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Subgrain dislocation structures - Fatigue
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Labyrinth structure in fatigued
copper single crystal
(Jin and Winter, 1984)

Nested bands in copper single crystal
fatigued to saturation — "
(Ramussen and Pedersen, 1980)
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Subgrain dislocation structures - Static

90% cold rolled Ta (Hughes and Hansen, 1997)
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Subgrain dislocation structures - Shock

Shocked Ta (Meyers et al., 1995)
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Overview

Objective: To develop a theory of single-crystal plasticity with
microstructure (subgrain dislocation structures):

— To understand the physical mechanisms underlying the formation
and evolution of microstructures in ductile single crystals

— The predict the effective macroscopic behavior of crystals with
microstructure

— To ascertain the scaling laws which govern the behavior of crystals
with microstructure, including size effects
Assumption: Separation of scales. Multiscale approach:

— Macroscopic fields (e.q., finite elements) governed by effective
behavior, computed ‘on the fly’

— Microstructure handled explicitly at the subgrid level

Building blocks of the theory:

— Variational formulation of finite-deformation plasticity based on time
discretization

— Minimization of hon-convex work-of-deformation functionals
— Nonlocal reqularization
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Initial Boundary-Value Problem

e Initial boundary value problem: Suppose that the
crystal is subject to affine boundary conditions, i. e., y;(x, 1) =
Fi;(t)z; on 02, and that the state (y, FP, ) of the crystal
is known at t = 0. We wish to determine the state of the
crystal for ¢ > 0.

Nonconvex dependence,

e Forallt > 0, requires regularization

inf / A(Dy, F?,~)dx <—— (BVP)
¥y Ja

e For all z € 2,

. p ! N . (System of
F FP~ = E ’}/aSG'@ma <— ponholonomic

constraints)
a=1

“‘}’ 8@b( ) (F Fp,*‘y) <—(System of ODE’s)
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Variational constitutive updates

(Ortiz and Stainier, CMAME, 1999; Ortiz, Repetto and Stainier, JMPS, 2001)

e Discretize time: Wish to approximate the deformation
mapping at discrete times tg = 0, t; = At, ..., t, = n/At
e DYy Yy - Yy e

N
o Integrate flow rule in time: F5,; = exp {Z Ay*s® ® ma} F7
(Ortiz et al., IINME, 2001) t

a=1

e Incremental work density function:

L[ A
Jo(Fnit, Y1) = A(Frqa, Fi+1a Yni1) — An + ALY =7
At

e Incremental work density:| W, (F41) = mig ol F i1, Ynit)
’Yn—i—l_’yn

oW,
8Fn+1

e Incremental stress-strain relations: | P, = (Fpy1)
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Incremental BVP -Variational formulation

(Ortiz and Repetto, JMPS, 1999)

e Incremental minimum principle:

In[yn—l—l] = LWn(Dyn+1)d$ = inf Iﬂ[yn—l—l]

yn-l—l

e Fuler-Lagrange equations:

6In[yn+1] — / Pn-i—l ) vé"..'lir?,+1‘:i'5r’. =0
Q

= equilibrium equations (weak form).

e Classical platicity, small strains: W,(e,.1) convexr =
uniqueness! (no microstructures).

. ® Single-crystal plasticity: W,(Fp41) not quasi-convex =-

(evolving) microstructures. Michasl Ortiz
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Strong latent hardening
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Strong latent hardening

e Linear-hardening model:

A(F, Fp,'y) = We(FFp‘l) + WP(«)

Wp_TOZ'Y + 2 Zzham v’

alﬁl

with hoe = he, haﬁ =h1 > hy, B 75 87

e Two-dimensional example:
oo1] 4 2 o1 & 2
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Strong latent hardening
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Incremental work density function,

quadratic model, two-dimensional geometry Michael Ortiz
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Strong latent hardening

y——%—(» £ 4 5 3 \
e epruit s e "oV

(Rarrihésen and Pederéen, 5980)

(Saimoto, 1963)

e Latent hardening: “These results prove the reality of
latent-hardening, in the sense that the slip lines of one
system experience difficulty in breaking through the active
slip lines of the other one” (Piercy, G. R., Cahn, R. W,

and Cottrell, A. H., Acta Metallurgica, 3 (1955) 331-338).
| 1Z
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Example — fcc crystal in simple shear
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A
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Stress-strain curves for an fee erystal subjected to simple shear on the
{001) plane in the [110] direction, showing the softening of microstructre develop-
ment. The curves are obtained using Hutchinson [36] and Pierce et al. [70] model of
hardening, with material constants represemtative Al-Cu alloys [3, 12].
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Nonlocal core-energy regularization

e Dislocation density tensor: A = -V X FP = b® ti;,.
o Identity: [,|A|dx = bL, where L = dislocation length.

e Isotropic line-energy approximation:
T T
E° =TL = / —|Al|dz = / —|V x F?|dx
qb qb

where T = U®*™ is the dislocation core-energy per unit
length, or line tenston.

e Regularized problem: inf, . I,|y,.;], where:

T
In[yn+1] = /QWR(DynH)d:U + /Q E‘v X Fi+1|d$

(Ortiz and Repetto, JMPS, 1999) Stiteart 0810




Analysis: Symmetric tilt boundary

o Variant deformation: F* = R(sxm;+60) [I+tan fs@m),
Here, v = tanf, F?» = I + tanfs @ m; F° = R(s X
m; £0) € SO(3) = no elastic long-range stresses!.

e Dislocation density tensor: A(x) = 2tanf s®(sxm) ds(x)
= planar array of parallel edge dislocations, tilt boundary.

e Wall energy density: T' = 2y(T/b) = T/(b/2tan8), de-
pends on deformation 7.

Ib/Qtanﬁ
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“o, convexification of a general energy density exactly

Incremental BVP - Relaxation

Relaxed problem: infoWn(DynH)d;v
0

yn—l—l

1
inf f Wo(F + Du)dx
)JE

where: QW,(F) = E e s
U 0’

Relaxed energy density: Minimum energy density
attainable by consideration of all possible
microstructures consistent with a macroscopic or
average deformation.

No constructive method is known for relaxing general
energy densities =) consider special microstructures

Sequential laminates = Rank-1 convexification
No practical algorithm is known for computing the rank-1

Michael Ortiz
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Incremental BVP - Relaxation

« Special microstructures: Sequential laminates

Sequential laminate Graph of laminate

» Compatibility equations:  F." — F.” = a; ® N

* Averaging: F; = A\ F + )\%“F@ﬂ‘,
¢ 1=\ +Af
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Incremental BVP — Relaxation

(Ortiz, Repetto and Stainier JMPS, 2001; Aubry, Fago and Ortiz, 2001)

« Objective: To formulate a practical rank-1 convexification

algorithm.
- Laminate energy: LW (F') = Z v;W (F})
i€leaves
« For fixed graph, enforce mechanical and configurational
equilibrium:

(DLW (F),8a;) =0 = [B] - N; = 0

(DLW (F), 6N;) = 0 = a; - [F] = :N;

(DLW(F),0\) =0= f; = [W;] - (B) - [Fi] =0
Microstructural evolution: Branching and pruning of leaves

Michael Ortiz
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Incremental BVP — Relaxation

(Aubry, Fago and Ortiz, 2001)

@ @ branchir%

(F:) @@G

pruning

« Accept branching if and only if it lowers the energy of the laminate
* Prune a leaf of its volume fraction goes to O or 1

« Re-equilibrate laminate after each transition

« Apply algorithm at Gauss points as part of constitutive update
<. No FE interpolation enhancement
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Analysis — Dipolar dislocation walls

N
e,
N

A

- A ? B ? A -
Dipolar dislocation walls

e Dislocation-density tensor: A = —[F?] x N én(x). This
consists of the two sets of parallel dislocations:

o= = (v5/b)on, b =bsT, tt=Nxm®

= dipolar dislocation walls.
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Analysis — Dipolar dislocation walls

Theorem (Ortiz and Repetto). Let (81, m,), (82, m3), be a pair of
slip systems. Then, there are two simple laminates involving single slip
on system (81, M) in one variant and single slip on system (82, m5) in
the other.

Remarks:
1. N and 75/, are determined by {(s1, ™M), (82,m2)} .

2. A1 and A9 may be chosen arbitrarily.

3. In small strains:| n € {(100), (110), (111), (112), (113)}

same as observed experimentally in fatigued fcc crystals.
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Analysis — Simple laminate structures

[170] |
dislocation

@ na - [010]

Copper single crystal fatigued with Hee i G

tensile axis [001], showing labyrinth _
wall structure(Jin and Winter, 1984) Geomet_ry of the B4-C3 interface
(Ortiz and Repetto, 1999)
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Analysis — Simple laminate structures

(110} wall

[110]
e dislocation

[010)

[100]

(101) wall structure in
fatigued polycrystalline copper
(Wang and Mughrabi, 1984)

Geometry of the B4-C1 interface
(Ortiz and Repetto, 1999)

Michael Ortiz
Stuttgart 08/01




Analysis — Simple laminate structures

[001]

1N\ wall
dislocation! [110]
* dislocation

o/ @
[100]
(111) wall structure in Geometry of the C5-D4 interface
fatigued polycrystalline copper (Ortiz and Repetto, 1999)
(Yumen, 1989)
Michael Ortiz
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Analysis — Simple laminate structures

[112]

dislocation
[001]

[101]

4 dislocation
Ay,
----------- > e
. @ .- [010]
(121) section of fatigued [111]
single crystal showing possible (131) Geometry of the B4-C5 interface
or (111) wall structure (Ortiz and Repetto, 1999)
(Lepisto et al., 1986)
Michael Ortiz
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Analysis — Sufficiency of laminates

Consider a crystal with slip-system set & = {(84, M), a=1,..., N}

Theorem (Aubry, Bhattacharya and Ortiz). Consider a strain of
the form:

€ = Z A, sym(s, @ my,)

a=1

with A, > 0 and (s,,m,) € S, a=1,...,n < N. Then there is a
sequential laminate of rank n — 1 and average strain is € consisting of
single slip on one of the systems (s8,,m,) € S, a = 1,...,n in each
leave.

Remarks:

1. Rank n — 1 of laminate is probably not optimal

Michael Ortiz
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Analysis — Sufficiency of laminates

Theorem (Aubry, Bhattacharya and Ortiz). The relaxed energy
density of an elastic-perfectly plastic crystal with infinite latent hard-
ening undergoing small strains is:

QW (e) = W& (Poo®™)

where: oP™ = W*, (€), and P is the closest-point projection onto the
elastic domain C.

Remarks:
1. Laminates are sufficient for relaxation.

2. Crystals can beat the single-slip constraint.

3. Effective behavior ~ classical ideally plastic crystal.

Michael Ortiz
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Scaling relations

B BA BB
B
| A
A
AA AB

Boundary layers in sequential laminates.
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Scaling relations

e Question: What is the effect of the crystal size on the
effective behavior?

e Consider a crystal of size L containing a simple laminate
of lamellar width [, slip strains ~ ~:

— Boundary layer energy: EBL ~ puy2L2?l.

— Wall energy: E¥3! ~ pbyL3/1.

— Optimize EPY+E" with respect to | = [ ~ v/bLy~1/2
— Energy: E ~ puvVby3/2L52.

e Let the crystal be loaded in uniaxial tension, and let the
axial strain € ~ . Then ¢ = W,.~ \/v/L = Taylor
and Hall-Petch scaling.

For copper: b=2.56x10""m, vy~ 25x%x 1073, L =107°

m = [ ~ 107% m, consistent with observation.
Michael Ortiz
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Subgrain dislocation structures

TRUE STRESS (GPA)

6+
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| I
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Uniaxial tension, (001) Cu.
(Ortiz, Repetto and Stainier, 2000)
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Subgrain dislocation structures

101__ d= 1 mm
d= 0.1mm
d= 0.01 mm

d=0.001 mm

TRUE FLOW STRESS (GPa)
LAMELLA THICKNESS (micrometers)

10° 1% 13 01 0 03 0400®7
GRAIN SIZE (micrometers) TRUE STRAIN
Flow stress vs grain size. Lamellar thickness vs strain and grain size.

(Ortiz, Repetto and Stainier, 2000)
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Subgrain dislocation structures
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Subgrain structures - Validation

® Experiments of D.A. Hughes et al.:
Measure misorientation angle
distribution following different
amounts of deformation in cold-rolled
metals.

deformed Sm?“
_ elongated grains ~ grains
large grains

® Numerical simulation of the misorien-
tation angle: compute the angle of the
relative rotation from one variant to
the other: R°T(R°")~! for a ran-
dom given orientation of the crystal.

(Aubry and Ortiz, 2001)
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Subgrain structures - Validation

—— 5% c.r.
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(Hughes et al., 1997) (Aubry and Ortiz, 2001)

Experimental vs computed histograms of misorientation angle
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Subgrain structures - Validation

0 .,-" H.ll.'

(Hughes and Hansen, 1997)
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(Aubry and Ortiz, 2001)

Scaled probability density of misorientation angle
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Subgrain structures - Validation

35 @ Numerical tests
Experimental fit ®

average angle

£ ) Von Mises strain

" v

(Hughes et al., 1997) (Aubry and Ortiz, 2001)

Average misorienation angle vs strain
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Subgrain structures - Validation

—&— L% c.r.
e —— 10% @
[ —e— 15% c.r. ¢
nr 20% c.r.
““““ — . u 25% ¢.r.
: = 60l —®— 30% c.r.
_‘-‘\‘__ T [ —®— 35% c.r.
deformed small . 50:_—0— jg: Zi
o erdiuns elongated grains  grains - E e mian
ny | ee—m@ee— Taylor average
C22 G2 E_D.- 40:—
VYV Y AAAALN a2k
—c (AT [
— 11 [
20 |
- i
D . - 10
. ohIIIIIIIIIIIIIiIIIIIIIIIII
Cold rolling 1 7.1 12 13 1.4 [5 T 16
F.. (GPd)

Effective polycrystalline stress-strain curve
(Aubry and Ortiz, 2001) Michael Ortiz
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Martensitic materials — Continuum
theory

Observed microstructures in Cu-Al-Ni
(Chu and James, 1999)
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FE Simulation of indentation in Al-Cu-Ni

» Spherical indenter (1.5mm radius)

« Lamination algorithm applied at each (on
the fly) quadrature point

2 mm

i A

Quadrant of FE model
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FE Simulation of indentation in Al-Cu-Ni

(indenter radius = 1.5 mm)

_ — 11 _ Ensrgy ¢  Rank 0 Lamina

— el ¢ Wall 4 Material . ¢ Fank(Lamina e 0.347 ¢ RankZ Lamina
It3 8 o Well & Material B “gﬁ ¢ Rank 1 Lamina 0.162| | & Rank5 Lamina
LY : = o2z ¢ Rank$ Lamina

Relaxed, small grain  Relaxed, large grain
(Aubry, Fago and Ortiz, 2001) Michael Ortiz
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FE simulation of indentation in Al-Cu-Ni

14

Enargy

= 2884 +  Well 4 Matonal
153.8 o Well & Matenial

(Chu and James, 1999)

Energy

':I ':I .':I 1 ':I.. GE G.GS ':I -Gq' Energy| @ Rank 0 Lamina
IndE”tﬂtan!HMdEmEF 0182| | o Ranks Lamina

= o023 +  Rank$ Lamina

(Aubry, Fago and Ortiz, 2001) Michael Ortiz
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Concluding remarks

The incremental IBVP of finite-deformation single-crystal plasticity may
be reduced to a sequence of minimization problems by recourse to
variational constitutive updates

For crystals with strong latent hardening the work-of-deformation
functional is non-convex, which promotes fine microstructure

Relaxation (probably) requires consideration of sequential laminates of
finite depth only
Multiscale approach:

— Finite elements endowed with effective behavior, no enhancement

— Effective behavior computed by lamination algorithm at Gauss points
Theory predicts:

— Dipolar walls in fatigued fcc crystals

— Misorientation data of Hughes and Hansen.

— Hall-:Petch scaling (cf Ortiz and Repetto, JIMPS, 1999; Ortiz et al., JMPS,
2001).
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