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First example: angular momentum also applies to linear motion

Example 1
A particle of mass m moves with constant velocity v along a straight line which is a

distance b from the origin of a coordinate system.
(a) Find the angular momentum of the particle at any instant.
(b) Show explicitly that the angular momentum is conserved.
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L=bmyv,

Always use the perpendicular distance from the
axis of rotation to v: b in this case.

b, m and v are all constants, so is L.




Leonhard Euler introduced the concept of moment of inertia

If each element of a body be multiplied into the square of its distance
from the axis OA and all these products be collected into one sum and if this
is put = Mkk, which | call the moment of inertia of the body with respect to the
axis OA, then the moment of force required to preduce acceleration a will be
Mkk - «.

- Leonhard Suler, in Theoria Motus Corporumn Solidorum seu Rigidorum (1765)

body

Netwon’s Principia had been published 78 years earlier.



Moments of inertia: use tables

Table 14.1 Moments of Inertia for Uniform Bodies

Body AXis !
: : IML?
Rod (length L) Perpendicular axis through center 12
Thin ring (radius R) Perpendicular axis through center MR?
Lasp?
Circular cylinder Axis of cylinder MR
o . IMR?
Thin disk Transverse axis through center $
_ . IMR?
Solid sphere Any axis through center 5
. . . ZMR2
Thin spherical shell Any axis through center 3
Rectangular plate (length a, Axis through center perpendicular %2 M(a® + b2)

height b)

to the plate

Source: The Mechanical Universe



Quantity Translation Rotation
Displacement X )
dx 40
Speed v = @ w = %
Accsersion . iy
ccelera a= o o = o
Inertia m I =2 mr?
Force F +=r XF
Momentum p = my L=rXxp
Impulse j F dt J T dt
General Laws
Law Translation Rotation
dL
Newton's second law F = i T = —
dt dt
Work w.—:f}:‘dx W= | +do
Power P=ﬂ=pv p=ﬁ
t t
Impulse j Fd = Ap f Tdt = AL

Several formulas are similar between linear and angular motion

Source: The Mechanical Universe



Parallel axis theorem

Always use I around the Center of Mass, and r
is the distance between the Center of Mass
and the new rotation.



Parallel axis theorem

Example 9
Find the moment of inertia of a disk of radius R suspended by a string of length L — R,

about an axis which passes through the point of suspension P and is perpendicular to the
disk.

Ip= I+ Mpsy L2

Notice that the Center of Mass of the Disk is at its center and the distance between P
and the center of the disk is L.

From the tables (or a direct calculation): I = % Mp,s, R?, therefore:

Ip = Ic + Mps L2 = Mps¢ ( 72 R?+ L?)




An interesting example of a collision and angular momentum

An object is composed of a rigid rod and a thin disk, see figure. Initially, the object lies at rest on a
frictionless desk. One of the extremes of the rod is pinned down to a point O about which the rod is
free to rotate without friction. A bullet moves along the surface of the desk with a velocity
perpendicular to the rod. The projectile hits the disk on its side at an angle 0 with respect to the center
of the disk, and remains stuck to its rim. Consider the rod to be rigid and massless. The disk has mass M
and radius R. The bullet has mass m and speed v, and no size, that is consider it point-like. The distance
between O and the center of the disk is D. Express the solution to the following questions in terms of
the previous variables only. For which 0 the angular speed after the collision is the greatest?

TOP VIEW OF THE DESK
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Calculating the moment of inertia: a challenging example

FPs

A thin uniform plate (mass M), in the shape of an equilateral tnangle (side L), is suspended from one
vertex (at A in

the figure), forming a physical pendulum. The triangle swings about an axis perpendicular to the plate
through point A. Take x-y coordinates as shown, so that wiy) = \/-% y is the width of the triangle a vertical

distance y from A.
Our goal 15 to calculate the period for small oscillations about A.

A

(3 points) (a) Find the coordinates of the center of mass ( Xem, . Yo ). Hinr: One method involves
breaking the triangle into hornzontal rectangular strips of mass dm and then integrating.
There 15 also a symmetry argument.

(4 points) (b) Calculate the moment of inertia /, about the axis through A. Hinr: Apply the parallel axis
theorem to cach horizontal strip and then integrate.

(2 points) (c) What is the penod for small oscillations about A? Leave your answer in terms of /4
if you were unable to solve part (b).

(2 points) (d) ( Extra Credit ) We now move the suspension to a second point 8 on the y axis such that,

when the system is inverted, small oscillations have the same period as about A. Find the
coordinates y; of this point relative to the coordinate system centered on point A.



This problem is in the HW of this year.
For a) use the symmetry of the problem to justify that the CM is at the barycenter.

For b) In order to find the moment of inertia, you may think of the triangle as composed by many
small (infinitesimal) bars, all aligned horizontally. The ones close to the vertex A will be much
shorter than the ones close to the base.

Use the formula of the moment of inertia of a bar about its Center of Mass, keeping the mass of
each bar as some small quantity Am, then apply the parallel axis theorem to write down the total
moment of inertia of that bar with respect to A. Then, write Am in terms of the length of the bar
and its width (infinitesimal, dy) using the fact that the triangle is homogeneous, so that the total
mass is the surface density multiplied by the area of the triangle. Plug altogether and integrate,

The result should be 1, =5/12 M L2,

For c¢) use /, and the distance to the Center of Mass from A and apply the formula of the physical
pendulum

For d) apply the Parallel axis Theorem for B and the new distance of the Center of Mass from B.
There’s a second order polynomial to solve for the position B.



