = 1, . . . ,m, denote a sample of independent observations from
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fk(· | y, φ) and write Pmk,φ for the empirical measure that puts mass 1
m on each Xk

i (φ). Notice that

Xk
i (φ) depends on θ0 through the observed data y. For each θ and φ in Θ, let

Qmk (θ | φ) =
∫
X
l(x,y | θ)Pmk,φ(dx) =

1
m

m∑
i=1

l(Xk
i (φ),y | θ)

and define the set

θ̂(φ) = argmax
Θ

Qmk (θ | φ) .

As with θ(φ), we shall assume that θ̂(φ) contains at least one element for each φ in Θ. The

MCEM algorithm generates a sequence of iterates θ̂1, θ̂2 . . . where θ̂i ∈ θ̂(θ̂i−1), i = 1, 2, . . . with

θ0 an arbitrary starting value.

To recap, we assume that an EM sequence, started at θ0, converges to some value θ̂ in Θ.

We make no claims about the nature of θ̂. It may be the global maximizer of f(y | θ), a local

maximizer, a saddle point, or some other value. For our purposes, θ̂ is simply the limit point of an

EM sequence started at θ0. In the next section, we develop conditions under which an MCEM

sequence, started at θ0, converges almost surely and in distribution to θ̂. The issue of determining

the nature of θ̂ is taken up briefly in Section 5.

3. Convergence Results

In this section, we present some convergence results for the MCEM procedure. Theorem 1′

and Theorem 2′ provide high-level conditions for rates of almost-sure convergence and convergence

in distribution of any MCEM sequence. These theorems state how fast n, the sample size of the

observed data, i, the number of MCEM iterations, and m, the Monte-Carlo sample size for each

iteration, must simultaneously tend to infinity to ensure convergence. Theorem 1 and Theorem 2
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are analogous, though weaker, results. However, their conditions are also weaker. Theorem 1

gives conditions for almost-sure convergence of any MCEM sequence, conditional on the observed

sample. Theorem 2 gives conditions for convergence in distribution. These theorems state how fast

i and m must simultaneously tend to infinity to ensure convergence. Theorem 3 states primitive

conditions for almost-sure pointwise convergence of the argmax functional defining the MCEM

sequence when independent Gibbs runs are used to facilitate Monte-Carlo integration. Almost-

sure pointwise convergence and continuity of the incomplete data likelihood imply a monotonicity

property analogous to that for the EM procedure. Theorem 4 and Corollary 5 provide primitive

conditions implying the high-level conditions of Theorem 1 and Theorem 2 when independent Gibbs

runs are used in the integration step. These results state how fast i, m, and k, the number of Gibbs

steps in each Monte-Carlo sample, must simultaneously tend to infinity to ensure convergence.

We shall establish notions of convergence of MCEM sequences as the indices n, i, m, and k

tend to infinity. The following compact notation will be convenient to use in this regard. Define

the limit operator

L(γ1, . . . , γκ) = lim
γ1,...,γκ→∞

where each γi has domain the positive integers. For example,

L(m, k)|θ̂(φ)− θ(φ)| = lim
m,k→∞

|θ̂(φ)− θ(φ)| .

In the last expression, m and k tend to infinity simultaneously and unconditionally. Sometimes it

will be useful to impose conditions on how indices tend to infinity. For example, the expression

“L(n, i,m, k)
√
n|θ̂i−θ̂| = 0 as. provided n = O(iα) and i = O(mβ)” means that

√
n|θ̂i−θ̂| converges

almost surely to zero as n, i, k, and m tend to infinity simultaneously but subject to the conditions
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that n be bounded by a multiple of iα and i be bounded by a multiple of mβ. As a final example,

consider

L(n)L(i,m, k)|
√
n(θ̂i − θi)| = lim

n→∞

[
L(i,m, k))|

√
n(θ̂i − θ̂)|

]
.

In this last expression, first i, k, and m tend to infinity simultaneously, and then n tends to infinity.

Recall the notation from Section 2. To guarantee rates of almost-sure convergence we require

the following uniform convergence and smoothness conditions on the argmax functionals defining

the MCEM and EM sequences. Write S(n,m, k) for supφ∈Θ |θ̂(φ)− θ(φ)|.

A1′. For some δ > 0, L(n,m, k)IEmδS(n,m, k) <∞.

A2′. For some M ≥ 0, |θ(φ)− θ(φ′)| ≤M |φ− φ′| for each φ, φ′ in Θ.

A1′ and A2′ are the needle and thread needed to stitch together the EM and MCEM sequences.

The uniform convergence requirement in A1′ can be understood by comparing a consistency argu-

ment for a maximization estimator with one for an iterative estimator defined by a maximization at

each iteration. The former typically requires the sample objective function to converge uniformly in

some sense to a corresponding population objective function. The uniform convergence condition

in A1′ is an analogue for an iterative estimator. It requires uniform convergence one level deeper,

namely, on the level of argmax functionals rather than objective functions. This stronger condition

is needed to string together a sequence of maximization estimators. The Lipschitz condition A2′ is

used to develop a recursion formula used in the consistency proof.

Theorem 1
′
: Suppose A1′ and A2′ hold, and L(n, i)an|θi − θ̂| = 0 where {an} is a sequence

of nonnegative real numbers. Then L(n, i,m, k)an|θ̂i − θ̂| = 0 as. provided

(a) If 0 ≤M < 1, then for A > 0 and B > 0 satisfying Bδ−A > 1, an = O(iA) and i = O(m1/B).
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(b) If M = 1, then for A > 0 and B > 0 satisfying Bδ −A > 2, an = O(iA) and i = O(m1/B).

(c) If M > 1, then for A > 2, an = O(M iδ/iA) and i = O(logM m).

Proof. We begin by proving the result under condition (a). Apply condition A2′ to get, for

each i ≥ 1,

|θ̂i − θi| = |θ̂(θ̂i−1)− θ(θi−1)|

≤ |θ̂(θ̂i−1)− θ(θ̂i−1)|+ |θ(θ̂i−1)− θ(θi−1)|

≤ sup
φ∈Θ
|θ̂(φ)− θ(φ)|+M |θ̂i−1 − θi−1| .

Write Sj(n,m, k) for the random variable supφ∈Θ |θ̂(φ) − θ(φ)| constructed from the Monte-Carlo

samples generated for the the jth iteration, 1 ≤ j ≤ i. Apply the last inequality recursively to see

that

an|θ̂i − θi| ≤
i∑

j=1

anSj(n,m, k)M i−j .

Condition A1′ implies that for n, m, and k large enough, IEmδS(n,m, k) ≤ κ < ∞. Deduce from

this and the identical distributions of the Sj(n,m, k)’s that

IEan|θ̂i − θi| ≤ an
κ

mδ

i∑
j=1

M i−j ≤ an
mδ

κ

1−M
.

By condition (a), an/mδ is bounded by a multiple of iA/Bδ and Bδ − A > 1. Thus, there exists a
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constant C > 0 such that

∞∑
i=1

IEan|θ̂i − θi| ≤
∞∑
i=1

C

iBδ−A
<∞ .

Convergence in mean sufficiently fast implies convergence almost surely (e.g. Serfling 1980, p.11).

Deduce that L(n, i,m, k)an|θ̂i − θi| = 0 as. The result follows from this and the condition

L(n, i)an|θi − θ̂| = 0.

The proof under condition (b) or (c) is similar, after noting that
∑i
j=1M

i−j = i when M = 1

and
∑i
j=1M

i−j ≤ iM i when M > 1. QED.

Remark 1. Note that the result is independent of the type of Monte-Carlo implementation of

the E step. For example, it can cover Monte-Carlo integration using independent Gibbs runs or

one long Gibbs run. In fact, nothing intrinsic to maximum likelihood estimation is contained in

the conditions or the proof of Theorem 1′. The result can be used to establish rates of almost-sure

convergence of a Monte-Carlo approximation to a convergent sequence defined by optimization of

any criterion function at each iteration.

Remark 2. To see how one might apply Theorem 1′, consider the interesting special case where

(i) 0 < δ ≤ 1/2 (see Theorem 4 below) (ii) an =
√
n, the rate at which regular maximum likelihood

estimators converge, and (iii) θ̂ is a fixed point of θ(φ) and the Lipschitz constant M in A2′ satisfies

0 ≤ M < 1 on Θ, a ball centered at θ̂. Under (iii), the argmax functional θ(φ) that defines the

EM sequence is a contraction mapping on Θ. It follows easily from the contraction property that

√
n|θi−θ̂| = O(

√
nM i) and so L(n, i)

√
n|θi−θ̂| = 0 when n and i satisfy the constraints of condition

(a) in Theorem 1′. These constraints require that n = O(i2A) = O(m2A/B). Since 0 < δ ≤ 1/2, it

follows that 2A < 2Bδ−2 < B−2 and so n must grow at a slower rate than m to satisfy condition

10



(a). If we choose B large and 2A ≈ B, then convergence will follow if n and m grow at nearly the

same rate, and i grows much more slowly than n and m.

Theorem 1′ provides the means of establishing the asymptotic distributional properties of gen-

eral MCEM sequences. Recall that θ0 denotes the parameter value that generated the observed

data. To fix ideas, suppose it is true that

L(n)
√
n(θ̂ − θ0) =⇒ N(0, V )

where the symbol =⇒ denotes convergence in distribution. We want to show that under appropriate

conditions on how n, i, m, and k tend to infinity,

L(n, i,m, k)
√
n(θ̂i − θ0) =⇒ N(0, V ).

We can then justify doing inference with θ̂i in place of θ̂. If, in addition, θ̂ maximizes the observed

data likelihood, then the MCEM sequence will inherit any efficiency properties the maximum

likelihood sequence may possess. Since

√
n(θ̂i − θ0) =

√
n(θ̂i − θ̂) +

√
n(θ̂ − θ0)

it is enough to show that L(n, i, k, n)
√
n|θ̂i − θ̂| = 0 as. Theorem 1′ provides conditions under

which this happens. We get the following result.

Theorem 2
′
: Suppose L(n)

√
n(θ̂− θ0) =⇒ N(0, V ) and L(n, i)an|θi − θ̂| = 0. If A1′ and A2′

hold for condition (a), (b), or (c) of Theorem 1′, then L(n, i,m, k)
√
n(θ̂i − θ0) =⇒ N(0, V ).
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The conditions of Theorem 1′ are stronger than needed to prove that θ̂i converges almost surely

to θ̂ given the observed data Y = y. Theorem 1 below gives weaker conditions sufficient to prove

that L(i,m, k)|θ̂i − θ̂| = 0 as. The proof of Theorem 1 is very similar to the proof of Theorem 1′

and so is omitted. Let IEy denote an expectation taken conditional on Y = y.

A1. For some δ > 0, L(m, k)IEy
[
mδS(n,m, k)

]
<∞.

Theorem 1: Suppose A1 and A2′ hold, and L(i)|θi − θ̂| = 0. Then L(i,m, k)|θ̂i − θ̂| = 0 as.

provided

(a) If 0 ≤M < 1, then for B > 1/δ, i = O(m1/B).

(b) If M = 1, then for B > 2/δ, i = O(m1/B).

(c) If M > 1, then for 0 < B < δ, i = O(logM mB).

Refer to the discussion preceding the statement of Theorem 2′. A simple dominated convergence

argument can be used to establish the following result.

Theorem 2: Suppose
√
n(θ̂ − θ0) =⇒ N(0, V ) and L(i)|θi − θ̂| = 0. If A1 and A2′ hold for

conditions (a), (b), or (c) of Theorem 1, then L(n)L(i,m, k)
√
n(θ̂i − θ0) =⇒ N(0, V ).

Theorem 1 and Theorem 2 provide conditions for almost-sure convergence and convergence in

distribution of any MCEM sequence. In order to apply these theorems, we must find reasonable

primitive conditions under which assumptions A1 and A2′ hold. We now develop such conditions

in the context of Monte-Carlo integration carried out with independent Gibbs runs. The follow-

ing definitions, taken from Pakes and Pollard (1989), will be useful in developing these primitive

conditions.
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Let F denote a class of functions on a set X . An envelope for F is any function F such that

|f | ≤ F for each f in F . Call F Euclidean for an envelope F if there exist positive constants A and

V with the following property: if 0 < ε ≤ 1 and µ is a measure for which
∫
Fdµ < ∞, then there

exist functions f1, . . . , fN in F such that

(i) N ≤ Aε−V

(ii) F is covered by a union of closed balls with radius ε
∫
Fdµ and centers f1, . . . , fN . That is, for

each f in F , there is an fi such that
∫
|f − fi|dµ ≤ ε

∫
Fdµ.

(iii) The constants A and V do not depend on µ.

Informally, a class of functions F is Euclidean if only a small number of functions in the

class is needed to approximate any function in the class to any degree of accuracy. Many classes

of functions satisfy this property, including any class indexed by a bounded, finite-dimensional

parameter with uniformly bounded derivatives. The class of functions encountered in the diffusion

modeling application in Section 4 is of this type. However, the Euclidean property is satisfied by

many other classes including classes of functions that are neither bounded nor smooth, and even

for these classes, the property is often easy to verify. See, for example, Pakes and Pollard (1989)

or Nolan and Pollard (1987) for examples and many simple ways to check this condition.

Recall, once again, the notation in Section 2. Assume that an EM sequence θ0, θ1, . . . θi where

θi = θ(θi−1) converges to a value θ̂ in Θ. Let φ denote a current estimate of θ̂. The EM algorithm

satisfies the monotonicity property

f(y | θ(φ)) ≥ f(y | φ) .

That is, at each step of the EM algorithm, the incomplete data likelihood is nondecreasing. This
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property is lost for the MCEM procedure. In other words, f(y | θ̂(φ)) need not be greater than or

equal to f(y | φ). However, if f(y | θ) is continuous in θ and θ̂(φ) converges almost surely to θ(φ)

as m and k tend to infinity, then with probability one, as m and k tend to infinity, monotonicity

in the incomplete data likelihood is preserved. Our next result states conditions under which θ̂(φ)

converges almost surely to θ(φ) for each φ in Θ. This result will be useful, not only for establishing

the monotonicity property mentioned above, but also for developing primitive conditions sufficient

to imply conditions A1 and A2′.

Write F for the class of functions {l(x,y | θ) : x ∈ X , θ ∈ Θ}. We say that a function F on X

is L2-integrable uniformly in k if supk≥1

∫
X F

2(x)
[
f

1/2
k (x | y, φ) + f1/2(x | y, φ)

]2
dx < ∞. Note

that all constant functions satisfy this condition. We make the following assumptions:

B1. For each δ > 0, sup|θ−θ(φ)|>δ Q(θ | φ) < Q(θ(φ) | θ).

B2. F is Euclidean for an envelope F that is L2-integrable uniformly in k.

B3. L(k)
∫
X |fk(x | y, φ)− f(x | y, φ)| dx = 0.

B1 is a strong maximization assumption and serves as an identifying condition in the consistency

proof. B1 can be established in various ways. For example, B1 holds if Q(θ | φ) is strictly concave

in θ. B1 also holds if Θ is compact, Q(θ | φ) is continuous in θ, and Q(θ | φ) is uniquely maximized

at θ(φ). Write P for the distribution of X given y and φ. A dominated convergence argument

shows that Q(θ | φ) is continuous in θ if F has an integrable envelope and l(x,y | θ) is continuous

in θ for P almost all x. Assumptions B2 and B3 are used to establish a uniform strong law of

large numbers. B2 governs a stochastic term while B3 controls the bias in the Gibbs sampler.

B3 requires the weakest form of convergence for the Gibbs sampler. See, for example, Gelfand

and Smith (1990), Schervish and Carlin (1992), Chan (1993), Tierney (1994), and Sethuramen et
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al. (1996) for ways to check B3.

Theorem 3: If B1 through B3 hold, then for each φ in Θ, L(m, k)|θ̂(φ)− θ(φ)| = 0 as.

Proof. We show that on a set of probability one,

L(m, k) sup
θ∈Θ
|Qmk (θ | φ)−Q(θ | φ)| = 0 . (1)

This and B1 will imply the result.

Write Qk(θ | φ) for
∫
X l(x,y | θ)fk(x | y, φ) dx. We prove (1) by showing that with probability

one,

L(m) sup
k≥1,θ∈Θ

|Qmk (θ | φ)−Qk(θ | φ)| = 0 (2)

and

L(k) sup
θ∈Θ
|Qk(θ | φ)−Q(θ | φ)| = 0 . (3)

Property (2) follows from B2, the fact that F does not depend on k, and Corollary 4(i) in Sher-

man (1994). Property (2) also follows from Theorem 2.8.1 in van der Vaart and Wellner (1996)

taking P to be the set of probability measures corresponding to the densities fk(· | y, φ) for k ≥ 1.

By the Cauchy-Schwarz inequality, the left-hand side of (3) is bounded by

(∫
X
F 2(x)

[
f

1/2
k (x | y, φ) + f1/2(x | y, φ)

]2
dx

)1/2 (∫
X

[
f

1/2
k (x | y, φ)− f1/2(x | y, φ)

]2
dx

)1/2

.

Use the fact that |a1/2−b1/2| ≤ |a−b|1/2 for all nonnegative numbers a and b and invoke assumptions

B2 and B3 to get (3). QED.

Remark 3. There is a subtle point in the proof of Theorem 1 that is worth mentioning. Con-
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dition (2) states that the strong law of large numbers holds uniformly, not only over θ, but also

over k. Uniformity in k is crucial for establishing almost-sure convergence of θ̂(φ) to θ(φ) as m and

k tend to infinity simultaneously and unconditionally. That condition (2) holds uniformly over k

follows from (i) the fact that the class of functions F = {l(x,y | θ) : x ∈ X , θ ∈ Θ} is Euclidean

and does not depend on k and (ii) the envelope condition in B2. To see this, note that an em-

pirical process maximal inequality (See the Maximal Inequality in Section 5, as well as the Main

Corollary and Corollary 4(i) in Section 6 of Sherman, 1994) is used to bound the supremum over θ

in (2). The upper bound of this maximal inequality depends on the Euclidean constants A and V

associated with F and the second moment
∫
X F

2(x)fk(x | y, φ)dx where F is the envelope for F .

The envelope condition in B2 implies that this second moment can be bounded by a constant that

does not depend on k. Consider the Euclidean constants A and V . Since F does not depend on

k, Qmk (θ | φ) = 1
m

∑m
i=1 l(X

k
i (φ),y | θ) = Pmk,φl(· | y, φ) depends on k only through the simulated

data {Xk
i (φ)}. By definition, the constants A and V do not depend on any measure µ for which

µF 2 < ∞. The envelope condition in B2 and a law of large numbers guarantees that for m large

enough, Pmk,φF
2(·) <∞. Thus, A and V do not depend on Pmk,φ, and therefore, they do not depend

on k. Thus, convergence holds uniformly over k as well as θ.

Our next results provide primitive conditions that imply conditions A1 and A2′. Define G =

{∇θl(x,y | θ) : x ∈ X , θ ∈ Θ} and H = {∇θθl(x,y | θ) : x ∈ X , θ ∈ Θ}. Write H(θ | φ) for

∇θθQ(θ | φ) and ‖m‖ for the matrix norm (
∑
i,jm

2
ij)

1/2. Call a function F on X L2-integrable

uniformly over k and φ if supk≥1,φ∈Θ

∫
X F

2(x)
[
f

1/2
k (x | y, φ) + f1/2(x | y, φ)

]2
dx <∞.

C1. Θ is compact and convex.

C2. For each φ in Θ, θ(φ) uniquely maximizes Q(θ | φ).
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C3. H(θ | φ) is continuous in θ and φ on Θ⊗Θ.

C4. For each φ in Θ, L(m, k)|θ̂(φ)− θ(φ)| = 0 as.

C5. G and H are Euclidean for envelopes that are L2-integrable uniformly over k and φ.

C6. supφ∈Θ

∫
X |fk(x | y, φ)− f(x | y, φ)| dx ≤ Drk for some D > 0 and r ∈ [0, 1).

Conditions C1 through C6 are used to establish the uniform convergence condition in A1′.

Conditions C1, C2, and C3 are used in tandem with an implicit function theorem to establish A2′.

Conditions C1 through C4 help ensure the uniform boundedness of [H(θ(φ) | φ)]−1. Conditions C5

and C6 are used to establish uniform strong laws for gradient and hessian processes. As before, C5

controls stochastic terms and C6 controls the bias in the Gibbs sampler.

Various sufficient conditions can be developed for establishing C1 through C6. For example,

assumptions C2 and C4 are implied by assumptions B1 through B3. Condition C3 would follow

from continuity of ∇θθl(x,y | θ) in θ and continuity of f(x | y, φ) in φ. Easy ways to establish C5

were discussed earlier in this section. Consider C6. Suppose that for each φ in Θ, the integral in

C6 is bounded by D(φ)[r(φ)]k where 0 ≤ r(φ) < 1, D(φ) > 0, and D(φ) and r(φ) are continuous

functions of φ on Θ. This together with C1 would imply C6. The pointwise bound on the integral

is called a geometric ergodicity condition and implies a strong form of convergence for the Gibbs

sampler. Schervish and Carlin (1992) and Chan (1993) state checkable conditions for geometric

ergodicity.

Theorem 4: If C1 through C6 hold, then A1 and A2′ hold for 0 < δ ≤ 1/2 if logm� k.

Proof. Start with A2′. Condition C2 implies that for each φ in Θ, |detH(θ(φ) | φ)| > 0.

This, C3, and the implicit function theorem (see, for example, Apostol, 1957, p.147) imply that

θ(φ) is continuously differentiable in a neighborhood of φ for each φ in Θ. Condition C2 also implies
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that θ(φ) is a single-valued function for each φ in Θ. Deduce that θ(φ) is continuously differentiable

on Θ. This and C1 imply A2′.

Turn to A1′. Write Gmk (θ | φ) for ∇θQmk (θ | φ). By definition of θ̂(φ),

0 = Gmk (θ̂(φ) | φ) .

Expand the right-hand side of the last equation about θ(φ) to get

0 = Gmk (θ(φ) | φ) + [θ̂(φ)− θ(φ)]′Hm
k (θ∗(φ) | φ)

for θ∗(φ) between θ̂(φ) and θ(φ). Rearrange the last equation to get

θ̂(φ)− θ(φ) = −[Hm
k (θ∗(φ) | φ)]−1Gmk (θ(φ) | φ) .

The following two conditions are sufficient to prove the result:

L(m, k)IEy

[
mδ sup

φ∈Θ
|Gmk (θ(φ) | φ)|

]
<∞ (4)

L(m, k) sup
φ∈Θ

[Hm
k (θ∗(φ) | φ)]−1 = O(1) as. (5)

Start with (4). Write G(θ | φ) for ∇θQ(θ | φ). By definition of θ(φ), for each φ in Θ,

G(θ(φ) | φ) = 0 . (6)

Write Gk(θ | φ) for
∫
X ∇θl(x,y | θ)fk(x | y, φ) dx. Invoke C5, the fact that G does not depend on
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k or φ (see Remark 3 after the proof of Theorem 3), and Corollary 4(i) in Sherman (1994) to get

L(m)IEy

[
mδ sup

k≥1,(θ,φ)∈Θ⊗Θ
|Gmk (θ | φ)−Gk(θ | φ)|

]
<∞ . (7)

A dominated convergence argument using C5 allows us to pass the derivative operator through the

integral to get G(θ | φ) =
∫
X ∇θl(x,y | θ)f(x | y, φ) dx. Then, by C5 and C6 and an argument

similar to the one used to prove condition (3) in Theorem 1,

mδ|Gk(θ | φ)−G(θ | φ)| ≤ mδC sup
φ∈Θ

∫
X
|fk(x | y, φ)− f(x | y, φ)| dx

= O(mδrk) .

This last bound is finite provided logm� k. This and (7) imply that if logm� k, then

L(m, k)IEy

[
mδ sup

(θ,φ)∈Θ⊗Θ
|Gmk (θ | φ)−G(θ | φ)|

]
<∞ . (8)

Conditions (6) and (8) imply condition (4).

To establish (5), first note that ‖Hm
k (θ∗(φ) | φ)−H(θ(φ) | φ)‖ is bounded by

sup
(θ,φ)∈Θ⊗Θ

‖Hm
k (θ | φ)−H(θ | φ)‖+ sup

φ∈Θ
‖H(θ∗(φ) | φ)−H(θ(φ) | φ)‖ . (9)

Apply C5 and C6 and argue as above for establishing (4) to see that with probability one,

L(m, k) sup
(θ,φ)∈Θ⊗Θ

‖Hm
k (θ | φ)−H(θ | φ)‖ = 0 .

Next, write γ(θ, φ) for ‖H(θ | φ) − H(θ(φ) | φ)‖. By C3 and the continuity of θ(φ), γ(θ, φ) is
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continuous in both arguments. Deduce that Γ(θ) ≡ supφ∈Θ γ(θ, φ) is continuous in θ. By C4 and

the definition of θ∗(φ), L(m, k)|θ∗(φ)− θ(φ)| = 0 as. This, the continuity of Γ(θ), and the fact that

Γ(θ(φ)) = 0 imply that L(m, k)Γ(θ∗(φ)) = 0 as. Thus, on a set of probability one,

L(m, k) sup
φ∈Θ
‖Hm

k (θ∗(φ) | φ)−H(θ(φ) | φ)‖ = 0 . (10)

Condition C3 and the continuity of θ(φ) imply that detH(θ(φ) | φ) is continuous in φ on Θ.

Condition C2 implies that |detH(θ(φ) | φ)| > 0 for each φ in Θ. These last two facts and C1 imply

that infφ∈Θ |detH(θ(φ) | φ)| > 0. It follows that the components of [H(θ(φ) | φ)]−1 are uniformly

bounded in φ on Θ. This and (10) imply (5), proving Theorem 4. QED.

Corollary 5: Suppose C1 through C6 hold and L(i)|θi − θ̂| = 0. Then L(i,m, k)|θ̂i − θ̂| = 0

as. provided

(a) If 0 ≤M < 1, then for 0 < δ ≤ 1/2 and B > 1/δ, i = O(m1/B) and logm� k.

(b) If M = 1, then for 0 < δ ≤ 1/2 and B > 2/δ, i = O(m1/B) and logm� k.

(c) If M > 1, then for 0 < δ ≤ 1/2 and 0 < B < δ, i = O(logM mB) and logm� k.

If, in addition,
√
n(θ̂ − θ0) =⇒ N(0, V ), then L(n)L(i,m, k)

√
n(θ̂i − θ0) =⇒ N(0, V ).

Remark 4. Suppose the conditions of Corollary 5 hold and 0 ≤ M < 1. Choose δ = 1/2 and

B > 2. Then the conclusions of the Corollary 5 hold provided i grows much slower than
√
m and

k grows much faster than logm.

Remark 5. Note that if direct Monte-Carlo integration is possible, then conditions B3 and C6

can be dropped and the dependence on k ignored in all the results presented in the section.
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4. An Application to Diffusion of New Products and Services

A problem of great practical importance to business decision makers is predicting market pen-

etration of new products and services, that is, predicting their growth in net sales over time. In

the simplest setting, the data consist of the points (t0, n0), (t1, n1), . . . , (tq, nq) where the tj ’s are

successive time points and the nj ’s are the corresponding cumulative numbers of adopters of a

new product, say. The tj ’s are selected independently of the adoption process and are typically

spaced equal time units (months, quarters, years) apart. There may also be information on the

price charged for the product and the value of promotions during the time periods delimited by the

tj ’s. The objective is to describe some of the dynamics of the temporal diffusion and predict net

sales into the future.

Let M denote the the total number of people in the population of interest and assume that M

is known and constant over time. Let π denote the proportion of potential adopters of the new

product. Thus, the quantity Mπ represents the number of potential adopters of the product.

We view nj as a realization of a stochastic process N(t) at time tj . We assume that N(t) is a pure

birth Markov process with stationary transition probabilities and adoption rate [Mπ−N(t)]λ(N(t))

(cf. Karlin and Taylor, 1984). The quantity Mπ−N(t) represents the number of potential adopters

and λ(N(t)) the individual adoption rate at time t.

Bass (1969, 1994) popularized the specification λ(N(t)) = α + βN(t). The parameter α ≥ 0

is called the innovator coefficient and can be interpreted as the strength of the tendency within

each potential adopter to innovate, or adopt the new product irrespective of the behavior of other

adopters. The parameter β ≥ 0 is called the imitator coefficient and quantifies the tendency within

each potential adopter to adopt due to the influence of other adopters. The quantity βN(t) can be

interpreted as the strength of this tendency within each potential adopter at time t.
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The Bass model has been the workhorse in diffusion modeling over the course of the last 25

years. It has been used to describe the empirical adoption curve for a wide variety of new products

and services, from consumer durables like refrigerators and television sets to services like telephone

banking and financial investment instruments (see Sultan, Farley, and Lehmann (1990) for more

details). The model is simple and has intuitive appeal in explaining how a homogeneous group of

potential adopters comes to adopt a new product. Further, it can be modified in a straightforward

manner to accommodate the effect of price changes and promotions as well as nonlinearity of

λ(N(t)) in N(t).

A number of different procedures have been proposed to estimate the parameters of the Bass

model, from the ordinary least squares procedure proposed by Bass (1969) to the beta-binomial

approximation of Dalal and Weerahandi (1995). See Mahajan and Wind (1986) for a detailed

account of other procedures. Notable for its absence in this regard is the method of maximum

likelihood. Direct maximum likelihood estimation of the parameters of the Bass model has been

avoided in the past due to the intractability of the likelihood function. However, it is possible

to view this estimation problem as an incomplete data problem and apply MCEM technology to

obtain parameter estimates that converge in an appropriate sense to maximum likelihood estimates.

We develop these ideas in the next subsections.

4.1 MCEM Estimation

Recall that we observe the points (t0, n0), (t1, n1), . . . , (tq, nq) where nj is a realization of a

process N(t) at time tj . For simplicity, take (t0, n0) = (0, 0). We assume that N(t) is a pure

birth Markov process with stationary transition probabilities and population adoption rate [Mπ−

N(t)][α + βN(t)]. Let Si denote the ith “sojourn time”, or time between the ith and (i + 1)st

adoptions, i = 0, 1, . . . , nq − 1. The Markovian and stationarity assumptions guarantee that the
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Si’s are independent and exponentially distributed (cf. Ross, 1983, p.142). The rate assumption

implies that Si has rate (Mπ−i)(α+βi). These facts form the basis for writing down the likelihood

function for the observed data.

Define the parameter vector θ = (α, β, π) and Λi(θ) = (Mπ − i)(α + βi). Note that the

population adoption rate Λi(θ) must be positive for all θ and for all i. Write D for the random

vector (0, 0), (t1, N(t1)), . . . , (tq, N(tq)) and d for the realization (0, 0), (t1, n1), . . . , (tq, nq). Write

f(d | θ) for the corresponding likelihood function.

For s, t ≥ 0, write Pn,m(t, θ) for IP (N(s + t) = n | N(s) = m). Stationarity implies that

Pn,m(t, θ) does not depend on s. In particular, Pn,m(t, θ) = IP (N(t) = n | N(0) = m). Apply this

fact and the Markovian property to write

f(d | θ) =

 k∏
j=1

Pnj ,nj−1(tj − tj−1, θ)

 .

Standard results on birth processes (cf. Bartlett, 1978, p.59) show that

Pn,m(t, θ) =
n∑

i=m

ωi(θ) exp(−Λi(θ) t)

where

ωi(θ) =
∏n−1
k=m Λk(θ)∏n

k=m,k 6=i[Λk(θ)− Λi(θ)]
.

Recall that θ0 denotes the true value of the parameter vector. We would like to estimate θ0 by

the method of maximum likelihood. However, as reported in Dalal and Weerahandi (1995), except

for very small values of Mπ, the observed data likelihood function f(d | θ) cannot be reliably

evaluated, much less maximized. This explains why direct maximum likelihood estimation has
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been avoided in the past. Notice, though, that we can view this estimation problem as a missing

data problem where the individual adoption times are the missing data.

Write Ti for
∑i−1
j=0 Sj , the ith adoption time, and T for (T1, . . . , Tnq). Let τ = (τ1, . . . , τnq)

denote a realization of T and write f(τ ,d | θ) for the complete-data likelihood function. Let Θ

denote the parameter space for θ0. We shall assume that Θ is such that Λi(θ) > 0 for all θ in Θ

and for all i. For the Bass model, Λi(θ) > 0 provided α > 0, β ≥ 0, and π ≥ nq/M . Deduce that

for all θ in Θ,

f(τ ,d | θ) =

nq−1∏
i=0

Λi(θ) exp(−Λi(θ)[τi+1 − τi])

 exp(−Λnq(θ)[tq − τnq ])

where τ0 = 0, τi ≤ τj for i < j, and τnj ≤ tj < τnj+1, j = 1, 2, . . . , q. The final factor is the

probability of not observing the (nq + 1)st adoption in the interval [τnq , tq]. This function has a

relatively simple form that is easy to maximize.

Because f(· | d, φ) involves the intractable incomplete data likelihood and the dimension of T

is typically large, it is infeasible to evaluate Q(θ | φ) with any direct method. Therefore, we turn

to Monte-Carlo integration to implement the E step of the EM algorithm. Direct sampling from

f(· | d, φ) is difficult, again due to the involvement of the incomplete data likelihood. As a result,

we turn to the Gibbs sampling technique to facilitate Monte-Carlo integration.

The Gibbs sampler is a cyclic, iterative technique for generating observations from the joint

distribution of a random vector when it is possible to sample from all full univariate conditional

distributions. See Tanner (1996) for a good introduction. We now explain how to implement the

Gibbs sampler in our problem.

We wish to generate m observations from fk(· | d, φ) to construct the objective function Qmk (θ |
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φ). To generate one such observation we must be able to sample from the conditional distribution

of each Ti given all the other adoption times, D = d, and φ.

Rearrange terms in the complete-data likelihood to get, for each φ in Θ,

f(τ ,d | φ) =

[ nq∏
i=1

Λi−1(φ) exp(−[Λi−1(φ)− Λi(φ)]τi)

]
exp(−Λnq(φ)tq) (11)

where τi ≤ τj for i < j and τnj ≤ tj < τnj+1, j = 0, 1, . . . , q. Let T−i denote the vector of adoption

times excluding Ti. Write τ−i for a realization of T−i and f(τi | τ−i,d, φ) for the density of Ti

given T−i = τ−i, D = d and φ. Write f(τ−i,d | φ) for the joint density of T−i and D given φ.

Note that f(τi | τ−i,d, φ) is the ratio of f(τ ,d | φ) to f(τ−i,d | φ) on the interval [li, ui] where

li = τi−1 + [tj − τi−1] {i− 1 = nj} ,

ui = τi+1 + [tj − τi+1] {i = nj}

with {A} denoting the indicator function of the set A. Moreover, f(τ−i,d | φ) does not involve τi

and only the ith factor of f(τ ,d | φ) involves τi. Deduce that

f(τi | τ−i,d, φ) = ci(φ) exp(−δi(φ)τi){li ≤ τi ≤ ui} (12)

where δi(φ) = Λi−1(φ)− Λi(φ). Since f(τi | τ−i,d, φ) must integrate to unity we see that

ci(φ) = δi(φ)/[exp(−δi(φ)li)− exp(−δi(φ)ui)] .

The distribution function corresponding to f(τi | τ−i,d, φ) is a linear function of exp(−δi(φ)τi) and
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so is easily inverted. Therefore, it is trivial to sample from f(τi | τ−i,d, φ) using the probability

integral transformation technique.

Here are the details of the Gibbs scheme. Let T (j) = (T (j)
1 , . . . , T

(j)
nq ) denote the jth Gibbs

iterate, j = 0, 1, . . . , k. The case j = 0 specifies a set of starting values for the adoption times

that satisfy T
(0)
i ≤ T

(0)
j for i < j and T

(0)
nj ≤ tj < T

(0)
nj+1, j = 0, 1, . . . , k, but are otherwise

arbitrary. Define T (j)
0 = 0, j = 1, 2, . . . , k. Starting with j = 1, draw T

(j)
i , i = 1, 2, . . . , nq, from the

distribution with density

δi(φ) exp(−δi(φ)τi)

exp(−δi(φ)u(j)
i )− exp(−δi(φ)l(j)i )

{l(j)i ≤ τi ≤ u
(j)
i }

where

l
(j)
i = T

(j)
i−1 +

[
t− T (j)

i−1

]
{i− 1 = n} ,

u
(j)
i = T

(j−1)
i+1 +

[
t− T (j−1)

i+1

]
{i = n} ,

and (t, n) is a component of d. Repeat this last step for j = 2, 3, . . . , k. The final Gibbs iterate, T (k),

is an observation from fk(· | d, φ). Independently generate m such observations, then construct

Qmk (θ | φ).

4.2 Condition Verification

The purpose of this subsection is to show how to verify the main conditions of Theorem 3 and

Theorem 4 for the Bass model. We do not verify the Gibbs convergence conditions (B3 and C6),

but rather refer the interested reader to the sufficient conditions and the appropriate references

given after the statements of the assumptions in Section 3. Also, to make short work of verifying
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conditions B1 and C2, we shall assume that π, the proportion of eventual adopters, is known. In

some applications, this may be a natural assumption to make. For example, it may be reasonable

to assume that an entire population of interest will eventually adopt certain durable goods (e.g.,

telephones, television sets, refrigerators) that may become viewed as necessities. In this case,

π = 1. A straightforward, but lengthier argument is needed to verify these conditions when π must

be estimated.

Start with B1. For the sake of simplicity, assume that Θ is compact. This is a reasonable

assumption since if either α or β were to exceed unity, then the expected number of adopters

in either the first or second time periods would exceed Mπ, the number of potential adopters,

making market saturation in the first few time periods almost a certainty. Therefore, assuming that

θ = (α, β) lies in a big compact set is not a restriction in practice. For concreteness, we shall assume

that Θ ⊆ [ε,K]⊗ [0,K] where ε > 0 and ε < K <∞. This ensures that Λi(θ) = (Mπ − i)(α+ βi)

is bounded and bounded away from zero on Θ for each i = 0, 1, . . . , nq.

We establish condition B1 by showing that Q(θ | φ) is strictly concave in θ. To do this, we

require that nq > 1. Recall that Q(θ | φ) =
∫
T l(τ ,d | θ)f(τ | d, φ) dτ where T denotes the support

of T and

l(τ ,d | θ) =

nq−1∑
i=0

log Λi(θ)− Λi(θ)[τi+1 − τi]

− Λnq(θ)[tq − τnq ] .

The matrix of second partial derivatives for l(τ ,d | θ) equals

−


∑
i

1
(α+βi)2 −

∑
i

i
(α+βi)2

−
∑
i

i
(α+βi)2

∑
i

i2

(α+βi)2



where the index i runs from 0 to nq − 1. Notice that this matrix does not depend on τ . Recall

that H(θ | φ) = ∇θθQ(θ | φ). Since Λi(θ) is bounded and bounded away from zero on Θ and T is
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bounded, dominated convergence arguments allow us to pass the second partial derivative operator

through the integral sign to get

H(θ | φ) =
∫
T
∇θθl(τ ,d | θ)f(τ | d, φ) dτ .

It follows from these last two facts that H(θ | φ) is equal to the matrix defined above. We now show

that −H(θ | φ) is positive definite, implying strict concavity of Q(θ | φ). We do so by showing that

all the leading principal minors of −H(θ | φ) are positive. By inspection, all the diagonal elements

are positive. The determinant equals

∑
i

∑
j

i2 − ij
(α+ βi)2(α+ βj)2

.

Note that the (i, j) and (j, i) terms have the same denominator. The contribution from these terms

is

(i− j)2/(α+ βi)2(α+ βj)2

which is strictly positive for i 6= j. This establishes B1.

Write F for the class of functions {l(τ ,d | θ) : τ ∈ T , θ ∈ Θ}. Since T is bounded and l(τ ,d | θ)

is continuous on the compact set Θ, it follows that F is a bounded class of functions and so has a

constant envelope. Further, it is easy to verify that the class of partial derivatives of F is bounded

on Θ. It then follows from Lemma 2.13 in Pakes and Pollard (1989) that F is Euclidean for a

constant envelope. This establishes B2.

Now consider conditions C2 through C5. Conditions C2 and C3 follow from the proof of B1.

C4 would follow from B1, B2, and B3, and Theorem 1. Consider C5. Note that partial derivatives
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with respect to θ of all orders of functions in F are uniformly bounded in all arguments. C5 follows

from this and Lemma 2.13 in Pakes and Pollard (1989).

4.3 Simulations and an Application

In this subsection, we present simulation results illustrating the performance of the MCEM

procedure for estimating the parameters of the Bass model described in Section 3. We also present

results of applying the methodology to data on the number of subscribers of wireless telecommu-

nications services in the United States.

In our simulation, we take θ0 = (π0, α0, β0) = (.5, .03, .0004). We take M = 2000 for the

population size so that the number of potential adopters is Mπ0 = 1000. We take (t0, n0) = (0, 0)

and q = 60 equally spaced time points, namely, t1, t2, . . . , t60 = .125, .25, . . . , 7.5. We then generate

the corresponding cumulative numbers n1, n2, . . . , n60. A typical sample path generated from this

model appears in the upper left-hand plot in Figure 1. We then use theMCEM procedure described

in Section 3 to estimate θ0.

Specifically, we take ([n60 + 1]/2000, .0005, .00005) as starting values for the parameters and

a set of starting values for the Gibbs algorithm satisfying the constraints described in Section 3.

We then run the procedure with i = 10 iterations, m = 30 samples per iteration, and k = 50

Gibbs iterations per sample. We replicate this procedure 1000 times to obtain 1000 estimates of

θ0. Histograms of the parameter estimates appear in Figure 1.

All histograms have modes near the true parameter values. The histograms for α and β appear

roughly normally distributed. The histogram for π is slightly skewed to the right. It is interesting

to note that the sample variances for these estimates are very close to the corresponding variance

estimates obtained from a Monte-Carlo implementation of the method of Louis (1982) for computing
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variance estimates for EM estimators. We also note that the MCEM iterates appear to have

converged after only a small number of iterations.

Next, we illustrate the use of the MCEM methodology to predict the number of subscribers

of wireless telecommunication services in the United States. These services are comprised of cellu-

lar telephone service, PCS (Personal Communication Services), and ESMR (Enhanced Specialized

Mobile Radio) services. While count data of this sort need not follow a pure-birth model since sub-

scribers may drop services, our results suggest that the pure-birth model may still be a reasonable

approximation for this data.

The counts come from a semi-annual survey conducted since January, 1985 by CTIA, the

Cellular Telecommunications Industry Association (see the web site www.wow-com.com for more

information). After January of 1985, CTIA performed the semi-annual surveys every June and

December. We have 25 observations from January of 1985 to December of 1996. These obser-

vations are represented as solid points in Figure 2. We shall use the first 23 points to estimate

θ0 = (π0, α0, β0) and then use the estimates to predict the number of wireless subscribers through

December 2000. This will enable us to cross-validate the method for time points 24 and 25, the

counts from the June 1996 and December 1996 surveys.

For this data, it is not clear how to determine the population size, M , since the same person

may subscribe to more than one wireless service. For convenience, we take M = 109 so that π0

is equal to M∗

M π∗0 where M∗ is the true population size for wireless services and π∗0 is the true

proportion of potential adopters of wireless services. Note that Mπ0 = M∗π∗0 and so Mπ0 still

has the interpretation as the number of potential adopters of wireless services. By this means, we

avoid having to specify M∗. Also note that that the choice of parametrization for the variable π

does not affect estimation of α0 and β0 since π enters the complete data likelihood function only
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through Mπ.

Our estimate of θ0, based on the first 23 observations, is (.19, 4.3×10−4, 1.06×10−9). As in our

simulation, we obtain these estimates using i = 10 iterations, m = 30 samples per iteration, and k =

50 Gibbs steps per sample. The t-ratios for the parameter estimates are (2.3, 2.5, 2.1). We obtain

the standard error estimates used to construct the t-ratios from a Monte-Carlo implementation

of the method of Louis (1982) mentioned previously. Our estimate of Mπ0 is 1.9 × 108 with

an estimated standard error of 8.3 × 107. Using these parameter estimates, we solve a system

of 2 approximate partial differential equations to obtain estimates of the mean and variance of

N(t). Dalal and Weerahandi (1992) derive these approximations. The estimates of IEN(t) for

t = 1, 2, . . . , 23 appear as circles in Figure 2. These estimates very accurately track the observed

counts. The estimates of IEN(t) for t = 24, 25, . . . , 33 are represented as plus signs in Figure 2. The

dashed lines interpolate points corresponding to ±2 estimated standard errors from the estimates

of the IEN(t) values. Note that the estimates of IEN(24) and IEN(25) are close to the observed

points, though they fall outside the dashed lines.

5. Summary

This paper establishes convergence conditions for an MCEM sequence when the underlying

EM sequence converges. High-level conditions are established for rates of almost-sure convergence

and convergence in distribution. These conditions clarify fundamental requirements for conver-

gence of any MCEM sequence. Primitive conditions are developed for almost-sure monotonicity

and almost-sure convergence when independent Gibbs samples are used to facilitate Monte-Carlo

integration. These primitive conditions are not abstruse but accessible to practitioners. We verify

the main primitive conditions for an important application requiring estimation of the parameters

of the Bass model for the temporal diffusion of new products and services into business markets.
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We present simulation results illustrating the performance of the MCEM procedure in this context

and apply the methodology to data on wireless telecommunications services.

We do not directly address the issue of when an EM sequence converges. Nor do we explore

the nature of limit points of EM sequences. See Wu (1983) and Biscarat (1994) for more on these

issues. We note that a Monte-Carlo version of the method of Louis (1982) for computing the

observed information matrix using the complete data likelihood can be developed to help ascertain

the nature of MCEM limit points. Increased confidence in an MCEM procedure can be achieved

by running the procedure with different starting values representative of the parameter space and

checking the nature of the limit points using Louis’ method.

For simplicity, we have adopted a frequentist perspective in this paper. If we adopt a Bayesian

stance, then statements about a maximum likelihood estimator can be reinterpreted as statements

about a maximum posterior likelihood estimator when the prior is flat, or noninformative. If we

have informative prior information on θ, then conditions for convergence to a mode of the posterior

distribution of θ are identical to those developed in Section 3 after redefining l(x,y | θ) in Section 2

to be equal to log[π(θ)f(x,y | θ)] where π(θ) is the prior density for θ.
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