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• Systems of interest are time-dependent, dissipative, 
irreversible and hysteretic

• The behavior of the system is governed by both energy 
and kinetics

• However: Energies of interest often lack differentiability 
and lower-semicontinuity. 

• Meaning of ‘solutions’ in the presence of evolving fine 
microstructure?

• One approach: Time-discretized variational problems

Systems with evolving microstructure
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Classical rate variational problems
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Rate problems − Time discretization
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Rate problems − Time discretization

• IBVP reduced to a sequence of minimization problems 
to be solved sequentially:

• But incremental problems may lack attainment!
• Initial conditions for next minimum problem may be ill-

defined → scheme breaks down
• Instead: Devise a single minimum principle for entire 

trajectories
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Energy-dissipation functionals
• Energy-dissipation functionals represent elliptic 

regularizations of the evolutionary problem
• The system is endowed with a small amount of 

‘foresight’ over small time intervals of size ε

• Minimizers do not define a gradient flow:

Energy
Dissipation

“Arrow of time”
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Energy-dissipation functionals

• Minimization of energy-dissipation functionals 
characterizes entire trajectories of the system

• ‘Solutions’, understood as minimizers, make sense 
even when the energy is not differentiable

• ‘Solutions’, understood as minimizing sequences, 
make sense even when the energy lacks lower 
semicontinuity

• Existence of solutions at fixed ε?
• Causal limit ε→0?
• Limiting behavior of trajectories of sequences of 

energy-dissipation functionals?
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Causal limit – Rate-independent case
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Causal limit – Rate-independent case
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Causal limit – Rate-independent case
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The rate problem of LEFM 
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The rate problem of LEFM 
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The rate problem of LEFM

Crack-growth data for 2024-T3 aluminum alloy
(P. Paris and F. Erdogan, ASME Trans (1963)

Crack-tip equation of motion 
for fatigue crack growth
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The rate problem of LEFM

Crack-growth data for 2024-T3 aluminum alloy
(P. Paris and F. Erdogan, ASME Trans (1963)
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The rate problem of LEFM
Dynamic crack-tip equation of motion 

Rosakis, Duffy and Freund, JMPS (1984)



Michael Ortiz
OW 03/07

The rate problem of LEFM 

kink
angleCrack advance

(maximum driving force)
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LEFM rate problem – Numerical analysis

Xu, Bower and Ortiz, IJSS (1994)

periodic

periodic

boundary elements

SIFs
from opening 
displacement

Mesh 
extension,
kinking, 
adaption
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LEFM rate problem – Numerical analysis

lances 

E. Sommer, “The 
formation of fracture 
lances in glass”, Eng. 

Frac. Mech., 1 
(1969) 539.

tension-
torsion
test: 
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LEFM rate problem – Numerical analysis

Xu, Bower and Ortiz, 
IJSS (1994)
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LEFM rate problem – Numerical analysis

Xu, Bower and Ortiz, 
IJSS (1994)
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LEFM rate problem – Numerical analysis

Xu, Bower and Ortiz, 
JMPS (1998)

Fiber debonding
in composites
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LEFM rate problem ― Dynamics

E.H. Yoffe, 
Phil. Mag. (1951)

branching 
instability
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LEFM rate problem ― Dynamics

Wedge

I. Arias et al., CMAME (2007)

Subcritical crack growth 
in Homalite-100
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LEFM rate problem ― Dynamics

Supercritical crack growth in Homalite-100
I. Arias et al., CMAME (2007)
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LEFM energy-dissipation functionals

growing crack

crack-front velocity

crack
front
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LEFM energy-dissipation functionals
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LEFM energy-dissipation functionals
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LEFM energy-dissipation functionals
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Concluding remarks
• Energy-dissipation functionals provide a useful tool for 

understanding microstructure evolution within the 
framework of the calculus of variations.

• The application to fracture requires a careful analysis of 
the crack front. The dissipation attendant to crack 
growth is concentrated on the crack front

• Calculus of variations tools should be most effective for 
understanding complex fracture processes and defining 
effective problems, including:
– Crack branching, fragmentation phenomena
– Crack propagation through heterogeneous media

• Calculus of variations tools could be useful for 
understanding the convergence of numerical methods 
for fracture mechanics
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