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Abstract. We introduce random projection, an important dimension-reduction tool
from machine learning, for the estimation of aggregate discrete-choice models with
high-dimensional choice sets. Initially, high-dimensional data are projected into a
lower-dimensional Euclidean space using random projections. Subsequently, estimation
proceeds using cyclical monotonicity moment inequalities implied by the multinomial
choice model; the estimation procedure is semiparametric and does not require explicit
distributional assumptions to bemade regarding the random utility errors. Our procedure
is justified via the Johnson–Lindenstrauss lemma—the pairwise distances between data
points are preserved through randomprojections. The estimator workswell in simulations
and in an application to a supermarket scanner data set.
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1. Introduction
Discrete-choice models are a staple of empirical re-
search in marketing and economics. Many applica-
tions of discrete-choicemodels inmarketing, especially
those utilizing supermarket scanner data set to model
household brand choice, have a challenging feature
that households have a large number of options to con-
sider. For example, supermarkets typically stock hun-
dreds of SKUs in the cereal or soft drink categories
alone, and the number of choices increases exponen-
tially when one allows households to purchase combi-
nations or bundles of brands. Estimation of aggregate
discrete-choice models in which consumers face high-
dimensional choice sets of this sort is computationally
challenging.
In this paper, we propose a new estimator that is

tractable for semiparametric multinomial models with
very large choice sets. Our estimator utilizes random
projection, a powerful dimensionality-reduction tech-
nique from the machine learning literature. To our
knowledge, this is the first use of random projection
for the estimation of discrete-choicemodels. Using ran-
dom projection, we can feasibly estimate high-dimen-
sional discrete-choice models without specifying par-
ticular distributions for the random utility errors: our
approach is semiparametric.
In random projection, vectors of high dimension-

ality are replaced by random low-dimensional linear
combinations of the components in the original vec-
tors. The Johnson–Lindenstrauss lemma, the backbone

of random projection techniques, justifies that with
high probability, the high-dimensional vectors are em-
bedded in a lower-dimensional Euclidean space in
the sense that pairwise distances and inner products
among the projected-down lower-dimensional vectors
are preserved.

Specifically,wearegivena d-by-ldatamatrix,where d
is the dimensionality of the choice sets.1 When d is
very large, we encounter computational problems that
render estimation difficult: estimating semiparamet-
ric discrete-choice models is already challenging, but
large choice sets exacerbate the computational chal-
lenges; moreover, in extreme cases, the choice sets may
be so large that typical computers will not be able to
hold the data in memory (RAM) all at once for compu-
tation and manipulation.2

Using the idea of random projection, we pro-
pose first, in a data preprocessing step, premultiply-
ing the large d-by-l data matrix by a k-by-d (with
k� d) stochastic matrix, resulting in a smaller k-by-l
projected-down data matrix that is more manageable.
Subsequently, we estimate the discrete-choice model
using the projected-down data matrix, in place of the
original high-dimensional data set. Moreover, in this
step, we estimate the discrete-choice model without
needing to specify the distribution of the random util-
ity errors by using inequalities derived from cyclical
monotonicity:—a generalization of the notion of mono-
tonicity for vector-valued functions that always holds
for random-utility discrete-choice models.3

256

http://pubsonline.informs.org/journal/mnsc/
mailto:khai.chiong@utdallas.edu
http://orcid.org/0000-0002-6713-8907
mailto:mshum@caltech.edu
http://orcid.org/0000-0002-6262-915X


Chiong and Shum: Random Projection Estimation of Discrete-Choice Models
Management Science, 2019, vol. 65, no. 1, pp. 256–271, ©2018 INFORMS 257

A desirable and practical feature of our procedure
is that the random projection matrix is sparse, so
that generating and multiplying it with the large data
matrix is computationally parsimonious. For instance,
when the dimensionality of the choice set is d � 5,000,
the random projection matrix consists of roughly 99%
zeros (on average), and indeed only 1% of the data
matrix is ever needed or sampled.
We use the Johnson–Lindenstrauss lemma to prove

that our random projection estimator can consistently
estimate the high-dimensional discrete-choice models.
Intuitively, the Johnson–Lindenstrauss lemma shows
that the pairwise distances between projected-down
vectors are preserved with high probability after ran-
dom projection. Therefore, random projection can be
used as a dimensionality-reduction technique for any
estimation procedure that can be formulated in a man-
ner that involves only the Euclidean distances between
data vectors. The discrete-choice estimating inequali-
ties based on cyclical monotonicity can be formulated
as such.

As an illustrative application of our procedures, we
estimate an aggregate model of soft drink choice in
which households choose not only which soft drink
product to purchase, but also the store at which they
shop. In the data set, households can choose from over
3,000 (store/soft drink product) combinations, and we
use random projection to reduce the number of choices
to 300.

1.1. Related Literature
Difficulties in estimating multinomial choice models
with very large choice sets were already considered
in the earliest econometric papers on discrete-choice
models (McFadden 1974, 1978). There, within the spe-
cial multinomial logit case, McFadden discussed simu-
lation approaches to estimation based on sampling the
choices faced by consumers; subsequently, this “sam-
pled logit” model was implemented in Train et al.
(1987). This sampling approach depends crucially on
the generalized extreme value distribution, and partic-
ularly on the independence of the errors across items
in the large choice set.4

In contrast, the approach taken in this paper is semi-
parametric, as we avoid making specific parametric
assumptions for the distribution of the errors. Our clos-
est antecedent is Fox (2007), who uses a maximum-
score approach of Manski (1975, 1985) to estimate
semiparametric multinomial choice models with large
choice sets but using only a subset of the choices.5 Iden-
tification relies on a “rank-order” assumption, which is
an implication of the independence of irrelevant alter-
natives (IIA) property, and hence can be considered as
a generalized version of IIA. It is satisfied by exchange-
ability of the joint error distribution.
In contrast, our cyclical monotonicity approach al-

lows for nonexchangeable joint error distribution with

arbitrary correlation between the choice-specific error
terms but requires full independence of errors with
the observed covariates.6 Particularly, our approach ac-
commodates models with error structures in the gen-
eralized extreme value family (i.e., nested logit models,
which are typically nonexchangeable distributions),
and we illustrate this in our empirical application,
where we consider a model of joint store and brand
choice in which a nested-logit (generalized extreme
value) model would typically be used.

Indeed, Fox’s rank-order property and the cyclical
monotonicity property used here represent two differ-
ent (and nonnested) generalizations of Manski’s (1975)
maximum-score approach for semiparametric binary
choice models to a multinomial setting. The rank-order
property restricts the dependence of the utility shocks
across choices (exchangeability), while cyclical mono-
tonicity restricts the dependence of the utility shocks
across different markets (or choice scenarios).7
All of the papers mentioned here consider estima-

tion ofmultinomial choicemodels utilizing individual-
level data sets. In contrast, the estimator we propose is
for an aggregate market-level setting, in which product
shares are observed and aggregated over many indi-
viduals. So far, we have not considered how to tailor
our estimator specifically to individual-level data.

The ideas of random projection were popularized
in the Machine Learning literature on dimensional-
ity reduction (Achlioptas 2003, Dasgupta and Gupta
2003, Li et al. 2006, Vempala 2000). As these papers
point out, both by mathematical derivations and com-
putational simulations, random projection allows com-
putationally simple and low-distortion embeddings of
points from high-dimensional into low-dimensional
Euclidean space. However, the random projection
approachwill notworkwith all high-dimensionalmod-
els. The reason is thatwhile the reduced-dimensionvec-
tors maintain the same length as the original vectors,
the individual components of these lower-dimension
matrices may have little relation to the components of
the original vectors. Thus, models in which the compo-
nents of the vectors are important would not workwith
random projection.

In many high-dimensional econometric models,
however, only the lengths and inner products among
the data vectors are important—this includes least-
squares regression models with a fixed number of
regressors but a large number of observations and, as
we will see here, aggregate (market-level) multinomial
choice models where consumers in each market face
a large number of choices. But it will not work in, for
instance, least-squares regression models in which the
number of observations are modest but the number
of regressors is large—such models call for regressor
selection or reduction techniques, including LASSO or
principal components.8
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Relatedly, there is a thriving literature on the inter-
face between big data and marketing. In a special issue
of Marketing Science (Chintagunta et al. 2016), we see
fruitful applications of machine-learning tools (such
as support vector machines) in marketing problems.
In those papers (Huang and Luo 2016, Jacobs et al.
2016, Liu et al. 2016), machine-learning tools are used
for classifications or predictions. Our paper belongs
to a framework called structural econometrics, where
the goal is not only prediction, but also the estimation
of deep parameters in consumers’ utility functions.
Also worth mentioning is the work of Schneider and
Gupta (2016), in which random projection is used to
reduce the computational burden of forecasting sales
with a large number of features extracted from textual
reviews.
Section 2 presents our semiparametric discrete-

choice modeling framework and the moment inequali-
ties derived from cyclical monotonicity that wewill use
for estimation. In Section 3, we introduce random pro-
jection and showhow it can be applied to the semipara-
metric discrete-choice context to overcome the compu-
tational difficulties with large choice sets.We also show
formally that the random-projection version of our esti-
mator converges to the full-sample estimator as the
dimension of the projection increases. Section 4 con-
tains results from simulation examples, demonstrating
that random projection works well in practice, even
when choice sets are only moderately large. In Sec-
tion 5, we estimate a model of households’ joint deci-
sions of store and brand choice, using store-level scan-
ner data. Section 6 concludes.

2. Modeling Framework
We consider a semiparametric multinomial choice
framework. The choice-specific utilities are assumed to
take a single index form, but the distribution of utility
shocks is unspecified and treated as a nuisance ele-
ment.9 Specifically, an agent chooses from among C �

[1, . . . , d] alternatives or choices. High dimensionality
here refers to a large value of d.

The utility that agent i derives from choice j is
X jβ+ εi j , where β � (β1 , . . . , βb)′ ∈ �b are unknown
parameters, andX j is a 1×b vector of covariates specific
to choice j. Now εi j is the error term, encompassing
unobserved individual tastes and product heterogene-
ity. This framework is the familiar Berry–Levinsohn–
Pakes (BLP) model (Berry et al. 1995) that aggregates
out individual choices so that we consider only the esti-
mation of the mean utility u j ≡ X jβ, j � 1, . . . , d, that
agents derive from different choices.
Let u � (u j)dj�1, which we assume to lie in the set

U ⊆ �d . For a given u ∈U, the probability that choice j
is chosen in the aggregate is p j(u) � Pr(u j + εi j ≥
maxk, j{uk + εik}). Denote the vector of choice probabil-
ities as p(u) � (p j(u))dj�1. Now observe that the choice

probabilities vector p is a vector-valued function such
that p: U→�d .

In this paper, we assume that the utility shocks
εi ≡ (εi1 , . . . , εid)′ are identically and independently
distributed (i.i.d.) according to X ≡ (X1 , . . . ,Xd), but
otherwise we allow it to follow an unknown joint dis-
tribution that can be arbitrarily correlated among dif-
ferent choices j. We further suppress the subscript i in
εi since εi is i.i.d. across i. This leads to the following
proposition:

Proposition 1. Let ε be independent of X. Then the choice
probability function p: U→ �d satisfies cyclical mono-
tonicity (or cyclically monotone increasing).

Definition 1 (Cyclical Monotonicity).Consider a function
p: U→ �d , where U ⊆ �d . Take a length L-cycle of
points inU, denoted as the sequence (u1 ,u2 , . . . ,uL ,u1).
The function p is cyclical monotone with respect to the cycle
(u1 ,u2 , . . . ,uL ,u1) if and only if

L∑
l�1
(ul+1 −ul) ·p(ul) ≤ 0, (1)

where uL+1 ≡ u1. The function p is cyclical monotone on
U if and only if it is cyclical monotone with respect
to all possible cycles of all lengths on its domain (see
Rockafellar 1970).

Proposition 1 arises from the underlying convex-
ity properties of the discrete-choice problem (see, e.g.,
Chiong et al. 2016, Fosgerau and McFadden 2012,
Fosgerau and De Palma 2015, Shi et al. 2016). To show
Proposition 1, the independence of ε andX implies that
the social surplus function of the discrete choice model,
defined as

G(u)� Ɛ
[

max
j∈{1,...,d}

(u j + ε j)
��� u]

,

is convex in u. Subsequently, for each vector of utilities
u ∈U, the corresponding vector of choice probabilities
p(u) lies in the subgradient of G at u10; that is,

p(u) ∈ ∂G(u). (2)

By a fundamental result in convex analysis (Rocka-
fellar 1970, Theorem 23.5), the subgradient of a convex
function satisfies cyclical monotonicity, and hence sat-
isfies the cyclical monotonicity inequalities in (1). (In
fact, any function that satisfies cyclical monotonicity
must be a subgradient of some convex function.)

It is known that in the one-dimensional case (i.e.,
when p: �→ � is a scalar function), cyclical mono-
tonicity reduces exactly to the condition that: if y ≥ x,
then p(y) ≥ p(x).11 Therefore, just as the gradient (slope)
of a scalar-valued convex function is monotone increasing,
the gradient of a vector-valued convex function is cyclically
monotone increasing.
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It turns out that we can rewrite cyclical monotonic-
ity in a lesser known form that allows us to combine
cyclical monotonicity with random projection later on.
Moreover this form of cyclical monotonicity shows
intuitively why it can be seen as a vector generalization
of the scalar notion of monotonicity.
Definition 2 (Cyclical Monotonicity in Terms of Euclidean
Norms). Consider a function p: U→�d , where U ⊆ �d .
Take a length L-cycle of points in U, denoted as the
sequence (u1 ,u2 , . . . ,uL ,u1). The function p is cyclical
monotone with respect to the cycle u1 ,u2 , . . . ,uL ,u1 if
and only if

L+1∑
l�2
(‖ul −pl ‖2 − ‖ul −pl−1‖2) ≤ 0, (3)

where uL+1 ≡u1, and pl denotes p(ul). The function p is
cyclicalmonotone onU if and only if it is cyclicalmono-
tone with respect to all possible cycles of all lengths on
its domain.
In the above display, ‖a‖2 denotes the squared Euclid-

ean norm of a vector a, defined as ‖a‖2 �∑
i a2

i . Defini-
tions 1 and 2 are equivalent in the sense that a function
satisfies the inequalities in (1) if and only if it satisfies
the inequalities in (3). This equivalence is mentioned in
Villani (2003), and we provide a proof in the appendix.
To gain some intuition for cyclical monotonicity, con-

sider the simplest setup in which both p and u are
scalar real numbers. In this case, the inequalities in (3)
imply that p(u l) be closer to u l than it is to p(u l′) for
any other U l′ ; the monotonicity of p(u) in u implies
that the two quantities “comove” the most. In higher
dimensions, when p and u are vectors, the inequalities
in (3) similarly imply that p(u) and u comove the most,
in the sense that p(ul) be closer to ul (in terms of the
squared Euclidean distance) than it is to p(ul′) for any
other ul′ .

2.1. Inequalities for Estimation
We use the cyclical monotonic inequalities in (1) to
estimate the parameters β.12 Suppose we observe the
aggregate behavior of many independent agents across
M different markets. In this paper, we assume that the
researcher has access to such aggregate data, in which
the market-level choice probabilities (or market shares)
are observed. Such data structures are commonplace
in aggregate demand models in empirical industrial
organization (for instance, Hotz and Miller 1993, Berry
and Haile 2014, Berry et al. 1995).
Our data set is the M-tuple D � ((X(1) ,p(1)), . . . ,
(X(M) ,p(M)));p(m) denotes the d×1 vector of choice prob-
abilities, or market shares, in market m; and X(m) is the
d× b matrix of covariates for market m (where row j of
X(m) corresponds to X(m)j , the vector of covariates spe-
cific to choice j in market m). Assuming that the distri-
bution of the utility shock vectors (ε(1) , . . . ,ε(M)) is i.i.d.
across all markets, then by Proposition 1, the cyclical

monotonicity inequalities (1) will be satisfied across all
cycles in the data D: that is,

L∑
l�1
(X(al+1)β−X(al )β) ·p(al ) ≤ 0,

for all cycles (al)L+1
l�1 in data D, L ≥ 2. (4)

Recall that a cycle in data D is a sequence of dis-
tinct integers (al)L+1

l�1 , where aL+1 � a1, and each integer
is smaller than or equal M, the number of markets.
From the cyclical monotonicity inequalities in (4), we

define a criterion function which we will optimize to
obtain an estimator of β. This criterion function is the
sum of squared violations of the cyclical monotonicity
inequalities:

Q(β)�
∑

all cycles in
data D; L≥2

[ L∑
l�1
(X(al+1)β−X(al )β) ·p(al )

]2

+

, (5)

where [x]+�max{x ,0}. Our estimator is defined as

β̂� argmin
β∈�b : ‖β‖�1

Q(β).

Following the tradition in semiparametric models,
we need to impose a scale normalization since the scale
of the utilities is not identified. The parameters are nor-
malized such that the vector β̂ has a Euclidean length
of one. This is a standard normalization that is also
used in the maximum rank correlation estimator (Han
1987, Hausman et al. 1998) and the maximum score
estimator (Manski 1975).Wewill also impose a location
normalization by setting the utilities associated with
the outside good to be zero for all markets.

2.2. Example
Consider an example with three markets to illustrate
our estimation approach. The data matrix is {p(1) ,X(1) ,
p(2) ,X(2) ,p(3) ,X(3)}. Let u(m) �X(m)β.
First we enumerate all possible cycles (without loss

of generality, we can consider only circular permuta-
tions)13 that can be formed using three markets: C �

{(1,2,1), (1,3,1), (2,3,2), (1,2,3,1), (1,3,2,1)}. Thenwe
want to find all β that satisfies all of the inequalities
below (one inequality for each distinct cycle). Our esti-
mator works by minimizing the criterion function in
Equation (5), which is equivalent to finding all β that
minimizes the sum of squared violations of cyclical
monotonicity inequalities.

(1, 2, 1): (u(2) −u(1)) ·p(1) + (u(1) −u(2)) ·p(2) ≤ 0,
(1, 3, 1): (u(3) −u(1)) ·p(1) + (u(1) −u(3)) ·p(3) ≤ 0,
(2, 3, 2): (u(3) −u(2)) ·p(2) + (u(2) −u(3)) ·p(3) ≤ 0,
(1, 2, 3, 1): (u(2) −u(1)) ·p(1) + (u(3) −u(2)) ·p(2)

+ (u(1) −u(3)) ·p(3) ≤ 0,
(1, 3, 2, 1): (u(3) −u(1)) ·p(1) + (u(2) −u(3)) ·p(3)

+ (u(1) −u(2)) ·p(2) ≤ 0.
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Table 1. Example Data Set with Two Choices and Three
Markets

Market Market Market
m � 1 m � 2 m � 3

Covariates of product 1, Xm
1 (0,−1) (0, 1) (1, 0)

Covariates of product 2, Xm
2 (0, 0) (0, 0) (0, 0)

Market share of product 1, pm
1 0.5 0.75 0.25

Market share of product 2, pm
2 0.5 0.25 0.75

Specifically in this example, the criterion function is

Q(β)� [(X(2)β−X(1)β) ·p(1) + (X(1)β−X(2)β) ·p(2)]2
+

+ [(X(2)β−X(1)β) ·p(1) + (X(1)β−X(3)β) ·p(3)
]2
+

+ · · ·+ [(X(3)β−X(1)β) ·p(1) + (X(2)β−X(3)β) ·p(3)

+ (X(1)β−X(2)β) ·p(2)]2
+
.

We provide a computational example here. Suppose
we are given the data set in Table 1. In this data set,
there are two goods available in each of the three mar-
ket. Suppose we want to see if the parameters β1 � 1,
β2 � 0 can be rejected by the data set. At this β, the
implied utility (i.e., um

j � β1Xm
j1 + β2Xm

j2) for choosing
product j � 1 in market m is zero for markets 1, 2 and
one formarket 3.We normalize the utilities from choos-
ing product j � 2 to be zero in all markets. Then the
criterion function Q(β1 � 1, β2 � 0) is calculated as in
Table 2. Intuitively, cyclical monotonicity is violated
because the market share of product 1 is the lowest
in market 3, yet at these parameters, the utility from
choosing product 1 in market 3 is the highest.

2.3. Remarks
Unlike the Logit model, our modeling framework does
not require the population choice probabilities to be
strictly positive (see Gandhi et al. 2013). That is, our
model allows for vectors of choice probabilities where
one or many choices have zero probability of being
chosen.14 This is empirically relevant in the setting of a
large choice set because we often observe zero choice
probabilities, perhaps due to the way agents form their
consideration set.

Table 2. The Criterion Function Q(β1 � 1, β2 � 0)� 0.625 > 0

Cycles Violation of cyclical monotonicity

(1, 2, 1) 0
(1, 3, 1) (max{0, 0.5− 0.25})2
(2, 3, 2) (max{0, 0.75− 0.25})2
(1, 2, 3, 1) (max{0, 0.75− 0.25})2
(1, 3, 2, 1) (max{0, 0.5− 0.25})2
Sum 0.625

Note. At these parameters, cyclical monotonicity inequalities are vio-
lated for all cycles except for the first one; the value Q(β) � 0.625
measures the degree of violation from cyclical monotonicity at β1 � 1,
β2 � 0.

Moreover, the cyclical monotonicity inequalities in-
volve differences in utilities across markets. Suppose
that the vector of mean utilities for each market m is
given by U(m) �X(m)β+ξ, where ξ is a vector of product-
specific unobservables. If ξ does not vary across mar-
kets, then when we compute the cyclical monotonicity
inequalities, ξ will be differenced out. Therefore, our
approach allows for certain types of unobservables.
On the flipside, any market-invariant variables are not
identified.15
The exogeneity assumption allows us to form pair-

wise and cyclical comparisons across markets. In some
contexts, this may be reasonable. For instance, when
we observe relatively high-frequency data (each mar-
ket is defined as a few days or a week), then firms’ pric-
ing decision (the covariate, X) may not change so fre-
quently as to take advantage of weekly demand shocks
(the error, ε). Price changes at a high-frequency level
are likely due to predetermined marketing campaigns.

When the dimension of the choice sets increases,
minimizing the criterion function in Equation (5) be-
comes increasingly difficult. We now describe how ran-
dom projection can reduce the dimensionality of our
problem.

3. Random Projection
Our approach consists of two steps: in the first, data-
preprocessing step, the datamatrixD is embedded into
a lower-dimensional Euclidean space. This dimension-
ality reduction is achieved by premultiplying Dwith a
random projection matrix, resulting in a projected-down
data matrix D̃with fewer rows but the same number of
columns (that is, the number of markets and covariates
is not reduced, but the dimensionality of the choice sets
is reduced). In the second step, the estimator outlined
in Equation (5) is computed using only the projected-
down data D̃.

A random projection matrix R is a k-by-d matrix
(with k � d) such that each entry Ri , j is distributed
i.i.d. with mean zero and variance 1/k. An attractive
class of random projections is the sparse random projec-
tion matrices (Li et al. 2006), in which many elements
are zero with high probability.
Definition 3 (SparseRandomProjectionMatrix).A sparse
random projection matrix is a k-by-d matrix R such
that each i , jth entry is independently and identi-
cally distributed according to the following discrete
distribution:

Ri , j �

√
s
k


+1 with probability 1/(2s),

0 with probability 1− 1/s ,
−1 with probability 1/(2s),

(s > 1).

By choosing a higher s, we produce sparser random
projection matrices. Sparse random projection matri-
ces are significantly faster to generate and manipulate,
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in addition to requiring less memory to store. Gaussian
random projection is also a popular class of random
projections, but uniform numbers are much easier to
generate than Gaussian random numbers.

3.1. How Random Projection Works
Before proceeding, we illustrate the intuitions behind
randomprojections.We beginwith a high-dimensional
vector:

x� (x1 , x2 , . . . , . . . , . . . , xd)′.
Then we premultiply x by the random k × d matrix R
described in Definition 3, as illustrated in Figure 1. This
leads to a much shorter k-dimensional vector x̃�R ·x�
[R1 · x,R2 · x, . . . ,Rk · x]′, where Ri denotes the ith row
of R. That is, each element of the lower-dimensional
vector x̃ is a random linear combination of elements
in the high-dimensional vector x. Now consider the
squared Euclidean length of x̃, which is random and is
given as follows:

‖x̃‖2 �
( d∑

i�1
R1i xi

)2

︸        ︷︷        ︸
(1/k)‖x‖2 on average

+ · · ·+
( d∑

i�1
Rki xi

)2

. (6)

It turns out that every term in the sum on the right-
hand side of Equation (6) is, on average, equal to
(1/k)‖x‖2.16 That is, ‖x̃‖2 is a sum of k i.i.d. terms, each
of which has mean equal to (1/k)‖x‖2. This implies,
then, that the high-dimensional vector x and the lower-
dimensional projected-down vector x̃ have the same
length on average:

Ɛ[‖x̃‖2]� ‖x‖2.

Essentially, the defining feature of random pro-
jections is that it preserves the length of the high-
dimensional vector after dimensionality reduction.17
Moreover, Li et al. (2006) show that

Var(‖Ru−Rv‖2)� 1
k

(
2‖u−v‖4 + (s − 3)

d∑
j�1
(u j − v j)4

)
.

(7)

Figure 1. Example of Random Projection
• Full dimension d � 5,000. Reduced dimension k � 50. Sparse-

ness s � 100.
• Ri , j ∈

√
2 · {+1, 0,−1} i.i.d. with prob. {0.005, 0.99, 0.005}

R :�
©­­­­«

d � 5,000 columns︷                        ︸︸                        ︷
0 0 . . . 0 0 1 0 . . . 0
0 0 . . . −1 0 0 0 . . . 0
...
0 1 . . . 0 0 0 −1 . . . 0

ª®®®®¬
∗
√

2


k � 50 rows

• Random projection: x̃︸︷︷︸
k×1

� R︸︷︷︸
k×d

· x︸︷︷︸
d×1

When d is large, which is exactly the setting where
random projection is needed, the first term in the vari-
ance formula dominates the second term. Therefore,
we can set large values of s to achieve very sparse ran-
dom projection, with negligible loss in efficiency. More
concretely, we can set s to be as large as

√
d. We will

see in the simulation example that when d � 5,000, set-
ting s �

√
d implies that the random projection matrix

is zero with probability 0.986—that is, only 1.4% of the
data are sampled on average. Yet we find that sparse
random projection performs just as well as a dense ran-
dom projection.18 The conventional (dense) Gaussian
random projection has the same variance as when s � 3
in the sparse random projections.

There are new developments in random projection
that we could exploit to further reduce the costs of
computation and data storage. For instance, Li et al.
(2014) show that we can even code the projected data
using a one-bit coding scheme (i.e., just recording the
signs of each number), and in some cases, there is
not much accuracy loss when performing certain tasks
such as similarity estimation.

3.2. Random Projection Estimator
We introduce the random projection estimator. Given
the data set D � {(X(1) ,p(1)), . . . , (X(M) ,p(M))}, define
the projected-down data set by D̃k � {(X̃(1) , p̃(1)), . . . ,
(X̃(M) , p̃(M))}, where (X̃(m) , p̃(m)) � (RX(m) ,Rp(m)) for all
markets m, and R being a sparse k × d random pro-
jection matrix as in Definition 3. Note that the same
random projection matrix is used to project down all
markets.

Definition 4 (Random Projection Estimator). The ran-
dom projection estimator is defined as a vector β̃k ∈
argminβ∈�b : ‖β‖�1 Q(β, D̃k), where Q(β, D̃k) is the crite-
rion function in Equation (5) in which the input data
is D̃k .

The projected-down data set D̃k has k number of
rows, where the original data set has a larger num-
ber of rows, d. Note that the identities of the markets
and covariates (i.e., the columns of the data matrix) are
unchanged in the reduced-dimension data matrix; as a
result, the same projected-down data set can be used
to estimate different utility/model specifications with
varying combination of covariates and markets.

We will benchmark the random projection estimator
with the estimator β̂ ∈ argmin Q(β,D), where Q(β,D)
is the criterion function in Equation (5) in which the
original dataD is used as input. In the next section, we
will prove convergence of the random projection esti-
mator to the benchmark estimator using the original
data, as k grows large. Here we provide some intuition
and state some preliminary results for this convergence
result.
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Recall from the previous section that the Euclidean
distances between two vectors are preserved in expec-
tation as these vectors are projected down into a
lower-dimensional Euclidean space. To exploit this
feature of random projection for our estimator, we
rewrite the estimating inequalities—based on cycli-
cal monotonicity—in terms of Euclidean norms, using
Definition 2. Specifically, due to the equivalent formu-
lation of cyclical monotonic inequalities as stated in
Section A.1 in the appendix, we rewrite our estima-
tor as β̂� argminβQ(β), where the criterion function is
defined as the sum of squared violations of the cyclical
monotonicity inequalities:

Q(β)�
∑

all cycles in data D; L≥2

[
L+1∑
l�2
(‖X(al )β−p(al )‖2

− ‖X(al )β−p(al−1)‖2)
]2

+

. (8)

To see another intuition behind the random pro-
jection estimator, we introduce the Johnson–Linden-
strauss lemma. This lemma states that there exists a
linear map (which can be found by drawing different
random projection matrices) such that there is a low-
distortion embedding. There are different versions of
this theorem; we state a typical one:
Lemma 1 (Johnson–Lindenstrauss). Let δ ∈ (0, 1

2 ). Let
U ⊂ �d be a set of C points, and k � O(log C/δ2). There
exists a linear map f: �d→�k such that for all u, v ∈U:

(1− δ)‖u−v‖2 ≤ ‖f(u) − f(v)‖2 ≤ (1+ δ)‖u−v‖2.
The crucial insight of this lemma lies in the proof.19

The proof is probabilistic, and demonstrates that if we
take f to be a random projection matrix, then there is
a nonzero probability such that ‖f(u) − f(v)‖2 satisfies
the error bounds stated in the lemma. Hence, there
exists a realization of f that would serve as the appro-
priate linear mapping. For this reason, the Johnson–
Lindenstrauss lemma has become a term that col-
lectively represents random projection methods, even
when the lemma itself is not used.
As the statement of the lemma makes clear, the

reduced-dimension k controls the trade-off between
tractability and precision. Moreover, implicit in the
lemma is that we can find an embedding of points from
d-dimension to k-dimension, independent of the size
of d.20
The feature that the cyclical monotonicity inequali-

ties can bewritten in terms of Euclideannormsbetween
vectors justifies the application of random projection to
our estimator. In contrast, the “rank-order” inequalities,
which underlie the maximum score approach to semi-
parametric multinomial choice estimation,21 cannot be
rewritten in terms in terms of Euclideannormsbetween
data vectors, and hence random projection cannot be
used for those inequalities.

3.3. Convergence
In this section we show that, for any given data D,
the random projection estimator computed using the
projected-down data D̃k � R ·D converges in probabil-
ity to the corresponding estimator computed using the
original data D, as k grows large.

The main insight here is that the error introduced
by random projections disappears as k (the reduced
dimension) increases.Our randomprojection estimator
will obtain the same values as (i.e., be consistent with)
the values that would be produced using the original,
high-dimensional data set, as k increases. We will fur-
ther see in simulations that even with a modest k, our
random projection estimates are close to the original
estimates.

To highlight the randomprojection aspect of our esti-
mator,we assume that themarket shares and other data
variables are observedwithout error.22 Hence, given the
original data D, the criterion function Q(β,D) is deter-
ministic, while the criterion function Q(β, D̃k) is ran-
dom solely due to the random projection procedure.

All proofs are provided in Section A.2 in the
appendix. We first show that the random-projected cri-
terion function converges uniformly to the unprojected
criterion function in Theorem 1.

Theorem 1 (Uniform Convergence of Criterion Function).
For any givenD, we have supβ∈�b :‖β‖�1 |Q(β,D̃k)−Q(β,D)|
p
−→0, as k grows.

Essentially, from the defining features of the ran-
dom projection matrix R, we can argue that Q(β, D̃k)
converges in probability to Q(β,D), pointwise in β.
Then, because Q(β,D) is convex in β (which we will
also show), we can invoke the convexity lemma from
Pollard (1991), which says that pointwise and uni-
form convergence are equivalent for convex random
functions.

Finally, under the assumption that the deterministic
criterion function Q(β,D) (i.e., computed without ran-
dom projection) admits an identified set, then the ran-
dom projection estimator converges in a setwise sense
to the same identified set. Convergence of the set esti-
mator here means convergence in the half-Hausdorff
distance, where the half-Hausdorff distance between
two sets is defined as d(X,Y) � supx∈X infy∈Y ‖x − y‖,
and ‖ · ‖ is the Euclidean norm.

Assumption 1 (Existence of an Identified SetΘ∗). Denote
Θ as the domain of the parameters—i.e., Θ� {β∈�b : ‖β‖
�1}. There exists a set Θ∗⊂Θ such that supβ∈Θ∗Q(β,D)�
infβ∈ΘQ(β,D), and that for all ν>0, infβ<B(Θ∗ ,ν)Q(β,D)>
supβ∈Θ∗Q(β,D), whereB(Θ∗ ,ν) denotes a union of open balls
of radius ν each centered on each element ofΘ∗.

Theorem 2. Suppose that Assumption 1 holds. For any
given D, the random projection estimator defined by
Θ̃k �argminβ∈�b :‖β‖�1 Q(β,D̃k) converges in half-Hausdorff



Chiong and Shum: Random Projection Estimation of Discrete-Choice Models
Management Science, 2019, vol. 65, no. 1, pp. 256–271, ©2018 INFORMS 263

distance to the identified set Θ∗ as k grows—in other words,
supβ∈Θ̃k

infβ′∈Θ∗ ‖β−β′‖
p
−→0 as k grows.

Theorem 2 shows that the approximation error due
to random projection disappears as k→∞, holding d is
fixed. The practical insight of this asymptotic result is
to suggest that the estimator will become increasingly
accurate when we choose a larger k. In the asymp-
totics result, we set k →∞, which means that k will
eventually surpass d. There is no constraint that k < d
in the estimator, but practically speaking, we would
always choose k < d as random projections would have
no computational benefit otherwise. The intuition for
this asymptotic result can be seen from Equation (7):
as k→∞, the variance in the length between two
projected-down vectors (‖Ru − Rv‖2 in the equation)
shrinks to zero, implying that the length between the
projected vectors Ru and Rv becomes arbitrarily close
to the length between the original unprojected vectors
u and v; this is the law of large numbers.23
We can achieve a stronger result where d is not fixed,

but is allowed to grow with k. In Section A.2 in the
appendix, we show using Lemma 2 from Li et al. (2006)
that the bound Var(‖Ru − Rv‖2) � O(1/k) does not
depend on d. Therefore, we can let both d and k grow
to infinity; the convergence result of Theorem 2 would
still hold. There is no restriction on what the original
dimension is; d can be very large or moderate in rela-
tion to k. Hence, our estimator is suited for applications
with very large choice set, as the original dimension d
does not affect the performance of the estimator. As
long as the reduced dimension k is not too small, the
random projection estimator would approximate well.

4. Simulation Examples
In this section, we show simulation evidence that ran-
dom projection performs well in practice. In these
simulations, the sole source of randomness is the
random projection matrices (in Section 4.3, we relax
this assumption). This allows us to starkly exam-
ine the noise introduced by random projections, and
how the performance of random projections varies as
we change k, the reduced dimensionality. Our result
shows that the error introduced by random projection
is small, even when the reduced dimension k is small.

4.1. Setup
We consider projecting down from d to k. Recall that d
is the number of choices in our context. There are
M � 30 markets. The utility that an agent in market m
receives from choice j is U (m)j � β1X(m)1, j + β2X(m)2, j , where
X(m)1, j ∼N(1, 1) and X(m)2, j ∼N(−1, 1) independently across
all choices j and markets m.24
We normalize the parameters β � (β1 , β2) such that
‖β‖ � 1. This is achieved by parameterizing β using
polar coordinates: β1 � cosθ and β2 � sinθ, where θ ∈
[0, 2π]. The true parameter is θ0 � 0.75π � 2.3562.

To highlight a distinct advantage of our approach,
we choose a distribution of the error term that neither
is exchangeable nor belongs to the generalized extreme
value family. Specifically, we let the additive error term
be a MA(2) distribution where errors are serial cor-
related in errors across products. To summarize, the
utility that agent in market m derives from choice j
is U (m)j + ε(m)j , where ε(m)j �

1
3
∑2

l�0 η
(m)
j+l , and η(m)j is dis-

tributed i.i.d. with N(0, 1).
Using the above specification, we generate the data

D � {(X(1) ,p(1)), . . . ,(X(M) ,p(M))} for M � 30 markets,
where p(m) corresponds to the d-dimensional vector of
simulated choice probabilities formarket m: the jth row
of p(m) is p(m)j �Pr(U (m)j +ε(m)j >U (m)− j +ε(m)− j ). We then per-
form random projection on D to obtain the projected-
down data set D̃� {(X̃(1) , p̃(1)), . . . ,(X̃(M) , p̃(M))}. The ran-
dom projection matrix in Definition 3 is parameterized
by s. We set s �

√
d, which corresponds to very sparse

random projection matrices. We restrict to cycles of
length 2 and 3 in computing Equation (5); however, we
find that evenusing cycles of length 2did not noticeably
change the result.

Table 3 shows the main result for this section. In the
table, the rows correspond to different designs where
the dimension of the data set is projected down from d
to k. For each design, we estimate the model using
100 independent realizations of the random projection
matrix. We report the means of the upper and lower
bounds of the estimates, as well as their standard devi-
ations. We also report the interval spans by the 25th
percentile of the lower bounds as well as the 75th per-
centile of the upper bounds.

The results indicate that, in most cases, optimization
of the randomly projected criterion function Q(β,Dk)
yields a unique minimum. For instance, in the fourth
row of Table A.1 in the appendix (when compressing
from d � 5,000 to k � 100), we see that the projected cri-
terion function is always uniquely minimized25 (across
all 100 replications). Moreover the average point esti-
mate for θ is equal to 2.3878, where the true value is
2.3562.

Additionally, we conduct the same simulation exer-
cise, except that we use dense random projection

Table 3. Random Projection Estimator with Sparse Random
Projections, s �

√
d

Mean LB Mean UB 25th LB,
Design (s.d.) (s.d.) 75th UB

d � 100, k � 10 2.2772 (0.2461) 2.2772 (0.2461) [2.0813, 2.4740]
d � 500, k � 100 2.2970 (0.2634) 2.3972 (0.2697) [2.1049, 2.6075]
d � 1,000, k � 100 2.3014 (0.2277) 2.3051 (0.2262) [2.1284, 2.4504]
d � 5,000, k � 100 2.3878 (0.2891) 2.3878 (0.2891) [2.2305, 2.5918]
d � 5,000, k � 500 2.2982 (0.3035) 2.5017 (0.2950) [2.0813, 2.7332]

Notes. Replicated 100 times using independently realized sparse ran-
dom projection matrices (where s �

√
d in Definition 3). The true

value of θ is 2.3562.
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Table 4. The Time It Takes to Perform a Random
Projection—Generating a Sparse Random Projection Matrix
of Size k × d, and Using It to Project Down a Large Data
Matrix Consisting of d Rows and 90 Columns

d Time (seconds)

20,000 0.0109
40,000 0.0182
60,000 0.0316
80,000 0.0362
100,000 0.0384

Notes. We set k � 100. Each entry of the data matrix is drawn i.i.d.
from Uniform[0, 1]. Ninety columns would correspond to 30 mar-
kets, each market consists of a vector of choice probability and two
vectors of covariates.

matrices instead. In Table A.1, we set s � 1. We see that
there is no noticeable difference in performance, but
sparse random projections are more computationally
efficient

4.2. Computational Details
Generation andmanipulation of a very large but sparse
random projection matrix can be implemented effi-
ciently in many standard statistical programs. For
instance in MATLAB, we can generate sparse matri-
ces, using the command “sprand,” that are stored and
treated as a different object than the usual matrices.
Besides requiring less memory to store, multiplying of
a sparse matrix with a dense matrix is also computa-
tionally efficient.
In Table 4, we show that the entire process of

generating a random projection matrix and using it
to project down a large data matrix is trivially fast
(0.038 seconds), even for dimensions of choice set up
to 100,000.26 We set the sparseness parameter s �

√
d as

in Definition 3.
Because performing random projection is very fast,

we further see in Table 5 that our estimator takes
a virtually constant amount of time to run as the

Table 5. Time It Takes to Run the Entire Process—Generate
Random Projection and Compute the Minima of the
Criterion Function Using the Projected-Down Data
(Column (1))—and to Compute the Minima of the Criterion
Function Using the Original Data (Column (2))

Time (seconds)

d (1) Random projection (2) Without random projection

2,000 36.1 128.6
3,000 36.4 170.6
4,000 36.5 593.7
5,000 36.6 662.6
6,000 36.2 756.9
7,000 35.9 826.0

Notes. The setup here is the same as the simulation setup (Sec-
tion 4.1), where the criterion function only has one variable to mini-
mize over. As before, the reduced dimension is k � 100.

dimension of choice set increases from 2,000 to 7,000.
In contrast, without random projection, estimation
takes an increasing amount of time as d increases.
The computational saving is significant. To put this

in perspective, saywewant to subsample (or bootstrap)
and minimize the criterion function 100 times as in
Chernozhukov et al. (2007) to obtain the confidence
region (see Section 4.3). At d � 7,000, this would take
about 23 hours without random projection, bearing in
mind there are only two parameters to estimate. With
random projection, this would take about one hour.

4.3. Estimating the Confidence Region
We briefly describe the Chernozhukov et al. (2007)
(CHT) procedure for estimating the confidence re-
gion.27 Intuitively, this procedure bootstraps the data
to obtain a critical value c∗. Then, the confidence region
is those parameters that lie within the c∗-level set of the
criterion function—i.e., {β: Q(β;D) < c∗}.

First, let c0 � minβQ(β;D) and C0 � {β: Q(β;D)
≤ c0}, which corresponds to the initial estimates.
Second, draw 100 bootstrapped data sets (described
in the next paragraph), which we denote by D(r),
r � 1, . . . , 100. Third, let c1 be the 95th percentile
of {maxβ∈C0

Q(β;D(r)) −minβ̃Q(β̃;D(r))}r�1,...,100. Finally,
after obtaining c1, the 95% confidence region is given
by C1 � {β: Q(β;D) −minβ̃Q(β̃;D) ≤ c1}.28 As shown
in the previous section, this procedure is computation-
ally intensive without random projection. Hence, to
combine the CHT procedure with random projections,
we draw a random projection matrix R and use it to
project down all of the bootstrapped data set. That is,
we replace D and D(r) above with D̃ � RD and D̃

(r)
�

RD(r) for all r.
There are many ways to construct the bootstrapped

data set, the idea is for each bootstrapped data set to
lie within the sampling variation of the original data
set. One common method is to assume that we have
access to the individual-level observations such that
the aggregate market shares or choice probabilities are
estimated from these observations. Hence, each boot-
strapped data set is constructed by sampling the indi-
viduals with replacement and recalculating the choice
probabilities.

Now we relax the earlier assumption that there is no
sampling error in our data set (otherwise the setup is
identical to the one before in Section 4.1). In particular,
we now allow for sampling error in the market share
or choice probabilities. Thus far, we have constructed
the choice probabilities by aggregating the choices of
I consumers: p(m)j �

∑I
i�1(1/I)�(U

(m)
j + ε(m)j, i >U (m)− j + ε(m)− j, i)

for a large number I. Here, we set I to be a smaller
number—i.e., I � d. We then generate 100 independent
samples of the choice probabilities, and use each of
these to construct the bootstrapped sample. Finally, we
compute the CHT confidence region.
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Table 6. Random Projection Estimates for Various Designs
(Each Computed Using a Single Draw of Random
Projection) and the CHT Confidence Region Associated
with This Estimate

Design RP estimates CHT confidence region

d � 100, k � 10 1.9478 [1.8535, 2.0263]
d � 500, k � 100 2.3248 [2.2462, 2.3876]
d � 1,000, k � 100 2.1834 [2.1363, 2.2462]
d � 5,000, k � 100 2.0933 [2.0681, 2.1121]
d � 5,000, k � 500 2.3383 [2.2818, 2.3886]

Note. The actual value of the parameter is 2.3562.

The result is reported in Table 6. For each design, we
report the random projection estimate. Unlike Table 3
before, we computed the random projection estimator
once per design, using a single draw of the random
projection. Now the last column reports the CHT con-
fidence regions associated with these estimates. These
are the 95% confidence regions for the random projec-
tion estimates when we allow for sampling error in the
choice probabilities.

From Table 6, we see that the 95% confidence region
for the random projection estimates is very narrow.
This suggests that sampling error in the market shares
does not severely affect our random projection estima-
tor (at least in the context of our simulation example).

5. Empirical Application: An Aggregate
Demand Model Incorporating Both
Store and Brand Choices

For our empirical application, we use supermarket
scanner data made available by the Chicago-area
supermarket chain Dominick’s.29 Dominick’s operated
a chain of grocery stores across the Chicago area, and
the database recorded sales information onmany prod-
uct categories, at the store and week level. For this
application, we look at the soft drinks category.
For our choice model, we consider a model in which

consumers choose both the type of soft drink and the
store at which they make their purchase. Such a model
of joint store and brand choice allows consumers not
only to change their brand choices, but also their store
choices, in response to across-time variation in eco-
nomic conditions. For instance, the work of Coibion
et al. (2015) is an analysis of supermarket scanner data
that suggests the importance of “store-switching” in
dampening the effects of inflation in posted store prices
during recessions.

Such a model of store and brand choice also high-
lights a key benefit of our semiparametric approach.
A typical parametric model that would be used to
model store and brand choice would be a nested logit
model, in which the available brands and stores would
belong to different tiers of nesting structure. However,

one issue with the nested logit approach is that the
results may not be robust to different assumptions on
the nesting structure—for instance, one researchermay
nest brands below stores, while another researchermay
be inclined to nest stores below brands. These two alter-
native specifications would differ in how the joint dis-
tribution of the utility shocks between brands at differ-
ent stores are modeled, leading to different parameter
estimates. Typically, there are no a priori guides on the
correct nesting structure to impose.30

In this context, a benefit of our semiparametric
approach is that we are agnostic as to the joint distribu-
tion of utility shocks; hence, our approach accommo-
dates both models in which stores are in the upper nest
and brands in the lower nest, or vice versa, or any other
model in which the stores or brands could be divided
into further subnests.

We have M � 15 markets, where each market corre-
sponds to a distinct two-week interval between Octo-
ber 3, 1996, andApril 30, 1997,which is the last recorded
date.We include sales at 11Dominick’s supermarkets in
north-centralChicago, as illustrated inFigure 2.Among
these 11 supermarkets, most are classified as premium-
tier stores, while two are medium-tier stores (distin-
guished by dark-black spots in Figure 2); stores in dif-
ferent tiers sell different ranges of products.

Our store and brand choice model consists of d �

3,059 choices, each corresponding to a unique store and
universal product code (UPC) combination. We also
define an outside option, for a total of d � 3,060
choices.31

Figure 2. Location of the 11 Dominick’s Branches as
Indicated by Spots

Notes. The radius of the circle is four miles. The darker spots are
medium-tier Dominick’s stores; the rest are high-tier stores.
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Table 7. Summary Statistics

Variables Definition Summary statistics

Pricei j The average price of the store-UPC j at market i Mean: $2.09, s.d.: $1.77
Bonusi j The fraction of weeks in market i for which store-UPC j was on sale as a bonus or promotional

purchase; for instance “buy-one-get-one-half-off” deals
Mean: 0.27, s.d.: 0.58

Quantityi j Total units of store-UPC j sold in market i Mean: 60.82, s.d.: 188.37
Holidayi j A dummy variable indicating the period spanning 11/14/96 to 12/25/96, which includes the

Thanksgiving and Christmas holidays
Six weeks (three markets)

Medium_tieri j Medium, nonpremium stores.a Two out of 11 stores
d Number of store UPCs 3,059

Note. Number of observations is 45,885� 3,059 UPCs× 15 markets (two-week periods).
aDenotes stores in the same tier, which share similar product selection and also pricing to a certain extent.

The summary statistics for our data sample are in
Table 7. Table 8 presents the estimation results. As in
the simulation results in Section 4, we ran 100 indepen-
dent random projections and thus obtained 100 sets of
parameter estimates for each model specification. The
results reported in Table 8 are the medians across these
runs. Since no location normalization is imposed for
the error terms, we do not include constants in any
of the specifications. For estimation, we used cycles of
length 2 and 3.32

Across all specifications, the price coefficient is
strongly negative. The Holiday indicator has a positive
(but small) coefficient, suggesting that, all else equal,
the end-of-year holidays are a period of peak demand
for soft drink products.33 In addition, the interaction
between Price and Holiday is strongly negative across
specifications, indicating that households are more
price sensitive during the holiday season.
How large is this effect? Consider a soft drink prod-

uct priced initially at $1.00 with no promotion. The
parameter estimates for specification (C) suggest that
during the holiday period, households’ willingness-
to-pay for this product falls as much as if the price

Table 8. Random Projection Estimates, Dimensionality Reduction from d � 3,059 to k � 300

Specification

Covariates (A) (B) (C) (D)

Price −0.6982 −0.9509 −0.7729 −0.4440
[−0.9420,−0.3131] [−0.9869,−0.7874] [−0.9429,−0.4966] [−0.6821,−0.2445]

Bonus 0.0580 0.0461 0.0336
[−0.0116, 0.1949] [0.0054, 0.1372] [0.0008, 0.0733]

Price×Bonus −0.1447 −0.0904 −0.0633
[−0.4843, 0.1123] [−0.3164, 0.0521] [−0.1816, 0.0375]

Holiday 0.0901 0.0661 0.0238
[−0.0080, 0.2175] [−0.0288, 0.1378] [−0.0111, 0.0765]

Price×Holiday −0.6144 −0.3609 −0.1183
[−0.9013,−0.1027] [−0.7048,−0.0139] [−0.2368,−0.0164]

Price×Medium_tier 0.4815
[−0.6978, 0.8067]

Notes. The first row in each entry presents the median coefficient, across 100 random projections. The second
row presents the 25th and 75th percentile among the 100 random projections. We use cycles of length two and
three in computing the criterion function (Equation (5)).

for the product increases by $0.27 during nonholiday
periods.34

We also obtain a positive sign on Bonus, and the
negative sign on the interaction Price × Bonus across
all specifications, although their magnitudes are small,
and there is more variability in these parameters across
the different random projections. We see that dis-
counts seem to make consumers more price sensi-
tive (i.e., make the price coefficient more negative).
Since any price discounts will be captured in the
Price variable itself, the Bonus coefficients capture addi-
tional effects that the availability of discounts has on
behavior, beyond price. Hence, the negative coeffi-
cient on the interaction Price×Bonus may be consistent
with a bounded-rationality view of consumer behavior,
whereby the availability of discount on a brand draws
consumers’ attention to its price, making them more
aware of a product’s exact price once they are aware
that it is on sale.

In specification (D), we introduce the store-level co-
variate Medium_tier, interacted with Price. However,
the estimates of its coefficient are noisy, and vary
widely across the 100 random projections. This is not
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surprising, as Medium_tier is a market-invariant vari-
able and, apparently here, interacting it with price
still does not result in enough variation for reliable
estimation.

6. Conclusion
In this paper, we use random projection—a technique
for solving high-dimensional problems in machine
learning—for estimating multinomial-choice models
where agents face a large number of choices. This arises
in many empirical applications—for instance, when
agents are allowed to choose combinations of many
choices, and as a result, the dimension of the discrete-
choice problem becomes exponentially large.
Our estimation procedure takes two steps. First, the

high-dimensional choice data are projected (embed-
ded stochastically) into a lower-dimensional Euclidean
space. This procedure is justified via the Johnson–
Lindenstrauss lemma, which shows that the pairwise
distances between data points are preserved after ran-
dom projection. Because the random projection matri-
ces are very sparse, this process of generating ran-
dom projection matrices and projecting down large
data sets is extremely fast. In the second step, estima-
tion proceeds using the cyclical monotonicity inequal-
ities implied by the multinomial choice model. By
using these inequalities for estimation, we avoid mak-
ing explicit distributional assumptions regarding the
random utility errors; hence, our estimator is semi-
parametric. The estimator works well in computational
simulations and in an application to a real-world super-
market scanner data set.

We are currently considering several extensions.
First, we are undertaking another empirical applica-
tion in which consumers can choose among bundles of
brands, which would thoroughly leverage the benefits
of our random-projection approach. Second, another
benefit of random projection is that it preserves pri-
vacy, in that the researcher needs only a “jumbled-
up” random version of the original data set. The exist-
ing literature (Heffetz and Ligett 2014, Nunan and Di
Domenico 2016) on privacy has not considered the use
of random projection. We are currently exploring addi-
tional applications of random projection for economet-
ric settings in which privacy may be an issue.
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Appendix
A.1. Equivalence of Alternative Representation of

Cyclical Monotonicity
Herewe show the equivalence of Equations (1) and (3), as two
alternative statements of the cyclical monotonicity inequali-
ties. We begin with the second statement (3). We have

L+1∑
l�2
‖ul −pl ‖2 �

L+1∑
l�2

d∑
j�1
(u l

j − p l
j)2

�

L+1∑
l�2

[ d∑
j�1
(u l

j)2 +
d∑

j�1
(p l

j)2 − 2
d∑

j�1
u l

j p
l
j

]
.

Similarly,

L+1∑
l�2
‖ul −pl−1‖2 �

L+1∑
l�2

d∑
j�1
(u l

j − p l−1
j )2

�
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[ d∑
j�1
(u l

j)2 +
d∑

j�1
(p l−1

j )2 − 2
d∑

j�1
u l

j p
l−1
j

]
.

In the previous two displayed equations, the first two terms
cancel out. By shifting the l indices forward, we have

L+1∑
l�2

d∑
j�1

u l
j p

l−1
j �

L∑
l�1

d∑
j�1

u l+1
j p l

j .

Moreover, by definition of a cycle that uL+1
j � u1

j , pL+1
j � p1

j , we
then have
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Hence,
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d∑
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j p l
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� 2
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Therefore, cyclical monotonicity of Equation (1) is satisfied if
and only if this formulation of cyclical monotonicity in terms
of Euclidean norms is satisfied. �

A.2. Proof of Theorems in Section 3.3
We first introduce two auxiliary lemmas.

Lemma 2 (Convexity Lemma, Pollard 1991). Suppose An(s) is a
sequence of convex random functions defined on an open convex
set S in �d , which converges in probability to some A(s), for each
s ∈ S. Then sups∈K |An(s) − A(s)| goes to zero in probability, for
each compact subset K of S.

Lemma 3. The criterion function Q(β,D) is convex in β ∈ � for
any D, where � is an open convex subset of �b .

Proof. We want to show that Q(λβ + (1 − λ)β′) ≤ λQ(β) +
(1 − λ)Q(β′), where λ ∈ [0, 1], and we suppress the depen-
dence of Q on the data D.

Q(λβ+(1−λ)β′)

�
∑

all cycles in data D

[ L∑
l�1
(X(al+1)−X(al ))(λβ+(1−λ)β′) ·p(al )

]2

+
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�
∑

all cycles in data D

[
λ

L∑
l�1
(X(al+1)−X(al ))β ·p(al )

+(1−λ)
L∑

l�1
(X(al+1)−X(al ))β′ ·p(al )

]2

+

≤
∑

all cycles in data D

{
λ

[ L∑
l�1
(X(al+1)−X(al ))β ·p(al )

]
+

+(1−λ)
[ L∑

l�1
(X(al+1)−X(al ))β′ ·p(al )

]
+
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(A.1)

≤λ
∑

all cycles in data D

[ L∑
l�1
(X(al+1)−X(al ))β ·p(al )

]2

+

+(1−λ)
∑

all cycles in data D

[ L∑
l�1
(X(al+1)−X(al ))β′ ·p(al )

]2

+

(A.2)

�λQ(β)+(1−λ)Q(β′)

Inequality (A.1) is due to the fact thatmax{x , 0}+max{y , 0} ≥
max{x + y , 0} for all x , y ∈ �. Inequality (A.2) holds from the
convexity of the function f (x)� x2.

Theorem 3 (Uniform Convergence of Criterion Function). For
any given D, we have Q(·, D̃k) converges uniformly to Q(·,D)
as k →∞. That is, supβ∈�b : ‖β‖�1 |Q(β, D̃k) − Q(β,D)|

p
−→ 0, as

k→∞.

Proof of Theorem 1. Recall from Equation (7) that for any
two vectors u,v ∈ �d , and for the class of k-by-d random
projection matrices, R, considered in Definition 3, we have

Ɛ(‖Ru−Rv‖2)� ‖u−v‖2 , (A.3)

Var(‖Ru−Rv‖2)� O
(
1
k

)
. (A.4)

Therefore, by Chebyshev’s inequality, ‖Ru− Rv‖2 converges
in probability to ‖u−v‖2 as k→∞. It follows that for a given
X, β, and p, we have ‖X̃β − p̃‖2 →p ‖Xβ − p‖2, where X̃ �

RX and p̃ � Rp are the projected-down versions of X and p.
Applying the continuous mapping theorem to the criterion
function in Equation (8), we obtain that Q(β, D̃k) converges
in probability to Q(β,D) pointwise for every β ∈�b as k→∞.

Now, to invoke Lemma 2, we first define � to be an open
convex subset of �b such that the domain of our parame-
ter Θ � {β ∈ �b : ‖β‖ � 1} ⊂ �. For instance, we can let � �

{β ∈ �b : ‖β‖ < 1 + γ}, for some constant γ. By Lemma 3,
Q is convex over �. Hence, by Lemma 2, pointwise conver-
gence of Q(β, D̃k) to Q(β,D) for every β ∈ � implies that
supβ∈� |Q(β, D̃k) −Q(β,D)|

p
−→ 0, as k→∞. Since

sup
β∈Θ⊂�

|Q(β, D̃k) −Q(β,D)|

≤ sup
β∈�
|Q(β, D̃k) −Q(β,D)|

p
−→ 0, (A.5)

it follows that the criterion function Q(β, D̃k) defined over
Θ� {β ∈�b : ‖β‖ � 1} converges uniformly to Q(β,D). That is,
supβ∈�b : ‖β‖�1 |Q(β, D̃k) −Q(β,D)|

p
−→ 0, as k→∞. �

Assumption 2 (Existence of an Identified Set Θ∗). Denote Θ as
the domain of the parameters—i.e., Θ � {β ∈ �b : ‖β‖ � 1}. There
exists a set Θ∗ ⊂ Θ such that supβ∈Θ∗ Q(β,D) � infβ∈ΘQ(β,D),

and ∀ ν > 0, infβ<B(Θ∗ , ν)Q(β,D) > supβ∈Θ∗ Q(β,D), where
B(Θ∗ , ν) denotes a union of open balls of radius ν each centered on
each element of Θ∗.

Theorem 4 (Convergence of Random Projection Estimator).
Suppose that Assumption 1 holds. For any given data D, the ran-
dom projection estimator Θ̂k � argminβ∈�b : | |β| |�1 Q(β, D̃k) con-
verges in half-Hausdorff distance to the identified set Θ∗ as k
grows—i.e., supβ∈Θ̂k

infβ′∈Θ∗ ‖β−β′‖
p
−→0 as k→∞.

Proof of Theorem 2. To prove this theorem, we need As-
sumption 1 and Theorem 1. The proof follows Chernozhukov
et al. (2007) closely.

Let Θ̂k be the random projection estimator—i.e., Θ̂k �

argminβ∈ΘQ(β, D̃). Note that Θ̂k is random due only to the
randomness in random projections. From Assumption 1, we
have that, for all ν > 0, ∃ δ > 0 such that if β < B(Θ∗ , ν) and
β0 ∈ Θ∗ then Q(β,D) − Q(β0 ,D) ≥ δ > 0. Hence, for a given
β̂ ∈ Θ̂k and β0 ∈Θ∗, we have

Pr(β̂<B(Θ∗ , ν))≤Pr(Q(β̂,D)−Q(β0 ,D)≥δ)

Pr
(

inf
β∈Θ∗
‖ β̂−β‖>ν

)
≤Pr(Q(β̂,D)−Q(β0 ,D)≥δ)

Pr
(
sup
β̂∈Θ̂k

inf
β∈Θ∗
‖ β̂−β‖>ν

)
≤Pr

(
sup
β̂∈Θ̂k

Q(β̂,D)−Q(β0 ,D)≥δ
)

�Pr
(
sup
β̂∈Θ̂k

Q(β̂,D)−Q(β̂,D̃)+Q(β̂,D̃)

−Q(θ0 ,D)≥δ
)

≤Pr
(
sup
β̂∈Θ̂k

Q(β̂,D)−Q(β̂,D̃)+Q(θ0 ,D̃)

−Q(θ0 ,D)≥δ
)

≤Pr
(
2sup
β∈Θ
|Q(β,D̃)−Q(β,D)| ≥δ

)
p
−→0, as k→∞ by Theorem 1.

Therefore, all elements of the random projection estimator
(i.e., the argmin set of Q(β, D̃)) converge to some element
of Θ∗, and we have supβ̂∈β̂ infβ∈Θ∗ ‖ β̂ − β‖

p
−→0. This is con-

vergence in half-Hausdorff distance. Full convergence is not
guaranteed, as the random projection estimator might not
include enough elements to converge to every element in
the identified set. It is possible to strengthen the notion of
half-Hausdorff convergence to full Hausdorff convergence
following the additional assumptions in Chernozhukov
et al. (2007). �

A.2. Additional Convergence Result
Assumption 3. As d → ∞, the (deterministic) sequence of
data Dd � {(X(1) ,p(1)), . . . , (X(n) ,p(n))} satisfies the following two
assumptions. (i) Let X be any vector of covariates in Dd , then
(1/d)∑d

j�1(X j)4 exist and is bounded as d→∞. Secondly, without
loss of generality, assume that for all vectors of covariates X in the
data Dd ,

∑d
j�1 X2

j � ‖X‖2 � O(1) as d→∞. This part is without
loss of generality as the cardinality of utilities can be rescaled.

As before, the only source of randomness is in the random
projection. Accordingly, the sequence of data Dd as d grows
is deterministic.

Theorem 5. Suppose that as d → ∞, the sequence of data Dd
satisfies Assumptions 1 and 3. Let R be a k × d sparse random
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Table A.1. Random Projection Estimator with Dense
Random Projections, s � 1

Mean LB Mean UB 25th LB,
Design (s.d.) (s.d.) 75th UB

d � 100, k � 10 2.3459 (0.2417) 2.3459 (0.2417) [2.1777, 2.5076]
d � 500, k � 100 2.2701 (0.2582) 2.3714 (0.2832) [2.1306, 2.6018]
d � 1,000, k � 100 2.4001 (0.2824) 2.4001 (0.2824) [2.2248, 2.6018]
d � 5,000, k � 100 2.3766 (0.3054) 2.3766 (0.3054) [2.1306, 2.6018]
d � 5,000, k � 500 2.2262 (0.3295) 2.4906 (0.3439) [1.9892, 2.7667]

Notes. Replicated 100 times using independently realized random
projection matrices. The true value of θ is 2.3562

projection matrix with parameter s � O(
√

d). Denote D̃k � RDd
as the projected-down data. The random projection estimator Θ̃k �

argminβ∈�b : ‖β‖�1 Q(β, D̃k) converges in half-Hausdorff distance

to the identified set Θ∗—i.e., supβ∈Θ̃k
infβ′∈Θ∗ ‖β−β′‖

p
−→ 0 for any

sequence of k, d such that k, d→∞ and d > k.

Proof. Let u(i) ≡X(i)β be the d-dimensional vector of utilities
that market i derives from each of the d choices (before real-
ization of shocks), and let p(i) be the corresponding observed
choice probabilities for market i in the data Dd . For any β,
and any pair of markets (a , b) ∈ {1, . . . , n}2, we have from
Equation (7)

Var(‖ũ(a)− p̃(b)‖2)

�
1
k

(
2‖u(a)−p(b)‖4 + (s−3)

d∑
j�1
(u(a)j − p(b)j )

4
)
, (A.6)

where (ũ(a) , p̃(b)) denotes the projected-down vector
(Ru(a) ,Rp(b)), and R is a k×d sparse randomprojectionmatrix
with parameter s � O(

√
d).

From Lemma 2 of Li et al. (2006), they show that when
(1/d)∑d

j�1 ui and (1/d)
∑d

j�1 vi exist in the limit as d→∞, then

Var(‖Ru−Rv‖2)� 1
k

(
2‖u−v‖4 + (s − 3)

d∑
j�1
(u j − v j)4

)
(A.7)

� O
(
‖u−v‖2

k

)
. (A.8)

Applying Lemma 2 of Li et al. (2006) to Equation (A.6), if the
limit of (1/d)∑d

j�1(u
(a)
j )4 exists and is bounded as d grows,

then the first term in Equation (A.6) dominates the second
term. Note that p(b) is a vector of choice probabilities whose
length is always one, and so (1/d)∑d

j�1(p
(b)
j )4 is bounded as

d→∞.
Plugging in the expression u(a)j �

∑p
t�1 βt X

(a)
j, t , we then have

(1/d)∑d
j�1(u

(a)
j )4 � (1/d)

∑d
j�1(

∑p
t�1 βt X

(a)
j, t )4. Note that |βt | < 1

per the normalization of parameters using ‖β‖ � 1. Now a
sufficient condition for (1/d)∑d

j�1(
∑p

t�1 βt X
(a)
j, t )4 to exist in the

limit is that (1/d)∑d
j�1(X

(a)
j, t )4 exists for all t, as stipulated

in Assumption 2. (By the Jensen’s inequality, if the fourth
moment exists, then all lower moments exist, and by the
Cauchy–Schwarz inequality, if Ɛ[X4] and Ɛ[Y4] exist, then
Ɛ[X2Y2], Ɛ[XY2] and so on also exist.)

Having established that the first term in Equation (A.6)
dominates, we now examine the first term. If ‖u(a)‖ � O(1),

then ‖u(a)−p(b)‖4 � O(1) since p(b) is a vector of choice proba-
bilities and ‖p(b)‖ is bounded for all d. A sufficient condition
for ‖u(a)‖ ≡ ‖X(a)β‖ � O(1) is the following: for all columns X
of X(a), we have ‖X‖2 � O(1) as d grows. This is maintained
by Assumption 3.

Therefore, we can rewrite Equation (A.6) as Var(‖ũ(a) −
p̃(b)‖2) � O(1/k). Now this bound of the variance depends
only on k and not on d. Therefore, as long as k, d←∞, this
variance goes to zero. Hence, the criterion function Q(β, D̃k)
converges pointwise to Q(β,D) as we let both d and k grow.
The rest of the proof now follows from Theorems 1 and 2.

Endnotes
1 l will be proportional to the number of markets and the number of
covariates, which we assumed to be small.
2For example, Ng (2015) analyzes terabytes of scanner data that
required an amount of RAM that was beyond the budget of most
researchers.
3See Rockafellar (1970), Fosgerau and De Palma (2015), and Chiong
et al. (2016).
4See also Davis et al. (2016) and Keane and Wasi (2012) for other
applications of sampled logit-type discrete choice models. On a
related note, Gentzkow et al. (2016) use a Poisson approximation to
enable parallel computation of a multinomial logit model of legisla-
tors’ choices among hundreds of thousands of phrases.
5Fox and Bajari (2013) use this estimator for a model of the FCC spec-
trum auctions, and also point out another reasonwhereby choice sets
may be of high dimensionality: specifically, when choice sets of con-
sumers consist of bundles of products. The size of this combinatorial
choice set is necessarily exponentially increasing in the number of
products. Even though the vectors of observed market shares will be
sparse, with many zeros, as long as a particular bundle does not have
zero market share across all markets, it will still contain identifying
information.
6Besides Fox (2007), the literature on semiparametric multino-
mial choice models is quite small and includes the multiple-index
approach of Ichimura and Lee (1991) and Lee (1995), and a pairwise-
differencing approach in Powell and Ruud (2008). These approaches
do not appear to scale up easily when choice sets are large, and also
are not amenable to dimension reduction using random projection.
7Haile et al. (2008) refer to this independence of the utility shocks
across choice scenarios as an “invariance” assumption, whereas
Goeree et al. (2005) call the rank-order property a “monotonicity” or
“responsiveness” condition.
8See Belloni et al. (2012, 2014) and Gillen et al. (2015). Neither LASSO
nor principal componentsmaintain lengths and inner products of the
data vectors; typically, they will result in reduced-dimension vectors
with length strictly smaller than the original vectors.
9Existing papers on semiparametric multinomial choices use simi-
lar setups (Fox 2007, Ichimura and Lee 1991, Lee 1995, Powell and
Ruud 2008).
10See Theorem 1(i) in Chiong et al. (2016) This is the Williams–Daly–
Zachary theorem (see McFadden 1981), generalized to the case when
the social surplus function may be nondifferentiable, corresponding
to cases where the utility shocks ε have bounded support or follow
a discrete distribution.
11For instance, consider the cycle (x , y , x); we then have (y− x)p(x)+
(x− y)p(y)� (y− x)(p(x)− p(y)) ≤ 0, which implies that if y ≥ x, then
p(y) ≥ p(x).
12See also Melo et al. (2015) for an application of cyclical monotonic-
ity for testing game-theoretic models of stochastic choice.
13All permutations such that no two permutation can be rotated into
one another, where rotationmeans changing the start of the cycle, but



Chiong and Shum: Random Projection Estimation of Discrete-Choice Models
270 Management Science, 2019, vol. 65, no. 1, pp. 256–271, ©2018 INFORMS

the relative positions of the numbers are unchanged. For instance,
the cycle (1, 2, 3, 1) is a rotation of the cycle (2, 3, 1, 2).
14Specifically, we do not impose that ε has an unbounded support.
Hence, it is entirely possible that the subgradient ofG(u) consists of a
probability vector p(u) such that some components of p(u) are zero.
As such, cyclical monotonicity inequalities are valid when some of
the observed choice probabilities are zero.
15 In the BLP (Berry et al. 1995) model, it is also possible to recover the
product-specific unobservables. Compared to the BLP, our frame-
work currently does not allow for endogenous regressors and ran-
dom coefficients.
16To see this: Ɛ[(∑i R1i xi)2]�Ɛ[· · ·+R2

1i x
2
i +R1i xi R1 j x j + · · · ], where all

of the cross-terms are zero in expectation due to independence. Then
since Ɛ[R2

1i]x2
i � (1/k)x2

i , we have Ɛ[(∑i R1i xi)2]� (1/k)(x2
1 + · · ·+ x2

d)�
(1/k)‖x‖2.
17For a detailed discussion, see chapter 1 in Vempala (2000).
18More precisely, as shown by Li et al. (2006), if all fourth moments
of the data to be projected down are finite (i.e., Ɛ[u4

j ] < ∞, Ɛ[v4
j ]

<∞, Ɛ[u2
j v2

j ] <∞, for all j � 1, . . . , d), then the term ‖u − v‖4 in the
variance formula (Equation (7)) dominates the second term (s − 3) ·∑d

j�1(u j − v j)4 for large d (which is precisely the setting in which we
wish to use random projection).
19Proofs of the Johnson–Lindenstrauss lemma can be found in,
among others, Dasgupta and Gupta (2003), Achlioptas (2003), and
Vempala (2000).
20Moreover, according to Li et al. (2006, p. 287), “the Johnson-
Lindenstrauss lemma is conservative in many applications because
it was derived based on Bonferroni correction for multiple compar-
isons.” That is, the magnitude for k in the statement of the lemma is a
worst-case scenario, and larger than necessary in many applications.
This is seen in our computational simulations, where we find that
small values for k still produce good results.
21For instance, Manski (1985) and Fox (2007). The rank-order prop-
erty makes pairwise comparisons of choices within a given choice set,
and states that, for all i , j ∈C, pi(u) > p j(u) iff ui > u j .
22This is not an unreasonable starting point, because in most typ-
ical applications of aggregate discrete-choice demand models, the
observed market shares are purchase frequencies computed from
a very large sample size, and hence any sampling error should be
rather negligible.
23Due to the normalizing constant k in constructing the random
projection matrices (Definition 3), the length of the projected vec-
tor remains bounded even as k, the dimensionality of the vector,
increases.
24We also considered two other sampling assumptions on the regres-
sors, and found that the results are robust to: (i) strong brand
effects—X(m)l , j � Xl , j + η(m)l , j , l � 1, 2, where X1, j ∼ N(1, 0.5), X2, j ∼
N(−1, 0.5), and η(m)l , j ∼ N(0, 1); and (ii) strong market effects—X(m)l , j �

X(m)l + η(m)l , j , l � 1, 2, where X(m)1 ∼ N(1, 0.5), X(m)2 ∼ N(−1, 0.5), and
η(m)l , j ∼N(0, 1).
25The fact that the criterion function is uniquely minimized is not
surprising, and occurs often in the moment inequality literature;
the random projection procedure introduces noise into the projected
inequalities so that, apparently, there are no values of the parame-
ters β that jointly satisfy all of the projected inequalities, leading to a
unique minimizer for the projected criterion function.
26All computation here is run on MATLAB using a 2.0-GHz quad-
core Intel Core i7 processor (late 2013 MacBook Pro). Time is calcu-
lated as median elapsed CPU time over 10 runs.
27This procedure is also used in Ciliberto and Tamer (2009).
28Given the assumptions in Chernozhukov et al. (2007), the true
identified set θI that minimizes the population criterion function
would satisfy limn→∞ Pr(θI ∈C1) ≥ 0.95.

29This data set has previously been used in many papers in both
marketing and economics; see a partial list at http://research
.chicagobooth.edu/kilts/marketing-databases/dominicks/papers
(last accessed March 12, 2018).
30Because of this, Hausman and McFadden (1984) have developed
formal econometric specification tests for the nested logit model.
31The outside option is constructed as follows: First we construct
the market share pi j as pi j � Quantityi j/Custcouni , where Quantityi j
is the total units of store-UPC j sold in market i, and Custcouni is
the total number of customers visiting the 11 stores and purchasing
something atmarket i. Themarket share formarket i’s outside option
is then 1−∑3,093

j�1 pi j .
32The result did not change in any noticeable way when we varied
the length of the cycles used in estimation.
33See Chevalier et al. (2003). Results are similar if we define the
holiday period as extending into January or excluding Thanksgiving.
34−0.77α � 0.0661 − (0.77 + 0.36)α(1 + 0.27), where α � −0.1161 is
a scaling factor we used to scale the price data so that the price
vector has the same length as the bonus vector. The rescaling of data
vectors is without loss of generality and improves the performance
of random projection by Equation (7).
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