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The Formal Framework

Learning from labeled examples: supervised learning

Known spaces X and );

Unknown distribution P on X x Y;

Training examples: (z1,y1), (x2,v2),-- ., (Tm, ym) Sampled from P;

Goal isto learn f: X — Y that minimizes E [L (f(x), y)] for some pre-de£ned loss function L.

ClassifEcation Y ={-1,+1} L=(1- f(z)y)/2

Special cases (examples): )
Regression Y=R L= (f(x)—y)

Algorithm selects some f from some class of functions F c R¥.

Emprical vs. true errors:

Remp [f] -



Remp VS. IR and Generalization Bounds

Function returned by algorithm is not independent of sample and likely to be close to worst in F,
therefore interested in

sup R[f] — Remp[f]-
fer

Remplg] is a random variable, therefore can only bound it probabilistically:

sup P [ sup R[f] — Remplf] ‘ > e] <. (1)
P feF

Introducing 7, ={ Lo f| f € F}, (1) becomes a statment about the deviations of the emprical
process

sup (Pfr—PufL).
freFL

We have a uniform Glivenko-Cantelli class when § goes to zero as m — oc.



Empirical Risk Minimization

Algorithm selects f by minimizing some (possibly modifed version) of Remp. To guard against
over£tting

1. restrict G or
2. add complexity penalty term.

Regularized Risk Minimization:

A

f=arg rfréijr,_l f%emp[fl+ Qfl.

Rreg [f]

lll-posed problems, inverse problems, etc.



Hilbert Space Methods

[Scholkopf 2002] [Girosi 1993] [Smola 1998]



Hilbert space methods

Start with a regularized risk functional of the form

m

S L(f) ) + 5 1 £

1=1

Rreg[f] — %

where || f|I” = (/, f) 7 and F is the RKHS induced by some positive de£nite kernel
k: X x X — R. Letting k, = k(x, -), the RKHS is the closure of

{Zaikxi |neN, a; € R, xiEX}
1=1
with respect to the inner product generated by (k,, k,/) = k(x,z’). One consequence is the
reproducing property:

(f ka) = f(x).



Hilbert Space Methods

By reproducing property Ryq[f] becomes
1 — A 5
Reeglf]l = — > L({f kai) vi) + 5 1 £ o)
=1
reducing problem to linear algebra, a quadratic problem, or something similar.

Representer theorem: solution to (2) is of form
m
=1

Algorithm is determined by form of L and regularization scheme is determined by the kernel.



Regularization and kernels

Defne operator K : Ly(X) — Lo(X) as
(Kg)@) = [ klwa)gla) do
X
For f = Kg € F, norm becomes

(. f) = /X /X g(@)g(a'Yh(z, o) dw da’ = (g, Kby, = (f. K~'f),.

Another way to approach this is from a regularization network

1 & A 5
Reeglf] = — > L({F ko) oy + 5 1 PFI,
=1
for some regularization operator P. The kernel then becomes the Green’s function of PTP:

P'Pk(x, ) = 6,.



Regularization and kernels

By Bochner’s theorem, for translation invariant kernels (k(z, z’) = k(xz —2’)), Fourier transform
k(w) is pointwise positive.

For Gaussian RBF kernel k(z) = e=*"/(27") and k(w) = e=*"°"/2, so regularization term is

S 2m
w?o? r 2 g m
5= [ fo fao= Y [ 2 10" )@y, do
m=0 ’
where 02™ = A™ and O?™*t! = VA™. This is a natural notion of smoothness for functions.

A more exotic example are B, spline kernels [Vapnik 1997]

bo) = TLBe)  By=onse (0= [ () ) P e

1=1



Gaussian Processes/Ridge Regression

De£nition: collection of random variables {t, } indexed by = € X such that any £nite subset is
jointly Gaussian distributed. De£ned by mean pu(x) = E [t,] and covariance Cov(t,t,).

Assume 1 =0 and y; ~ N(0,02). Then MAP estimate is minimizer of

m

Rreglf] = — S (U ke + 1 1|

o
=1

with kernel k(z, z') = Cov(t,, t,). Solution is simply fuae(z) = k (K + 021)_1 yT where
k= (k(z,21),....k(z,2,) and [K], ; = k(z;, z;) [Mackay 1997].
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Support Vector Machines

De£ne feature map ¢ : = — k,. Finds maximum margin separating hyperplane between images
in RKHS... In feature space f(z) = sgn™ (b + w - ) where w is the solution of

1 :
mil{1§ |w||? subject to yi (w-x; +b) > 1.

)

Lagrangian:

1 m
L(w, b, a) = §Hw|\2—Zozi(yi(w-xﬂrb)—l).

=1

gives > ., a;y; =0and w = > ." | «; y; x; leading to the dual problem

m
1=1

The soft margin SVM introduces slack variables and correspondins to the loss function

m

max E oG —
o

m
1=1 ]

m
Zai a; i Yi (x; - ;) st. «o; >0 and Zai y; = 0.
1

N | —

called hinge loss.
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Practical aspects of Hilbert space methods

Simple mathematical framework

Clear connection to regularization theory

Easy to analyze (see later)

Flexibility by adapting kernel and loss function

Computationally relatively efEcient

Good performance on real world problems
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General Theory of Kernels

[Hein 2003], [Hein 2004], [Hein 2004b]
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(Conditionally) positive de£nite kernels

De£nition. A symmetric function £: X x X — R is called a positive de£nite (PD) kernel if for
alln>1,all x1,29,...,z,and all ¢, co, ..., c,

Z Ci Cj k(xi,a:j) Z 0.
i,j=1
The set of all real valued positive de£nite kernels on X’ is denoted fox.

De£nition. A symmetric function k: X x X — R is called a conditionally positive de£nite
(CPD) kernel ifforalln > 1, all 1, xo,...,x,

n

Z Ci Cj k(:ci,xj) 2 0

ij=1

for all ¢y, o, ..., ¢, satisfying >, ¢; = 0.
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Closure properties

Theorem. Given PD/CPD kernels k1, ks : X x X — R the following are also PD/CPD kernels:

(k1 + k2) (z,y) = ki(z,y) + ka(z,y)
(ANE) (z,y) = Ak1(x,y) A>0

kio(z,y) = ki(z,y) k2 (z,9)

Furthermore, given a sequence of PD/CPD kernels k;(z,y) converging uniformly to k(x,y),
k(x,y) is also PD/CPD.

Theorem. Given PD/CPD kernels k1 : X x X - Rand ky : X' x X’ — R, the following are
PD/CPD kernels on X x X”:

(k1 ® k2) ((z,9)(«",y")) = K1z, y) ko (2, o)
(k1 @ k2) (2, 9)(2",y")) = ka2, y) + ka(2', ¢f).
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Reproducing Kernel Hilbert Spaces

De£nition. A Reproducing Kernel Hilbert Space (RKHS) on X is a Hilbert space of functions
from X to R where all evaluation functionals 6,.: H — R, J.(f) = f(«) are continuous w.r.t. the
topology induced by the norm of H. Equivalently, for all z € X there exists an M, < oo such that

VieH, @) < M|l flly-

16



The kernel «— RKHS connection

Theorem. A Hilbert space H of functions f: X — R is an RKHS if and only if there exists a
function k: X x X — R such that

Ve e X ky:=k(z,) eH and
(fs Fa)

Vee X VfeH

If such a k exists, then it is unique and it is a positive de£nite kernel.

Theorem. If k: X x X — R is a positive de£nite kernel, then there exists a unigue RKHS on X
whose kernel is k.

1. Consider the space of functions spanned by all £nite linear combinations
{ZO&Z]C% |n€N, aiER, ZILLEX}
=1

2. Induce an inner product from (k,, k,/) = k(x,z’), which in turn induces a norm || - ||.

3. Complete the space w.r.t. || - || to get H.
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Kernel operators

De£nition. The operator K: Lo(X, ) — Lo(X, 1) associated with the kernel k: X x X — R is
de£ned by

(Kf) (z) = / B(e.y) () du(z).

X
Theorem. The operator K is positive, self-adjoint, Hilbert-Schmidt (>~ A\? < co) and trace-class.

Theorem. (Riesz) If k € Ly(X x X, u ® p) then there exists an orthonormal system (¢;) in Ly ()
such that

where \; > 0 and the sum converges in Ly(X x X, 1 ® u). Here (¢;) are the eigenvectors of K
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Feature maps

The feature map ¢ : X — H (satisfying k(z,z") = (¢(x), ¢(x")) is not unique. Important special
cases are:

1. Aronszajn map. H = RKHS(k) and ¢: x — k, = k(z,-).

2. Kolmogorov map. H = Lo(R*, 1) where p is a Gaussian measure, ¢: = — X, and
k(z,z") = E[X,X,/]. (Gaussian processes)

3. Integral map. For a set 7" and a measure pon 7', let H = Lo(T, ) and ¢: z — (I'x(t)), and
k(z,2") = [T(x,t) (2, t) du(t). (Bhattacharyya)

4. Riesz map. If H = (5(N) and ¢: x — VA, ¢, () then k(z, ') = > 00 [o(x)], [¢(2')],
(Feature map)
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Hilbertian Metrics < CPD kernels

Metric view of SVMs:

k

X — H — max. margin separation

(X,d) —=tsomeric 9y, max. margin separation
Easy to get d from k:
d*(z,y) = k(z—y,x—y) = k(z,2) + k(y,y) — 2k(,y).

Moreover, —d? is CPD. For the converse, we can show that all PD kernels are generated by a
semi-metric, in the sense that if —d? is CPD then there exists a function g: X — R such that

1
k(w,y) = —5d*(@,y) + 9(2) + 9(y)
is PD. Note that this mpaaing is not one to one: more than one PD kernel corresponds to each
CPD metric.

De£nition. A semi-metric d on a space X is Hilbertian if there is an isometric embedding of
(X, d) into some Hilbert space H.

Theorem. [Schoenberg] a semi-metric d is Hilbertian if and only if —d?(z,y) is CPD.

Theorem. k(z,y) = e 9(®¥) is PD for all ¢ > 0 if and only g is CPD. [Berg, Christensen, Ressel]
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Metric-based SVMs

The SVM optimization problem can be written as
1 2
win — Zyiyjoziozjd (x4, 25) S. t. Zyiai =0, Zozi =2, a; >0
%,J 7 )
and the solution is

= -3 § yzaz ZEI, + c.

The SVM only cares about the metric, not the kernel! [Scholkopf 2000] What about
non-Hilbertian metrics? Need separate primal/dual Banach spaces:

O:x— &, =d(x,-) — d(xg, ") U:z— VU, =d(-,z) — d(xg, )

Giving E the norm

el = inf [Zm st.e=Y Bi¥,, z€X, |I|<c

1,(Bi) el

(E,| - %) is the topological dual of (D, || - |5). The analog of the SVM is

meN, lnf ™o Z|5Z ‘ =1 St. [b+zﬁl x]axz - (mu%O))] > 1.

Z

(Max. distance between convex hulls <~ max. margin hyperplane.) No representer theorem!
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Fuglede’s Theorem

De£nition. A symmetric function & is v-homogeneous if k(cz, cy) = ¢Vk(x,y).

Theorem. A symmetric function d: R, x Ry — Ry with d(z,z) < x = 0 is a 2¢y-homogeneous
continuous Hilbertian metric on R if and only if there exists a (necessarily unique) non-zero
bounded measure p > 0 on R, such that

i —iX |2
d2(fv,y)=/ | 27—y T dp(N)
Ry

Corollary. A symmetric function k: R, x Ry — Ry with k(x,z) < x = 0 is a 2y-homogeneous
continuous PD kernel on R, if and only if there exists a (necessarily unique) non-zero bounded
measure x > 0 on R such that

d*(x,y) = / T AT k().
Ry
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General Covariant Kernels on M1 (X)

Theorem. Let P and @ be two probability measures on X, 1 a dominating measure of P and @,
and dg. a 1/2-homogeneous Hilbertian metric on R... Then DM;(X)

Diey0*(PQ) = [ @&, (pla).ala)) du(o)

is a Hilbertian metric on M? (X) that is independent of 1.

The corresponding kernels are:
Kyu(P.Q) = | Vo)) dita) (Bhattacharyya)

[ @)
Ky (P.Q) = [ LI duta)

Kin(PQ) =~ [ [p<x> log (ﬁ) +q(x)log (p—@)qf)q(m))] du(z)
Ko (P.Q) = [ minlp(a),a(o)] di(z)
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Seqguences

[Haussler 1999] [Watkins 1999] [Leslie 2003] [Cortes 2004]
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Convolution kernels

Assume that each x € X can be decomposed into “parts” described by the relation
R(x1,x9,...,xp,x) With Z = x1,29,...,2p € X1 X X5 X ... x Xp in possibly multiple ways
R™Y(z) = {#1,25,...}. Given kernels k;: X; x X; — R, their convolution kernel is defned

k(z,y) = (k1 * ko ... xkp) (z,y) = > I Fa(za,va).

reR~1(z), jeR~ 1 (y) d=1

E.g. Gaussian RBF kernel btw. x = (z1,z2,...,zp) and y = (y1,¥y2,...,YD)

k(z,y) = ][ ka(z,y) ka(x,y) = exp(— (za — ya)® /(207)).

E.g. The ANOVA kernel for X = SP is

D
k(z,y) = Z Hkid<xid7yid)'

1§11§§zd§n d=1
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Ilterated convolution kernels

A P-kernel is a kernel that is also a probability distribution on X x X, i.e., k(z,y) > 0 and
Dowy k(T y) =1

The relationship R between z and its parts is a function if for every Z there is an x € X such that
R~1(x) = . Assume that R is a £nite function that is also associative in the sense that if

x1 0 xy = x denotes R(x1,zo,x) then (z1 o x3) o x5 = 1 o (z2 0 x3). De£ning K7 = kx k(=1 the
~-in£nite iteration of k is

* r—1y7.(r
K= (1—7)) k"
r=1

Substitution kernel: ky(z,y) = > ,c 4 P(a)ka(z,y)
Insertion kernel: kx(x,y) = g(z)g(y)
REgular string kernel:

k(x,y) = vka x (k1% k)] 4 (1 —vka) .
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Watkins’ Substring Kernels

We say that u is a substring of s indexed by @ = i1, i2,...,%, if u; = s;,. We denote this
relationship by u = s [¢] amd let [(i) = i|,,| — 1 + 1. For some A > 0 the kernel corresponding to
the explicit feature mapping ¢, (s) = Zz‘;s(i) wesin A 1S

-y Y ¥ AB+IT)

UES™ §iu=5[t] Ju=t[]]

De£ning

K (s,t) Z Z Z A@+)

UEXP g = s[]ju 14W]

a recursive computation is possible by

ko(s,t) =1

kp(s,t) =0 if [s|<p or [t[<p

kp(s,t) =0 if |s|<p or [t|<p

k;(s'w?t) = )\k]/)(87t> + Z k;_l(s,t[l 1] — 1]) )\|t|—j+2
Jitj=x

kn(sm,t) =kn(s,t) + Y k(s t[1:j—1]) A2
j:tj:ac
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Mismatch Kernels

Mismatch feature map:

B (@) ;= >, I(B€Ngml) pext
aEYXk alCx

Restricted gappy feature map:

(b (@)] ;= Y T(aeGur(@) pexk

aeXk, aCx

Substitution feature map: as mismatch feature map, but
k
N(k’g)(()z) = {ﬁ =b1by,... by € Ek D= ZlogP(az|bZ) < O’}
=1

Computing these kernels using a pre£x trie gives O (g9~ **! (Jz |+ |y |)) algorithms.
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Finite State Transducers

Alphabets: X, A

Semiring: K (operations @, ®) beefl
Edges: ¢;

Weights: w(e)

Final weights: A

Transducer: ¥* x A* - K

Set of Paths: P(z,y) xeX* ye A*

Total weight assigned to pair of input/output strings = and y (regulated transducer):

[Ty = @ Mme®ul

b:eil

aall II." 2

b:biL @

e =

TeP(x,y) ecT
Operations on transducers:
[[Tl D T2]]('I7 y) - HTl]](mv y) D [[TQ]va y) (para”el)
[T @ To] (%, y) = Dy 2y y=yryo 1L11](71,91) @ [T2] (22, y2) (series)
[T*](z,y) EB[[T"]] z,y) (closure)
[T} o To](z,y) @ [T1](x, 2) @ [12] (2, y) (composition)

zZEA*
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Rational Kernels

De£nition. A positive de£nite function & : ¥* x ¥* — R is called a rational kernel if there exists
a transducer T" and a function ¢ : K — R such that

k(x,y) = ¢ ([T](z,y)) .-

Naturally extends to a kernel over weighted automata.
Theorem. Rational kernels are closed under & sum, ® product, and * Kleene closure.

Theorem. Assume that T o T~ ! is regulated and ) is a semiring morphism. Then
k(z,y) = ([T o T~ '](z,y)) is a rational kernel.

Theorem. There exist O (|T' ||z | |y |) algorithms for computing k(z, y).
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Spectral Kernels

[Kondor 2002], [Belkin 2002], [Smola 2003]

31



The Laplacian

Discrete case (graphs).

Aij = _Zk Wik Z:j or A :D_1/2AD_1/2.
0 otherwise

Continuous case (Riemannian manifolds)

A LQ(M) — LQ(M)

MZ& ./det g g

0? ok 0?
A=—S+—-—5+...
x? i O3 i ox%

on RP
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The heat kernel (diffusion kernel)

K =€ = lim <I+ ta ) k(x,z") = (04, Kdyr)

n— 00 n

A self-adjoint = £ positive de£nite. Well studied and natural interpretations on many different
objects. On R” we get back the familiar Gaussian RBF

1 e 2
N— Y =2 */(20?)
k(z,z") (27r02)D/2 e :
On p-regular trees as a function of distance d
2 /7r 6_3(1_2\/5Tl cos.z) sinz [ (p—1)sin(d+1) z —sin(d—1) |
m(p—1) Jo

dx.

p? —4(p—1) cos?x
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Approximating the heat kernel on a data manifold

The assumption is that our data lives on a manifold M embedded in R™. Given
X =x1,29,...,x,, (labeled and unlabeled data points) sampled from M, the graph Laplacian
approximates the Laplace operator on M in the sense that

(f, A9>L2(M) ~ <f‘X7 Agraph g’X> .

The graph Laplacian W — D can be constructed in different ways:
1. Wij = 1if H Ty —Tj || < ¢, otherwise Wi = 0

2. w;; = 1if ¢ is amongst the k nearest neigbors of 5 or j is amongst the £ nearest neigbors of
i, otherwise w;; = 0

3. wij = exp(]| 2 — ;%) /(20%)

First few eigenvectors of A provide natural basis for low-dimensional projection of M.
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Other spectral kernels

The exponential map is not the only way to get a regularization operator (kernel) from the
Laplacian. General form:

(1) = (LP P2 = r(N) (f,6i)p, (60, ),

1

where ¢1, ¢, ... IS an eigensystem of A with corresponding eigenvalues A1, Ao, . ..

r(A) =1+0c%A regularized Laplacian

r(A) = exp (62/(2))) diffusion kernel
r(A) = (al —\)7P p-step random walk
r(A\) = (cos A\ /4) inverse cosine

The Laplacian is the essentially unique linear operator on L. (X)) invariant under the group of
iIsometries of a general metric space X. All kernels invariant in the same sense can be derived
from A by a suitable choice of function r.

35



Kernels on Distributions

[Lafferty 2002] [Jebara 2003] [Kondor 2003]
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Information Diffusion Kernels

A d-dimensional parametric family {pg(-), 0eOC Rd} gives rise to a Riemannian manifold with
Fisher metric

9i(0) = [(359)(83'59)]:/X(az’logp(ﬂfw))(ajlogp(xle))p(xw)d;c:
%(a Vo (l0)) (9, (2]0)) de

In terms of the metric, the Laplacian is

1 .
= Z(Si det g g d;
Vdet g ”

which we can exponentiate to get the diffusion kernel. The general form is

) = (1) exp (- Hy) )sz v y)ti+O(tY)

The information geometry of the multinomial is isometric to the positive quadrant of the
hypersphere where

d+1
ke(0,0') = (4mt) =2 exp ( arccos (i W))

37



Probability Product Kernels

For p and p’ distributions on X and p > 0

k(p,p') Z/Xp(w)”p'(ﬂf)pdl‘: 0”.0"),,

Bhattacharyya (p = 1/2):

k(p,p) = / V@V (@) da

Satisfes k(p,p) = 1 and related to Hellinger’s distance

Ho.p) =5 [ (Vo) - V@) do

by H(p,p') = /2 — 2k(p,p’) .

Expected likelihood kernel (p = 1):

K(x,x') = /p(ﬂﬁ)p'(fc) dr = Ep[p' ()] = Ep [p(2)].
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Probability Product Kernels for Exponential Families

Gaussians:

ko(p,p') = /RD p(x)’p (x) dr =

(@m)2PI2 y DI [ V2 g O | (17 s = "))

oD

exp (—
where 7 = (Z—1+E’_1)_1 and ut =21+ 31

Bernoulli:

D D
=i =t Kop) = [T’ + 0= =20y
d—1 d=1

Multinomial (p = 1/2):

D D §
s! -
K(p,p) =) PP B | [ (qacly)™/? = [E (ozdoz&)l/Ql

Gamma:
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Feature Space Bhattacharyya Kernels

Base kernel (e.g. Gaussian RBF) maps points to feature space

F =

Kernel between examples, K (x, x’) is computed as feature space Bhattacharrya between two
£tted Gaussians with mean and covariance

k T
Z@(:L’l) ireg - Z,UZAZIUIT +nZCzC’j—
=1 =1 7

| =

o=
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Tropical Geometry of Graphical Models

[Pachter 2004a], [Pachter 2004Db]
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Tropical Geometry and Bayesian Networks

S
Parameters: sq, ss,...,5q Q ’ Q : Q

Observations: 01,03, ...,0m ( i i i

Mapping: f: R — R™
O O O

fo1,00,0m(8) =p(01,02,...,0m]|s) = Z p(01,02,...,0m b1, hos. .. By, s)
h17

e.g., for 3-state HMM

for.00.05 = 500500t001 L0032 t00s + 5005011001 t0ostios T S01510t00, t1oatoos + S01511t001 tiostios+

510500t101 t0oa 005 T S10501t 10, tooot105 T S11510t16, t105t005 + S115118101 t10a 104
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Tropicalization

Tropicalization to £nd max. log likelihood sequence:
(+, X)-semiring —  (min, +)-semiring

= d=—logf
Sij - Uiy = — log Ui j
tij — Vij = — log Vij

e.g., for 3-state HMM we get Viterbi path by

501,02,---,0m = hlnflzignhg [uh1h2 + Uhyhg + Vhyoy + Vhyoy + Uhgffs]

Let (d;) be vectors of exponents of the parameters corresponding to different settings of the
hidden variables. Then 6., »,.....»,, = min; [@; - @]. The ML solution changes when

(a; —d;) -u =0 for i # j. Feasible values of @, are vertices of the Newton polytope of f and J is
linear in each normal cone of the Newton polytope.
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The Algebraic Geometry

Polytope propagation:

NP(f - g) = NP(f1) + NP(f2) A+B={a+blacA, be B}
NP(f +g) = NP(f1) UNP(f2).

Can run the sum-product algorithm with polytopes!

Each vertex of NP (f,) corresponds to a ML solution. Each vertex of NP ( f,) corresponds to an
inference function o — h. Key observation:

#vertices (NP (f,)) < const. - Ed—1)/(d+1),
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Generalization bounds

[Mendelson 2003] [Bousquet 2004] [Lugosi 2003] [Bartlett 2003] [Bousquet 2003]
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The Classical Approach: Union Bound

Recall, we are interested in bounding

sup (Pf — Py f)
feF

where F = { Lo f | f € Forg }-

For a £xed f, assuming f(z) € [a, b], by Hoeffding

P[IPf—Pnf|>6]§2eXp<—£>, B||PF-Puf|> (b a)

(b—a)?

Now taking union over all f € F when F is £nite,

log\]:|—l-log%
2n

SUPIPf—PnfS\/

ferx

with probability 1 — 6.
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“Ockham’s Razor” bound

Reweighting by p(f) s.t. >~ . »p(f) = 1 we can extend above to the countably in£nite case. With
probability 1 —4

log —L- + log L
Pf—Pnf|§\/ gp(f; #5
n

simultaneously for all f € F.

A related idea is the PAC-Bayes bound for binary stochastic classif£ers described by a
distribution Q(x):
1
Sup KL(P.[Q] || P[Q]) < — [KL(Q]| P) 4 log 5]

with probability 1 — 4 for any prior P. A particular application is the margin-dependent PAC Bayes
bound for stochastic hyperplane classifers.
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Alternative Measures of Generalization Error

1. Mendelson:
P[AfeF : Pf<e P,f >2¢]

2. Normalization (Vapnik):
Pf - Pnf
g [Tf - E}

3. Localized Rademacher complexities
4. Algorithmic stability
5. ...
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Vapnik-Chervonenkis Theory

Asetxy,xo,...,x,, IS shattered by F if for every I C {1,2,...,m}, there is a function f; € F
such that f(x;) = I(i € I). The VC-dimension is de£ned

d=VC(F) = max | X'| suchthat X is shattered by F.

De£ning the coordinate projection of F on X as PxF = { (f(zi)),,cx | f € F }, the growth
function is TI(n) = maxxcx | PxF |. By the Sauer-Shelah Lemma II(n) < (%)d.

Asetxq,x9,...,z,, IS e-shattered by F if there is some function s: X — R such that for every
I c{1,2,...,m}, there is a function f; € F such that

flay) > s(x)+e if ielf(x;) <s(x;)—e if igl.

The fat-shattering dimension is d.(F) = maxxcx | X | suchthat X is e-shattered by F.

A classical result from VC-theory is that for binary valued classes

\/log I1(2n) + log 2
(n/2)

sup [Pf — P,f] <2
feF
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Symmetrization and Rademacher Averages

The Rademacher average of F is

Ry (F) [Sllp Zal ]

fer n
where the o; are {—1, +1}-valued random variables with P(o; =1) = P(0; =—1) = 1/2.

By Vapnik’s classical symmetrization argument

]E{sup [Pf — Pnf]:| < 2R, (F)
ferF

Strategy: investigate the concentration of R,,, [F| about its mean, as well as the concentration of
sup e [Pf — P, f] about its mean. Example of a resulting bound (from McDiarmid):

QIOg%

Sup[Pf_Pnf] SZRn(f)+
fer n

with probability 1 — 4. For kernel classes

~ n 1/2
< — k 1y Lg
< (3 en)

where v = || f || and f is the function returned by our algorithm.
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Classical Concentration Inequalities

Markov: forany r.v. X >0

PIX > 1] < ?.
Chebyshev:
Var(X)
PX-EX >t < .
[ > 1 < Var(X) + t2

Hoeffding: (| X;| < ¢)

%iXi—]EX > €
i=1

|

1 & ne’
“N X, - EX < _
n ; “p ( 252 + 206/3)

Tools: Chernoff’s bounding method, entropy method

n€2
S 2 exp (—2—2>
C

Bernstein: (| X; | < ¢)

P > €
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Uniform Concentration Inequalities

Talagrand’s inequality. Let Z = sup;cp [Pf — P, f], b =sup,cx Z and v = sup ;. » P(f?). Then
there is an absolute constant C' such that with probability 1 — ¢

1 1
Z<2EZ+C<U\/log5+blog5>.

Bousquet’s inequality. Under the same conditions as above, with probability 1 — ¢

(1+a)E[Z] + \/¥+ (% + é) bl‘f% ]

Z > inf
a>0
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Surrogate Loss functions

In classi£cation, ultimate measure of loss is 0-1 loss. Instead algorithms often minimize a
surrogate loss L(f(x),y) = ¢(yf(x)).

¢(a)
exponential e 1—v1-62
logistic In (1 + e 2%) 6
quadratic (1-a)? 62

Risk: R[f] =K []—sgn(f(m);éy} R* = inff R[f]
¢-risk: Ry[f] =Ep(yf(z)] Ry =infy Ry[f]

What is the relationship between R[f] — R* and R;[f] — R}?
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Classi£cation callibration

nx)=Ply=1[z]

Optimal conditional ¢-risk:

H(n) = inf (ng(a) — (1—n) ¢(—))

acR

Optimal incorrect conditional ¢-risk:

H™(n)=  inf (né(a) = (1—=n) ¢(—a))

a(2n—1)<

De£nition: ¢ is classif£cation-callibrated if

H™(n) > H(n).
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y-transform

¥: [0,1] — R* defned ¢ = ¢)** where
Y(0) = H ((1+6) /2) — H((1+96) /2).
Theorem: For any onnnegative ¢ and measurable f
¥ (R[f] = R") < Ryf] — Ry.

and for any 6 € [0, 1] there is a function f: X — R such that this inequality is e-tight.

Theorem: If ¢ is convex, then it is classi£cation-callibrated if and only if it is differentiable at 0
and ¢’'(0) < 0.

Theorem: If ¢ is convex, then it is classiEcation-calibrated if and only if it is differentiable at 0 and
¢'(0) < 0.
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