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Error bounds

Training set: {(X1, Y1) , (X2, Y2) , . . . , (Xn, Yn)} X∈X , Y ∈Y (X,Y ) ∼ P.

Algorithm learns g : X 7→ Y g∈G.
Loss function c : Y × Y 7→ [0, b] for some b.

Error bound:

P
[

E [c(g(X), Y )]
︸ ︷︷ ︸

L(g)

≤ 1

n

n∑

i=1

c(g(Xi), Yi)

︸ ︷︷ ︸

Ln(g)

+ε

]

≥ 1− δ.

De£ne fg : X × Y 7→ [0, b] such that fg(x, y) = c(g(x), y).

Loss class: F = {fg | g∈G} .
Uniform bounds probabilistically bound

sup
g∈G

[L(g)− Ln(g)] = sup
f∈F

[

E [f(X,Y )]− 1

n

n∑

i=1

f(Xi, Yi)

]

= sup
f∈F

[

Pf − Pnf
]

called the supremum of the empirical process indexed by the class F .
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Rademacher averages

Rademacher random variable: P [σ = 1] = P [σ = −1] = 1/2.

Rademacher average of class F is

E
[

sup
f∈F

Rnf

]

where Rnf =
1

n

n∑

i=1

σif(Xi, Yi)
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The plan

Concentration:

sup
f∈F

[Pf − Pnf ]− E
[

sup
f∈F

[Pf − Pnf ]

]

≤ b

√

2ε

n

(with probability 1− e−ε ).

Symmetrization:

E
[

sup
f∈F

[Pf − Pnf ]

]

≤ 2E
[

sup
f∈F

Rnf

]

.

Relation to empirical Rademacher:

E
[

sup
f∈F

Rnf

]

≤ inf
α>0

[

1

1−α Eσ

[

sup
f∈F

Rnf

]

+

(
1

3
+

1

2α

bε

n

)]

(with probability 1− e−ε ).
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Hoeffding’s Inequality

Let X1, X2, . . . , Xn be independent random variables such that a ≤ Xi ≤ b.

Then with probability 1− e−2t2/(n(b−a)2),

±
[

1

n

n∑

i=1

Xi − EX

]

≤ t.

Equivalently, with probability 1− e−ε ,

±
[

1

n

n∑

i=1

Xi − EX

]

≤ | b− a |
√
nε

2
.

5



McDiarmid

For random variables X1, X2, . . . , Xn and some function h let

Z = h(Z1, Z2, . . . , Zn)

and for some function h† let

Zk = h†(Z1, . . . , Zk−1, Zk+1, . . . , Zn).

Assume that |Z − Zk | ≤ b . Then for all ε > 0 ,

P
[

± (Z − EZ) ≥ b
√

nε/2

]

≤ e−ε.
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Concentration of Pf − Pnf

From the boundedness of the loss, it follows that supf∈F,x,y |Pf − f(x, y) | ≤ b .
De£ning

Z = sup
f∈F

[Pf − Pnf ]

and

Z† = sup
f∈F

[

Pf − 1

n

∑

i 6=k

f(Xi, Yi)

]

we have
∣
∣Z − Z†

∣
∣ < b/n . Plugging into McDiarmid gives that with probability

1− e−ε

±
[

sup
f∈F

[Pf − Pnf ]− E
[

sup
f∈F

[Pf − Pnf ]

]]

≤ b

√

2ε

n
.
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Symmetrization

E
[

sup
f∈F

[Pf − Pnf ]

]

= E
[

sup
f∈F

E [P ′nf ]− Pnf

]

≤ E
[

sup
f∈F

P ′nf − Pnf

]

(Jensen)

= E
[

sup
f∈F

1

n

n∑

i=1

(
f(X ′i, Y

′
i )− f(Xi, Yi)

)
]

= E
[

sup
f∈F

1

n

n∑

i=1

σi
(
f(X ′i, Y

′
i )− f(Xi, Yi)

)
]

= E

[

sup
f∈F

[[
1

n

n∑

i=1

σif(X ′i, Y
′
i )

]

+

[
1

n

n∑

i=1

σif(Xi, Yi)

]]]

≤ 2E
[

sup
f∈F

1

n

n∑

i=1

σif(Xi, Yi)

]

= 2E
[

sup
f∈F

Rnf

]
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Bousquet’s one-sided concentration result

Assuming supf∈F,x,y [Pf − f(x, y)] ≤ b , with probability 1−e−ε

sup
f∈F

[Pf − Pnf ] ≤ inf
α>0

[

(1+α) E
[

sup
f∈F

[Pf − Pnf ]

]

+

√

2v

n
+

(
1

3
+

1

α

)
bε

n

]

.
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Bousquet’s Localized Concnetration Inequality

Let φ be a non-negative, non-decreasing function such that φ(r)/
√
r is

non-increasing for r > 0 and sucht that

E
[

sup
f∈F : Pf≤r

[Pf − Pnf ]

]

≤ φ(r)

and let r∗ be the largest solution of φ(r) = r. Then with probability 1−e−ε

sup
f∈F

Pf − Pnf√
Pf

≤ inf
α>0

(

(1+α)
√
r∗
(

1 +
e

2
log

eb

r∗

)

+

√

2bε

n
+

(3+α) ε
√
b

3αn

)

.

Let r and r∗ be as above, except that now

E
[

sup
f∈F : Pf≤r

|Rnf |
]

≤ φ(r).

The there exists a universal constant K such that with probability 1− e−ε

Pf ≤ K inf
α>0

[

(1+α)Pnf +

(

1 +
1

4α

)(

31r∗ log2 b

r∗
+ 50

bε

n

)]

.
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