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Singular sets in solids

BMG bending experiments 
(Conner et al., 2003)

Dynamic crack brancking
(Fineberg and Sharon, 1992)

Detonation-driven Al-tube fracture 
(Shepherd et al., 2003)
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Singular sets in solids
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(Lister & Davis, 89)
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Free-discontinuity problems
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Free-discontinuity problems

• `Free-discontinuity’ problems arise in a number 
of areas of application:
– Solids:

• Crystallographic slip
• Fracture and fragmentation
• Strain/damage localization
• Fault systems in earth’s crust

– Image reconstruction (Mumford-Shah model)
• Questions:

– How can the physics be modeled?
– How can the models be solved?
– What does one learn from the solutions?
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Crystallographic slip

Slip traces on crystal surface
(Atomic force microscopy, C. Coupeau)
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Slip as a free-discontinuity problem

Irreversible
accommodation of 
shear deformation

by crystallographic slip
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Slip as a free-discontinuity problem
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Slip as a free-discontinuity problem
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Slip as a free-discontinuity problem

Impenetrable obstacles

(Humphreys and Hirsch ’70)

Obstacles of finite strength
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Slip as a free-discontinuity problem
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Slip as a free-discontinuity problem

0 1 2
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Slip as a free-discontinuity problem
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Slip in crystals – Solution strategy
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Slip in crystals – Strain hardening

Stress-strain curve
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Slip in crystals – Twist boundaries
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Slip in crystals – Dislocation structures
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Crystals – Self-similar structures
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Slip in crystals – Dislocation avalanches
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Slip in crystals – Rigorous results

(Humphreys and Hirsch ’70)
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Fracture

Fracture of soda-lime 
glass rod

Dept. Materials Science 
and Metallurgy, 
University of Cambridge

http://www.cam.ac.uk/
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Fracture as a free-discontinuity problem
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Fracture – Effective cohesive law

Crack

Crack tip

Unresolved Unresolved subgridsubgrid
cohesive layercohesive layer
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Fracture – Rigorous results
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Fracture – Universal cohesive law
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Fracture – Universal cohesive law

Normalized binding 
relations exhibit

universality!

First-principles binding
relations for aluminum,

alumina and silicon
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Renormalized Cohesive Laws
Double cantilever beam specimenDouble cantilever beam specimen

CrackCrack--tip trajectory as a function of mesh size (h)tip trajectory as a function of mesh size (h)

Renormalized Renormalized 
cohesive lawcohesive law
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Fracture - Cohesive elements

12-node quadratic 
cohesive elements

Insertion of cohesive element 
between two volume elements
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Steel pellet vs. alumina plate

(Camacho and Ortiz, 1996; Field, 1988)
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WHA long rod vs. alumina plate

(Camacho and Ortiz, 1996; Woodward et al., 1994)
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WHA long rod vs. alumina plate
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Drop-weight test - C300 steel 

(Pandolfi, Guduru, Ortiz and Rosakis, 2000)
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Drop-weight test - C300 steel

Crack geometry as a function of time
(Pandolfi, Guduru, Ortiz and Rosakis, 2000)
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Drop-weight test - C300 steel

Computed vs. experimential
crack-tip  trajectory.

Plastic zone and shear-lip formation
(Impact velocity = 10 m/s)

(Pandolfi, Guduru, Ortiz and Rosakis, 2000)
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Fracture – Dynamic branching

(Fineberg and Sharon, 1992)




Michael Ortiz
Stanford 04/04

Fracture – Dynamic fragmentation

Collection plate with fragments
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Fracture – Dynamic fragmentation

26574 nodes; 13107 elements; 32 processors
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Fracture – Dynamic fragmentation

100 µs 200 µs 300 µs 400 µs 500 µs 600 µs

Contours of vertical displacement (m) (animation)
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Fracture – Dynamic fragmentation

Experiment Simulation

Vertical view of final configuration (680 ms)
Approximate same size (0.30m x 0.30m)
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Firearm trauma to the human skull
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Localization as free-discontinuity problem

(a) Micrograph of a tantalum–tungsten alloy cylinder driven 
by a gas gun showing that the material breaks along shear bands 
(darker diagonal line). (b) The crack tip at a higher magnification. 
(R. Becker, “How Metals Fail”, UCRL-52000-02-7/8 | July 12, 2002;

Micrograph produced by Anne Sunwoo) .
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Localization as free-discontinuity problem

Shock-driven spall fracture
(R. Becker, “How Metals Fail”, UCRL-52000-02-7/8 | July 12, 2002

Detonation-driven Al-tube fracture 
(Shepherd et al., 2003)
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Localization as free-discontinuity problem
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Localization – Band thickness
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Localization – Plate impact

Pre-notched C300 steel plates
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Localization – Plate impact

30 µs10 µs 20 µs 40 µs

Dynamic shear band propagation
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Localization – Plate impact
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Localization – Ring expansion tests

U6Nb ring expansion 
(Becker LLNL ‘02)

FE simulation 
(Mota et al ‘03)

time (s)

ve
lo

ci
ty

 (
m

/s
)

(animation)

Rich Becker, LLNL)
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Localization – BMG bending tests

Finite element simulation of bulk metallic glass in bending.  
The computed shear band spacing is about 15% of the 
specimen’s thickness. Experimental observations report 
a spacing about 10% of the thickness.

Bending experiments 
(Conner et al. ‘03)

(Yang, Mota & Ortiz ‘04)
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Concluding remarks

• Many problems in solid mechanics can be formulated as 
‘free-discontinuity’ problems.

• The free-discontinuity concept provides a `recipe’ for 
formulating problems involving localization

• Modeling focuses on physics of the ‘singular set’ (slip, 
cohesive fracture, adiabatic heating, void sheets…).

• There are powerful mathematical tools (e.g., relaxation, 
Gamma-convergence, in SBV) for analyzing problems.

• Cohesive/localization elements provide a simple and 
effective means of approximating free-discontinuity 
solutions.
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