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1. Two Oscillating Springs

At equilibrium, both springs are compressed such that the net force on the mass is zero. Other
configurations where one spring is compressed and the other is elongated are unstable. The force
equation can be written as(taking right side to be the positive direction),

F = k(2l − le)− 2k [2l − (3l − le)] = 0 =⇒ le =
4l

3
. (1)

Now to find the equation of motion, we perturb the mass by an amount x to the right. Assume
x > 2l/3, then spring 1 is stretched and spring 2 is compressed, so the equation of motion may be
written as,

m
d2x

dt2
= −k

(
4l

3
+ x− 2l

)
− 2k

(
2l − 5l

3
+ x

)
, (2)

which gives,
d2x

dt2
+

3k

m
x = 0 . (3)

Substituting for the intial conditions, x(t = 0) = x0 and ẋ(t = 0) = −v0, we get,

x(t) = x0 cos

(√
3k

m
t

)
− v0√

3k
m

sin

(√
3k

m
t

)
. (4)

2. Oscillating and Rolling

a.The energy of the system at some arbitrary time is

E =
1

2
Mv2cm +

1

2
Icmω

2 +
1

2
kx2

where I = 1
2MR2 is the moment of inertia of a solid disk about its CM (and therefore that of a solid

cylinder). Moreover, rolling without slipping gives us the condition ω = vcm/R. So:

E =
1

2
Mv2cm +

1

4
MR2(vcm/R)2 +

1

2
kx2 =

3

4
Mv2cm +

1

2
kx2

b. By conservation of energy:

0 =
dE

dt
=

6

4
Mvcm

dvcm
dt

+ kx
dx

dt
=

3

2
M
dx

dt

d2x

dt2
+ kx

dx

dt

and thus we have the equation:
d2x

dt2
= − 2k

3M
x

which is of course our equation for simple harmonic motion with ω0 =
√

2k
3M and thus the period is:

T =
2π

ω0
= 2π

√
3M

2k

1



c. The force equation for the system is

ma = m
d2x

dt2
= −kx− f

where f is the frictional force which opposes motion.

(Since the disk is rolling without slipping, the contact point is always at rest with respect to the
ground. Hence we are concerned with static friction, not kinetic friction. Kinetic friction would
oppose the velocity, but static friction opposes the direction in which the force acts.)

Torque is produced due to the frictional force. The equation is

τ = fR = Iα.

d. Using a = Rα,

f =
Iα

R
=
Ia

R2
=

1

2
ma.

Substituting for the frictional force in the force equation, we get

ma = −kx− 1

2
ma.

Thus, equation of motion is
d2x

dt2
= − 2k

3M
x,

and we can find the time period as we did in part (b).

3. Oscillating Bar

a) We want to find an equation of motion for x(t). First of all, let us find the net force on the
bar if the bar is displaced a distance x from the center of the rollers (as in the figure). The net force
on the bar in the x direction will give us:

mẍ = Ff1 − Ff2 = µ(FN1 − FN2) (5)

since we know that Ff = µFN . So now we must find the normal forces. To do this, we will consider
the fact that the net torque on the bar is zero (it is only accelerating linearly and not rotating so
torque is zero).

Let’s use roller one (the one on the left) as our reference point. Then the torque gives us:

FN2D = mg(D/2 + x) (6)

We also know from simply summing the forces in the y-direction that:

FN1 + FN2 = mg (7)

So from these two equations, it is trivial to see that

FN1 = mg(1/2− x/D) (8)

FN2 = mg(1/2 + x/D) (9)

Then, going back to equation (5), we find:

mẍ = µmg(−2x/D) (10)

and thus:

ẍ = −2µg

D
x (11)
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which we know is simple harmonic motion with frequency ω0 =
√

2µg
D . Our general solution is then:

x(t) = A sin(ω0t) +B cos(ω0t) (12)

Our ”starting from rest” condition implies that A = 0 and our x(0) = x0 condition implies that
B = x0. Then:

x(t) = x0 cos

(√
2µg

D
t

)
(13)

b) Now we have the rollers going in the opposite direction. Now we have mẍ = Ff2 − Ff1, i.e.
the sign has flipped on the right hand side. All of our other force/torque analysis from a) remains
the same, so:

ẍ = +
2µg

D
x (14)

which has the general solution:

x(t) = x(t) = A exp(ω0t) +B exp(−ω0t) (15)

The ”starting from rest” condition gives us that A − B = 0 and the x(0) = x0 condition gives us
that A+B = x0, so we find A = B = x0/2. Then:

x(t) = x0 cosh(ω0t) (16)
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