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Metal plasticity — Multiscale hierarchy
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The standard continuum model

e Standard model: E(u,v) =
fQ (1|€(u) — ()% + WP(y) + (T/b)|curlBP(7)] ) dx

2
YT hd YT
strain energy plastic work  core energy

e Plastic work (infinite latent hardening):

wre) = I s,
e Core energy: T'/b ~ Gb ~ O(e¢)
e Question: Is (elastic + core) energy a I-limit of a
% lattice model?
5.
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Crystals as discrete differential complexes

O-cells
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BCC lattice complex: 0-cells
e Indexing of O-cell set: °/te
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BCC lattice complex: 1-cells

e Indexing of 1-cell set: £ =

fe1(l,), 1l €eZ”, aa=1,...,7}

e 1-cell orientation -7




BCC lattice complex: 2-cells

e Indexing of 2-cell set: F» =
{ea(lo), 1€2" a=1,...

{110} planes!
(close p_acked)-\ :
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BCC lattice: Lattice complex

¢ Indexing of 3-cell set (+ outward orientation):
FEy={e3(l,a), l€Z", a=1,...,6}
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BCC lattice — Differential operators
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BCC lattice — Codifferential operators
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Differential calculus and integration
e Forms: QP > wP: E), — R™

e d°=0,6%°=0= {QP,dP}, {Qp,p} =
lattice differential complexes.
o HP = kerd?/iméP~1 = pth cohomology group

l BP = group of p-coboundaries
ZP = group of p-cocycles
e BCC lattice: HP = 0 =- discrete Poincare lemma
e Integral of a form: /Aoz = (a, XA)
e Discrete Stoke’s theorem:

iJ%L;' <dw,XA> — <(.U, 8XA> < /A dw = /&;Aw Michael Ortiz
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Discrete crystal plasticity

e Displacements: u : Eg — R3

e Slip fields: ¢ : E; — 2V

Integer-valued!
e Eigendeformations:

dx(e1) - m*
| Bler) = > &°(ep)d?
s=1 — j v
lattice-preserving
e Elastic energy: shears
1

L B = (W (du = ), (du = )
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Discrete dislocations

e Discrete dislocation density: | Z2 = B2 3 a = df

e Conservation of Burgers vector: da =0

e Square lattice: | © [ ® | © ;
.  ® Elementary
+ BCC latice: | (generating
| > dislocation
i i loops and
Burgers
' circults
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Continuum limit of harmonic lattices

e Discrete Fourier transform:

a(k) =2 Y u()ezl)
leZm

e supp(u) = B = Brillouin zone of dual lattice.

e Define the functionals over H1(R"):

Fu(u) = en2—2<\|1 * du, du) ifsupp.(ra;) C B¢
+ 00 otherwise

1 . .
Fo(u) = /R’n ECijkluz-,juk,l dxz = linear elast|C|ty

., Theorem. T—lim F. = Fy weakly in H1(R™).

K -
&5 & e—0 Michael Ortiz
% [ MRS 11/04




Continuum limit of stored energy — 2D

e Nearest-neighbor interactions: e, (He,l)  Ireqte,
¢ > ®
pa 2
E(u :/ —|du(e
() = [, "5 lduter)
[,2 [+e,,2
e Stored energy: ¢27 1 (rend
b2,
E(a) =" (a7 a,a) = -
2 / W Fe

—r 2 sinz%L + SIHQ%Q (27)2 complex

> ~ 2
/'N [7? b [a(0)] db1db> Square lattice
—Tr
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Continuum limit of stored energy — 2D

A —
Yl N

Screw dipole
® I € “  ofsizer
INn square lattice

©

=

€
e Dipole energy, e — O, r fixed:
Ge? Ge?

27T T

EGN

1
(Iog r + log — + O)
€
Limiting scaled ener lim = G
®
J - ez Iog(l/e) o
<= independent of r! = scales with total dislocation mass
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Continuum limit of stored energy — 2D

e Analysis of Marcello Ponsiglione:

e Dislocation measure:  fi(a) := Z a(Q)0; ()

e Space: X = o Qenz

{beM(Q): p=> 26, MeN, 1;€Q, z € Z}.
1=1
e Space: X = measures i S. t. u = pu(a) for some
discrete dislocation density on an e-lattice

g Ee(@(n) i pE Xes

|log = |

Ty

o Scaling: F2(p) =

| +oo in X\ Xc.
T . ‘o , 1
; ?.ﬁ leltlng energy: "F(IH') e :}_|Iu|(ﬂ) Michael Ortiz
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Continuum limit of stored energy — 2D

e Analysis of Marcello Ponsiglione:

Theorem 3.4. The following I'-convergence result holds.

i) Equi-coercivity. Let en — 0, and let {un} be a sequence in X such that an (un) < E

for some positive constant E independent of n. Then (up to a subsequence) pin TR I
for some pe X.

ii) I'-convergence. The functionals an I'-converge to F as &, — 0 with respect to the
flat norm, i.e., the following inequalities hold.

I'-liminf inequality: F(u) < im inf.}ffn (n) for every p € X, pn ER pin X.

I'-limsup inequality: given p € X, there exists {pn} C X with pn EN u such that
limsup F2 (n) < F ().
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Continuum limit of stored energy — 2D

e Approach of A. Garroni and G. Leone:

Fix € >0 and p. — 0 as s — 0, and the points x; such that
Q= =& Bp.(x)
o N. = { } ig

e dist (X7, x7) ~ & for i # j (£ is the average
distance)

e {x7} are “uniformly distributed”

For simplicity we assume that the points x are periodically distributed (on
a lattice of period )

% Michael Ortiz
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Continuum limit of stored energy — 2D

e Approach of A. Garroni and G. Leone:

e Energy: FE(H?b)::/ C(E(H))E(H) dx

=

e Space: (H,b) € X,

LQ(QE?RQKQ) % PCE(Q? S) - toarl H = Z b(XiE)(S}{f”

e PC:(£2,S) = functions piecewise constant on squares
of size «.

8% 3 Michael Ortiz
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Continuum limit of stored energy — 2D

e Approach of A. Garroni and G. Leone:

e Regimes:  lim | log p.| = L

£—0

@ Subcritical: L =400
Very diluted regimes — only self interaction

@ Critical: L € (0, 4+o0)
Self interaction ~ Long range interaction

@ Super critical: L =0

Dense regime

52

~ye Scaling:  F:(H,b) := F-(H,b)

‘ |0g ..QE‘ Michael Ortiz
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Continuum limit of stored energy — 2D

e Approach of A. Garroni and G. Leone:

@ ("Compactness’) If Fo(H:, b:) < C then, up to a subsequence, there
exist H € L?(Q,R°*?) and b € L?(Q, coS) such that

in 1? and CurlH=0b

EQXQEHE —H
b. — b

@ (l-convergence) F. -converges to

F(H):/Qcp**(CurIH)der%/QC(E(H))E(H)dx

with the constraint Curl H € 1?(Q, coS) where ¢** is the convex
envelope of

Am{A42p)
400 otherwise

s A1) ‘b‘Q ifbesS
(b) = {



Continuum limit of stored energy — 2D

e Approach of A. Garroni and G. Leone:

THEACABE £.=1

Fi(H) = LF(LH):/Q%cp**(LCurlH)der/QC(E(H))E(H)dx

Theorem 3. F;(H) M-converges to

FolH) = [ o ( Gup ) 1ComtHI+ | COB(H)E(H)ax

with H € {K € [? : Curl K is a measure with bounded variation} where
wo i1s the 1-homogeneous function defined by

1

po(b) = lim ?P(fb)

Note: o always exists when 0 is isolated in 5.



Continuum limit of stored energy — 2D

e Approach of A. Garroni and G. Leone, examples:

1) If S = S' U {0}, then

Fo(H) = |Curl H + /ﬂ C(E(H))E(H) dx

2) In the cubic case; i.e, 5 = {e1, ey, —e1, —ey, 0} we get

FU(H):/Q@U (‘gﬁﬁﬂo \CurlH\Jr/QC(E(H))E(H)dx

&

where

o(B) = g (a4 b2




Continuum limit of stored energy — 2.5D

e Consider the special case (Koslowski et al '02):
) Activity on single slip system, single slip plane.

i) Approximate lattice elasticity by continuum elas-
ticity outside the slip plane.

Iv) Peierls potential: u = displacement jump,
\ b2
b(w) d(u) = ’“;—ddustQ(u, 7)

& wUE G

3.: 4";. >
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Continuum limit of stored energy — 2.5D

e Total energy: E(u) =

b2 1 b2
/RQ “zddlstQ(u 7)dzA / KO K\ Pdk— / bruda

(2m)2 JR2 4
Core energy Elastic energy External
k5 1 k?
where K = 2 1

I
VEI+ k3 1V K+ k3
e Structure of the energy:

FEe(u) = —/ dist?(u, Z)da:—|—|u| >+linear term

H1/
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Dislocation-obstacle interaction

e Problem geometry: i) Periodic square cell.
i) Random array of obstacles.
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Dislocation-obstacle interaction
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[ -limit analysis — Impenetrable obstacles

e Energy (Garroni and Miller '03): E(u) =

i/TZdist2(u, Z)dx+ Ky(.:c—y)|u(a:)—u(y)|2da:dy

T2xT?
if w e H1/2(T2) and v = 0 on N, obstables.

e Two regimes: i) eNe — 1; ii) eNe¢/log(1/e) — 1.

Michael Ortiz
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[ -limit analysis — Impenetrable obstacles

e Dislocation capacity of an open set:
D¥(a, E) = inf {/ dist2(¢, Z)da
2 R2
>
[ o oo = 9)I@) — () 2dady |
subjectto ¢ = aon E, ¢ € L*(R?).

G

) ...'.'.";;‘ﬁl”: u:/h \4
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[ -limit analysis — Impenetrable obstacles

Theorem (Garroni and Muller ‘'03) The scaled energy
Fe(u) = Ec(u)/Nce [T -converges with respect to the
strong L2 topology to the functional:

" DY(u, Bp), ifu = constant € Z
F(u) =« 3

2
\ + oo otherwise

Theorem (Garroni and Muller '03) The scaled energy
Fe(u) = Ec(u)/Nee/log(1/e) I-converges with re-
spect to the strong L2 topology to the functional:
F(u) = /'y(Vu/|Vu|)|Vu|d:z: + /Dg(u, Bp)da
2

é% ? If’LL & L2 (TQ; Z): F(U) — _I_OO Othersze' Michael Ortiz
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