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Subgrain dislocation structures - Fatigue

Labyrinth structure in fatigued
copper single crystal
(Jin and Winter, 1984)

Nested bands in copper single crystal
fatigued to saturation 

(Ramussen and Pedersen, 1980)
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Subgrain dislocation structures - Static

90%  cold rolled Ta (Hughes and Hansen, 1997)
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Subgrain dislocation structures - Shock

Shocked Ta (Meyers et al., 1995)
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Overview
• Objective: To develop a theory of single-crystal plasticity with 

microstructure (subgrain dislocation structures):
– To understand the physical mechanisms underlying the formation 

and evolution of microstructures in ductile single crystals
– The predict the effective macroscopic behavior of crystals with 

microstructure
– To ascertain the scaling laws which govern the behavior of crystals 

with microstructure, including size effects
• Assumption: Separation of scales. Multiscale approach:

– Macroscopic fields (e.g., finite elements) governed  by effective 
behavior, computed `on the fly’

– Microstructure handled explicitly at the subgrid level
• Building blocks of the theory:

– Variational formulation of finite-deformation plasticity based on time 
discretization

– Minimization of non-convex work-of-deformation functionals
– Nonlocal regularization
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Initial Boundary-Value Problem

(BVP)

(System of ODE’s)

(System of
nonholonomic

constraints)

Nonconvex dependence,
requires regularization

(Convex, proper, lower semi-continuous)
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Variational constitutive updates
(Ortiz and Stainier, CMAME, 1999; Ortiz, Repetto and Stainier, JMPS, 2001)

(Ortiz et al., IJNME, 2001)
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Incremental BVP -Variational formulation
(Ortiz and Repetto, JMPS, 1999)



Michael Ortiz
Stuttgart 08/01

Strong latent hardening

Lattice
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Strong latent hardening
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Strong latent hardening

Single-slip
directions

Nonconvex!

Patchy slip!

Incremental work density function,
quadratic model, two-dimensional geometry
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Strong latent hardening

(Saimoto, 1963)

(Ramussen and Pedersen, 1980)

(Jin and Winter, 1984)
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Example – fcc crystal in simple shear

Two-dimensional geometry
Potentially active slip systems

Single slip
laminate

Double slip
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Nonlocal core-energy regularization

(Ortiz and Repetto, JMPS, 1999)
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Analysis: Symmetric tilt boundary

S
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Incremental BVP - Relaxation

• Relaxed problem:

where:

• Relaxed energy density: Minimum energy density 
attainable by consideration of all possible
microstructures consistent with a macroscopic or 
average deformation.

• No constructive method is known for relaxing general 
energy densities        consider special microstructures

• Sequential laminates        Rank-1 convexification
• No practical algorithm is known for computing the rank-1

convexification of a general energy density exactly
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Incremental BVP - Relaxation

• Special microstructures: Sequential laminates

• Compatibility equations:

• Averaging:                                           ,   

Sequential laminate Graph of laminate



Michael Ortiz
Stuttgart 08/01

Incremental BVP – Relaxation
(Ortiz, Repetto and Stainier JMPS, 2001; Aubry, Fago and Ortiz, 2001)

• Objective: To formulate a practical rank-1 convexification 
algorithm.

• Laminate energy:

• For fixed graph, enforce mechanical and configurational
equilibrium:

• Microstructural evolution: Branching and pruning of leaves
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Incremental BVP – Relaxation

• Accept branching if and only if it lowers the energy of the laminate
• Prune a leaf of its volume fraction goes to 0 or 1
• Re-equilibrate laminate after each transition
• Apply algorithm at Gauss points as part of constitutive update
• No FE interpolation enhancement

branching

pruning

(Aubry, Fago and Ortiz, 2001)
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Analysis – Dipolar dislocation walls

A B A
Dipolar dislocation walls

... ...
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Analysis – Dipolar dislocation walls
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Analysis – Simple laminate structures

Copper single crystal fatigued with
tensile axis [001], showing labyrinth
wall structure(Jin and Winter, 1984) Geometry of the B4-C3 interface

(Ortiz and Repetto, 1999)
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Analysis – Simple laminate structures

(101)  wall structure in 
fatigued polycrystalline copper

(Wang and Mughrabi, 1984)
Geometry of the B4-C1 interface

(Ortiz and Repetto, 1999)
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Analysis – Simple laminate structures

Geometry of the C5-D4 interface
(Ortiz and Repetto, 1999)

(111) wall structure in
fatigued polycrystalline copper

(Yumen, 1989)
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Analysis – Simple laminate structures

(121) section of fatigued [111]
single crystal showing possible (131)

or (111) wall structure
(Lepisto et al., 1986)

Geometry of the B4-C5 interface
(Ortiz and Repetto, 1999)
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Analysis – Sufficiency of laminates
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Analysis – Sufficiency of laminates
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Scaling relations

Boundary layers in sequential laminates.
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Scaling relations
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Subgrain dislocation structures

Uniaxial tension, (001) Cu.
(Ortiz, Repetto and Stainier, 2000)
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Subgrain dislocation structures

Flow stress vs grain size. Lamellar thickness vs strain and grain size.

(Ortiz, Repetto and Stainier, 2000)
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Subgrain dislocation structures

Hughes and Hansen, 1993)

Bassin and Klassen, 1986)
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Subgrain structures - Validation

(Aubry and Ortiz, 2001)
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Subgrain structures - Validation

(Hughes et al., 1997) (Aubry and Ortiz, 2001)

Experimental vs computed histograms of misorientation angle
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Subgrain structures - Validation

(Hughes and Hansen, 1997) (Aubry and Ortiz, 2001)

Scaled probability density of misorientation angle
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Subgrain structures - Validation

(Aubry and Ortiz, 2001)(Hughes et al., 1997)

Average misorienation angle vs strain
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Subgrain structures - Validation

Effective polycrystalline stress-strain curve
(Aubry and Ortiz, 2001)

Cold rolling
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Martensitic materials – Continuum 
theory

Observed microstructures in Cu-Al-Ni
(Chu and James, 1999)
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FE Simulation of indentation in Al-Cu-Ni
• Spherical indenter (1.5mm radius)
• Lamination algorithm applied at each (on 

the fly) quadrature point

2 mm

Quadrant of FE model
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FE Simulation of indentation in Al-Cu-Ni
(indenter radius = 1.5 mm)

Unrelaxed
(Aubry, Fago and Ortiz, 2001)

Relaxed, small grain Relaxed, large grain
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FE simulation of indentation in Al-Cu-Ni

(Chu and James, 1999)

(Aubry, Fago and Ortiz, 2001)
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Concluding remarks
• The incremental IBVP of finite-deformation single-crystal plasticity may 

be reduced to a sequence of minimization problems by recourse to 
variational constitutive updates

• For crystals with strong latent hardening the work-of-deformation 
functional is non-convex, which promotes fine microstructure

• Relaxation (probably) requires consideration of sequential laminates of 
finite depth only

• Multiscale approach:
– Finite elements endowed with effective behavior, no enhancement
– Effective behavior computed by lamination algorithm at Gauss points

• Theory predicts:
– Dipolar walls in fatigued fcc crystals
– Misorientation data of Hughes and Hansen.
– Hall-:Petch scaling (cf Ortiz and Repetto, JMPS, 1999; Ortiz et al., JMPS, 

2001).
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