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Coupled Oscillators: Two pendula pivot about an axis A and are constrained to remain in planes 
perpendicular to that axis. Furthermore, the pivot points remain fixed. Each has a length L and a mass 
m. The angles from the vertical are fh and 8z. [In the picture ()1 < 0 and 82 >OJ. The two pendula are 
coupled by a weak torsional spring that obeys Hooke's Law with torsional spring constant K. 

where 72 is the torque on mass 2 and 71 is the torque on mass 1. 

(a) [2.5 pts] Write down the linear coupled differential equations describing the motion of the pen­
dula when the angles ()i < < 1. 

(b) [2.5 pts] Find the two normal-mode frequencies (eigenfrequencies). 

(c) [2.5 pts] Find the two normal-mode functions (eigenfunctions). Each eigenfunction can be writ­
ten as a vector amplitude times a phasor (complex exponential). The overall amplitude and phase (or 
complex amplitude) for each eigenfunction can remain undetermined. 

(d) [2.5 pts] Determine the time evolution of each pendulum with the initial conditions 81 (0) = 0 
and 8z(O) =A, with both starting at rest, and sketch the two functions for at least two beat cycles. You 
can assume that the spring constant K = kmgL 
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Note: The first thing we should do is take a look at the Hooke's Law equation that the 
torsional springs obey. The first thing we should note is that 

[Ti] =Force· Length, 

so we know we are dealing with a situation unlike those seen in class and in sections (though 
an example was given during the quiz review). Therefore, because fh and 02 are unitless, 
we should also take note that 

[~J = Force ·Length. 

The only other physical constants given arc g which has units of acceleration and the mass 
and length of the pendulum L which obviously have units of mass and length, respectively. 
The only way we can get a frequency out of these is by the combinations y'9fL and 
J~fmL2 . The symmetric mode has both masses swinging in phase which means that the 
spring is doing nothing. Therefore we know that 

Wsymmetric = vfiiTL · 

The antisymmetric mode is a little more complicated, but if you think carefully you will 
know that this problem is now completely analogous to two pendula coupled by a standard 
spring, a problem we have done before which by direct analogy k/m ~ ~fmL2 gives us the 
antisymmetric mode's frequency: 

~ 
Wantisymmetric = v L I .c. J , 

where I= m£2 is the moment of inertia. Even without making this analogy we know that 
because the mode is antisymmetric for some distance 0 traveled by one, the other travels 
an equal and opposite distance, meaning that the effect of the spring is doubled. The signs 
of the gravitational frequency and the spring frequency have to be the same since they are 
both restoring forces and therefore act in the same direction. So we could have come to the 
correct answer by just thinking physically about the problem. 
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(a) We may just write down the solution: 

Because, the problem is symmetric about the center plane we know the equation of motion 
for the second mass is the same as for the first, with the indices switched: 

{b) Normal modes are those which oscillate with the same frequency, and therefore have 
the form: (}i = Ai exp iwt, with i = 1, 2. Plugging these in to the equations of motion above 
and writing the resulting equations in matrix form yields: 

(1) 

This equation has nontrivial solutions (something without A1 = A2 = 0) only when the 
matrix is singular. Using the fact that singular matrices have a zero determinant we may 
get the final relation to determine the frequencies of oscillation: 

0 = (2) 

(3) 

(4) 

(5) 

If the student were able to deduce that the symmetric mode has a frequency of JfilL then 
they could divide the RHS of the the final equation by w2 - gj L to get the final mode. 
Supposing that one did not do this we go on. Using the quadratic equation we get: 

as expected. 

2 (! + 7) ± J4 (! + 7)
2

- 4f (! + 27) 
2 

2 

(6) 

(7) 

(8) 

(9) 



(c) Plugging g / L in for w2 in equation 1 we find that A 1 = A2 (as expected), and plugging 
in gj L + 2K-/ I for w2 yields A1 = -A2 (also as expected). Therefore, given ws = Vi[L 
and WA = J f + 2y we have the two normal mode functions: 

(10) 

(d) So we need to find a linear combination of ifs and ~ such that at time t = 0 we get 
the vector (0, A). That is, 

This gives the two equations 

0 

A, 

which finally gives C1 = A/2 and C2 = - A/2. Writing out the full solution we have 

(11) 

(12) 

(13) 

{14) 

(15) 

Not that it simplifies our solution in any way, but we can make the suggested assumption 

that"'= kmgL to get WA = Iff. We can simplify the final equation above by applying 

some simple exponential algebra and defining w_ = ws;wA and w+ = wstwA: 

if(t) 

A eiw+t (2i sin (w_t)) 
2 2cos (w_t) 

A (-sin (w+t) sin (w_t)) 
cos (w+t) cos (w_t) 

(16) 

(17) 

(18) 

The envelope is defined by the trig function of w_, and the beats are separated by half the 

Period: tb = _E._ = ~. The motion will oscillate ! w+ = ! ws+wA = ! 2+¥'5 many 
eat w_ ws-WA 2 w_ 2 ws-WA 2 2-v'S 

times during each beat. Note that this is independent of the relationship between g and L. 
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Figure 1: The motion of mass 1 as a function of w_t. 
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Figure 2: The motion of mass 2 as a function of w_ t. 

The value of gj L determines tbeat' indicating that changing gj L only stretches or contracts 
the plot in the t direction. Therefore we plot the motion of fh and fh in dimensionless 
units of w_t and fh/A without needing to specify gjL. See figures 1 and 2 for the particle 
motion of masses 1 and 2 respectively. 
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Problem 2 

Interference: You are given a slightly bent mirror. It consists of two large plane mirrors at an angle 
n to each other. A coherent light source of wavelength A is shone at a distance d from the mirrors. 
A large plane screen is placed at a distance L from the point 0 (see figure) and it is ensured that all 
the light hitting it has reflected off the mirrors. (i.e., No light directly from the source reaches the screen). 

(a) (4 pts) Show that the interference pattern is the same as what you would expect from a Young's 
double slit experiment. (It is sufficient to show that the geometry of the setup is identical in both ex­
periments) 

(b) (4 pts) Obtain the separation between two consecutive maxima on the screen in terms of d, n 
and L . To simplify calculations make an assumption that the L » d and n and is very small. 

(c) (2pts) Now consider that the source used is red light (wavelength A= 650nm), the mirrors make 
an angle n = (1rjlOO)rad and the screen is at a distance L = lm. How far must you place the source 
in the given setup so that you can distinguish two consecutive maxima on the screen? Assume that 
it is possible to distinguish two maxima if they are 0.5cm apart. Note that you still have to use the 
approximations that L » d and n is small. 

Note : In this problem you do not have to consider the effect of the shadow of the source on the 
screen and ignore the fact that the interference pattern is observed in a finite region in the z direction. 

Mirrors 

X 

' ------------------ --- -Ef:=:=i-------- -------------------- ----- ---
0: 

Screen 

d 

L 
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1. Show that the interference pattern is the same as what you would expect 
from a Young's double slit experiment. (It is sufficient to show that the 
geometry of the setup is identical in both experiments) 
Ans: Look at the geometry in the diagram shown. It looks like the double 
slit experiment but just with two virtual sources instead of slits. 

Virtual turees Mirrors 

t-:.o:~:.::=-~~=--;-
2dsin u L:::~:x::::c: ___ · _____ ----------···--···-·········--···----·-----

: 0 ~~~~~-

~.<"~-,,:.:'~···--
Screen 

d 

L 

2. Obtain the separation between two consecutive maxima on the screen in 
terms of d, a and L . To simplify calculations make an assumption that 
the L » d and ct and is very small. 
Ans: The two virtual sources are in phase with each other. The separation 
between the two 'sources' is 2dsin(a). Therefore the separation between 
two consecutive maxima is given by 

2dsin(a)sin(O) = >. 

For L » d we can approximate sin(O) ""' tan(O) 

L+dc~s(a) ""' f. So we have 

2dzsin( a) = ). 

L 
>.L >.L 

z = 2dsin(a) ""' 2dn 

(1) 

z 

(2) 

(3) 

3. Now consider that the source used is red light (wavelength ). = 650nm), 
the mirrors make an angle a= (7!"/lOO)rad and the screen is at a distance 
L = lm. How far must you place the source in the given setup so that you 
can distinguish two consecutive maxima on the screen? Assume that it 
is possible to distinguish two maxima if they are 0.5cm apart. Note that 
you still have to use the approximations that L » d and a is small. 
Ans: To distinguish two maxima we require z > 0.5 em. We have, >. = 

X 



650nm, a: = (1r /lOO)rad and L = 1m. Using these values in the formula 
derived in the previous part we have, 

650 X 10-9 X 1 
z = > 5 x w-3 

2 X d X 1~0 
650 X 10-D X 1 

d < .,..------,-,----,---;;--::-
2 X 5 X 1Q-3 X 1~0 

Therefore we must have d < 6~5 X w-3 m. 

(4) 

(5) 

If we consider the fact that the interference is limited to a finite region in 
z direction, that would give us a lower bound on d after which one cannot 
observe two maxima. 
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Problem 3 

A Solar System "Atom" (borrowed from Griffiths Introduction to Quantum 1Iechancs) Consider 
the earth-sun system as a gravitational analog to the hydrogen atom. Let M denote the mass of the sun, 
m be the mass of the earth, and G be Newton's gravitational-constant. Recall that the gravitational 
potential energy is -G:Im. 

(a) [5 pts] What is the "Bohr radius," a9 , for the earth-sun system in terms of M, m, G, and h? Use 

the fact that M = 2.0x lO:lokg, G = 6.7x 10- 11 !://s, and n = 1.1 x w-34 J·s to compute a numerical value. 

(b) [5 pts] Write down the gravitational "Bohr formula" for the energy En· Then, set this equal to 
the classical energy of a planet in a circular orbit of radius To (hint: you may recall from Ph1a that 

this is given by -G2Mm) to show that the orbital quantum number n = (!;;_ Using the fact that 
r 1) y a 9 

To~ 1AU = 1.5 x 1011 m compute the numerical value of n. 

(c) [5pts] Finally, suppose that the earth makes a transition from the value of n calculated in part 
(b) to the next lower level n-1. How much energy, in Joules, would be released? (hint: in this calculation 
you may need to use a taylor expansion in order to get a numerical answer. hint hint: (1-x)- 2 ':" (1 +2x) 
for very small x). What is the wavelength of the photon (or graviton if you like) produced by this release 
of energy? (For reference, 1 light year=9.5 x 1015m). 
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Problem 4 

Consider the "step" potential: 

V(x) = {
0

' 
Vo, 

if X :S 0, 

if X> 0. 

------------------- E > Vo 

V = Vo 

V=O 
x=O 

(a) (3 pts) If the incident particle has energy E > ViJ: what is the amplitude reflection coefficient 
AR/ A, and the reflection probability R? 

(b) (3 pts) For a potential such as this, which does not go back to zero at the right of the barrier, the 
transmission probability is not simply IATI 2 

/ IAJ! 2 (with AI the incident amplitude and AT the trans­
mitted amplitude), because the transmitted wave travels at a different speed. Show that the transmission 
probability is 

T = JE- Vil IATI
2 

E IAII 2
' 

forE> V(1. (Hint: Use conservation of probability, T + R = 1.) 
For parts (c) and (d), consider a "cliff" potential, 

V(x)={o, ifx::;o, 
- V0 , if x > 0. 

---~-=-t---------- E = V(1/3 
v =0 

V = -Vo 
x=O 

(c) (3 pts) A particle of mass m and kinetic energy E > 0 approaches the abrupt potential drop from 
the left. What is the probability of reflection if E = V(1/3? 

(d) (1 pt) When a free neutron enters a nucleus, it experiences a sudden drop in potential energy, 
from V = 0 outside to around -12 MeV inside. Suppose that a neutron, emitted with kinetic energy 
of 4 MeV by a fission event, strikes such a nucleus. What is the probability that it will be absorbed, 
thereby initiating another fission? (Hint: You calculated the reflection in part (a); use T = 1- R to get 
the probability of transmission through the surface. Also, neglect the finite radius of the nucleus.) 

4 



JtJ. Solution 

(a) For x ::; 0, the time-independent Schrodinger equation has the general solution 1/J(x) = aeikx + 
be-ikx with k = v'2mE/1i. For x ::;::: 0, the general solution is 1/;(x) = ceik'x + de-ik'x, with 
k' = ..}2m(E- V0 )/1i. Continuity of 1/J(x) and E)1j;jEJx at x = 0 requires that 

a+b=c+d 

k(a- b)= k'(c- d). 

This is a system of two equations with four unknowns. By choosing a = 1, b = AR, c = AT, 
and d = 0, we can interpret the solution as a superposition of an incident and reflected wave on 
the left and a transmitted wave on the right. This gives us a system of two equations with two 
unknowns, 

The solution is 

1 + AR =AT 

ik(1 - AR) = ik' AT. 

The reflection probability when E > Vo is 

R=IA 12= (k-k')2 
R k + k' 

(b) Conservation of probability requires that 

(
k- k')

2 
k2 - 2kk' + k'2 4kk' 

T = 1 - R = 1 - k + k' = 1 - (k + k')2 (k + k')2 

= k' lA 12 = ..}2m(E- Vo) lA 12 = J E-VolA 12 
k T V2mE T E T . 

(c) The reflection probability is exactly the same as in part (a), except that now k' = ..}2m( E + V0 ) j1i. 

R= (~)2 
k+ k' 

Substituting E = V0 j3, k = ..}2mV0 /3/1i, and k' = ..}2m(V0 /3 + V0 )j1i, 

1 
-
9 

(d) In this problem, V0 = 12 MeV and E = 4 MeV= V0 /3, so we can reuse the answer from part (c). 
The reflection probability is 1/9, so the absorption (transmission) probability is 8/9. 
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Problem 5 

If you liked it you shoulda put a ring on it. 
Consider a particle confined to a ring. Its time-independent Schri.idinger equation is given by 

-~ 821/J(x) = E1jJ(x) 
2m 8x 2 

(1) 

where, to describe the ring geometry, x is the position it around the ring, L is the circumference of the 
ring, with 0 < x :<::; L, 1/J(O) = 1/J(L), and 8~~o) = a~~L) (i.e., the wave function obeys periodic boundary 
conditions around the ring, and its derivative is continuous everywhere, in particular at x = 0, and 
otherwise behaves like a particle in lD). 

(a) (2.5 pts) It is easy to see that the solutions of this problem are of the form 1/J(x) = exp(ikx). 
What are the values of k that satisfy the boundary condition? 

(b) (2.5 pts) Find all the normalized wave functions and their allowed energies. Are there degenera­
cies, i.e., multiple eigenfunctions for a given energy eigenvalue? 

(c) (2.5 pts) A particle on the ring is described by the following wave function at t = 0: 

w(x, 0) = {!; sin
2 c~x) . (2) 

What is the wave function at timet, given that w(x, t) is a solution of the time-dependent Schri.idinger 
equation? Hint: you can use trigonometric and complex exponent identities to rewrite w(x, 0) as a sum 
of eigenfunctions found in part a. 

(d) (2.5 pts) The momentum of the particle described above inc was measured to be 0. What is the 
particle's wave function after the measurement? 
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