PH1a: rotational dynamics II

Additional set of exercises

Sergi Hildebrandt. srh@caltech.edu
inspired from Prof. Harvey
Newman’s exercises, section 10.
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Sweet spot of a billiard ball

What'’s the height we have to hit the ball at? To make it roll without slipping immediately after the kick.




We  wam "°<{“‘h°”‘/3°"

F=Ma T\= Ha
s ITay
= Fh i - 4 E Pl
& ==K
é——"""a@
= (x<0 @, »ag)
R E)
+
Q = h = .];_
aas (F#0) HR\
-EDF bl 3(‘}“* CL‘IM ) —>F WL ROLL WITHOT
7] SUPPING RIGHT
L\: Z/S" MR = ?/('R - %R --- AFTER THE STRIKE,
MR \{,R WiTHOUT REIN & Stowep
DOWN .
>
7



Collision between two identical billiard balls

Q)l VZ=0

/\ ®,=0
Both have the same

Y, mass, radius and
1 moment of inertia

Elastic collision
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This is just a coincidence given the great symmetry of the problem. See the general solution at the end of these notes.
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Incline with a disk and a pulley

Consider a fixed incline with friction. There’s a
yo-yo with its string going through a pulley,
and the other extreme is attached to a body
of mass m.

Neglect the mass of the string, the mass of
the pulley, and its moment of inertia, and
assume the mass m is falling. Find in terms of
the variables of the problem:

1) The expression for the acceleration of the
mass m.

2) The tension along the string, and
3) The force of friction.

Assume that the yo-yo rolls without slipping.
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L Rolling on moving surfaces

Roll Out the Barrel

\_\\\\\\

As depicted in the diagram above, a large flat board, sitting on the ground, of mass M
is pulled with a force F, while a cylinder of mass m, radius R and moment of inertia

= (1/2)mR? rolls without slipping on the board. Assume there is friction between the
board and the cyhnder to ensure rolling without slipping, but for simplicity, assume there
is no friction between the board and the ground. In addition, assume that the board
is sufficiently long that the cylinder remains on the board for the problem. Finally, for
calculations in this problem, define a to be the acceleration of the board with respect to the
ground, a; to be the acceleration of the centre of mass of the cylinder with respect to the
accelerating board, and a2 to be the acceleration of the cylinder with respect to the ground.

(2 points) (a) Draw free body diagrams for the cylinder and the board.

(3 points) (b) Write down Newton's equations (listing all relevant forces) for the linear motion of the
board and cylinder. In addition, write down an expression describing the rotational
motion of the cylinder. Finally, find a constraint associated with rolling without
slipping. For each of the equations, list which frame of reference it is in.

(1 point) (c) Does the cylinder roll clockwise or counter-clockwise?
(2 points) (d) Solve the equations you found for a, in terms of F, M, and m.
(2 points) (e) Solve the equations for a; and az, again in terms of F, M, and m.



PS: notice that for non slipping in the standard case of the board being at rest, xcy + Xgor=0. That is, the contact point moves
forward due to the CM motion, but backwards due to the rotation. That is, if the board is not moving, and the object rotates
without slipping vy = -®R. Beware that a different sign convention ends up with the typical vqy = ®R.
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Rolling on moving surfaces: oscillating surface

Find the period of the oscillations of the object on top of the oscillating block
(assume the surface of the oscillating block is long enough, so that the rolling
object does not fall off)

I=b m, R> 0<b<1




Notice that we
cannot impose Ro

Solution with rotational dynamics and energy

. Using Ia, = Rf and ma, = f we get ITa, = Rma, or

=a, because the
contact point is also
in motion. See
equation (3) later on.

2. Integrating and remembering that the system starts from rest (w, and v, should be

-y |

>

‘)
;’ll’m = a,. (For a sphere) (1)

zero initially) we see that

2
:li,W’s = Us. (2)
]

The velocity of the point of contact is vy so

Uy = I‘)W‘.'- + Us (")
since the sphere doesn’t slip.
. The energy is
. , 1, 5, 1 5, 1
E = -mu; + ;A'.r,j il ;Iw‘:’ + 5mu; (4)

o= o =

0 s . 1. a
(;) muvy + ;A‘.r,j (5)
7 2

after using our expressions above and doing a little algebra.

5. The frequency of oscillation is

,_Tk

9m

(6)



Solution with rotational dynamics only:
step by step solution

1. The system as a whole: the friction forces cancel each other. Let’s call z, the initial
displacement of the block from equilibrium. Let’s call a; the acceleration of the
(center of mass of the) block, and a; the acceleration of the (center of mass of the)
rotating object, one can write:

mia; + MoQg = —k‘l‘l.

Sergi Hildebrandt. srh@caltech.edu



. The force on the rotating object: f is the force of friction that points to the left
(think about the same problem without rotation)

—f = maas.

. Torques:

—fR= I«

. Rolling condition: the displacement at the contact point must satisfy (z, is the
displacement of the center of the mass of the rotating object, and @ is the angle
rotated from the equilibrium position. We use the sign conventions defined above.)

T = 9 + R0.

Differentiating twice we get:
a; = as + Ra.



5. In order to find the solution, combine previous equations by noticing that Hooke’s
law applies to z,, so that a; is the preferred acceleration to solve first:

—fR? = IaR = myasR* = I(a; — ay)

a; = fo, _ 0 a=>ma+m2ba— kx
*T meR2+1 140 S Y
1+b 1+b
a) = —wir), with w? i k (L +b)m, @2,

1= (my + msa)b + my - (my +mgy)b+my

where @ = 1/k/m, is the angular frequency of oscillations if there was no object
on top of the block. Notice that as is also a simple harmonic motion with the
same frequency w;, because is directly proportional to a;. Similarly, the rotation of
the second object is a simple harmonic motion with the same frequency. This is a
consequence of the system being linear.



Using the particular case m; = my and [ = %mRz, or b = £, we have:

o 12 [T
V142250 Voo

It’s interesting to notice that the system behaves as a single body attached to a
spring with constant k and with an effective mass given by:

b
Meg = My + ———Ms.
L IR S

Let’s finally remark that we have assumed that the static friction will always be as
large as necessary to keep the bodies together without slipping. One could use the
expression of the maximum acceleration of an harmonic motion to set a constraint
on the maximum initial amplitude z, given some p.:;. Oor some other questions in a
new version of this problem.



From the previous expressions, one can easily integrate a, to find z,(t) and then z,(¢)
and 6(t) imposing the initial conditions of the problem. Let’s get them for the case
my =My = M.

From a; = —w?z;, we get
1 ’

T| = Ty cosuwhi,

where we have imposed z,(t = 0) = z,v,(t = 0) = 0. For a; we obtained a; =
ba,/(1 + b), so that

b
oy = —1—+bwf:r:b cos w L,
b
Vg = — W Ty sin wi T,
2 e b 1L,
b (1 + bcoswt)
Ty = .
T 140 e

where we have imposed zy(t = 0) = zp,v9(t = 0) = 0. PS: notice that zs ,;, =
zp(1 — b) /(1 + b) and x5 pax = Ts.



Now, the time solution for @ (recall z; = z, + RP) is

Iy — Iy Iy

'="& T (1+b)z

Notice that @ < 0! That is the rotation is contrary to the motion of z; (this can
be seen pulling a sheet of paper with a pencil on top of it). Also, 0. = 0, and
Omin = —Tzfjr). The latter implies that the circular object does N turns per cycle
wfhile rolling on top of the block, with N = E[_z2], where E(z) is the integer part
of z.

(1 — coswt).

The center of mass satisfies (recall we are considering m; = my):

. _.’171+.’172_ Iy
M= T 2(1+0b)

We have zcy(t = 0) = 2, and vey = 0, as expected. The acceleration of the center

1+ (14 2b) coswt].



of mass is
zp(1 + 2b)w?

acm = — cos w t,

M 2(1 1 b) it
21+ b —

(using Eq. 16) coswit = | ;(1)?;2) 8
Tpw? )

acy = m — WiZeMm-

This shows that the center of mass follows a simple harmonic motion with frequency

wy, and a shifted equilibrium position. That is, acy(t = 0) = —ﬂ’zl{f—iz]ﬁf # —wiz,

in fact, Vb.



General solution for two balls of equal radius colliding
Q)l VZ=0

/\4 ®,=0 Both have the same

radius, but different
V1 mass and moment

of inertia

Elastic collision




Notice that during the collision, the
angular speed of each ball does not
change. The torques of the contact
forces are zero since they are
directed towards the center of each
ball. So, even if it is an elastic
collision, only the translational
speeds can change. The equation to
solve during the collision is the same
as if it were for two blocks.
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