Economics Letters 204 (2021) 109911

journal homepage: www.elsevier.com/locate/ecolet

Contents lists available at ScienceDirect

Economics Letters

Some remarks on CCP-based estimators of dynamic models”

Mogens Fosgerau **, Emerson Melo ", Matthew Shum ¢, Jesper R.-V. Sgrensen *

2 University of Copenhagen, Denmark
b Indiana University, United States of America
¢ California Institute of Technology, United States of America

L))

Check for
updates

ARTICLE INFO ABSTRACT

Article history:

Received 24 February 2021

Received in revised form 8 May 2021
Accepted 13 May 2021

Available online 15 May 2021

This note provides several remarks relating to the conditional choice probability (CCP) based es-
timation approaches for dynamic discrete-choice models. Specifically, the Arcidiacono and Miller
(2011) estimation procedure relies on the "inverse-CCP" mapping ¢ (p) from CCPs to choice-specific
value functions. Exploiting the convex-analytic structure of discrete choice models, we discuss two
approaches for computing this mapping, using either linear or convex programming, for models

JEL classification: where the utility shocks can follow arbitrary parametric distributions. Furthermore, the v function
€35 is generally distinct from the "selection adjustment” term (i.e. the expectation of the utility shock
C61 for the chosen alternative), so that computational approaches for computing the latter may not be
D90. appropriate for computing .

Keywords: © 2021 The Author(s). Published by Elsevier B.V. This is an open access article under the CCBY license

Dynamic discrete choice
Random utility

Linear programming
Convex analysis

Convex optimization

(http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Conditional choice probability (CCP) based estimation
approaches for dynamic discrete-choice models have become
well-established in the empirical literature on dynamic struc-
tural models. A crucial step in these procedures involves com-
puting the “inverse CCP” mapping from choice probabilities to
choice-specific value functions. This is exemplified by the Ar-
cidiacono and Miller (2011) estimation procedure, which relies
on knowing or computing the vector valued function v (p) =
(Y1®.....¥ ()7, where p = (p1,...,p) 7 is a probability
vector. For each alternative k the function v, satisfies

Y (p(2) =V (2) — v (2),

where z denotes the model state, p (z) = (p1 (2) , ..., p; (2)) T the
(conditional) choice probabilities implied by the model, vy, k =
1, ...,], are the choice-specific value functions, and V is the ex ante
(or integrated) value function .

k=1,....],
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For the multinomial logit model,

Vi (p @) =E [ el v (2) = v (2) allj # k] = —logpy (2) -

That is, ¥ (p (z)) equals the expected utility shock of the optimal
action, which we can interpret as a “selection adjustment” term.
However, as we will see, this equality is more the exception
than the rule. Furthermore, it is not clear how to compute
for any assumed distribution of the utility shocks ¢—including,
for instance, Gaussian errors, or errors which may depend on
observed covariates or state variables.

In this note, we interpret the quantity ¥ based on the convex-
analytic properties of additive random utility models (ARUMs).
We characterize a class of distributions for which ¥ (p (z)) coin-
cides with the selection adjustment term.

We discuss two general approaches for computing i for
ARUM models with arbitrary error distributions . The first ap-
proach exploits the Mass Transport Estimator (Chiong et al,
2016), which allows one to compute v (p) using linear program-
ming techniques .

Our second approach relies upon the characterization of v (p)
as the (unique) solution to an unconstrained concave program-
ming problem. We find the convex optimization approach to be
better suited for larger problems. !

1 (2018) considers a convex minimization algorithm to solve the similar
problem of “demand inversion” and illustrates his method in the case of both
the Berry et al. (1995) random coefficient logit demand model and the Berry
and Pakes (2007) pure characteristics model.
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Proofs are included in the Appendix of this note. It supple-
ments the note with the same title that is forthcoming Economics
Letters.

2. Review: Dynamic discrete choice model

To set the scene, we review the dynamic discrete choice (DDC)
model, up to the key Lemma 1 in Arcidiacono and Miller (2011).

In each period until T < oo, an individual chooses among |
mutually exclusive actions. Let di; = 1 if actionj € {1,...,]} is
taken at time t and = 0 otherwise. The current period payoff for
action j at time t depends on the state z; € {1, ..., Z}. If action j
is taken at time t, the probability of z;,; occurring in period t + 1
is fir (Zes112e).

The individual’s current period payoff for action j at time ¢
is ujc (z;) + €. The choice-specific shocks ¢j;, are revealed to
the individual at the beginning of period t. The vector & =

(¢1¢, - .., &) T is independent of the state and i.i.d. over time with
density function g, full support and finite means.
The individual chooses the vector d; = (dy,...,dy)T to

sequentially maximize the discounted sum of payoffs

T ]
E Z Z,Bt_1djt [ujt (z) + Ejt] ) (1)

t=1 j=1

where the expectation at each period t is taken over the future
values of z;11,...,zr and &41,...,¢er and B € (0, 1).
Expression (1) is maximized by a Markov decision rule

d‘[) (2[7 Sf) = (d?t (Z[s 8[) LR d_;)t (2[7 8[))3

which gives the optimal action conditional on t, z;, and &;. Inte-
grating over ¢, gives the CCPs

pjt (zt) = /d]o[ (zt, &¢) g (&r) deg. (2)

The ex ante value function period t, V; (z;), is the expected dis-
counted sum of payoffs just before ¢, is revealed and conditional
on df (z;, &):

iy
Ve @) =E{Y Y BT, (20, o) [ (20) + &5 (3)

=t j=1

By Bellman'’s principle, the V; (z;)’s can be recursively expressed
as

dot (Z[! gt)

J
J

Vi(z) = E{

Jj=1

z
X [th(lt) +eie+ 8 Z Vi1 @) fie (Zt+1|Zt)] }

Zp1=1

J
= Z/d,ot (zc, &)
j=1

z
X |:th (z)) + e + B Z Vg1 @er1) fie (2o \Zt)]g (er) deg

Zr1=1

where the second expression integrates out the disturbance vec-
tor &;. The choice-specific conditional value function, vj (z;), is the
flow payoff of action j without g, plus the discounted expected
future utility conditional on the optimal decision rule from period
t+1on:

z
Vje (Zt) = Uje (2¢0) + B Z Vier @e1) fir @ealze) - (4)

Z1=1
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Observe that the ex-ante value function V; (z;) coincides with the
social surplus function W defined by

W (v) = Eg[max {oke + Skt}], velR, (5)
1<k<J

evaluated at v, (z;).

2.1. The  (inverse-CCP) mapping from Arcidiacono-Miller

Arcidiacono and Miller (2011, Lemma 1) show that the value
function V; (z;) can expressed as a function of a conditional value
function vj (z;), plus a function of the conditional choice prob-
abilitijes Dt (z¢). Let A° be the set of positive probability vectors
peR.

Lemma 1 (Arcidiacono and Miller, 2011). There exists a function
¥ A° — R with

Vi (pc (20)) = Vi (20) — vie (20)  forevery ke{l,....]}. (6)

Arcidiacono-Miller’s estimation procedure relies on 1. They
show how to compute this for Generalized Extreme Value (GEV)
distributed ¢ (leading to, e.g., logit or nested logit), but it is not
clear how to compute this for general assumed distributions of ¢.
This note addresses this issue.

3. Interpretation of ¥

The ex-ante value function Vi(z;), as defined in (3) above,
arises from evaluating the convex function W at the vector v; (z;).
Following Chiong et al. (2016), the i function can therefore be
interpreted from a convex-analytic perspective.

3.1. Random utility and convex analysis

Consider a decision maker (DM) making a utility maximizing

discrete choice among alternatives j € {1,...,J} The utility of
option j is
13]‘ = + €j, (7)

where v = (vy, ..., v;)7 is deterministic and ¢ = (e1,..., &) is
a vector of random utility shocks. This is the classic additive ran-
dom utility model (ARUM) McFadden (1978). Our presentation of
the ARUM framework here will emphasize convex-analytic prop-
erties which will be important in drawing connections with Ar-
cidiacono and Miller (2011)’s approach.

Assumption 1. The random vector ¢ is absolutely continuous
with finite means, independent of v, and fully supported on R/ .2

Assumption 1 leaves the distribution of ¢ unspecified, thus
allowing for a wide range of choice probability systems far be-
yond the often used logit model. The assumption allows arbi-
trary correlation between the g;s, which may be important in
applications.

The DM then has choice probabilities

pk(U)E]P’(Uk-FSk = max{vj+ej}>, k=1,....].
1=jg)
An important object in this paper is the surplus function of the

discrete choice model (so named by McFadden, 1981). As defined
at the end of Section 2, it is given by

W (v) = E, [{Tﬁl?ﬁx]{vj"‘gj}}. (8)

2 Sprensen and Fosgerau (2020) establish minimal conditions that may
replace Assumption 1.
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Under Assumption 1, W is convex and differentiable and the
choice probabilities p coincide with the derivatives of W3:

iW(v):pk(v) fork=1,...,]
31),(
or, using vector notation, p (v) = VW(v). This is the Williams-
Daly-Zachary theorem, famous in the discrete choice literature
(McFadden, 1978, 1981).

Next we introduce the “selection adjustment” terms, which
are the expected values of the utility shocks for each choice given
that the choice is optimally selected, i.e.

ex (v) = E[sk k = argmax{ﬁj}]

15j<)
with e (v) = (e; (v), ..., ¢ (v)). Then the social surplus function
W can be expressed as a weighted average,
J
W@ =Y pi®[v+e®)], 9)
j=1

with weights given by the choice probabilities.
Given a choice probability vector p, the conjugate surplus
W*(p) is defined as

W*(p) = sup {v'p — W(v)}. (10)
veR/

Combining (9) with the fact that W (v)+W™* (p) = v'p if and only

if p = VW (v), we obtain an alternative expression for W* (p (v))

as a choice probability-weighted sum of expectations of the utility

shocks &

J
W (p () ==Y pj(v) g (v).

j=1
3.2. When do vi(p:(z¢)) and ex(v¢(z;)) coincide?

Returning to the DDC setting, we know that for the multino-
mial logit model both v (p:(z¢)) and ex(v(z;)) equal — log pi(z¢),
k = 1,...,]. As we explain below, the same relation holds for
all ARUMs arising from the GEV family. However, it does not
hold for non-GEV distributions in general. (See Dearing, 2019 for
a counterexample.) We next explore the relationship between
Yi(pe(z:)) and ey (ve(z;)) in more detail.

For choice probabilities p;(z;), the rationalizing utilities v¢(z;)
are identified up to location (cf. Chiong et al., 2016, Section 2.3).
With the utility normalization W(v2(z;)) = 0, using Lemma 1 and
Ve (ze) = W (v¢ (z¢)), we obtain

Yi(pe(ze)) = Vi (20) — vie (20) = W(U?(Zt)) - v,?t (ze) = —UE[ () .
It follows that

pt(zt)Tet(U?(Zt)) = pe(ze)" Y (pe(2e)),

as both sides equal —W*(p¢(z;)). As noted by Dearing (2019),
this means that et(vf’(zt)) and ¥ (p¢(z;)) lie in the same hyper-
plane. However, inner products coinciding does not imply that
et(”?(zt)) = Y (pe(z)).

It turns out, that there is a simple condition that allows one to
know when e(v¢(z;)) = ¥(p:(z¢)). The result is related to “invari-
ance" as defined in Fosgerau et al. (2018). Let o; = vj + ¢, 0 =
max; vj, and & = argmax; vj. A random vector v has the invariance
property, when v, the utility of the chosen alternative, and &,
the index of the chosen alternative, are statistically independent.

3 The convexity of W follows from the convexity of the max function.
Differentiability follows from the (absolute) continuity of e.

4 See Chiong et al. (2016, p. 89).
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Under invariance, we can compute i from the expected utility
shocks. Invariance implies that the distribution of the utility of a
specific alternative, conditional on that alternative being chosen,
is the same, regardless of which alternative is considered.

Proposition 2. [f the ARUM satisfies invariance for all v, then
E [exltk = 3 all j # k] = Y1 (p (v)) -

All (regular) GEV have the invariance property (Fosgerau et al.,
2018). Then the finding that ¥/(p:(z;)) = e(v¢(z;)) for the GEV is a
special case of the result for ARUM with the invariance property.
It is the invariance property that drives the result.

4. Characterization and computation of

The main issue in applying Lemma 1 is to compute the func-
tion ¥ (p: (z;)). In this section we discuss two alternative ap-
proaches. Both work with an arbitrary distribution of the utility
shocks ¢ and do not require the invariance property. This is in
contrast to most of the existing literature, which has focused on
the multinomial logit model. Following Chiong et al. (2016) we
first show how to compute W*(p¢(z;)) and recover the vector v;.
Second, following Li (2018), we compute i as the solution to a
convex optimization problem.

4.1. Two convex-analytic characterizations

By Fenchel’s equality and the observation that V;(z;) =
W (v¢ (z:)) we know that V; (z,) + W* (p; (1)) = pe (2) Tv; (20).
Then

¥ (e (20)) = pe (2) Tve (2) — W* (p; (z)) — vje (Z¢) - (11)

For choice probabilities p;(z;), the rationalizing utilities v.(z;)
differ by a common constant. The constant is differenced out in
W (ve(z)) — vje(z¢), and therefore ; (p; (z;)) is uniquely deter-
mined.

Alternatively, Chiong et al. (2016) characterize the i function
as the solution to

W*(p) = ma3<{va — W) st W)=0. (12)
veR

In this way, ¥(p) can be interpreted as the vector of choice-
specific value functions that rationalize the observed choice prob-
abilities p, under the normalization that W(v) = 0.

4.2. Computation using linear programming

For given choice probability vector p;(z;), we can use the LP
procedure in Chiong et al. (2016) to compute W*(p;(z;)) and then
combine with (11) to determine ¥ (p; (z;)). Specifically, upon
replacing F, the distribution of the utility shocks ¢, by a discrete
distribution, the program in (12) becomes a linear program -
an assignment problem - with dimension equal to the product
of the number of alternatives (J) and the number of support
points (S). Let F be an S-point discrete approximation to the
shock distribution which is uniform on its support supp(F) =

{e'.....€°}. We can approximate W*(p) using by solving the
linear program (LP)
ma 3 e 13
1S
S
Y me=p. Vie(l.....]} (14)
s=1

J

1
an5=§, Vse{l,...,S}. (15)
j=1
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For this discretized problem, let VT/(v) and W*(p) denote the ap-
proximate social surplus and conjugate surplus respectively. The
set dW*(p) € R/ then corresponds to the Lagrange multipliers
associated with the constraints (14).

In short, for given choice probability vector p.(z;), we can use
the LP procedure in Chiong et al. (2016) to compute W*(p;(z;)).
Any one of the vectors v(z;) € dW*(p¢(z¢)) which rationalize
pe(z¢) can be recovered as the Lagrange multipliers in the LP
problem. Subsequently, we can compute ¥ using Eq. (11).

4.3. Computation using convex programming

Alternatively, ¢ can be computed as the solution to (12).
We suggest a convex optimization program that automatically
incorporates the constraint (normalization) W(v) = 0 by using
the exponentiated surplus eV rather than the surplus itself.

Proposition 3. The function ¥ in Lemma 1 is given by

¥(p) = argmax{v’p — "™}, pe A°. (16)

veR/
The solution satisfies W(yr(p)) = 0 for any p € A°.

The exponentiated surplus is strictly convex, so first-order
conditions are necessary and sufficient to find (p). In order
to gain some intuition, we note that the first-order conditions
require that p = VW(v)e" ™, and VW(v) = p by the Williams-
Daly-Zachary theorem. Then 1 = e"("), which is the desired
normalization. Very efficient convex optimization algorithms are
readily available for the problem (16). Li (2018) uses a trust
region algorithm to solve the equivalent problem (12) for a static
discrete-choice model and shows that it outperforms the Berry
et al. (1995) contraction mapping computationally in the case of
a random coefficient logit model.

4.4. Comparing linear and convex programming

The LP problem (13)-(15) typically becomes very high-
dimensional as a very large number of draws for the utility shocks
& may be required to approximate the consumer heterogeneity
distribution F sufficiently. While solvers exist for large-scale LP
problems (say, S < 10°) , memory or time constraints may be
prohibitive in practice.’

In contrast, problem (16) recasts the constrained optimization
problem (12) as an unconstrained optimization problem. Since the
approximation sample only enters through the average

s
~ 1
W @) == max{v; + &}, 17
@) S;w{] i) (17)
one may employ a very large S at essentially no additional com-
putational burden. Moreover, since W is differentiable almost
everywhere with gradient given by

S

0 ~ 1
— W) = - E l(k = argmax{v; + 8-5}), (18)
vy S & 5y

one may solve the discretized version of (16) using one of the
many gradient-based optimizers for unconstrained convex pro-
gramming. For example, experimenting with Matlab’s default
unconstrained minimization algorithm (fminunc), we arrive at
a highly precise answer within a fraction of a second even when
using simulation draws in the hundreds of thousands. This nu-
merical finding is especially encouraging when thinking about
CCP inversion as part of an inner loop in a greater estimation

5 Such experience has been noted before (Galichon, 2016, pp. 31-32).
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routine. Our experience with the two computational methods
indicates that the convex programming approach is better suited
for problems involving more than a few alternatives.

If the number of simulation draws S is small, then our approx-
imation (18) to a small surplus partial derivative may become
exactly zero, and the resulting ¢ approximation may be poor.
This affects both approaches as they solve the same problem.
With the convex optimization approach the issue is minor since S
can be increased at essentially no cost. If it is difficult to sample
from F, then one may consider an alternative approximation to
the surplus by means of importance sampling.

5. Conclusion

This note has interpreted the i function from Arcidiacono
and Miller (2011) in terms of the convex-analytic properties of
dynamic-discrete choice (DDC) models. This leads naturally to
computational methods which enable researchers to estimate
DDC models in which the error terms can be drawn from dis-
tributions far beyond the usual logit families assumed in the
empirical literature. More generally, the results here highlight the
deep connections between the CCP approach to estimating DDC
models and the convex-analytic properties of additive random
utility models. We believe further exploration of this connection
may be fruitful.

Appendix. Proofs

Proof of Proposition 2. Under invariance:

P(ex > tog = Uy allj # k) =P (v + & > v + t]E = k)
=P (D> v +tlE =k)
=P(d>w+t),

and then

E (ex|ox > ¥y all j # k) = E (5xl& = k) — vk
=E (0§ = k) — v
:E(f)) — g
=Ww)—v 1

Lemma 4. The function 2 : R/ — R defined by

Q@) =e"Y yeR, (19)

is strictly convex.

Proof. It is well known that W has domain equal to R/ with
VW (v) € A°, v € R/. Moreover, it satisfies the homogeneity
relationship W (v + at) = W (v) + o, @ € R, where ¢ denotes a
vector of ones. This relationship makes W linear and, thus, eV
strictly convex in the direction of the diagonal ¢. Finally, W is
strictly convex on any hyperplane of the form {v € R|vt =
c} (Serensen and Fosgerau, 2020).

It remains to show that e" is strictly convex when moving
in any other direction. So consider v', v? € R/, v! # v?, where
(v = UZ)TL # 0 and v' — v? is not parallel to «. Write v! —v? =
0 + at, where o't = 0. (Note that since v! — v? is not parallel to
t, we must have o # 0.) Let A € (0, 1). Then by the homogeneity
property and by strict convexity of W in the direction of vector
o,

W (' + (1 —2) v?)

W(vz+ko+)»at)
W (v* + 10) + Aax
W (% (v* +0) + (1 — 1) v*) + rax
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<AW (v®40) + (1 =)W (v*) + rer
=MW (v +o+at)+(1—2)W(v?)
=AW (") + A -0 W (v?),

and hence also e" is strictly convex. ®

Proof of Proposition 3. By Lemma 4, £2 defined in (19) is
strictly convex. Moreover, §2 is finite and everywhere differen-
tiable. Then Rockafellar (1970, Theorem 26.5) applies, showing
that the convex conjugate £2* of §2 is proper, closed, essentially
smooth and essentially strictly convex. Moreover, the gradient
mapping V£ : Rl — int (dom £2*) : x — V2 (x) is a topological
isomorphism with inverse mapping (V)" ! = V2*,

By Norets and Takahashi (2013, Theorem 1), the gradient
VW (v) has range equal to A°.5 From the properties of ARUM
we obtain that

VR (+a) =e*VR2 (v),
which implies that V£ (v) = £ (v) VW (v) has range equal to

+
The convex conjugate £2* of £2 is defined by

2F (x) =sup{v'x — 2 (v)}.

v
We recognize this as the maximization problem in Proposition 3.
The first-order condition for this problem is x = V£ (v), and a
solution exists uniquely for any x € R’++ since range V2 = R’++-

For x € RJ\R' , it is easy to show that £2 (x) = oo. Inverting
the first-order condition at x € R’+ . yields

V=VR 0=V (W,
and inserting this into the supremum problem shows that
2 (x) =0x— 2" (D)
=0Tx — V" (D)
=XTVR (X) — TVR* ((VQ*)_1 (X)>
=XV (x) — (x.
Define ¢ = V2* = (V£2)~! as the solution to this problem.

6 Applying standard results from convex analysis, Serensen and Fosgerau
(2020) obtain a more general result.
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To prove that W (¢ (p)) = 0, write the first-order condition
[with x = p and v = ¥ (p)] as

p=e""PVW (v (p)).
Multiply both sides by ¢ to obtain that
1=/p= eWve) Tyw W (p) = eW(l//(P))’ (20)

since probabilities sum to one. H

References

Arcidiacono, Peter, Miller, Robert A., 2011. Conditional choice probability esti-
mation of dynamic discrete choice models with unobserved heterogeneity.
Econometrica (ISSN: 0012-9682) 79 (6), 1823-1867. http://dx.doi.org/10.
3982/ecta7743, URL https://[www.jstor.org/stable/41336537.

Berry, Steven, Levinsohn, James, Pakes, Ariel, 1995. Automobile prices in market
equilibrium. Econometrica 63 (4), 841-890.

Berry, Steven, Pakes, Ariel, 2007. The pure characteristics demand model. In-
ternat. Econom. Rev. (ISSN: 00206598) 48 (4), 1193-1225. http://dx.doi.org/
10.1111/j.1468-2354.2007.00459.x, URL http://www.blackwell-synergy.com/
doi/abs/10.1111/j.1468-2354.2007.00459.x.

Chiong, Khai Xiang, Galichon, Alfred, Shum, Matt, 2016. Duality in dynamic
discrete-choice models. Quant. Econom. (ISSN: 17597323) 7 (1), 83-115.
http://dx.doi.org/10.3982/QE436, URL http://doi.wiley.com/10.3982/QE436.

Dearing, A., 2019. Pseudo-value functions and closed-form CCP estimation of
dynamic discrete choice models. Working Paper.

Fosgerau, M., Lindberg, P.O., Mattsson, L.-G., Weibull, J., 2018. A note on the
invariance of the distribution of the maximum. ]. Math. Econom. (ISSN:
18731538) 74, http://dx.doi.org/10.1016/j.jmateco.2017.10.005.

Galichon, Alfred, 2016. Optimal Transport Methods in Economics. Princeton
University Press.

Li, Lixiong, 2018. A general method for demand inversion.

McFadden, Daniel, 1978. Modelling the choice of residential location. In: Kar-
lquist, A., Snickars, F., Weibull, Jorgen W. (Eds.), Spatial Interaction Theory
and Planning Models, Vol. 673, No. 477. North Holland, Amsterdam, ISBN:
1111111111, pp. 75-96, URL http://cowles.econ.yale.edu/P/cd/d04b/d0477.
pdf.

McFadden, Daniel, 1981. Econometric models of probabilistic choice. In:
Manski, C., McFadden, D. (Eds.), Structural Analysis of Discrete Data
with Econometric Applications. MIT Press, Cambridge, MA, USA, ISBN:
0262131595, pp. 198-272. http://dx.doi.org/10.1086/296093.

Norets, Andriy, Takahashi, Satoru, 2013. On the surjectivity of the mapping
between utilities and choice probabilities. Quant. Econom. (ISSN: 17597323)
4 (1), 149-155. http://dx.doi.org/10.3982/QE252, URL http://doi.wiley.com/
10.3982/QE252.

Rockafellar, R. Tyrrell, 1970. Convex Analysis. Princeton University Press,
Princeton, NJ., ISBN: 0691080690, p. 467. http://dx.doi.org/10.1515/
9781400873173.

Serensen, Jesper R.-V., Fosgerau, Mogens, 2020. How McFadden met Rockafellar
and learnt to do more with less.


http://dx.doi.org/10.3982/ecta7743
http://dx.doi.org/10.3982/ecta7743
http://dx.doi.org/10.3982/ecta7743
https://www.jstor.org/stable/41336537
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb2
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb2
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb2
http://dx.doi.org/10.1111/j.1468-2354.2007.00459.x
http://dx.doi.org/10.1111/j.1468-2354.2007.00459.x
http://dx.doi.org/10.1111/j.1468-2354.2007.00459.x
http://www.blackwell-synergy.com/doi/abs/10.1111/j.1468-2354.2007.00459.x
http://www.blackwell-synergy.com/doi/abs/10.1111/j.1468-2354.2007.00459.x
http://www.blackwell-synergy.com/doi/abs/10.1111/j.1468-2354.2007.00459.x
http://dx.doi.org/10.3982/QE436
http://doi.wiley.com/10.3982/QE436
http://dx.doi.org/10.1016/j.jmateco.2017.10.005
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb7
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb7
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb7
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb8
http://cowles.econ.yale.edu/P/cd/d04b/d0477.pdf
http://cowles.econ.yale.edu/P/cd/d04b/d0477.pdf
http://cowles.econ.yale.edu/P/cd/d04b/d0477.pdf
http://dx.doi.org/10.1086/296093
http://dx.doi.org/10.3982/QE252
http://doi.wiley.com/10.3982/QE252
http://doi.wiley.com/10.3982/QE252
http://doi.wiley.com/10.3982/QE252
http://dx.doi.org/10.1515/9781400873173
http://dx.doi.org/10.1515/9781400873173
http://dx.doi.org/10.1515/9781400873173
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb13
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb13
http://refhub.elsevier.com/S0165-1765(21)00188-9/sb13

	Some remarks on CCP-based estimators of dynamic models
	Introduction
	Review: Dynamic discrete choice model
	The  (inverse-CCP) mapping from Arcidiacono–Miller

	Interpretation of k
	Random utility and convex analysis
	When do k(pt(zt)) and ek(vt(zt)) coincide?

	Characterization and computation of 
	Two convex-analytic characterizations
	Computation using linear programming
	Computation using convex programming
	Comparing linear and convex programming

	Conclusion
	Appendix. Proofs
	References


