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Chapter 1

Demand estimation for

differentiated-product markets



1.1 Why demand analysis/estimation?

There is a huge literature in recent empirical industrial organization which focuses

on estimation of demand models. Why??

Demand estimation seems mundane. Indeed, most IO theory concerned about supply-
side (firm-side). However, important determinants of firm behavior are costs, which

are usually unobserved.

For instance, consider a fundamental question in empirical I0: how much market

p

power do firms have? Market power measured by markup: mec. Problem: mc not

observed! For example, you observe high prices in an industry. Is this due to market
power, or due to high costs? Cannot answer this question directly, because we don’t

observe costs.

The “new empirical industrial organization” (NEIO; a moniker coined by Bresnahan
(1989)) is motivated by this data problem. NEIO takes an indirect approach, whereby

we obtain estimate of firms’ markups by estimating firms’ demand functions.

Intuition is most easily seen in monopoly example:

e max pq(p) — C(q(p)), where ¢(p) is demand curve.
p

e FOC: q(p) +pq'(p) = C"(q(p))d'(p)

e At optimal price p*, Inverse Elasticity Property holds:

. oy a()
(p" = MC(q(p"))) = ()

. pr—me(g(pr) 1
p* e(p*)’

where €(p*) is ¢’ (p*)%, the price elasticity of demand.
q(p*



p*—mc(q(p*))

e Hence, if we can estimate ¢(p*), we can infer what the markup >

is,

even when we don’t observe the marginal cost mc (¢(p*)).
e Similar exercise holds for oligopoly case (as we will show below).

e Caveat: validity of exercise depends crucially on using the right supply-side

model (in this case: monopoly without entry possibility).

If costs were observed: markup could be estimated directly, and we could test for

vaalidity of monopoly pricing model (ie. test whether markup= _Tl)

In these notes, we begin by reviewing some standard approaches to demand es-
timation, and motivate why recent literature in empirical 10 has developed new
methodologies.

1.2 Review: demand estimation

Linear demand-supply model:

Demand: ¢ = yip; + X}, 81 + un

Supply: pr = 720; + Xga 02 + w2 (1.1)
Equilibrium: ¢ = ¢}

Demand function summarizes consumer preferences; supply function summa-

rizes firms’ cost structure

Focus on estimating demand function:

Demand: ¢ = y1p; + Xg1 81 + s (1.2)

If uy correlated with us, then p; is endogenous in demand function: cannot

estimate using OLS. Important problem.



e Instrumental variable (IV) methods: assume there are instruments Z’s so that

e Properties of appropriate instrument Z for endogenous variable p:

1. Uncorrelated with error term in demand equation: E(u;Z) = 0. Exclu-

sion restriction. (order condition)

2. Correlated with endogenous variable: E(Zp) # 0. (rank condition)
e The z’s are exogenous variables which can serve as instruments:

1. x5 are cost shifters; affect production costs. Correlated with p, but not

with w1 use as instruments in demand function.

2. x4 are demand shifters; affect willingness-to-pay, but not a firm’s pro-
duction costs. Correlated with ¢; but not with uy;: use as instruments in

supply function.

The demand models used in empirical IO different in flavor from “traditional”
demand specifications. Start by briefly showing traditional approach, then
motivating why that approach doesn’t work for many of the markets that we

are interested in.

1.2.1 “Traditional” approach to demand estimation

e Consider modeling demand for two goods 1,2 (Example: food and clothing).

e Data on prices and quantities of these two goods across consumers, across

markets, or over time.
e Consumer demand determined by utility maximization problem:

max U(xy, z2) s.t. pr1ag + poxe = M (1.3)

1,22

e This yields demand functions x}(p1, pa, M), 5(p1, pa, M).



e Equivalently, start out with ndirect utility function

V<p17p27 M) = U(xi(]?l»p% M)7 1’;(17171)27 M))

e Demand functions derived via Roy’s Identity:

) v oV
951(]91>P2>M) = _5’_191 8_M

) oV v (14)
r5(p1,p2, M) = ~op, 00

This approach is often more convenient empirically.

e This “standard” approach not convenient for many markets which we are in-
terested in: automobile, airlines, cereals, toothpaste, etc. These markets char-
acterized by:

— Many alternatives: too many parameters to estimate using traditional
approach

— At individual level, usually only choose one of the available options (dis-
crete choices). Consumer demand function not characterized by FOC of

utility maximization problem.
These problems have been addressed by

— Modeling demand for a product as demand for the characteristics of that
product: Hedonic analysis (Rosen (1974), Bajari and Benkard (2005)).

This can be difficult in practice when there are many characteristics, and

characteristics not continuous.

— Discrete choice: assume each consumer can choose at most one of the
available alternatives on each purchase occasion. This is the approach

taken in the moden empirical 1O literature.



1.3 Discrete-choice approach to modeling demand

e Starting point: McFadden’s ((1978),(1981)) random utility framework.

e There are J alternatives j = 1,...,J. Each purchase occasion, each consumer
i divides her income y; on (at most) one of the alternatives, and on an “outside

good”:

max U;(z;, 2) st. pj +p.2 =1; (1.5)

]72:

where

— x; are chars of brand j, and p; the price
— z is quantity of outside good, and p, its price

— outside good (7 = 0) denotes the non-purchase of any alternative (that is,

spending entire income on other types of goods).

e Substitute in the budget constraint (z = y;p") to derive conditional indirect

z

utility functions for each brand:

* — Py
U;, = Us(a;, 2—11), (1.6)

If outside good is bought:

3 y
i0 — Ui(Oa _)-

z

(1.7)

e Consumer chooses the brand yielding the highest cond. indirect utility:
e U} specified as sum of two parts. The first part is a function V(- --) of the
observed variables (prices, characteristics, etc.). The second part is a “utility

shock”, consisting of choice-affecting elements not observed by the econometri-

clan:

Ui = Vij(pj, p=r yi) + €35 (1.9)



The utility shock ¢;; is observed by agent ¢, not by econometrician: we call
this a structural error. From agent’s point of view, utility and choice are

determanistic.

Given this specification, the probability that consumer ¢ buys brand j is:
D;j = Prob{epn, ... 6y Uy > Uy for j' # i} (1.10)

If households are identical, so that Vj; = Vi; for 4,4, and € = {e, ..., €5} is
iid across agents ¢ (and there are a very large number of agents), then D;; is

also the aggregate market share.

Hence, specific distributional assumptions on € determine the functional form

of choice probabilities. Two common distributional assumptions are:

1. (€o,- .., €y) distributed multivariate normal: multinomial probit. Choice
probabilities do not have closed form, but they can be simulated (Keane
(1994), McFadden (1989)). (cf. GHK simulator, which we describe in a
different set of lecture notes.)

But model becomes awkward when there are large number of choices,
because number of parameters in the variance matrix X also grows very

large.
2. (g5, j=0,...,J) distributed i.i.d. type I extreme value across i:

F(e) = exp {— exp (—6 - ”)} (1.11)

L

with the location parameter n = 0.577 (Euler’s constant), and the scale

parameter (usually) p = 1.

This leads to multinomial logit choice probabilities:
exp(V;;)

Zj’:l,...,] exp(Vijr)

Normalize Vj = 0. (Because Z}]=1 D;; =1 by construction.)

Di(--+) = (1.12)

Convenient, tractable form for choice probabilities, which scales easily
when the number of goods increases. For this reason, the multinomial

logit model is basis for many demand papers in empirical 10O.



Problems with multinomial logit

Despite its tractibility, the MNL model has restrictive implications, which are par-

ticularly unattractiveness for its uss in a demand setting. Specifically: the odds ratio

between any two brands j, j* doesn’t depend on number of alternatives available
D; _ exp(V))

— 1.13
Dy~ exp(V,) (1.13)

This is the Independence of Irrelevant Alternatives (ITA) property.

Example: Red bus/blue bus problem:

e Assume that city has two transportation schemes: walk, and red bus, with
shares 50%, 50%. So odds ratio of walk/RB= 1.

e Now consider introduction of third option: train. IIA implies that odds ratio
between walk/red bus is still 1. Unrealistic: if train substitutes more with bus
than walking, then new shares could be walk 45%, RB 30%, train 25%, then
odds ratio walk/RB=1.5.

e What if third option were blue bus? IIA implies that odds ratio between
walk/red bus would still be 1. Unrealistic: BB is perfect substitute for RB, so
that new shares are walk 50%, RB 25%, bb 25%, and odds ratio walk/RB=2!

e So this is especially troubling if you want to use logit model to predict pene-

tration of new products.

Implication: invariant to introduction (or elimination) of some alternatives.

If interpret D;; as market share, ITA implies restrictive substitution patterns:
Ea.c = Ebe, for all brands a,b # c. (1.14)

If V; = B; + a(y — p;), then ¢, = —ap.D,, for all ¢ # a: Price decrease in brand a

attracts proportionate chunk of demand from all other brands. Unrealistic!



Because of this, the multinomial logit model has been “tweaked” in order to eliminate

the implications of ITA:

1. Nested logit: assume particular correlation structure among (€, - . ., €;x5). Within-
nest brands are “closer substitutes” than across-nest brands (This model is
generated by assuming that the utility shocks € follow a “generalized extreme
value” distribution, cf. Maddala (1983, chap. 2)). See Goldberg (1995) for an

application of this to automobile demand.

(Diagram of demand structure from Goldberg paper. One shortcoming of this

approach is that the researcher must know the “tree structure” of the model.)

2. Random coefficients: assume logit model, but for agent ::
Ui = X]/ﬂi — Qp; + € (1.15)

(coefficients are agent-specific). This allows for valuations of characteristics,
and price-sensitivities, to vary across households. But note that, unlike nested
logit model, ITA is still present at the individual-level decision-making problem

here; the individual-level choice probability is still multionomial-logit in form:

eXp (X]/ﬂi - aipj)

D;; = .
! Zj’ exp (X]/-/Bi - Oéipj')

But aggregate market share is

exp Xlﬁz_ ZpJ) . ..
/Z/exp X1,8; — aipy) dF (ai, 5i) (1.16)

and differs from individual choice probability. At the aggregate level, ITA
property disappears.

We will focus on this model below, because it has been much used in the recent

literature.



1.4 Berry (1994) approach to estimate demand in

differentiated product markets

Methodology for estimating differentiated-product discrete-choice demand models,

using aggregate data.

Data structure: cross-section of market shares:

55 D) X, X5

25% $1.50 red large
30% $2.00 blue small
45% $2.50 green large

QW >~

Total market size: M
J brands

Note: this is different data structure than that considered in previous contexts: here,

all variation is across brands (and no variation across time or markets).

Background: Trajtenberg (1989) study of demand for CAT scanners. Disturbing
finding: coefficient on price is positive, implying that people prefer more expensive

machines! Upward-sloping demand curves.
(Tables of results from Trajtenberg paper)

Possible explanation: quality differentials across products not adequately controlled
for. In equilibrium of a diff’d product market where each product is valued on the
basis of its characteristics, brands with highly-desired characteristics (higher quality)

command higher prices. Unobserved quality leads to price endogeneity.
L]

Here, we start out with simplest setup, with most restrictive assumptions, and later



describe more complicated extensions.

Derive market-level share expression from model of discrete-choice at the individual

household level (i indexes household, j is brand):

Uj = X;B — ap; + & +ei;

=J;

(1.17)

where we call §; the “mean utility” for brand j (the part of brand j’s utility which

is common across all households 7).
L] ]

Econometrician observes neither ; or ¢;;, but household i observes both: these are

both “structural errors”.

&1, ..., & are interpreted as “unobserved quality”. All else equal, consumers more

willing to pay for brands for which ¢; is high.

Important: &;, as unobserved quality, is correlated with price p; (and also potentially
with characteristics X;). It is the source of the endogeneity problem in this demand

model.
Make logit assumption that €;; ~ iid TIEV, across consumers ¢ and brands j.

Define choice indicators:

1 if ¢ chooses brand j
Yij = _ (1.18)
0 otherwise
Given these assumptions, choice probabilities take MN logit form:
. exp (0,
Pr(yij:1|B7xj’7£j’7j/:17"'7‘]): ( ]) (119)

Zj/:o exp (6;) '



Aggregate market shares are:

exp (9;)
Sooiexp(6)  (1.20)

1 .
8§ = qp M Priyy = UB ay. & j =1, J)] =

Eféj(éo,él,...,é])Eéj(a,ﬁ,&,...,@]).

§(---) is the “predicted share” function, for fixed values of the parameters o and f3,

and the unobservables &, ..., &;.

e Data contains observed shares: denote by 5;,7=1,...,J

(Share of outside good is just § =1 — ijl §;.)

e Model + parameters give you predicted shares: §5;(a, 5,&1,...,€5),j=1,...,J

e Principle: Estimate parameters «, 8 by finding those values which “match”
observed shares to predicted shares: find «, 8 so that 5;(a, ) is as close to §;

as possible, for j =1,...,J.

e How to do this? Note that you cannot do nonlinear least squares, i.e.

<

min (5 — 8. B,&, ..., &) (1.21)
8

This problem doesn’t fit into standard NLS framework, because you need to

know the &’s to compute the predicted share, and they are not observed.

EEE
Berry (1994) suggests a clever IV-based estimation approach.

Assume there exist instruments Z so that £ (£2) =0



Sample analog of this moment condition is

J J

1 1

j E ngj = j E (5] — XJB + Ozpj) Zj (122)
i=1

j=1
which converges (as J — 00) to zero at the true values ag, By. We wish then to
estimate («, 5) by minimizing the sample moment conditions.

Problem with estimating: we do not know d,! Berry suggest a two-step approach

First step: Inversion

o If we equate §; to 5; (g, d1,...,0y), for all j, and normalize J, = 0, we get a

system of J nonlinear equations in the .JJ unknowns dy,...,d;:
<§1 =5 (517"'75J)
(1.23)

<§J:§J(617"'75J)

e You can “invert” this system of equations to solve for d1,...,0; as a function

of the observed 54,...,5;.

e Note: the outside good is j = 0. Since 1 = Zj:o 5; by construction, you

normalize dg = 0.

~

e Output from this step: Sj =0, (51,...,85), j=1,...,J (J numbers)
Second step: IV estimation

e Going back to definition of J;’s:
o =X1f—ap +&
(1.24)

0y =X;8—ap;+&;



e Now, using estimated &’s, you can calculate sample moment condition:
1
j=1

and solve for «, 8 which minimizes this expression.

o If §; is linear in X, p and & (as here), then linear IV methods are applicable
here. For example, in 2SLS, you regress p; on Z; in first stage, to obtain fitted

prices p(Z;). Then in second stage, you regression d; on X; and p(Z;).

Later, we will consider the substantially more complicated case when the un-
derlying demand model is the random-coefficients logit model, as in Berry,
Levinsohn, and Pakes (1995).

What are appropriate instruments (Berry, p. 249)?

e Usual demand case: cost shifters. But since we have cross-sectional (across

brands) data, we require instruments to very across brands in a market.

e Take the example of automobiles. In traditional approach, one natural cost

shifter could be wages in Michigan.

e But here it doesn’t work, because its the same across all car brands (specifically,
if you ran 2SLS with wages in Michigan as the IV, first stage regression of price

p; on wage would yield the same predicted price for all brands).

e BLP exploit competition within market to derive instruments. They use IV’s
like: characteristics of cars of competing manufacturers. Intuition: oligopolistic
competition makes firm j set p; as a function of characteristics of cars produced
by firms ¢ # j (e.g. GM’s price for the Hum-Vee will depend on how closely
substitutable a Jeep is with a Hum-Vee). However, characteristics of rival cars

should not affect households’ valuation of firm j’s car.



e In multiproduct context, similar argument for using characteristics of all other

cars produced by same manufacturer as I'V.

e With panel dataset, where prices and market shares for same products are
observed across many markets, could also use prices of product j in other
markets as instrument for price of product j in market ¢ (eg. Nevo (2001),
Hausman (1996)).

L] [
One simple case of inversion step:
MNL case: predicted share $; (d1,...,d;) = B(U) —

1+Zj,:1 exp(éj/)

The system of equations from matching actual to predicted shares is:

R 1
So =
L+ 325, exp(d;)
. exp(d7)
S1 = 7
1+ 25 exp(d;) (1.26)
5 exp(dy)

1+ Z}]=1 exp(d;)

Taking logs, we get system of linear equations for 9;’s:
log $; = 0; — log (denom)
(1.27)
log $; = 05 — log (denom)
log $9 = 0 — log (denom)
which yield

d; =logs; —logdy, j=1,...,.J (1.28)



So in second step, run IV regression of

(log 8; —log $0) = X; 8 — ap; + &;. (1.29)

Eq. (1.29) is called a “logistic regression” by bio-statisticians, who use this logis-
tic transformation to model “grouped” data. So in the simplest MNL logit, the

estimation method can be described as “logistic IV regression”.

See Berry paper for additional examples (nested logit, vertical differentiation).

1.4.1 Measuring market power: recovering markups

e Next, we show how demand estimates can be used to derive estimates of firms’

markups (as in monopoly example from the beginning).

e From our demand estimation, we have estimated the demand function for brand

7, which we denote as follows:

D’ Xioos Xyipr, o pai €0 &

- -~ -~
=p

=X =¢£

e Specify costs of producing brand j:
C7 (a5, wj, w5)

where ¢; is total production of brand j, w; are observed cost components
associated with brand j (e.g. could be characteristics of brand j), w; are

unobserved cost components (another structural error)

e Then profits for brand j are:

1= 07 (X, s~ €2 (07 (%.78) )



e For multiproduct firm: assume that firm k produces all brands 57 € K. Then

its profits are

]-:[k = ZHJ = Z |:D] (X,ﬁg)pj — Oj (DJ <)Z,}77€) ,U)j,&)j)} .
jek jeK
Importantly, we assume that there are no (dis-)economies of scope, so that

production costs are simply additive across car models, for a multiproduct

firm.

e In order to proceed, we need to assume a particular model of oligopolistic

competition.

The most common assumption is Bertrand (price) competition. (Note that be-
cause firms produce differentiated products, Bertrand solution does not result

in marginal cost pricing.)

e Under price competition, equilibrium prices are characterized by J equations

(which are the J pricing first-order conditions for the J brands):

s/ , (1.30)
D7+ Z (()a% (pj’ -y |qj/:Dj/) =0

j'ex J

where C’{ denotes the derivative of CV with respect to first argument (which is

the marginal cost function).

e Note that because we have already estimated the demand side, the demand
functions D7, j =1,...,J and full set of demand slopes 88%, Vi, i =1,...,J
J

can be calculated.

Hence, from these J equations, we can solve for the J margins p; — C’f . In fact,
the system of equations is linear, so the solution of the marginal costs C’f is
just

¢=p+ (AD)'D



where ¢ and D denote the J-vector of marginal costs and demands, and the

derivative matrix AD is a J X J matrix where

Op;

AD, - — 9D if models (i, 7) produced by the same firm
®3) = 0 otherwise.

. —CY
The markups measures can then be obtained as 7%.

J

This is the oligopolistic equivalent of using the “inverse-elasticity” condition to

calculate a monopolist’s market power.

1.5 Berry, Levinsohn, and Pakes (1995): Demand
and supply estimation using random-coefficients

logit model

Next we discuss the case of the random coefficients logit model, which is the main
topic of Berry, Levinsohn, and Pakes (1995).

e Assume that utility function is:
ui; = X;B; — app; + & + €

The difference here is that the slope coefficients («y, ;) are allowed to vary

across households <.

e We assume that, across the population of households, the slope coefficients
(e, B;) are ii.d. random variables. The most common assumption is that

these random variables are jointly normally distributed:
(Oéi7 5%), ~ N ((de)/ ’ Z) :
For this reason, a; and ; are called “random coefficients”.

Hence, @&, /3, and ¥ are additional parameters to be estimated.



Given these assumptions, the mean utility §; is X;3 — ap; + §;, and
wiy = 0 + €55 + (B = B)X; — (i — @)p;

so that, even if the ¢;;’s are still i.i.d. TIEV, the composite error is not. Here,

the simple MNL inversion method will not work.

The estimation methodology for this case is developed in Berry, Levinsohn,
and Pakes (1995).

First note: for a given «;, 3;, the choice probabilities for household i take MNL

form:
exp (X;8; — aup; + &)

L+ 30 exp (X0 — cipye + &)

In the whole population, the aggregate market share is just

; ://Pr(i,j,)dG(Oﬁ,ﬂi)

// exp (X;0; — aup; + &) dG(oy, B;)
1+Z, L exp (Xy B — aipjr + &) ’ (1.31)

// exp (6; + (8; — B)X; — (o — @)p;) dG(cs, )
L+ exp (8 + (8 — B) Xy — (i — @)py) o
=51 (61,..., 0550, 8,%)

Pr(i,j) =

that is, roughly speaking, the weighted sum (where the weights are given by
the probability distribution of («, 3)) of Pr(i, ) across all households.

The last equation in the display above makes explicit that the predicted market
share is not only a function of the mean utilities d1, ..., d; (as before), but also
functions of the parameters @, 5, ¥. Hence, the inversion step described before
will not work, because the .J equations matching observed to predicted shares

have more than J unknowns (i.e. &;,...,d0;; @, 3,%).

Moreover, the expression in Eq. (1.31) is difficult to compute, because it is a
multidimensional integral. BLP propose simulation methods to compute this
integral. We will discuss simulation methods later. For the rest of these notes,

we assume that we can compute 5;«20 for every set of parameters &, (3, 2.



We would like to proceed, as before, to estimate via GMM, exploiting the population
moment restriction E (£Z,,) =0, i =1,..., M. Let § = (a, 3,%). Then the sample

moment conditions are:

<=

J
M7 (0) = Z (6; — X;B + ap;) Zum;
j=1

and we estimate # by minimizing a quadratic norm in these sample moment functions:
min @ (0) = [mm,s (0)1,Wlrmm,.1(6)]m
Wy is a (M x M)-dimensional weighting matrix.

But problem is that we cannot perform inversion step as before, so that we cannot

derive d1,...,0;.

So BLP propose a “nested” estimation algorithm, with an “inner loop” nested within

an “outer loop”

e In the outer loop, we iterate over different values of the parameters. Let 6 be

the current values of the parameters being considered.

e In the inner loop, for the given parameter values 0, we wish to evaluate the

objective function Q(f). In order to do this we must:

A~

1. At current 6, we solve for the mean utilities &,(6), . ..,d,(6) to solve the

system of equations
4 = i (51, o ,5J;é)
: : (1.32)
4, = &R (51,...,5J;é) .

Note that, since we take the parameters 0 as given, this system is J

~ ~

equations in the J unknowns 6,(0),...,d,(6).



N

2. For the resulting 0,(6), .. .,d,(f), calculate
Q6) = Mg (0))1, Ws 110, (0)]m (1.33)

e Then we return to the outer loop, which searches until it finds parameter values
0 which minimize Eq. (1.33).

e Essentially, the original inversion step is now nested inside of the estimation

routine.

Note that, typically, for identification, a necessary condition is that:
M = dim(Z) > dim(0) > dim(a, 8) = dim([X, p]).

This is because there are coefficeints ¥ associated with the distribution of random
coefficients. This implies that, even if there were no price endogeneity problem, so
that (X,p) are valid instruments, we still need additional instruments in order to

identify the additional parameters.!

1.5.1 Estimating equilibrium: both demand and supply side

Within this nested estimation procedure, we can also add a supply side to the RC

model.

Let us make the further assumption that marginal costs are constant, and linear in
cost components:

Cf = = wyy + wj
(where v are parameters in the marginal cost function) then the best-response equa-

tions become

_ oD .
D’ + Z (py — ) =0. (1.34)

JEK Op;

1See Moon, Shum, and Weidner (2012).



Assume you have instruments U; such that E (wU) = 0. From the discussion previ-
ously, these instruments would be “demand shifters” which would affect pricing and

sales but unrelated to production costs.

With both demand and supply-side moment conditions, the objective function be-

comes:

Q (677) = GJ(&V)/WJGJ(&’V) (135>

where G is the (M + N)-dimensional vector of stacked sample moment conditions:

[ %I Z}‘]:1 (51'(&) - XjB + dpj) 215

j Z}]=1 (6;(0) — X;8 + ap;) 2m;
% Z}]:1 (Cj(e) - ij) U1,

GJ(ea 7)

% Z;‘,ﬂ (cj(0) — wjvy) un;

where M is the number of demand side IV’s, and N the number of supply-side IV’s.
(Assuming M + N > dim(0) + dim())

The only change in the estimation routine described in the previous section is that

the inner loop is more complicated:

In the inner loop, for the given parameter values 6 and v, we wish to evaluate the

objective function Q(f,4). In order to do this we must:

1. At current 6, we solve for the mean utilities 51(é), ...,0 J(é) as previously.

2. For the resulting 6,(6), ..., 8,(6), calculate



and also the partial derivative matrix

95fC(5(0)) 037C((0) .. 95FC(s(9)
op1 Op2 opy
955C(8(0)) 0s5C((0)) . 935(6(9))
DO=| o
958 (s(6) osHC(9) 955 (s(6))
Op1 Op2 Op,y

For MN logit case, these derivatives are:

ds; | —asj(l—s;) forj=k
- —Qus Sy, for j # k.

3. Use the supply-side best response equations to solve for cl(é), s, C J(é):
p1—c!
SHC(0) + D(9) * : = 0.
pby—c¢

~

4. So now, you can compute G(6,7).

1.5.2 Simulating the integral in Eq. (1.31)

The principle of simulation: approximate an expectation as a sample

average. Validity is ensured by law of large numbers.

In the case of Eq. (1.31), note that the integral there is an expectation:
, exp (0; + (B — B)X; — (a; — a)p;) @, 3,5
1+ Zj’:l exp ((Sj/ + (ﬁz — 6)Xj’ — (Oéi — O_é)pj/)

where the random variables are «; and f;, which we assume to be drawn from the

multivariate normal distribution N ((d, BY, E).

E(a,B,X)=F

For s =1,...,5 simulation draws:



1. Draw u§, u3 independently from N(0,1).

2. For the current p

arameter estimates @, 3, 3, transform (uf, u3) into a draw
from N ((&, BY, f]) using the transformation

( g ) ( ) ERSUE ( Z; ) (1.36)

where $/2 is shorthand for the “Cholesky factorization” of the matrix 3. The
Cholesky factorization of a square symmetric matrix I' is the triangular matrix

G such that G'G = T, so roughly it can be thought of a matrix-analogue of
“square root”. We use the lower triangular version of LS

\QD QI>

Then approximate the integral by the sample average (over all the simulation draws)
; .

¢ (35.5) = exp (8 + (8" = )X, — (a* — &)y

ST 1+ exp ((5]-/ +(B* = B)X; — (o — 54)%’)

For given &, 3, 3, the law of large numbers ensure that this approximation is accurate

as S — oo.

(Results: marginal costs and markups from BLP paper)

1.6 Applications

Applications of this methodology have been voluminous. Here discuss just a few.

1. evaluation of VERs

In Berry, Levinsohn, and Pakes (1999), this methodology
is applied to evaluate the effects of voluntary export restraints (VERs). These were



voluntary quotas that the Japanese auto manufacturers abided by which restricted
their exports to the United States during the 1980’s.

The VERs do not affect the demand-side, but only the supply-side. Namely, firm
profits are given by:
T =Y (pj—c¢;— AVER,)D’.
jEK

In the above, VERy are dummy variables for whether firm & is subject to VER (so
whether firm k is Japanese firm). VER is modelled as an “implicit tax”, with A > 0
functioning as a per-unit tax: if A = 0, then the VER has no effect on behavior,
while A > 0 implies that VER is having an effect similar to increase in marginal cost

c¢;. The coefficient A is an additional parameter to be estimated, on the supply-side.

Results (effects of VER on firm profits and consumer welfare)

2. Welfare from new goods, and merger evaluation After cost function
parameters « are estimated, you can simulate equilibrium prices under alternative
market structures, such as mergers, or entry (or exit) of firms or goods. These
counterfactual prices are valid assuming that consumer preferences and firms’ cost
functions don’t change as market structures change. Petrin (2002) presents consumer
welfare benefits from introduction of the minivan, and Nevo (2001) presents merger

simulation results for the ready-to-eat cereal industry.

3. Geographic differentiation In our description of BLP model, we assume
that all consumer heterogeneity is unobserved. Some models have considered types
of consumer heterogeneity where the marginal distribution of the heterogeneity in
the population is observed. In BLP’s original paper, they include household income
in the utility functions, and integrate out over the population income distribution

(from the Current Population Survey) in simulating the predicted market shares.

Another important example of this type of obbserved consumer heterogeneity is con-



sumers’ location. The idea is that the products are geographically differentiated, so
that consumers might prefer choices which are located closer to their home. Assume
you want to model competition among movie theaters, as in Davis (2006). The utility

of consumer 7 from theater j is:
Uij = —Ofpj + B(Lz — LJ) + fj + €ij

where (L; — L;) denotes the geographic distance between the locations of consumer
I and theater j. The predicted market shares for each theater can be calculated
by integrating out over the marginal empirical population density (ie. integrating
over the distribution of L;). See also Thomadsen (2005) for a model of the fast-
food industry, and Houde (2012) for retail gasoline markets. The latter paper is
noteworthy because instead of integrating over the marginal distribution of where
people live, Houde integrates over the distribution of commuting routes. He argues
that consumers are probably more sensitive to a gasoline station’s location relative

to their driving routes, rather than relative to their homes.

1.7 Appendix: convex duality for random utility

models

Introduce the social surplus function

H(0) =& fmx (0 + )}

where the expectation is taken over some joint distribution of (eq, ..., € ).
For each A € [0, 1], for all values of €, and for any two vectors U and U’, we have
max(AU; + (1 = MU} + ¢;) < Amax(U; + ¢;) + (1 — A) max(U} + ¢;).
j j j
Since this holds for all vectors €, it also holds in expectation, so that

HOU 4 (1 =N < AH(O) + (1 = NH(U").



That is, H(-) is a convex function. We consider its Fenchel-Legendre transformation?

defined as
H'(5) = max(7- U — H(D)

where p is some J-dimensional vector of choice probabilities. Because H is convex
we have that the FOCs characterizing H* are

p=V:HU). (1.37)

Note that for discrete-choice models, this function is many-to-one. For any constant
k, HU + k) = H(U) + k, and hence if U satisfies p = VﬁH(ﬁ), then also p’ =
VoH(U + k).

H*(-) is also called the “conjugate” function of H(-). Furthermore, it turns out that

the conjugate function of H*(p) is just H(U) — for this reason, the functions H* and
H have a dual relationship, and

—

H(U) = max(p- U — H*(p)).

with
U e 9;H*(p) (1.38)

where 0;H*(p) denotes the subdifferential (or, synonymously, subgradiant or sub-
derivative) of H* at p. For discrete choice models, this is typically a multi-valued
mapping (a correspondence) because VH(U) is many-to-one.? In the discrete choice
literature, equation (1.37) is called the William-Daly-Zachary theorem, and analo-
gous to the Shepard/Hotelling lemmas, for the random utility model. Eq. (1.38) is a
precise statement of the “inverse mapping” from choice probabilities to utilities for
discrete choice models, and thus reformulates (and is a more general statement of)
the “inversion” result in Berry (1994) and BLP (1995).

2See Gelfand and Fomin (1965), Rockafellar (1971), Chiong, Galichon, and Shum (2013).
3Indeed, in the special case where VH(-) is one-to-one, then we have U = (VH(p)). This is the
case of the classical Legendre transform.



For specific assumptions on the joint distribution of € (as with the generalized extreme

value case above), we can derive a closed form for the social surplus function H(U),

which immediately yield the choice probabilities via Eq. (1.37) above.
For the multinomial logit model, we know that

H(U) = log <Z exp(Ui)) .

—

From the conjugacy relation, we know that = VH(U). Normalizing Uy = 0, this
leads to U; = log(p;/po) for : = 1,..., K. Plugging this back into the definition of
H*(p), we get that

K K
1
/=0 /=0

K K
= pilogps —logpo > py + log po (1.40)
i'=1 i'=1
K
= prlogpy. (1.41)
/=0

To confirm, we again use the conjugacy relation U = VH*(p) to get (for i =
0,1,...,K) that U; = logp;. Then imposing the normalization Uy = 0, we get
that U; = log(p;/po)-
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Chapter 2

Single-agent dynamic models: part
1

41



In these lecture notes we consider specification and estimation of dynamic optimiza-

tion models. Focus on single-agent models.

2.1 Rust (1987)

Rust (1987) is one of the first papers in this literature. Model is quite simple, but
empirical framework introduced in this paper for dynamic discrete-choice (DDC)

models is still widely applied.

Agent is Harold Zurcher, manager of bus depot in Madison, Wisconsin. Each week,
HZ must decide whether to replace the bus engine, or keep it running for another
week. This engine replacement problem is an example of an optimal stopping prob-
lem, which features the usual tradeoff: (i) there are large fixed costs associated with
“stopping” (replacing the engine), but new engine has lower associated future main-
tenance costs; (ii) by not replacing the engine, you avoid the fixed replacement costs,

but suffer higher future maintenance costs.

2.1.1 Behavioral Model

At the end of each week ¢, HZ decides whether or not to replace engine. Control

variable defined as:

(2.1)

. 1 if HZ replaces
1 =
‘ 0 otherwise.

For simplicity. we describe the case where there is only one bus (in the paper, buses

are treated as independent entities).

HZ chooses the (infinite) sequence {i, 12,13, ..., iz, it+1, - - .} t0 maximize discounted



expected utility stream:

{81,82,3 550t 5084150

max }EZﬁt’lu(a:t,et,it;G) (2.2)
=1

where

e The state variables of this problem are:

1. x;: the mileage. Both HZ and the econometrician observe this, so we call

this the “observed state variable”

2. € the utility shocks. Econometrician does not observe this, so we call it

the “unobserved state variable”

e 1; is the mileage of the bus at the end of week t. Assume that evolution of

mileage is stochastic (from HZ’s point of view) and follows
~ G(z'|zy) if iy = 0 (don’t replace engine in period t)
e { ~ G(2'|0) if i; = 1: once replaced, mileage gets reset to zero
(2.3)
and G(z'|x) is the conditional probability distribution of next period’s mileage

2’ given that current mileage is . HZ knows G; econometrician knows the

form of G, up to a vector of parameters which are estimated.!

e ¢; denotes shocks in period ¢, which affect HZ’s choice of whether to replace
the engine. These are the “structural errors” of the model (they are observed

by HZ, but not by us), and we will discuss them in more detail below.

Define value function:

V(xy, €) = max B, Z BT M (x4, €4, 143 0) |4 (2.4)

ir, T=t+1,t42,...
T=t+1

1Since mileage evolves randomly, this implies that even given a sequence of replacement choices
{41,42,%3,...,0t, 941, ..}, the corresponding sequence of mileages {21, x2,23,...,Tt, Tr41,...} I8
still random. The expectation in Eq. (2.2) is over this stochastic sequence of mileages and over the
shocks {e1, €a, ...}



where maximum is over all possible sequences of {i;;1,%:12,...}. Note that we have
imposed stationarity, so that the value function V'(+) is a function of ¢ only indirectly,

through the value that the state variable z takes during period ¢.2

Using the Bellman equation, we can break down the DO problem into an (infinite)

sequence of single-period decisions:
i = i*(w4, €;0) = argmax; {u(ws, €,%0) + BEy ez, V(2 €) } (2.5)
where the value function is
V(z,e) = max {u(z,€,1;0) + BEy ez V (@', €) }
= max {u(x, €,0;,0) + BEy e eriv=oV (2", €),u(w, €, 1;0) + BEy 10,6121V (2, e’).}
= max {f/(m, e, 1), V(z,e, O)} .

(2.6)
In the above, we define the choice-specific value function
Ve, e i) = (@, €,1:0) + BEw cp=0,ci=1V (2", €) ?f Z -!
uw(w,€,0;0) + BEy g im0V (2, €) if 1 =0.
We make the following parametric assumptions on utility flow:
w(xy, €,0;0) = —c ((1 —iy) * 24;0) —i*x RC + € (2.7)

where

e ¢(---) is the maintenance cost function, which is presumably increasing in x

(higher x means higher costs)

2An important distinction between empirical papers with dynamic optimization models is
whether agents have infinite-horizon, or finite-horizon. Stationarity (or time homogeneity) is as-
sumed for infinite-horizon problems, and they are solved using value function iteration. Finite-
horizon problems are non-stationary, and solved by backward induction starting from the final

period.



e R(C' denotes the “lumpy” fixed costs of adjustment. The presence of these costs

implies that HZ won’t want to replace the engine every period.

e ¢;;, 1 = 0,1 are structural errors, which represents factors which affect HZ’s
replacement choice #; in period ¢, but are unobserved by the econometrician.

Define €; = (e, €1¢)-

As Rust remarks (bottom, pg. 1008), you need this in order to generate a
positive likelihood for your observed data. Without these €’s, we observe as
much as HZ does, and i, = i*(zy;0), so that replacement decision should be
perfectly explained by mileage. Hence, model will not be able to explain sit-
uations where there are two periods with identical mileage, but in one period

HZ replaced, and in the other HZ doesn’t replace.

(Tension between this empirical practice and “falsifiability: of model)

As remarked earlier, these assumption imply a very simple type of optimal decision
rule i*(x,¢€;0): in any period ¢, you replace when x; > x*(¢;), where x*(¢;) is some

optimal cutoff mileage level, which depends on the value of the shocks ¢;.

Parameters to be estimated are:

1. parameters of maintenance cost function ¢(- - -);
2. replacement cost RC
3. parameters of mileage transition function G(z'|x).
Remark: Distinguishing myopic from forward-looking behavior. In these

models, the discount factor [ is typically not estimated. Essentially, the time series

data on {i;, z;} could be equally well explained by a myopic model, which posits that

Z.t = argmaxie{(]’l} {u(xta €t Z)} )



or a forward-looking model, which posits that

it = argmaxie{oyl} {V(.ﬁ(}'t, €, Z)} .

In both models, the choice 7; depends just on the current state variables x;, ¢;. Indeed,
Magnac and Thesmar (2002) shows that in general, DDC models are nonparamet-
rically underidentified, without knowledge of 5 and F'(e), the distribution of the
¢ shocks. (Below, we show how knowledge of 8 and F', along with an additional
normalization, permits nonparametric identification of the utility functions in this

model.)

Intuitively, in this model, it is difficult to identify § apart from fixed costs. In
this model, if HZ were myopic (ie. [ close to zero) and replacement costs RC
were low, his decisions may look similar as when he were forward-looking (ie. /3
close to 1) and RC' were large. Reduced-form tests for forward-looking behavior
exploit scenarios in which some variables which affect future utility are known in
period t: consumers are deemed forward-looking if their period ¢ decisions depends
on these variables. Examples: Chevalier and Goolsbee (2009) examine whether
students’ choices of purchasing a textbook now depend on the possibility that a new
edition will be released soon. Becker, Grossman, and Murphy (1994) argue that
cigarette addiction is “rational” by showing that cigarette consumption is response

to permanent future changes in cigarette prices.

2.1.2 FEconometric Model

Data: observe {i;,z;}, t = 1,...,T for 62 buses. Treat buses as homogeneous
and independent (ie. replacement decision on bus j is not affected by replacement

decision on bus j').

Rust makes the following conditional independence assumption, on the Markovian

transition probabilities in the Bellman equation above:



Assumption 1 (x4, &) is a stationary controlled first-order Markov process, with

transition

p(a €z, e,1) = p(e|2!, z,e,0) - p(a'|z, e, i)
(2.8)
= p(€'l2’) - p(a'|x,1).

The first line is just factoring the joint density into a conditional times a marginal.
The second line shows the simplifications from Rust’s assumptions. Namely, two
types of conditional independence: (i) given z, €’s are independent over time; and

(ii) conditional on x and 4, 2’ is independent of e.

Likelihood function for a single bus:

l(]?l, e ,IT,il, e ,iT|$0,i0;¢9)

T
= H Prob (i, v¢|xo, i, - - ., Te—1,1t-1;0)

=1

T (2.9)
= H Prob (i, x¢|Ti—1,1t-1;0)

t=1

T
= H Prob (iy|zy;0) x Prob(xy|x,_1,i1;03) .
t=1

Both the third and fourth lines arise from the conditional independence assumption.
Note that, in the dynamic optimization problem, the optimal choice of i; depends
on the state variables (z,¢€;). Hence the third line (implying that {z;,i;} evolves as
1-order Markov) relies on the conditional serial independence of ¢,. The last equality

also arises from this conditional serial independence assumption.

Hence, the log likelihood is additively separable in the two components:

T T
logl = Zlog Prob (i z;0) + Zlog Prob (x¢|xi—1,i¢-1;03) .
t=1 =1

Here 63 C 6 denotes the subset of parameters which enter G, the transition proba-
bility function for mileage. Because 03 C 6, we can maximize the likelihood function

above in two steps.



First step: Estimate 3, the parameters of the Markov transition probabilities for
mileage. We assume a discrete distribution for mileage x, taking K distinct and
equally-spaced values {95[1]’95[2}7 e ,x[K]}, in increasing order, where rp — xp =
A- (k' —k), where A is a mileage increment (Rust considers A = 5000). Also assume
that given the current state x; = xp, the mileage in the next period can more up
to at most x4 5. (When ¢, = 1j so that engine is replaced, we reset z; = 0 = z).)

Then the mileage transition probabilities can be expressed as:

(2.10)

p; f0<j<J
P(xpyj|op, d=0) = { 0] otherwise

so that 03 = {po, p1,--.,ps}, with 0 < pg,...,p; < 1 and Z;.]:lpj = 1.

This first step can be executed separately from the substantial second step. 653
estimated just by empirical frequencies: p; = freq{z1 —x, = A j}, for all 0 <
Jj<J.

Second step: Estimate the remaining parameters 6\0s, parameters of maintenance

cost function ¢(---) and engine replacement costs.

Here, we make a further assumption:

Assumption 2 The €’s are distributed i.i.d. (across choices and periods), according

to the Type I extreme value distribution. So this implies that in Eq. (4) above,
p(€|x’) = p(€), for all 2'.

Expand the expression for Prob(i; = 1|z;0) equals

Prob {—C(O; 0) — RC + €1+ BEy o0V (2!, €) > —c(x4;0) + €0p + BEy 10,V (2, e’)}
=Prob {(—:M — et > ¢(0;0) — c(xy;0) + 5 [Ex/7€/|$tV(x, €) — Ex@e/‘oV(x/? e/)} + RC}
(2.11)



Because of the logit assumptions on ¢;, the replacement probability simplifies to a

multinomial logit-like expression:

_ exp (—C(O; 0) — RC + BEy o=V (2, e/))
exp (—C(O; 0) — RC' + BEy (z,=0V (2, 6’)) + exp (—c(xt; 0) + BEy o2,V (2, 6’)) '

(2.12)
This is called a “dynamic logit” model, in the literature.
Defining u(z,;0) = u(x,€,1;0) — €; the choice probability takes the form
exp (a(xy, it, 0) + BE er)z0,V (2, €
Prob (it|x; 0) = xp (@@, s, 0) + BBt iV (7', ) (2.13)

Zi:O,l €xXp (a(wta i? 9) + ﬁEx’,e’\azt,iv(xlv 6/)) .

Estimation method for second step: Nested fixed-point algorithm

The second-step of the estimation procedures is via a “nested fixed point algorithm”.
Outer loop: search over different parameter values 0.

Inner loop: For 6, we need to compute the value function V (z, €; §). After V(z, ¢; 6)

is obtained, we can compute the LL fxn in Eq. (2.13).

Computational details for inner loop

Compute value function V(x,¢; é) by iterating over Bellman’s equation (2.6).

A clever and computationally convenient feature in Rust’s paper is that he iterates
over the expected value function EV (x,i) = Ey ¢p;V (2, €;0). The reason for this
is that you avoid having to calculate the value function at values of ¢, and ¢, which

are additional state variables. He iterates over the following equation (which is Eq.



4.14 in his paper):

EV(wi) = [1og{ 3 explu(y.j:6) + BBV () ppldylei) (219
Y j€Cy)

Somewhat awkward notation: here “EV” denotes a function. Here x,7 denotes the
previous period’s mileage and replacement choice, and y, 7 denote the current period’s
mileage and choice (as will be clear below).

This equation can be derived from Bellman’s equation (2.6):

V(y,€0) =max [u(y,j:0) + e+ BEV (y,7)]

= By [V(y,60) | 2,4 = EV(2,i;0) =Ey o {max [u(y,j;0) + €+ BEV(yJ)]}

j€0,1

=EyiziEey i {g.g%% [u(y, j; 0) + e+ BEV (y, j)]}

=FE, i log { > expla(y, j; 0) + 5EV(y,j)]}

7=0,1

= /log { > " explu(y, j; 0) + 6EV(y,j)]}p(dylx,i)-

j=0,1

(2.15)

The next-to-last equality uses the closed-form expression for the expectation of the

maximum, for extreme-value variates.?

Once the EV (z,1i;0) function is computed for 6, the choice probabilities p(i;|z;) can

be constructed as ) .
exp (u(xy, g3 0) + BEV (2, 14;0))

Zi:OJ exp (a(xy,;0) + BEV (24,4;0))

The value iteration procedure: The expected value function EV(---;6) will
be computed for each value of the parameters #. The computational procedure is

iterative.

3See Chiong, Galichon, and Shum (2013) for the most general treatment of this.



Let 7 index the iterations. Let EV7(z,4) denote the expected value function during
the 7-th iteration. (We suppress the functional dependence of EV on # for conve-
nience.) Here Rust assumes that mileage is discrete- (finite-) valued, and takes K
values, each spaced 5000 miles apart, consistently with earlier modeling of mileage
transition function in Eq. (2.10). Let the values of the state variable x be discretized

into a grid of points, which we denote 7.

Because of this assumption that x is discrete, the EV(z,7) function is now finite

dimensional, having 2 x K elements.

e 7 = (: Start from an initial guess of the expected value function EV(z,1).

Common way is to start with EV (z,7) =0, for all z € 7, and i =0, 1.

e 7 =1: Use Eq. (2.14) and EV°(z;0) to calculate, at each z € 7, and i € {0,1}.

EV'(z,i) =Y log{ > explu(y.j;:0) + BEV (y,5)] p p(ylz.i) (2.16)

yET J€C(y)

where the transition probabilities p(y|z,i) are given by Eq. (2.10) above.
Now check: is EV(x,1) close to EV?(z,7)? Check whether

supx,i]Evl(x,i) — BEVOx2,4)| <n

where 7 is some very small number (eg. 0.0001). If so, then you are done. If

not, then go to next iteration 7 = 2.
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Chapter 3

Single-agent dynamic models: part
2

%)



3.1 Alternative estimation approaches: estimat-
ing dynamic optimization models without nu-

meric dynamic programming

One problem with Rust approach to estimating dynamic discrete-choice model very
computer intensive. Requires using numeric dynamic programming to compute the

value function(s) for every parameter vector 6.

Here we discuss an alternative method of estimation, which avoids explicit DP.
Present main ideas and motivation using a simplified version of Hotz and Miller
(1993), Hotz, Miller, Sanders, and Smith (1994). For simplicity, think about Harold
Zurcher model. What do we observe in data from DDC framework? For bus 7, time

t, observe:

o {z;,1;}: observed state variables x; and discrete decision (control) variable
i,

Let 7 =1,..., N index the buses, t = 1,...,T index the time periods.

e For Harold Zurcher model: zj; is mileage since last replacement on bus ¢ in

period ¢, and %;; is whether or not engine of bus j was replaced in period ¢.

e Unobserved state variables: €;;, i.7.d. over j and ¢. Assume that distribution is

known (Type 1 Extreme Value in Rust model)

3.1.1 Notation: Hats and Tildes

In the following, let quantities with hats”s denote objects obtained just from data.

Objects with tildes "s denote “predicted” quantities, obtained from both data and

calculated from model given parameter values 6.



Hats. From this data alone, we can estimate (or “identify”):

e Choice probabilities, conditional on state variable: Prob (i = 1]z)!

by

, estimated

P(i=1|z) = ZZZ,EI e )-1(¢jt:1,xjt:x). (3.1)

i=1 t=1
Since Prob (i = 0|z) = 1—Prob (i = 1|z), we have P(i = 0|z) = 1— P(i = 1|z).

e Transition probabilities of observed state and control variables: G(z'|z,1)?,

estimated by conditional empirical distribution

é(l’l|$ Z) = ZZ 1 Zt T3> 1( $]1t=w,ijt=0) 1 (xj7t+1 S xlvxjt =, ijt = 0) , ifi=0
Zz 121:1%'1(%¢+1§$I,73ﬁ=1), ifi=1.
(3.2)

e In practice, when z is continuous, we estimate smoothed version of these
functions by introducing a “smoothing weight” wj; = w(z;;x) such that

Zj > ,w;y = 1. Then, for instance, the choice probability is approximated

by
p(i = 1]z) = ZZwﬁl i =1).

One possibility for the weights is a kernel-weighting function. Consider a kernel

function k(-) which is symmetric around 0 and integrates to 1. Then

k()
wjt o Tty —T ’
Zj’ Zt/ k ( : h )
h is a bandwidth. Note that as h — 0, then w;; — 1(zji=2)

Z Et’ 1(:1: =)’

!By stationarity, note we do not index this probability explicitly with time ¢.
2By stationarity, note we do not index the G function explicitly with time ¢.



Tildes and forward simulation. Let V(z,i;6) denote the choice-specific value

function, minus the error term ;.

With estimates of G(-|-) and p(-|-), as well as a parameter vector 6, you can “estimate”
these choice-specific value functions by exploiting an alternative representation of

value function: letting ¢* denote the optimal sequence of decisions, we have:

V(l‘t, Et) =K

ZB’R {u(xT,zf) + Ei;} A, Et]
7=0

This implies that the choice-specific value functions can be obtained by constructing

the sum?

‘N/(CL’,Z = 1; 9) ZU(QZ,Z = 1; 9) + BEQJ/|x’i:1Ei/|$/E€/|i/7z/ [U($/,i/; 9) + 6/

" (33)
+/BEQZ”ICIS/,i/]E’i//|1‘//E€/|i//,x// u(x”’ i”; 9) + E’i” + /8 e :|:|

V(.I‘?Z' = 0; 9) :u(x,i = O; 9) + /BEx’|I,i:OEi’|x’E i ! [u(a:/ i/' Q) + 621

(3.4)
+5Ea¢”Ix’,i’Ei”lm”Ee’M”,r" [u(a;” ) + E o+ B H

Here u(x,i;60) denotes the per-period utility of taking choice i at state x, without
the additive logit error. Note that the knowledge of i'|z’ is crucial to being able to
forward-simulate the choice-specific value functions. Otherwise, i'|2’ is multinomial
with probabilities given by Eq. (3.7) below, and is impossible to calculate without

knowledge of the choice-specific value functions.

In practice, “truncate” the infinite sum at some period T

V(m,i =1,0) =u(z,i = 1,0) + BBy |si1Ei o Berjir o [u(a’, 7' 0) + €
+ ﬂEx’ﬂx’,i”Ei”\m”Ee’H”,m” [u(l’”, i//' 9) —|— 6// _|_ N (35)
B]ExT|xT717iT—1]EiT|mTE€T|Z‘T7mT [u(xT T 9) +€ ]H

3Note that the distribution (2,4, €|z,i) can be factored, via the conditional independence as-

sumption, into (€'|¢/, ") (¥'|z") (2’ |z, 7).



Also, the expectation Ej; , denotes the expectation of the ¢; conditional on choice i

being taken, and current mileage x. For the logit case, there is a closed form:
Eleili, ] = v — log(Pr(ilz))

where «y is Euler’s constant (0.577...) and Pr(i|x) is the choice probability of action
© at state x.

Both of the other expectations in the above expressions are observed directly from
the data.

Both choice-specific value functions can be simulated by (for ¢ = 1,2):

V(z,i0) ~ = 1 Z [u(x,i; 0)+ 6 [u(x’s,i’s; 0) +~ — log(P(i"*|2"))
55 | (3.6)

+8 [u(a",i"0) + 7 — log(P("")) + 8-+ ||

where

o 2% ~ G|z, 1)

o I~ L"), e G 1)

In short, you simulate V(z,4;6) by drawing S “sequences” of (i;, ;) with a initial
value of (i, x), and computing the present-discounted utility correspond to each se-

quence. Then the simulation estimate of f/(x, i;0) is obtained as the sample average.

Given an estimate of f/(, i;0), you can get the predicted choice probabilities:

exp <V(:B,i =1; 9))
exp <‘~/(x,@ =1; 9)) + exp (V(m,z = 0; 9))

p(i = 1]z;0) = (3.7)



and analogously for p(i = 0|x;#). Note that the predicted choice probabilities are
different from p(i|z), which are the actual choice probabilities computed from the
actual data. The predicted choice probabilities depend on the parameters ¢, whereas

p(i|x) depend solely on the data.

3.1.2 Estimation: match hats to tildes

One way to estimate € is to minimize the distance between the predicted conditional

choice probabilities, and the actual conditional choice probabilities:
0 = argming||p(i = 1|z) — p (i = 1[z;0) ||
where p denotes a vector of probabilities, at various values of z.

Another way to estimate 6 is very similar to the Berry/BLP method. We can calcu-

late directly from the data.
0, = log pli = 1|z) — log p(i = 0|x) (3.8)
Given the logit assumption, from equation (3.7), we know that

log (i = 1|z) — log (i = Olz) = [V(x,z' 1)~ V(z,i= 0)] . (3.9)

Hence, by equating V (z,i = 1) =V (x,i = 0) to 5., we obtain an alternative estimator
for 0:

§ = argminy||5, — [f/(x,z' = 1;0) — V(z,i = 0; 9)} . (3.10)

3.1.3 A further shortcut in the discrete state case

In this section, for convenience, we will use Y instead of 7 to denote the action.



For the case when the state variables X are discrete, it turns out that, given knowl-
edge of the CCP’s P(Y'|X), solving for the value function is just equivalent to solving
a system of linear equations. This was pointed out in Pesendorfer and Schmidt-
Dengler (2008) and Aguirregabiria and Mira (2007). Specifically:

e Assume that choices Y and state variables X are all discrete (ie. finite-valued).
| X| is cardinality of state space X. Here X includes just the observed state

variables (not including the unobserved shocks ¢)
e Per-period utilities:
uw(Y, X, ey;0) = u(Y, X;0) + ey

where ey, for y = 1,...Y, are i.i.d. extreme value distributed with unit vari-

ance.
e Parameters ©. The discount rate [ is treated as known and fixed.

e Introduce some more specific notation. Define the integrated or ex-ante value

function (before € observed, and hence before the action Y is chosen):*

W(X) = E[V(X, )| X].

Along the optimal dynamic path, at state X and optimal action Y, the con-

tinuation utility is

a(Y,X)+ey + 8 P(X'|X, Y)W (X').

This integrated value function satisfies a Bellman equation:

W(X) =Y [PYIX) {alY. X) + E(ey [V, XN + 5 ) PIYIX)P(X'|X, Y)W (X)

Y X/

=D [PYIX) {a(Y, X) + E(ey |[Y, X)} + 8 ) P(X'| X)W (X)

(3.11)

4Similar to Rust’s EV(---) function, but not the same. See appendix.



e To derive the above, start with “real” Bellman equation:

V(X,e€)

a(Y*, X)+ Y eyl(Y =Y*) + BEx|xyBex V(X' €)
Y

=a(Y*, X)+ ) ey LY =Y*) + BExxy W(X')
Y

= W(X) =EqxV(X,€) = Ey« x {U(Y*a X)+> eyl(Y =Y7)+ BEX/|X,YW(X/>}
Y

= IEY*|XEe|Y*,X { o }
= Ey*p( [ﬂ(y*,X) + E[Gy*

=> PY=Y"X)[].

Y*, X] + BExxy W(X')]

(Note: in the 4th line above, we first condition on the optimal choice Y*, and

take expectation of € conditional on Y*. The other way will not work.)

e In matrix notation, this is:

W(©)= Y PE)=[ua(Y;0)+eY)]+5-F-W(O)
- (3.12)

SW(©) = (I-BF) " S POY)#[a(Y:0) +e(Y)]

Ye(0,1)

where
— W(O) is the vector (each element denotes a different value of X) for the
integrated value function at the parameter ©
— " denotes elementwise multiplication

— F'is the | X|-dimensional square matrix with (4, j)-element equal to Pr(X’' =
JIX =),

— P(Y) is the | X|-vector consisting of elements Pr(Y|X).

— u(Y") is the | X |-vector of per-period utilities u(Y; X).



— €(Y) is an |X|-vector where each element is Eley|Y, X]|. For the logit

assumptions, the closed-form is
Eley|Y, X] = Euler’s constant — log(P(Y'|X)).

Euler’s constant is 0.57721.

Based on this representation, P/S-D propose a class of “least-squares” estimators,
which are similar to HM-type estimators, except now we don’t need to “forward-

simulate” the value function. For instance:

o Let ]5(}7) denote the estimated vector of conditional choice probabilities, and
F' be the estimated transition matrix. Both of these can be estimated directly
from the data.

e For each posited parameter value ©, and given (F, P(Y')) use equation (4.15) to
evaluate the integrated value function W (X, 0), and derive the vector P(Y; ©)

of implied choice probabilities at ©, which has elements

T Xy [a(Y, X;0) + Expxy W(X10)]

e Hence, O can be estimated as the parameter value minimizing the norm || P(Y)—

P(Y;0)|.

3.2 Semiparametric identification of DDC Models

We can also use the Hotz-Miller estimation scheme as a basis for an argument re-
garding the identification of the underlying DDC model. In Markovian DDC models,

without unobserved state variables, the Hotz-Miller routine exploits the fact that the



Markov probabilities z’, d'|x, d are identiified directly from the data, which can be

factorized into

f@ dlz.d) = f(d|a")- fla'|z.d) . (3.13)

CCP state law of motion

In this section, we argue that once these “reduced form” components of the model
are identified, the remaining parts of the models — particularly, the per-period utility
functions — can be identified without any further parametric assumptions. These
arguments are drawn from Magnac and Thesmar (2002) and Bajari, Chernozhukov,
Hong, and Nekipelov (2007).

We make the following assumptions, which are standard in this literature:

1. Agents are optimizing in an infinite-horizon, stationary setting. Therefore, in

the rest of this section, we use primes ”’s to denote next-period values.
2. Actions D are chosen from the set D = {0,1,..., K}.
3. The state variables are X.
4. The per-period utility from taking action d € D in period t is:
ug(Xt) + €ar, Vd € D.

The €q4’s are utility shocks which are independent of X, and distributed

i.i.d with known distribution F'(e) across periods t and actions d. Let ¢ =

(60,17 €1ty .- :EK,t)-

5. From the data, the “conditional choice probabilities” CCP’s
pa(X) = Prob(D = d|X),
and the Markov transition kernel for X, denoted p(X'|D, X), are identified.

6. uo(X), the per-period utility from D = 0, is normalized to zero, for all X.



7. /3, the discount factor, is known.’

Following the arguments in Magnac and Thesmar (2002) and Bajari, Chernozhukov,
Hong, and Nekipelov (2007), we will show the nonparametric identification of u,(+), d =
1,..., K, the per-period utility functions for all actions except D = 0.

The Bellman equation for this dynamic optimization problem is

V(X, g) = max (Ud<X) + €4 + ﬁExl’g|D7Xv(X/, E’))

deD

where V(X €) denotes the value function. We define the choice-specific value function

as

Vvd(X) = ud(X) + [ﬂEX/’g/‘D’XV(XI, g)
Given these definitions, an agent’s optimal choice when the state is X is given by
y*(X) = argmax,p (Va(X) +€q) -

Hotz and Miller (1993) and Magnac and Thesmar (2002) show that in this setting,
there is a known one-to-one mapping, ¢(X) : RX — R¥ which maps the K-vector of
choice probabilities (p1(X), ..., px (X)) to the K-vector (A;(X),..., Ax(X)), where

Ay(X) denotes the difference in choice-specific value functions
Au(X) = Vil X) = Vo(X),

Let the i-th element of q(p1(X),...,px (X)), denoted ¢;(X), be equal to A;(X). The

known mapping ¢ derives just from F'(€), the known distribution of the utility shocks.

Hence, since the choice probabilities can be identified from the data, and the mapping

q is known, the value function differences A;(X), ..., Ax(X) is also known.

®Magnac and Thesmar (2002) discuss the possibility of identifying 3 via exclusion restrictions,

but we do not pursue that here.



Next, we note that the choice-specific value function also satisfies a Bellman-like

equation:
Va(X) = ua(X) + BEx/x.p {]E x(Vy (X') + 6@)}
= uq(X) + BEx/x.p {Vo {Ew g}ea%((Ad/ (X') + ezl/)] } (3.14)

= ug(X) + BEx/xp [H(A(X), ..., Ap(X')) + Vo(X)]

where H (- --) denotes McFadden’s “social surplus” function, for random utility mod-
els (cf. Rust (1994, pp. 3104ff)). Like the ¢ mapping, H is a known function, which
depends just on F'(¢), the known distribution of the utility shocks.

Using the assumption that uo(X) = 0, VX, the Bellman equation for V5(X) is
Vo(X) = BB [H(ALXT), . Are(X) + V(X)) (3.15)

In this equation, everything is known (including, importantly, the distribution of
X'|X, D), except the Vy(-) function. Hence, by iterating over Eq. (3.15), we can
recover the V(X)) function. Once Vy(-) is known, the other choice-specific value

functions can be recovered as
Va(X) = Ag(X) + Vo(X), Vy € D, VX.

Finally, the per-period utility functions u4(X) can be recovered from the choice-

specific value functions as
ud(X) = Vd(X) — BEX’|X,D [H(Al(X/>, ceey AK(X/)> + ‘/()(X/)] , Vy - D, VX,
where everything on the right-hand side is known.

REMARK: For the case where F'(¢) is the Type 1 Extreme Value distribution, the
social surplus function is

H(A(X),...,Ag(X)) = log

1+ Z exp(Ad(X))]

d=1



and the mapping ¢ is such that
qa(X) = Ay(X) = log(pa(X)) —log(po(X)), Vd=1,... K,

where po(X) =1 -3 pi(X). B

REMARK: The above argument also holds if €; is not independent of ¢4, and also
if the joint distribution of (e, €1, ..., €x) is explicitly dependent on X. However, in
that case, the mappings gx and Hx will depend explicitly on X, and typically not be
available in closed form, as in the multinomial logit case. For this reason, practically

all applications of this machinery maintain the multinomial logit assumption.

3.3 Appendix: A result for multinomial logit model

Show: for the multinomial logit case, we have E[e;|choice j is chosen] = v — log(P;)
where v is Euler’s constant (0.577...) and Pr(d|z) is the choice probability of action

J.

This closed-form expression has been used much in the literature on estimating dy-
namic models: eg. Eq. (12) in Aguirregabiria and Mira (2007) or Eq. (2.22) in Hotz,
Miller, Sanders, and Smith (1994).

Use the fact: for a univariate extreme value variate with parameter a, CDF F(e) =

exp(—ae~°), and density f(e€) = exp(—ae )(ae ), we have

E(e) =loga+~y, ~=0.577..
Also use McFadden’s (1978) results for generalized extreme value distribution:

e For a function G(e'?, ..., e"), we define the generalized extreme value distri-
bution of (e, ..., €;) with joint CDF F(e,...,e5) = exp {—G(e”, ..., e")}.



e (5(...)is a homogeneous-degree-1 function, with nonnegative odd partial deriva-

tives and nonpositive even partial derivatives.

e Theorem 1: For a random utility model where agent chooses according to

J =argmax;crq, 5 U; = Vj + ¢€;, the choice probabilities are given by

P(j):/ F;(Vi+e =Vo,Vi+ e —=Vi,..., Vi€ = Vi)de;

_eYiG(e, . eY)
G(e, ... e")

e Corollary: Total expected surplus is given by
U =Emax(V; +¢;) =7 +log(G(e', ... e"))
J

and choice probabilities by P; = g—g. For this reason, G(...) is called the

“social surplus function”

In what follows, we use McFadden’s shorthand of < Vjy > to denote a J + 1 vector
with j — th component equal to Vj,_y for 7' =1,...,J.

Imitating the proof for the corollary above, we can derive that (defining a = G(<
e’i’ >))

E(V; + ¢€;|j is chosen)

1 [T
:F/ (Vi + &) E5(< Vi + ¢ = Vyy >)de;
] —00

1 [T
:F/ (Vi + €;) exp(—=G(< e V79tV S)NG (< e V791 S)e 9 de;
Jj J—o0

a too - e
TG (< e >) / (Vi + €;) exp(—ae™""9)Gy(< €' >)ede;  (by props. of G)
j —o0o

+oo
:/ (Vi + ¢;) exp(—ae' ") ae™Vie 9 de;
“+oo
:/ wexp(—ae”")ae”dw (Vi + ¢ — w)

=log(a) + 7.



For the multinomial logit model, we have G(< €' >) = Zj, e'7’. For this case

P; =exp(V;)/G(< €' >), and G;(---) =1 for all j. Then

Ele;|j is chosen| = log(a) + v — (V; — Vo) — Vo
= log(G(< €'3' >)) + v —log(P;) +log(Py) — Vo (using V; — Vj = log(P;/ Ry))
= log(G(< €' >)) + v —log(P;) + Vi — log(G(< €'7" >)) — V,
= — log(F;)

3.4 Appendix: Relations between different value

function notions

Here we delve into the differences between the “real” value function V(x,¢), the
EV(z,y) function from Rust (1987), and the integrated or ex-ante value function
W (z) from Aguirregabiria and Mira (2007) and Pesendorfer and Schmidt-Dengler
(2008).

By definition, Rust’s EV function is defined as:
EV(z,y) = Ep oy V(' €).
By definition, the integrated value function is defined as
W(z) =E[V(X,e)|X = x].
By iterated expectations,

EV(z,y) = By opay V(2 €)
= Ex/myEgm/V(x/, 6/>
= Ew’l%yw(x/)

given the relationship between the E'V and integrated value functions.



Hence, the “choice-specific value function” (without the €) is defined as:

17(?[7, y) = u(w, y) + BEI’,G’W,ZJV(ZE,? 6,)
u(z,y) + BEV (2,y)
U(I‘, y) + BEE’M,yW(:U/)'

Also note
V(@) = max {5(z.y) + ¢,
Yy
= W(z) =E |max{v(z,y) + ¢} |z
Yy

which corresponds to the social surplus function of this dynamic discrete choice
model.
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Chapter 4

Single-agent dynamic models: part
3

73



4.1 Model with persistence in unobservables (“un-

observed state variables”)

Up to now, we have considered models satisfying Rust’s “conditional independence”
assumption on the €’s. This rules out persistence in unobservables, which can be

economically meaningful.

4.1.1 Example: Pakes (1986) patent renewal model

Pakes (1986). How much are patents worth? This question is important because it
inform public policy as to optimal patent length and design. Are patents a sufficient

means of rewarding innovation?

@ 4: value of patent at age A

Goal of paper is to estimate ()4 using data on their renewal. ()4 is inferred
from patent renewal process via a structural model of optimal patent renewal

behavior.

Treat patent renewal system as exogenous (only in Europe)

For a =1,..., L, a patent can be renewed by paying the fee c,
e Timing:

— At age a = 1, patent holder obtains period revenue r; from patent

— Decides whether or not to renew. If renew, then pay ¢;, and proceed to

age a = 2.
— At age a = 2, patent holder obtains period revenue ry from patent

— Decides whether or not to renew. If renew, then pay co, and proceed to

age a = 3. And so on...



e Let V, denote the value of patent at age a.

L—a
V,=max > (YR(a+ d), where
tela,L] !

(4.1)

R(a) =

re —¢q if t > a (when you hold onto patent)
0 if t <a (after you allow patent to expire)

t above denotes the age at which the agent allows the patent to expire, and is
the agent’s choice variable in this problem. This type of problem is called an

“optimal stopping” problem.
R(a) denotes the profits from the patent during the a-th year. The sequence

R(1),R(2),...1s a “controlled” stochastic process: it is inherently random, but

also affect by agent’s actions.

e Since the maximal age L is finite, this is a finite-horizon (nonstationary) dy-

namic optimization problem.
e The state variable of this DO problem is r,, the single-period revenue.

e Finite-horizon DO problems are solved via backward recursion. The value func-
tions {Vi(-), Va(),..., Va(*),...,VL(-)} are recursively related via Bellman’s
equation:

Va(ra) = max ¢ 0, fa + BE [Va+1<ra+1)|Qa] —Cq

J

~
=Q, value of age a patent

RHS means you will choose to renew the patent iff @, — ¢, > 0.
Q,: history up to age a, = {ry,re,...,ra}

Expectation is over r,.1|€2,. The sequence of conditional distributions G, =
F(res1]Q4), a=1,2,.. ., is an important component of the model specification.

Pakes’ assumptions are given in Eq. (7) of the paper:

(4.2)

0 with prob. exp(—0r,)
Tat1 =
i max(0r,, z) with prob. 1 — exp(—6r,)



where density of z is ¢, = G—laexp [—(v+2)/0, and 0, = ¢* o, a=1,...,L—
1.

0, 0,7, ¢, and o are the important structural parameters of the model.

e So break down maximization problem into period-by-period problem, where
each period agent decides whether or not to incur cost ¢, and gain the value
of the patent @), = r, + “option value”. Option value captures the value in

keeping patent alive in order to make a choice tomorrow.

Implications of model seen graphically:

e Drop out at age a if ¢, > @,
e Optimal decision characterized by “cutoff points”:
Qo> Co &1 >Tq

This feature due to assumption A3.3, which ensures that @), is increasing in 7,

(so that @, and ¢, only cross once)

e The sequence of cutoff points 7, < 7,11 < --- < 7_1: ensured by assumption
A3.4.

4.1.2 Estimation: likelihood function and simulation

In this section, we consider estimation of the Pakes patent renewal model. For ease
of comparison with the Rust model from before, we use € to denote the unobserved
state variable, which in the Pakes model correpsonds to the patent revenue r;. Fur-
thermore, we use i, to denote the choice (control) variable; it is equal to zero if patent

is renewed, and equal to one if patent expires.

Consider one patent. Let T denote the age at which the patent is allowed to expire.

Due to the setup of the problem, 7" < L, the maximal age of the patent. Let



T = min(L — 1,7T) denote the number of periods in which the agent makes an active

patent renewal decision. We model the agent’s decisions in periods t =1,...,T.

€ evolves as a first-order Markov process, evolving according to: F'(¢’|e). We denote

the (age-specific) policy function by i} (e).
Now the likelihood function for this patent is:

! (ita s 7Z.T’€07 207 9)

T (4.3)
= H Prob (iig, ..., i-1;€0,0)
t=1

Note that because of the serially correlated €’s, there is still dependence between
(say) i; and 4;_o, even after conditioning on (i;_1): compare the likelihood function
in the Rust lecture notes and Eq. (4.3). In other words, the joint process {i;, €} is
first-order Markov, but not the marginal process {i,} is not first-order Markov Also,
because of serially correlation in the €’s, the Prob (i;|ig,...,;_1;0) no longer has a

closed form. Thus, we consider simulating the likelihood function.

Note that simulation is part of the “outer loop” of nested fixed point estimation
routine. So at the point when we simulate, we already know the policy functions
iy (e;0). (How would you compute this?)

4.1.3 “Crude” frequency simulator: naive approach

In this section, we describe a naive approach to simulating the likelihood of this
model. This is not something we want to do in practice, but we describe it here in
order to contrast it with the particle-filtering (importance sampling) approach, which

we describe in the next section.

For simulation purposes, it is most convenient to go back to the full likelihood func-



tion (the first line of Eq. (4.3):
l(’il, ce ,Y;T’Z'(), €05 9)

Note that because the €’s are serially correlated, we also need to condition on an
initial value €y (which, for simplicity, we assume to be known). Pakes does something

slightly more complicated— he assumes that the distribution of € is known.
Because ¢ is discrete, the likelihood is the joint probability
P’T’(Z:(Et,e) = ?:t, Vt = 1, ce ,T)

where the i;’s denote the observed sequence of choices. The probability is taken over

the distribution of (e, ..., er|e).

Let F(e11|€:;0). Then the above probability can be expressed as the integral:

/.../Ul(ij(et;g) :@'t)UdF(eAet_l;e).

We can simulate this integral by drawing sequences of (¢;). For each simulation draw

s=1,...,5, we take as initial values i¢, €g. Then:

o Generate (€5,145):

1. Generate € ~ F(eq]eg)

2. Compute § = ij(€5; 6)
e Generate (€5,145):

1. Generate €5 ~ F(es€)

2. Subsequently compute i§ = 75(€5; 0)

. and so on, up to (€%, )



Then, for the case where (i, z) are both discrete (which is the case in Rust’s paper),

we can approximate

T
. . . 1 s .
[ (i, ... ir|€o,i0;0) =~ g ES H 1(if = 1iy).
That is, the simulated likelihood is the frequency of the simulated sequences which

match the observed sequence.

This is a “crude” frequency simulator. Clearly, if T is long, or S is modest, the
simulated likelihood is likely to be zero. What is commonly done in practice is to

smooth the indicator functions in this simulated likelihood.

4.1.4 Importance sampling approach: Particle filtering

Another approach is to employ importance sampling in simulating the likelihood
function. This is not straightforward, given the across-time dependence between
(i1, €;). Here, we consider a new simulation approach, called particle filtering. It is a
recursive approach to simulate dependent sequences of random variables. The pre-
sentation here draws from Fernandez-Villaverde and Rubio-Ramirez (2007) (see also
Flury and Shephard (2008)). This is also called “non-Gaussian Kalman filtering”.

We need to introduce some notation, and be more specific about features of the
model. Let:

vy = {it}. v ={ys, ..., y}. These are the observed sequences in the data.

Evolution of utility shocks: €;|e;_1 ~ f(€’|€). (Ignore dependence of distribution

of € on age t for convenience.)

As before, the policy function is i; = i*(€;).

Let € ={e1,..., €6}



e The initial values 3y and €y are known.

Go back to the factorized likelihood:

1(y" yo, €0) = Hl (yely' ™", %o, €0)
-11 / (le (e~ (44
~ H § Z l(yt‘ﬁt\tfl,s’ ytfl)
t s

where in the second to last line, we omit conditioning on (yo, €y) for convenience. In

the last line, ¢/*~1* denotes simulated draws of ¢’ from p(e*[y*~!).

Consider the two terms in the second to last line:

e The first term I(y|€e’, y'™):

Uyele',y'™") = plicle’, y"™)
= plirler) = 1(iler) = ir).

Clearly, this term can be explicitly calculated, for a given value of ;.

e The second term p(e’|y'™!) is, generally, not obtainable in closed form. So
numerical integration not feasible. The particle filtering algorithm permits us
to draw sequences of € from p(et|y'!), for every period t. Hence, the second-
to-last line of (4.4) can be approximated by simulation, as shown in the last

line.

Particle filtering proposes a recursive approach to draw sequences from p(e|y'™!),

for every t. Easiest way to proceed is just to describe the algorithm.

First period, ¢ = 1: In order to simulate the integral corresponding to the first

period, we need to draw from p(e'[y°, €9). This is easy. We draw { !0 }f: according

1’



to f(€'|eo). The notation €'* makes explicitly that the € is a draw from p(e'|y°, €).
Using these S draws, we can evaluate the simulated likelihood for period 1, in Eq.
(4.4). We are done for period ¢ = 1.

Second period, ¢t = 2: We need to draw from p(e?|y'). Factorize this as:

p(€’ly') = ple'ly') - p(eale"). (4.6)

Recall our notation that € = {e;,€>}. Consider simulating from each term sepa-
rately:

110,s

e Getting a draw from p(e'|y'), given that we already have draws {e'l®*} from

p(e'|yo), from the previous period ¢ = 1, is the heart of particle filtering.
We use the principle of importance sampling: by Bayes’ Rule,

ple'ly") o< p(yle’, ) - ple'ly”) (4.7)
Hence, if our desired sampling density is p(e'|y'), but we actually have draws
{6”0’3} from p(e'|y?), then the importance sampling weight for the draw €'/
is proportional to
7 =y’ y°).
Note that this coincides with the likelihood contribution for period 1, evaluated
at the shock €'l0s.

The SIR (Sampling/Importance Resampling) algorithm in Rubin (1988) pro-
poses that, making S draws with replacement from the samples {el‘o’s}il, us-

ing weights proportional to 73, yields draws from the desired density p(e!|y!),
which we denote {elvs}le. This is the filtering step.

e For the second term in Eq. (4.6): we simply draw one € from f(€'|e!*), for

each draw eb* from the filtering step. This is the prediction step.

By combining the draws from these two terms, we have {62”’8}5:1, which is S drawn
sequences from p(e*|y'). Using these S draws, we can evaluate the simulated likeli-
hood for period 2, in Eq. (4.4).



Third period, ¢t = 3: start again by factoring

p(€’ly®) = p(y?) - p(es|€®). (4.8)

As above, drawing from the first term requires filtering the draws {62“’5}5:1, from
the previous period t = 2, to obtain draws {62’3}521. Given these draws, draw

€5 ~ f(€|e**) for each s.

And so on. By the last period t = T, you have

1S VT
{le )

Hence, the factorized likelihood in Eq. (4.4) can be approximated by simulation as
1 PR
[T 5 ke,
t s

As noted above, the likelihood term I(y|e!l*=1# 4'~1) coincides with the simulation

weight 77. Hence, the simulated likelihood can also be constructed as
log 1(y" |yo, €0) log 1 T ».
S S

Summary of particle filter simulator:

1. Start by drawing {€1|0,s}f:1 from p(et|y°, €o).

t—1|t—2,s}s
S=

2. In period ¢, we start with {e ,» draws from p(e"~'y' 2, ).

t—1t—2,s ,,t—2
172 yyt=2)
s

s=1

(a) Filter step: Calculate proportion weights 77, = p(y;_1]e
using Eq. (4.5). Draw {et_1|t_1’5}f:1 by resampling from {e'~!1f=25}
with weights 77 ;.

(b) Prediction step Draw €} from p(e;|e= 1%, for s = 1,...,S. Combine

to get {€'l' 13}5 ¥

3. Set t =t + 1, and go back to step 2. Stop when ¢t =T + 1.



Note the difference between this recursive simulator, and the crude simulator de-
scribed previously. The crude simulator draws S sequences, and essentially assigns
zero weight to all sequences which do not match the observed sequence in the data.
In contrast, in particle filtering, in each period t, we just keep sequences where pre-
dicted choices match observed choice that period. This will lead to more accurate
evaluation of the likelihood. Note that S should be large enough (relative to the
sequence length T') so that the filtering step does not end up assigning almost all

tlt—1,s

weight to one particular sequence ¢ in any period ¢.

4.2 Nonparametric identification of Markovian DDC

models with unobserved state variables

In this section we consider nonparametric identification in Markov dynamic choice

models with persistent unobserved state variables.

In the following sections, we use the catch-all notation W to denote observed variables
in the model, and X* to denote the unobserved heterogeneity. For dynamic discrete
choice models, the observed variables typically denote Y, the choice variables, as well

as a subset of the state variables, and X* denotes the unobserved state variables.

We start by discussing identification in a simpler non-dynamic model with unob-
served heterogeneity X* which is time-invariant (unchanging over time). This builds
intuition for the more complicated case of dynamic models with time-varying unob-

served heterogeneity.



4.2.1 Heuristics of identification: the power of conditional

independence

We begin with a heuristic discussion of identification. We will consider identification
from the point of view of mizture models, which are a broad class of statistical models
encompassing econometric model with “random effects”. These include 10 models

such as the random coefficient logit models.

Consider the following mixture model: a random variable W is drawn from a distri-
bution which depends on an unobserved state variable X*. For simplicity, assume
that W and X* are both discrete and take the K values k =1,..., K.

We observe a (random) sample of W. Hence, from this sample, we can identify (ie.
estimate nonparametrically) the K probabilities P(W = 1),..., P(W = K).

The structural components in the model, which we want to identify, are:

e The K probabilities P(X* =1),..., P(X* = K)

e The K? conditional probabilities P(W = k|X* = k') for k, k' =1,..., K.

So we are severely underidentified, as we have (ignoring summing up) K knowns
(Py—y, for k=1,..., K) but K(K + 1) unknowns.

How to deal with this? One powerful approach is to assume that we observe multiple
observations, as in panel data. The idea is the following: for each unit ¢ in our sample,
the unobserved state X is constant over time, but we observe W for two periods, call
this W;; for t = 1, 2. Furthermore, we assume that W;; and W,y are independent but
not necessarily identical draws given the latent state X*. This implies the following

conditional independence relation:

P(Wir, Wi X7') = P(Wir|[X) x P(Wia| X7).



We observe a (random) sample of (W;—1, W;—5). What is the tally of knowns and
unknowns? Now the number of knowns has increased to K2, namely the joint prob-
abiltiies P(W;—1 = k,W;_o = k') for k, k' = 1,..., K. The number of unknowns has

also increased: there are

e the K? unknowns P(W,—; = k|X* = k) for k,k =1,... K.
e the K? unknowns P(Wi—y = k|X* = k) for k,k =1,... K.

e the K unknowns P(X* = k)

So we still don’t have enough, as K? < K(2K +1). But note the encouraging pattern:
the number of knowns increases exponentially, but number of unknowns increases
only linearly. This shows the power of conditional independence assumption, as a

“parsimonious” way of generating randomness in data.

Obviously we will increase to three observations per unit, then using the same argu-
ment you can see that there will be K (3K + 1) unknowns, but now we observe the
K? knowns P(Wi—y = k,Wi—o = k', Wi_3 = k") for (k,K',k") =1,..., K. And for
K large enough (> 4) we will have K* > 3K? + K.

Particularly, using conditional independence, now we have the K3 equations:

K
P(Wy =k, Wy =K, Ws = k') =Y P(W) = k|X* = k) P(W, = K'|X* = ) P(W; = k| X" = )
k=1

«P(X*=k), (kK E)=1.. K.

We have K?® knowns on the LHS, but only K(3K + 1) unknowns on the RHS.!
Intuitively, given conditional independence, any dependence in W’s over time must

arise from the time-invariant latent state X*. We exploit this for identification.

IThis is somewhat analogous to the “order” condition in simultaneous equation systems, which
requires having enough exogenous instruments to exceed the number of endogenous+endogenous

covariates.



But the identification argument is incomplete. Even assuming that we have enough
variation, how do you recover the unknown components from the knowns? Essen-
tially, we need to provide conditions under which the equations above can be uniquely

solved for the unknowns.

4.2.2 Nonparametric identification: time-invariant unobserved

heterogeneity

The argument we will present comes from Hu (2008). See An, Hu, and Shum (2010)

for an application of this to auction models with an unknown number of bidders.

Recall that we have three observations Wy, t = 1,2, 3, which are conditionally inde-
pendent given the latent state X*. For convenience, we will specialize here to the
case where Wy, Wy, W3 are conditional i.i.d. given X*; that is, P(W, = k|X™) is the

same for all £.2 The argument is matrix-theoretic, and we introduce the matrices:

Gywews = [PWi=y,Wo=14,Ws=7); (4.9)
Gwyx- = [P(W2 =i|X" = j)i; (4.10)
Gxewy = [P(XT =i, Ws=j)li; (4.11)
Gwywy, = [P(Wy=1,Ws=j)li; (4.12)

Gy x- = diaglP(Wy =y|X"=1),...,PW, =y|X"=K)| (4.13)

where y; € {1,..., K} can be arbitrarily chosen. All of these matrices are K-

dimensional square matrices.

2See Hu (2008) for the more general case.



By the law of total probability, we have that

K
P(Wy =y, Wa, Wa) = Y P(ys|[Wa, Wy, X*) P(W,|Ws, X*) P(W3, X*)
X*=1
K

= 3 Py |X*)P(Wa|X*) P(W5, X)

X*=1

where the second equality derives from conditional independence. In terms of the
matrices we introduced above, this is:

Gy Wy = GWQ\X*GyﬂX*GX*,WS- (4.14)

Similarly, applying law of total probability to (Ws, W3):

K
P(Wa, Ws) = Y P(Wa|Ws, X*)P(Ws, X*)

X*=1

]~

P(W|X*)P(Wy, X7)

X*=1

corresponding to the matrix equation

Gwaws = G| x+G x . (4.15)

Now, we assume that Gy, w, is invertible. Then we can postmultiply Eq. (4.14)
by the inverse of Eq. (4.15) to get that

-1 _ —1 -1
Gy wo,ws Gy, = Gwalx= Gy x+ G ws G, Gy -

= Gy x- Gy x+ Gy, X+ (4.16)

This is the main identification result: the matrix on the LHS is observable (estimable
straight from the data). The RHS is a matriz diagonalization. Hence, it says that
if we diagonalize the LHS matrix, the eigenvectors correspond to columns of the

matrix Gy, x~, which in turn correspond to the unknown conditional probabilities

PW|X*=k)fork=1,... K.



There is another important identification issue here: the matrix diagonalization in
Eq. (4.16) is only unique up to “relabeling” of the eigenvalues: ie. we could switch
the order of the eigenvectors (and corresponding eigenvectors) and get the same
representation. So in order to identify which eigenvector belongs to which value
of X*, we need to make some kind of ordering assumption. These order-
ing assumptions are typically application-specific. But one such assumption is that
P(W = 1|X* = k) is decreasing in X* (ie. low outcomes are less likely for larger
values of the latent state). This would imply that the columns of the matrix Gy, x+
(ie. the eigenvectors) should be ordered such that the top row is decreasing from

highest to lowest; then the eigenvalues should also be ordered correspondingly.

Once the conditional probabilities P(W|X*) are recovered, we can obtain the prob-
abilities of the unosberved heterogeneity distribution P(X*) in a number of ways.

Consider the K equations:

P(W =k)=>_ P(W =kX")P(X").

which is a linear system of equations:

Py = va|x* - Px-

which can be solved for px+. (Because of summing up, the last equation in the above

display is redundant.)

4.2.3 Time-varying (serially correlated) unobserved hetero-

geneity

Next we consider models in which X* can vary over time. We summarize the principal
findings from Hu and Shum (2012). Consider the fundamental “data problem”:

e Model follows first-order Markov process {Wy, X/ }thl



e But only {W,;} for t =1,2,...,T is observed

— In many empirical dynamic models, W; = (Y}, M;):
x Y} is choice variable: agent’s action in period ¢

* M, is observed state variable

— X is persistent (serially-correlated) unobserved state variable

e Focus on nonparametric identification of Markov law of motion Pr(W;, X;|W;_1, X[ ;).

For estimation of models: structural components fully summarized by this law

of motion. Once we have identified this, essentially we can treat X} as “ob-
served”. We can decompose this law of motion into the conditional choice prob-
abilities P(Y;|M,, X]) and the law of motion for the state: G(My, X} |M;—1, X 1, Yi—1).
Then we can nonparametrically identify the choice-specific utility flows u(y, m, x*)

just as in the previous chapter (section 3.2).
e New features of our results (relative to literature):

— X[ serially correlated: unobserved state variable
— X[ can be continuous or discrete
— Feedback: evolution of X} can depend on W;_;, X},

— Novel identification approach: use recent findings from nonclassical mea-
surement error econometrics: Hu (2008), Hu and Schennach (2008), Car-
roll, Chen, and Hu (2009)

Basic setup: conditions for identification

e Consider dynamic processes {(Wrp, X7), ..., (Wi, X7) , ..., (W1, X7)},, i.i.d across
agents i € {1,2,...,n}.

e The researcher has panel data: {W, 11, W, Wi_y, Wi_o, W;_3}, for many agents
i (5 obs)



Figure 4.1: Flowchart for Assumption (Dimension=reduction)




e Assumption: (Dimension-reduction) The process (W;, X]) satisfies

(i) First-order Markov: fw, xs\w,_i..., Wi X5 X: = Jwoxrwee xr

— See Figure 4.1

— Standard in most applications of DDC models

(11) Limited feedback: th|Wz—1,Xt*7X;F_1 = th|Wt—17Xt*'

— Satisfied in many empirical applications

— think of as timing restriction (X, occurs before M;).



Identification argument: discrete case
e Build intuition by considering discrete case:
Vi, X; e X*={1,2,...,J}.

e For convenience, assume W, also discrete, with same support W, = X}".
e In what follows:

— “L” denotes J-square matrix

— “D” denotes J-diagonal matrix.

e Define the J-by-J matrices (fix w; and wy_1)

LWt+1,wt|wz_1,Wt_2 = [th+1,Wt|Wt—1,Wt—2 (27 wt|wt_1’j)]i7j
LWt+1|’th,Xt* = [th+1|Wi7Xt* (Iilwt7']>i|7,,‘]
LX;‘|wt,1,Wt72 = |:fX£k|Wt717Wt72 (i’wt_l’j)}i,j
fwaw o xr (welwe—1,1) 0 0
Dwt\wt_l,X;‘ = 0 0

0 th\Wtfl,X;‘ (wt‘wt—la‘]>

o BROWN: elements identified from data

e PURPLE: elements identified in proof

For fixed (wy, w;—1), in matrix notation: Lemma 2: representation of fy, x:jw,_, x;
The Markovian law of motion L, x:jw,_,, X,

_ -1 ] ] —1
- LWt+1|’wt7XfLH”"“"‘”'/ 1, Wi 3LH/‘“'/ 1, Wi QLWt‘wt*hXt*—l

Proof of Lemma 2:



e Main equation: for any (w;, w;_1)

LUP]-H'/ wi—1,Wi—o = LVVtJrl‘wt7X*Lwt,X:|wt717Wt72

= Lw yjwe,x L Xpwey, X7 DXy Jwora,Wis

b Sll’Illl&I'ly: LHV/‘UV—\«HV?‘—;’ = LWt|wt—1,Xt*,1LXf tlwe—1, Wi 2

e Manipulating above two equations: Ly, x;jw,_,, X7 |

_ -1 ] ] -1

= LWt+1|wt,X*LH tr1,wi |we— 1, We 3LX:_1‘wt717Wt,2

_ -1 . . 1

- LWi+1|wt7X;LUH 1AZl'f‘ZI'/ JAU/ 2]:“}‘“'/ l(ﬂ'[ ZLWt‘wt_l,Xt*_l

e Hence, all we must identify are Ly, ,jw,x; and Ly, jw,_, x7 -

Lemma 3: From [y, | 0w, ., identify Ly, i, X}

t41

Lemma 3 implies:

e Stationary case: Lw,,,jw,x; = Lwijw,_1,x;_,, 50 Lemma 3 implies identification
(4 obs)

e Non-stationary case: apply Lemma 3 in turnto /iy, wjw, v, . and fip, .,

(5 obs)

| |lwe—o,Wi_3

Lemma 3: proof

e Similar to Carroll, Chen, and Hu (2008)



e Key factorization: [, w, v, 1w, .

= //fwt+1,wt,wt1,Wt2,X;,X:1d1?fd$2k1
- //th+1|Wt,Xt* ’ meXt*th—hXt*_l ’ th71’Wt727X§71dZE:dZL‘:_1
= //fwt+1|wt,X;‘ fwawiox xr fxexp wi widriday
= /th+1|Wt,X:th|Wt1,X;* Ixpwewis,day
e Discrete-case, matrix notation (for any fixed wy, wy_1)
Ll\pl wilwe—1,Wi—o — LWt+1|wt,Xt*Dwt‘wt—lyX:LXﬂwt—l,Wt—Z

e Important feature: for (wy;, w; 1),

L,y witwr s Wio = Iwigjwex; Dwrfwe—1, X7 LXp o1, We_a
A g A g -
vV VvV Vv
no w¢—1 only J unkwns. no we

e for (whwt—l)a (wtawt—1)7 (mhmt—l) (wtawt—l)a

LUF«H‘/ wi—1,Wi—o — LWt+1|wt,Xt* Dwzlwtfl,XZ LX:‘wt717Wt72
———————

——tN—
L,y wiwi s = Lwipwex:  Dwiwe—r,x;  Lxpiwe—1,We—s
——_———
I
LU/ 10 [wp—1,Wi—o = LWH-th,Xt* Dﬁt|ﬁt—1,Xt* LX,Z‘|Wt—1,Wt—2
|
L, oo = Lwigwenx;  Dwgwe—s,xp  Lxpiwe—1,wies

e Assume: (Invertibility) LHS invertible, which is testable
e climinate Ly:|w, ,w, , using first two equations

_ —1

A - ]4”'/\"“'/‘”'/ 1L, Wi 2]:1"/ 1w |we—1,Wi_2
-1 -1

= LWtH\wuXt* Dwt|wt71,X§ Dm|wt,1,X;‘ LWtht,Xt*



eliminate Lx:w,_, w,_, using last two equations

B

_ 1

= L\\',+|.uv/\mf].H',szn',,“mW,,‘_11',,2

_ B -1 1

- LWt+1|wt7XZ Dwt‘wt*hX: D@tm,l,X; LWHI\E,X;
e climinate L;Viﬂlm e

Xt

-1 _ -1
AB™ = LWt+1|wt7XZ Dwt@t,th@tfl,Xt* LWt+1|wt,Xt*

with diagonal matrix

_ —1 —1
Dwt@t,wt—lﬂt—hX; - Dwt‘wtflyxg Dﬁt|wt,1,X: D@ﬂ@t—l,X? Dwtmt,l,X:

Eigenvalue-eigenvector decomposition of observed AB ™

1 _ —1
AB™ = LWt+1|wt,Xt* Dwt,ﬁt»wt—lymt—laxz LWt+1|7JJt,X£k

e cigenvalues: diagonal entry in D, w, w,_ w,_,.X;

Swawixg (welwe—t, §) fww oy xp (W[ Wi-1, )

Do, s 01 j0p-1,X7) - = — ; — ;
( Wwt,Wt,Wt—1,Wt—1 ) 5J th|Wt_1,X;‘(wt|wt—17])th\Wt_1,Xt*(wt’wt—luy)

7]

Assume: (Unlque elgendecon1p051tlon) (thmvwh L1, X;) j are distinctive

e cigenvector: column in Ly, |u, x;, (normalized because sums to 1)

Hence, Ly, . |uw, x; is identified (up to the value of x}). Any permutation of eigen-
vectors yields same decomposition.

To pin-down the value of z}: need to “order” eigenvectors

® fw.wix: (lwg, xf) for any wy is identified up to value of x}. So- to pin-down:



e Assume: (Normalization) there is known functional
hwg, 27) = G [ fw,oyjwi.x; (|wy, )] is monotonic in ;.

G [f] may be mean, mode, median, other quantile of f.

Then set z; = G [fW,,H\m,Xg (+|w, )]

e Note: in unobserved heterogeneity case (X; = X*, Vi), it is enough to identify

fI/V,,+1WVt,X;‘~

Main results

e Theorem 1: Under assumptions above, the density fiv, , w, v, o, o, .

uniquely determines fy, x:jw, ;. x;

e Corollary 1: With stationarity, the density [y, , 1w, 1w, 1w, ., uniquely deter-

mines fVVQ 7)(5 |Wy 7Xif

e For specific dynamic discrete-choice models (10, labor, health), we can use
existing arguments from Magnac and Thesmar (2002), Bajari, Chernozhukov,
Hong, and Nekipelov (2007) to argue identification of utility functions, once
Wi, XF W1, X{; known
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5.1 Econometrics of dynamic oligopoly models

In describing the estimation of dynamic oligopoly models, I will focus on how these
models fit into the framework of the single-agent dynamic optimization models (which
we have discussed in quite exhaustive detail). In particular, we will see how the
various estimation methods that we have discussed for single-agent models — namely,
the (i) nested fixed-point and (ii) Hotz-Miller style “CCP” approaches — can be
extended to the case of dynamic games, in which multiple agents solve simultaneous

and interconnected dynamic optimziation problems.

In a certain sense, one can view the goal of the empirical dynamic games literature
being to develop a “multiplayer version of Rust’s bus engine replacement model”.
In order for the single-agent-type methods to work in the dynamic games setting,
some assumptions have to be made, both in terms of the theoretical aspects of the
model (restrictions on players’ behavior), as well as the econometric specification of

the model (particularly, the specifications of the structural errors in the model.

In the theoretical aspects, the typical assumption is that firms are playing a Markov-
perfect eugqilibrium; see Ericson and Pakes (1995). In the econometric specification,
the most common framework is that the players are playing a “game with incom-
plete information”, in which each player’s idiosyncratic utility shocks (which are the
structural errors in the model), are the private information of each player. We will

go into each of these components in turn.

5.2 Theoretical features

Since I am not a theorist, I will simply describe the assumptions that are made,
without commenting much on deeper theoretical matters. The Ericson and Pakes

(1995) paper fills in many theoretical details.



Consider a simple two-firm model, with firms ¢ = 1,2, and periods t = 1,2,.. ..

Let x14, x9;, denote the state variables for each firm in each period. Let ¢, go
denote the control (decision) variables. Example: in a dynamic investment model,
the x’s are capacity levels, and ¢’s are incremental changes to capacity in each period.
Assume that x;11 = g (i, qit), i = 1,2, so that next period’s state is a deterministic

function of this period’s state and control variable.

Firm i (=1,2) chooses a sequence ¢;1, ¢i2, Gis, - - - t0 maximize its discounted profits:
Zﬁtﬂ (T1es T2, Qe Gor) (5.1)
t=0

where TI(- - - ) denotes single-period profits. Because the two firms are duopolists, and
they must make these choices recognizing that their choices can affect their rival’s
choices. We want to consider a dynamic equilibrium of such a model, when (roughly

speaking) each firm’s sequence of ¢’s is a “best-response” to its rival’s sequence.

A firm’s strategy in period ¢, g;;, can potentially depend on the whole “history” of the
game (H;—1 = {@w, Tov, i, Qv g 1), and well as on the time period ¢ itself.
This becomes quickly intractable, so we usually make some simplifying regularity

conditions:

e Firms employ stationary strategies: so that strategies are not explicitly a func-
tion of time ¢ (i.e. they depend on time only indirectly, through the history
H;—1). Given stationarity, we will drop the ¢ subscript, and use primes ' to

denote next-period values.

e A dimension-reducing assumption is usually made: for example, we might as-
sume that ¢; depends only on x4, z9;, which are the “payoff-relevant” state
variables which directly affect firm ¢’s profits in period 7. This is usually called

a “Markov” assumption. With this assumption g; = ¢; (1, T ), for all .

e Furthermore, we may also make a symmetry assumption, that each firm em-

ploys an identical strategy assumption. This implies that q; (214, To;) = 2 (T2t, T1¢)-



To characterize the equilibrium further, assume we have an equilibrium strategy
function ¢* (+,-). For each firm 4, then, and at each state vector xy,xs, this opti-
mal policy must satisfy Bellman’s equation, in order for the strategy to constitute

subgame-perfect behavior:

q" (71, 79) = argimax, {0 (21, 72,4, q" (z2,71)) + BV (27 = g(x1,9), 25 = g (22, ¢" (z2,21)))}
(5.2)

from firm 1’s perspective, and similarly for firm 2. V(.,-) is the value function,

defined recursively at all possible state vectors x1, s via the Bellman equation:
V (@1, 29) = max, {II (21, 22, ¢, ¢" (22, 21)) + BV (2] = g (x1,q) , 25 = g (22, ¢" (x2,21)))} .
(5.3)

I have described the simplest case; given this structure, it is clear that the following

extensions are straightforward:

e More than two firms
e Cross-effects: z} = g (i, i, qi, q—;)

e Stochastic evolution: zf|x;, ¢; is a random variable. In this case, replace last

term of Bellman eq. by E [V (2!, z}) |21, 22, ¢, g2 = ¢ (22, x1)].

This expectation denotes player 1’s equilibrium beliefs about the evolution of
x1 and 25 (equilibrium in the sense that he assumes that player 2 plays the

equilibrium strategy ¢*(xs,z1)).
e > 2 firms

e Firms employ asymmetric strategies, so that ¢; (1, z2) # @2 (29, 27)

5.2.1 Computation of dynamic equilibrium

In principle, one could estimate a dynamic games model, given time series of {x;, ¢}

for both firms, by using a nested fixed-point estimation algorithm, similar to what



Rust originally proposed for his bus-engine replacement model. In the outer loop,
we loop over different values of the parameters ¢, and then in the inner loop, you
compute the equilibrium of the dynamic game (in the way described above) for each
value of . Examples of empirical dynamic games paper which utilize such a NFXP
estimation procedure are: Goettler and Gordon (2011), Gallant, Hong, and Khwaja
(2009).

Computing the equilibrium strategy ¢*(---) consists in iterating over the Bellman
equation (5.2). However, the problem is more complicated than the single-agent case

for several reasons.

For one thing, the value function itself depends on the optimal strategy function
q*(---), via the assumption that the rival firm is always using the optimal strategy.

So value iteration procedure is more complicated:

1. Start with initial guess VO(xy, z5)

2. If ¢’s are continuous controls, we must solve for ¢ = ¢°(zy,79) and ¢) =
q° (9, z1) to satisfy the system of first-order conditions (here subscripts denotes

partial derivatives)

0 =13 (21, 22,47, 89) + BV (9 (21, 4)) .9 (22,8)) - 92 (21, 4))

(5.4)
0= (22, 21,8, 47) + BV (9 (22,8) .9 (21, 4))) - 92 (2, 8) -
For the discrete control case:
¢" = argmax e {II (21, %2,¢,63) + BV° (9 (#1,9) , 9 (22.43)) } (55)

g5 = argmax,c o {II (22,71, ¢,¢)) + BV° (9 (22,9) , 9 (21.47)) } -
3. Update the next iteration of the value function:

Vi ay, ma) = {11 (21, 22,47, ¢3) + BV° (9 (21, 4)) , 9 (22,43)) } - (5.6)

Note: this and the previous step must be done at all points (z1,2z5) in the
discretized grid. As usual, use interpolation or approximation to obtain V(- --)

at points not on the grid.



4. Stop when supxl,m“\/i“(xl, 1o) — Vi(zy, 10)|] < e

Second, there is an inherent “Curse of dimensionality” with dynamic games, because
the dimensionality of the state vector (1, x2) is equal to the number of firms. (For
instance, if you want to discretize 1000 pts in one dimension, you have to discretize

at 1,000,000 pts to maintain the same fineness in two dimensions!)

Some papers provide computational methods to circumvent this problem (Keane and
Wolpin (1994), Pakes and McGuire (2001), Imai, Jain, and Ching (2009)). Generally,
these papers advocate only computing the value function at a (small) subset of the
state points each iteration, and then approximating the value function at the rest of

the state points using values calculated during previous iterations.

5.3 Games with “incomplete information”

What about extending the Hotz-Miller-type insights to facilitate estimation of dy-
namic oligopoly models? Indeed, this has become the dominant estimation approach
for these models. Papers which develop these ideas include: Bajari, Benkard, and
Levin (2007), Pesendorfer and Schmidt-Dengler (2008), Aguirregabiria and Mira
(2007), Pakes, Ostrovsky, and Berry (2007). Applications include: Collard-Wexler
(2006), Ryan (2012), and Dunne, Klimer, Roberts, and Xu (2006). See survey in
Pakes (2008), section 3.

Here I outline the general setting, which can be considered a multi-agent version of

Rust setup.

Let X and ¢ denote the N-vector of firms’ state variables, and actions. {)Z' . q } jointly
evolve (in equilibrium) as a first-order Markov process We make the assumptions of
symmetric, which implies that firms are identical, up to the current values of their

state variables, and idiosyncratic utility shocks



Data directly tell you: the choice probabilities (distribution of ¢, go|z1,x2); state

transitions: (joint distribution of z\z}|z1, 2, ¢2, ¢2)-

Random utility assumption: firm ¢’s current utility, given her action ¢; and her utility
shocks €; 4, is:
U(X7 qi, J—Za 0) + €i,q;-

All utility shocks are private information of firm i. Also, they are i.i.d. across firms,

and across actions (exactly like the logit errors in Rust’s framework).

Because of these assumptions: each firm’s period t shocks affect only his period ¢
actions; they do not affect opponents’ actions, nor do they affect actions in other
periods t' # t.

In single-agent case, this distinction of private vs. public information is nonsensical.

But in multi-agent context, it is crucial. Consider several alternatives:

e All the shocks are publicly observed each period, but not observed by econome-
trician: essentially, we are in the “unobserved state variable” world of the last
set of lecture notes, except that in multi-agent context, each firm’s actions each
period depend on all the shocks of all the firms in that period. Conditional on
X , firms’ decisions will be correlated, which raises difficulties for estimation.

e Shocks are private information, but serially correlated over time: now firms can
learn about their opponents’ shocks through their actions, and their beliefs may
evolve in complicated fashion. Also, firms may strategically try to influence
their rivals’ beliefs about their shocks (“signalling”). This causes complications

even from a theoretical modelling perspective.

e Shocks are unobserved by both firms and econometrician. In this case, they
are non-structural errors and are useless from the point of view of generating

more randomness in the model relative to the data.

In symmetric Markov-perfect equilibrium, firms’ optimal policy function takes the



form ¢; = ¢*(X,¢;). Corresponding CCP (conditional choice probability): P(g;|X)
(randomness in ¢;). These can be estimated from data. State variables evolve via
Markovian law-of-motion X' ])Z' ,q. This can also be estimated from the data. In
other words, the transition kernel, in equilibrium, for the process {X' ,cf} can be
factored into the product of the conditional choice probabilities times the transition

probabilities for the state variables X:
P(X',1X,q) = [[ P(X]1X, @) - P(g)|X).

Subsequently, choice-specific value functions for firm i (identical for all firms) can be

forward-simulated:

V(X,ql = 1,0) :EJ,J)?U(X?% = 1,(7_“0) + BE —)/‘X:,q’:(qi,tf )E(T")Z’Eeqq;,)zl |:U(X/,q_l, 9) + E;/

BB g0, B gn Ecngy o [U(X'", 7" 0) + e+ B+ H
(5.7)

When X is finite, the matrix representation of value function can also be used here.

If the private information shocks are assumed to be completely exogenous and dis-
tributed type I extreme value, then the predicted choice probabilities take the familiar

multinomial logit form:

p( o 1|X) _ exp(V()?,qi = 1;6))
& exp(V(X,q = 1;0)) + exp(V(X, ¢ = 0;0))

5.4 Emprical dynamic games papers: two exem-

plars

Dynamic games are a very active area of empirical research. We will cover two
papers, which highlight two approaches to estimation. (i) Goettler and Gordon
(2011), which utilizes a NFXP approach; and (ii) Ryan (2012), which utilizes the
Bajari-Benkard-Levin (BBL) approach.



5.4.1 Study notes: Goettler and Gordon (2011) paper

Page references are to version of paper published in the Journal of Political Economy.

e Durable goods markets: interesting (and unexpected) economics

— Supply side: Coase conjecture, incentives to innovate in monopoly vs.
competitive market, increasing demand today (via sales, product improve-

ments, advertising) cannibalize future demand

— Demand side: timing feature

e Although game is complicated, at the core this is a game where the unobserved
profitability shocks are “harmless” (iid across firms, over time). All the relevant

state variables are observed by the econometrician.

e pg. 1150: specifics of model

Firm’s state: log quality ¢;; € {...,—20,—6,0,6,26,...}. (discrete in-
crements of §) g is highest quality in dach period. Each firm sells only
one product. (Note: if ¢ is not discrete, then A, is infinite dimensional—

tractability issue.)
— Firm choice variable: price pj;, investment in quality ;.

— Consumer state variables: current owned product ¢, firms’ current offer-

ing ¢;, and ownership distribution A;.

Industry state variable: Ownership distribution A;. (histogram of com-

puter owners at each value of q)

e pg. 1151: consumer problem. Dynamic discrete choice, with random utility
(additive logit errors). Egs. (3), (4), (5), (6), (7): Bellman equations, choice-
specific value functions, conditional choice probabilities, and aggregate market

shares.



pg. 1153 firms. Somewhat fussy specification for Markovian transition prob-
ability of product quality (Egs. (8) and (9)). Eq. (10): per-period profit
function. Eq. (11): marginal cost of quality. Eq. (12): firm Bellman equation.

Bottom pg. 1154: high price today implies more demand tomorrow. Another

“counterintuitive” effect of durability and dynamic pricing.
pg. 1155: definition of MPNE for this model. Rational expectations.

pg. 1156: technical issue (bounding the state space). Want to make the range of
quality constant across time, so that problem is stationary. For computational

convenience. w and @ are “normalized” versions of ¢ and ¢.

Are there structural errors in this model? (viz determinants of firms’ actions

which are unobserved to the econometrician)

pg. 1148: Data. All state variables are observed in the data: quality ¢ (PC
processor speed), production costs, ownership distribution Ay, prices, R&D

investment.
pg. 1158: Estimation; in several steps.

Preliminary step: since costs are observed, estimate cost parameters A by a

preliminary linear regression.

Remaining parameters 6 estimated by a nested fixed point procedure: formally,
“simulated minimum distance” which minimizes a weighted distance between

actual and simulated moments.

— Actual moments estimated from the data are listed on pp. 1159-1160.

— For each candidate value of 6, we solve the dynamic game for the optimal
firm policy functions, and simulate paths of equilibrium outcomes. Then
we form “simulated moments” using this simulated data. Also called

“indirect inference”.

— Objective function eq. (18).



— There is no structural error here. Consider two periods with the same
state variables (¢;, A;)— can firms’ pricing and investment decisions differ

in these two periods? Simulated moments appear to mask this problem.
e pg. 1161-62: estimation results. Table 2. Some parameters are calibrated (9)

e Table 3: counterfactuals. Because they do full equilibrium simulation, they
can consider counterfactuals not observed in data. Innovation rate varies quite

a bit with market structure, myopia of firms.

5.4.2 Study notes: Ryan (2012) paper

Page references are to version of paper published in Fconometrica.

e Dynamic oligopoly game among producers of Portland cement. Oligopoly oc-

curs within US regional markets.

e Choice variables: investment (increase or decrease in capacity); entry, exit.

More complicated than typical dynamic discrete-choice setting.

e State variables (for firm ¢ in market m): total capacity of firm i (s;;) as well as

other firms (s;:, j # i) in market m.

e Broader question: use model to address the effect of the amendments to Clean
Air Act, around 1990. How have these regulatory changes (which made it
harsher for polluting firms to operate) affected firm profitability, consumer

welfare?

e No inventories of cement (so production is not dynamic decision). Only decision

variables are (i) entry/exit; (ii) capacity investment.

e pg. 1023: Table 1



pp. 1025-28: data sources. Summarized in Table 2. Important: price observed
not at plant-level, but at market-level. So assume firms produce homogeneous
product.

pg. 1028: description of timeline for model (different for incumbent firms vs.

entrants)
Eq. (1): market-level demand function for cement

Eq. (2): firm-level cost function for producing cement. “Hockey stick” shape

(costs increase quickly as production approaches capacity level)
Eq. (3): investment cost function.

Eq. (4): entry or exit cost specification

Eq. (5): single-period profit for firm

Firm-level stochastic shocks: (7vi1,%i4, ki, #i) = €. These are private infor-
mation of firms, and constitute the structural errors in the model. This er-
ror specification is substantially more involved than the simpler additive logit
structure of the Rust framework. It will imply that the decision rules will not

have analytical form.

Eq. (7): Bellman equation for incumbents; 2 parts corresponding to whether
firm invests in capacity, or disinvests. (The “E,” immediately after ¢; seems

redundant.)

pg. 1031 bottom: Potential entrants are not dynamic optimizers. (If they were

dynamic optimizers, what is their problem like?)
Eq. (8): Bellman equation for entrants

Eq. (9): inequality defining MPE. For the actual estimation, the “average”

version three lines later is used.



e pp. 1032ff: estimation strategy based on BBL. Two steps: (i) estimate static
equations and policy functions; (ii) forward simulation to get value function and
estimate structural parameters. Second step utilizes the “average” inequalities

to obtain estimates of structural parameters. (Details later)

e Assumptio 1: important. Don’t assume there is a unique equilibrium (hard to
ensure). Rather assume that same equilibrium played in all markets, so that
data across all markets can be pooled together in estimation. Recent literature
allows for multiple equilibria by allowing different equilibria to be played in

different markets (ie. data are drawn from a mixture distribution)

e Assumption 2: ensures that effect of policy can be gauged by estimating model

before and after regulatory change.
e First step:

— Cement demand is regression (with IVs)

— Production costs: use simple NFXP routine. For each parameter, com-
pute the Cournot equilibrium, and match equilibrium output to observed

output. Find parameter to minimize difference.

— Investment policy function: in principle, this should be estimated as flexi-
bly as possible. State variables are sj; for all firms j in the market. Can be
large dimensional. Hence, assume flexible parametric form. “S-s” invest-
ment model. Eq. (11) is (time-varying) investment target, and Eqgs. (12),
(13) are lower and upper bounds of inactivity band. Assume these are
log-linear functions of polynomials in s;, > i Sty and stochastic errors
with known distribution. No structural parameters are estimated by esti-
mating this investment model: it is just a reduced-form model of dynamic

ivestment.

— Entry and exit decision rules: probit functions.

e Step two: recovering structural parameters



— The expected value function will be computed by forward integration /simulation.
The trickiest part of doing forward simulation in this context is dealing
with the “selection terms” (involving conditional expectations Ele;|optimal choices]).
When the structural errors follow a logit distribution, then these selection
terms take a closed form (as we remarked in earlier lecture notes), but
when they are not, as here, then the selection terms must be dealt with

as part of the forward simulation process.

To see this easily, consider a “naive” forward simulation procedure for
computing EV (s,--- ;0), the expected value function beginning from a

given aggregate state s.

x For period ¢, when current state is s;, and given parameters 6
x For simulation draws m =1,..., M:

- Draw investment 2™ using the policy functions estimated in step
1

- Draw errors €/": draw " ~ N(u*,0") and 75" ~ N(p~,07) and
SO on..

- evaluate period profits = 7(s,a,d) + 1(z™ > 0)[y7" + 7ez™ +
y3(z™)?] + ...

* Set sit, = s, + 2™, and repeat

Is this correct? NO! In drawing €], we have to account for the selection
induced by the draw of 2™. For instance, if a given draw of 2™ > 0, then
v should be drawn from the distribution of v |z*(s,€;) > 0) (it is likely

to be smaller in value).

This selection problem underlies Eq. (17). ¥, 74 and qg are conditional

expectatons of the errors conditional on optimal choices.

— However, these selection terms are typically not known in closed form.
Thus we approximate them as flexible polynomials in the state variables,
and in the entry/exit probabilities (Egs. (19), (21)). These add the aug-
mented parameters 6y, 6, 1, which are the coefficients on the polynomials

in the approximation of the selection terms.



With these approximations, expected value function is linear in these pa-
rameters (Eqs. (22)-(24)). This makes estimation very convenient, leading
to...

— Eq. (25): empirical version of MPE inequalities. &; are alternative, non-
optimal policies. ¢(d;;6) is profit deviation relative to optimal policy,
which should always be < 0.

— Consider a large number (ny) of alternative policies. Then find 6 to mini-
mize the squared profitable deviations (Eq. (27)). Where is sampling error
here? Average in this expression is not a “sample average”. Sampling er-
ror completely from first step— no additional sampling error introduced in

second step.

— pp 25-26: recovering remaining structural parameters.

Standard errors using subsampling.
Empirical results

To incorporate regulatory change, allow certain structural parameters (entry

costs) to vary in two regimes (see Table 8).

Counterfactuals: Table 10. Point is that in dynamically evolving industry,
the initial conditions of policy analysis make an important difference. Here
compare what happens when you simulate an industry de novo, vs. starting

from an industry with incumbents present.

Remark: virtue of BBL (and HM) estimation methods, is that you do not need
to simulate the optimal policy functions. You use policy functions estimated
straight from the data. Thus you cannot consider counterfactuals outside the
data, because you do not observe policy functions in those cases. But if you
compute equilibrium directly (as in the Goettler-Gordon paper), then you can

also use the same code to compute equilibrium under counterfactual conditions.
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Goal of empirical work:

e We observe bids by, ...,b,, and we want to recover valuations vy, ..., v,.

e Why? Analogously to demand estimation, we can evaluate the “market power”

of bidders, as measured by the margin v — p.

Interesting policy question: how fast does margin decrease as n (number of

bidders) increases?
e Useful for the optimal design of auctions:

1. What is auction format which would maximize seller revenue?

2. What value for reserve price would maximize seller revenue?

e Methodology: identification, nonparametric estimation

6.1 Parametric estimation: Laffont-Ossard-Vuong
(1995)

In this section we study the parmaetric estimation of structural first-price auction
models, via the paper by Laffont, Ossard, and Vuong (1995).

e Structural estimation of 1PA model, in IPV context.
e Example of a parametric approach to estimation.

e Another exercise in simulation estimation

MODEL



I bidders

Information structure is IPV: valuations v*, i = 1,..., I are i.i.d. from F(-|z, 0)

where [ indexes auctions, and z; are characteristics of [-th auctions

e ( is parameter vector of interest, and goal of estimation

p° denotes “reserve price”: bid is rejected if < p°.

Dutch auction: strategically identical to first-price sealed bid auction.

Equilibrium bidding strategy is:
. . i B P@ e g
b= e (?}l, ]’pO’ F) _ vt — =B FnT=T if v* > p (61)
0 otherwise
Note: (1) b'(v" = p°) = p°; (2) strictly increasing in v°.

Dataset: only observe winning bid b} for each auction /. Because bidders with lower

bids never have a chance to bid in Dutch auction.

Given monotonicity, the winning bid 6" = e (v( 1, p°, F ), where v(;) = max; v* (the

highest order statistic out of the I valuations).
Furthermore, the CDF of v(py is F/(+|z, 0)!, with corresponding density I - F/~!f.
] ]

Goal is to estimate 6 by (roughly speaking) matching the winning bid in each auction

[ to its expectation.



Expected winning bid is (for simplicity, drop z; and 6 now)

e (v, 1,p", F) I+ F(v|0)" " f(v]6)dv
oo Y F(x) e
_ 1/ (v _ u) F(0]6) " f(0]6)dv (6.2)

_ 1/;0 (U.F(Uy—l —/poo F(x)f—ldx) F)dv. ().

E’U([)>p0 (bw)

I
"%\8

If we were to estimate by simulated nonlinear least squares, we would proceed by
finding 6 to minimize the sum-of-squares between the observed winning bids and the
predicted winning bid, given by expression (*) above. Since (*) involves complicated

integrals, we would simulate (*), for each parameter vector 6.

How would this be done:

e Draw valuations v*, s = 1,...,5 i.i.d. according to f(v|f). This can be done
by drawint us, ..., ug i.i.d. from the U[0, 1] distribution, then transform each
draw:

vy = F~(uy0).

e For each simulated valuation v,, compute integrand Vs = v, F'(v,]0) = [ F(]0)" " da.
(Second term can also be simulated, but one-dimensional integral is that very

hard to compute.)

e Approximate the expected winning bid as % Yo Vs

However, the authors do not do this— they propose a more elegant solution. In
particular, they simplify the simulation procedure for the expected winning bid by
appealing to the Revenue-Equivalence Theorem: an important result for auc-
tions where bidders’ signals are independent, and the model is symmetric. (See
Myerson (1981); this statement is due to Klemperer (1999).)



Theorem 1 (Revenue Equivalence) Assume each of N risk-neutral bidders has a
privately-known signal X independently drawn from a common distribution F that
is strictly increasing and atomless on its support [X, X]. Any auction mechanism
which is (i) efficient in awarding the object to the bidder with the highest signal with
probability one; and (ii) leaves any bidder with the lowest signal X with zero surplus
yields the same expected revenue for the seller, and results in a bidder with signal x

making the same expected payment.

From a mechanism design point of view, auctions are complicated because they are
multiple-agent problems, in which a given agent’s payoff can depend on the reports
of all the agents. However, in the independent signal case, there is no gain (in terms
of stronger incentives) in making any given agent’s payoff depend on her rivals’
reports, so that a symmetric auction with independent signal essentially boils down

to independent contracts offered to each of the agents individually.

Furthermore, in any efficient auction, the probability that a given agent with a signal
x wins is the same (and, in fact, equals F(x)V~1). This implies that each bidder’s
expected surplus function (as a function of his signal) is the same, and therefore that

the expected payment schedule is the same.
L] ]

By RET:

e expected revenue in 1PA same as expected revenue in 2PA

e expected revenue in 2PA is By~

e with reserve price, expected revenue in 2PA is £ max(v!=Y p°). (Note: with
IPV structure, reserve price r screens out same subset of valuations v < r in
both 1PA and 2PA.)



Hence, we have that
Eb*(vgy)) = F [max (U(I,l),po)]

which is insanely easy to simulate:

For each parameter vector 6, and each auction [

e For each simulation draw s =1,...,5"

— Draw v3,...,v]: vector of simulated valuations for auction [ (which had

l

I; participants)
— Sort the draws in ascending order: vj,, <--- <oy p

— Set b;”® = wvy_1,.y, (ie. the second-highest valuation)

If b < p, set b"* =p. (ie. b"* = max (vf,ll:h,p?))

e Approximate E (b’;0) = ¢ > b"".

Estimate 6 by simulated nonlinear least squares:

L
: 1 w w
H{,}HZZ(Z)I — E (b 10))°.

=1

Results.

EEE
Remarks:
e Problem: bias when number of simulation draws S is fixed (as number of

auctions L — o00). Propose bias correction estimator, which is consistent and

asymptotic normal under these conditions.



e This clever methodology is useful for independent value models: works for all

cases where revenue equivalence theorem holds.

e Does not work for affiliated value models (including common value models)

6.2 Nonparametric estimation: Guerre-Perrigne-
Vuong (2000)

The recent emphasis in the empirical literature is on nonparametric identification and
estimation of auction models. Motivation is to estimate bidders’ unobserved valu-
ations, while avoiding parametric assumption (as in the LOV paper). The seminal

paper in this literature is Guerre, Perrigne, and Vuong (2000).

e Start with first-order condition:

V(z)=(z—bx)) - (n— 1)—F<;)(;; {”1(:1:)
fa) (6.3)

=(r—> “(n—1 .
(= b)) - (n = 1)
e Now, note that because equilibrium bidding function b(z) is just a monotone

increasing function of the valuation z, the change of variables formulas yield
that (take b; = b(z;))



Hence, substituting the above into Eq. (6.3):

(6.4)

Everything on the RHS of the preceding equation is observed: the equilibrium
bid CDF G and density g can be estimated directly from the data nonpara-

metrically. Assuming a dataset consisting of 7' n-bidder auctions:

T—zi% e ()

T
t=
T

T—ZZ (bir < b).

,_.

.
Il

—

(6.5)

The first is a kernel density estimate of bid density. The second is the empirical
distribution function (EDF).

In the above, K is a “kernel function”. A kernel function is a function satisfying

the following conditions:
1. It is a probability density function, ie: fjozo K(d)du = 1, and K(u) > 0
for all u.
2. It is symmetric around zero: K(u) = K(—u).

3. h is bandwidth: describe below

4. Examples:
(a) K(u) = ¢(u) (standard normal density function);
(b) K(u) = 51(Ju| < 1) (uniform kernel);

1
2
(¢) K(u) =3(1—u?)1(Ju| < 1) (Epanechnikov kernel)



e To get some intuition for the kernel estimate of §(b), consider the histogram

h(b):TLnZZl(bite b—e.b+d)

for some small € > 0. The histogram at b, h(b) is the frequency with which the
observed bids land within an e-neighborhood of b.

e In comparison, the kernel estimate of §(b) replaces 1(by € [b — €,b + €]) with
K (%) This is:
— always > 0
— takes large values for b;; close to b; small values (or zero) for b, far from b
— takes values in R+ (can be much larger than 1)

— h is bandwidth, which blows up %IC (%) when it is smaller, then this

quantity becomes larger.

Think of h as measuring the “neighborhood size” (like € in the histogram).

When T — oo, then we can make h smaller and smaller.

Bias/variance tradeoff.

— Roughly speaking, then, §(b) is a “smoothed” histogram,
e For G(b), recall definition of the CDF:
G(b) = Pr(b <b).

The EDF measures these probabilities by the (within-sample) frequency of the

events.

e Hence, the IPV first-price auction model is nonparametrically identified. For
each observed bid b;, the corresponding valuation x; = b_l(bi) can be recovered

as:

(6.6)



Hence, GPV recommend a two-step approach to estimating the valuation distribution

f(z):
1. In first step, estimate G(b) and g(b) nonparametrically, using Eqs. (6.5).

2. In second step, estimate f(x) by using kernel density estimator of recovered

valuations:

. 1 1 (o du
fa) ; 3 K ( - ) . (6.7)
Note that identification continues to hold, even when only the highest-bid in each
auction is observed. Specifically, if only b,,., is observed, we can estimate G,,.,, the
CDF of the maximum bid, from the data. Note that the relationship between the
CDF of the maximum bid and the marginal CDF of an equilibrium bid is

Gon (b) = G(b)"

implying that G(b) can be recovered from knowledge of G,,.,,(b). Once G(b) is recov-
ered, the corresponding density g(b) can also be recovered, and we could solve Eq.

(6.6) for every b to obtain the inverse bid function.

Athey and Haile (2002) contains a comprehensive collection of nonparametric iden-
tification results for a variety of auction models (first-price, second-price) under a
variety of assumption on the information structure (symmetry, asymmetry). One
focus in their paper is on situations when only a subset of the bids submitted in an

auction are available to a researcher.

6.3 Affiliated values models

Can this methodology be extended to affiliated values models (including common

value models)?



However, Laffont and Vuong (1996) nonidentification result: from observation of
bids in n-bidder auctions, the affiliated private value model (ie. a PV model where

valuations are dependent across bidders) is indistinguishable from a CV model.

e Intuitively, all you identify from observed bid data is joint density of by, ..., b,.
In particular, can recover the correlation structure amongst the bids. But
correlation of bids in an auction could be due to both affiliated PV, or to CV.

6.3.1 Affiliated private value models

Li, Perrigne, and Vuong (2002) proceed to consider nonparametric identification
and estimation of the affiliated private values model. In this model, valuations
Zi, ..., T, are drawn from some joint distribution (and there can be arbitrary corre-

lation amongst them).

First-order condition for equilibrium bid in affiliated private values case:

H(z) = <x—b<x>>~g;%—(<ﬂ|ﬁ)>; y=maxr, (63)

where y; = max;; z; (highest among rivals’ signals) and b(-) denotes the equilibrium

bidding strategy.

Procedure similar to GPV can be used here to recover, for each bid b;, the corre-
sponding valuation z; = b~1(b;). Let b denote the maximum among bidder ¢’s rivals
bids: bf = max;,; b;. Then there is a monotonic transformation b = b(y;) so that,

as before, we exploit the following change of variable formulas:

Gy p(b]0) = Fyjo(|x)

9o+(p(b]0) = fyu(zlz) - 1/ (2)



Note that the conditioning event {X = x} (on right-hand side) is equivalent to
{B = b} (on left-hand side). To prepare what follows, we introduce n subscript

(so we index distributions according to the number of bidders in the auction).

Li, Perrigne, and Vuong (2000) suggest nonparametric estimates of the form

b—0b,
( 7 Zt> 1(b;, < b,ny =n)

~

T n
1
Gallil) = 7 2 2

t=1 =1

1 . b—b b— b
N _ — Dyt — 0
gn(b;b) = T X2 xn t; ZEI 1(ny =n)K ( - ) K < - ) :

Here h and h are bandwidths and K (-) is a kernel. G,,(b;b) and §,(b; b) are nonpara-

metric estimates of

(6.9)

0
G, (b;b) = G, (blb)g, (b) = o Pr(B;, < m, By < b)|m=p

and
2

n(b;0) = g,(blb)g, (b) = ——P
9ul0:) = G W0)g (0) = = —
respectively, where g,(-) is the marginal density of bids in equilibrium. Because

Gn(b;b G, (b|b

gn(b;0)  gn(b]b)
G (b;b) G (b]b)
g (bb) gn (b[b) *
each observed bid, we can construct a pseudo-sample of consistent estimates of the

(B < m, Bt < b)|m—b

Hence, by evaluating G, (-, -) and g, (-,-) at

is a consistent estimator of

realizations of each x;; = b~1(b;) using Eq. (6.8):
én(bit' bit)
Ty = ———2 + by (6.11)
' gn(bit; bit) '
Subsequently, joint distribution of 1, ..., x, can be recovered as sample joint distri-

bution of Z1,...,Z,.

6.3.2 Common value models: testing between CV and PV

Laffont-Vuong did not consider variation in n, the number of bidders.



In Haile, Hong, and Shum (2003), we explore how variation in n allows us to test for

existence of CV.

Introduce notation:
v(x;, x,n) = E[Vi|X; = a:i,r?gzij = x;,nl.

This denotes the “value conditional on winning” (see theory notes, part 1). Recall
the winner’s curse: it implies that v(x,z,n) is invariant to n for all z in a PV model

but strictly decreasing in n for all z in a CV model (see theory notes, part 1).

Counsider the first-order condition in the common value case:

Fylai n(]2)

V(x,n) = (v(z,z,n) —b(z,n)) - By (@),

Y = 15123( x;.

Hence, the Li, Perrigne, and Vuong (2002) procedure from the previous section can
be used to recover the “pseudovalue” v(x;, z;,n) corresponding to each observed bid
b;. Note that we cannot recover x; = b=!(l;) itself from the first-order condition, but
can recover v(x;, x;,n). (This insight was also articulated in Hendricks, Pinkse, and
Porter (2003).)

In Haile, Hong, and Shum (2003), we use this intuition to develop a test for CV:

Hy (PV): Ev(X,X;n)]=FuX,X;n+1)]=---=FuX, X;n)

H, (CV): Eu(X,X;n)]>EpX, X;n+1)] > > Ev(X,X;n)

Problem: bias at boundaries in kernel estimation of pseudo-values. The bid den-
sity g(b,b) is estimated inaccurately for bids close to the boundary of the empirical

support of bids.

Solution: use quantile-trimmed means: p, » = E[v(X, X;n)l{z, < X < x1_,}]



above =
H() (PV) . M&T = :u@—i—l,’r R Mﬁ,T

Hy (CV) t finr > flpgir > -0 > lre

Theorem 3 Let fi,, , = ﬁ f;l Yo Ui H{brm < by < by, } and assume |...con-

ditions for kernel estimation...]. Then
(i) finr = E[v(X,X,n) 1{z, < X < z,_,}];
(i) Tnh (fonr — pinr) N N(0,w,), where
= [ KOK @ ow)d] [3 50 S era]

Test statistic Now use standard multivariate one-sided LR test (Bartholomew,

1959) for normally distributed parameters /i, ,

e a, = %Lh (inverse variance weights)
— ZZ:Q an Hn,T
o i == (MLE under null)
® [, My solves
min Zan fins — ﬂn) Sty 2 flny1 2= 000 2 Ha- (13)
Hnsees o e

_ n % _\2
hd X2 = anﬂ an (lunﬂ' - :u)
— distributed as mixture of x7 rv’s, k =0,1,...,m—n
— mixing weights: Pry, {soln to (13) has exactly k slack constraints}

(obtain by simulation)

e estimate w, using asymptotic formula or with bootstrap



6.4 Haile-Tamer’s “incomplete” model of English

auctions

Consider an ascending auction where the bidders have (symmetric) independent pri-

vate valuations. The number of bidders n varies across the auctions in the dataset.

A theoretical paradigm of the ascending auction is the “button” or “clock” auction,
at which the price rises continuously, and bidders drop out in continuous time. In
this case, it is well known that in equilibrium bidders will drop out at exactly their
expected valuation given the information revealed in the auction. In IPV case, this
will be equivalent to a Vickrey auction, where it is a dominant strategy to dropout

exactly at your valuation v.

Real-world ascending auctions, however, proceed quite differently. First, prices as-
cend discretely, usually an multiples of a “bid increment”. Second, bidders have the
opportunity to “jump bid”, that is, submit a bid which is multiple increments above

the current standing bid. The standard eBay auction is a good example of this.

For these reasons, bidders’ “dropout prices”— the final bids at which we observe tem
to be active — can be quite different than their valuations. This make it difficult
for existing empirical auction methods which are based on continuous bidding and

first-order conditions.

Haile-Tamer’s paper tackles this problem. They estimate an ascending auction under
an “incomplete” specification of the auction rules and strategies. Instead of fully

specifying bidders’ strategies, they make two simple behavioral assumptions:
A1l: Bidders do not bid more than they are willing to pay
A2: Bidder do not allow an opponent to win at a price they are willing to beat

From these two assumptions, they derive bounds on the CDF of bidders’ valuations



F(v), as a function of the CDF of bids G(b) which is observed from the data. For
each bidder 7, a bid b; here denote the highest price at which the bidder was observed

to be actively in the auction (her “dropout price”).

Upper bound for F(v) Obviously, from Al, b; < v; implies F(v;) < G(v;). That
is, (in large enough samples), the fraction of bidders with valuations < v;, which is
F(v;), is weakly less than the fraction of bidders whose bid is < v;. There are bidders

with valuations above v; who nevertheless dropout lower than v;.

Lemma 1: Al implies that b;,, < v;,, = Fi.(v) < Gip(v) where i @ n denotes the

i-th highest order statistic out of n random draws.

They derive a tighter bound by the assumption that all bidders are symmetric: that
is, all bidders 7 have valuations drawn from the same distribution. This allows them

to combine all the inequalities in Lemma 1

Theorem 1:

F(v) <Fy(v) = min O(Gin(v),i,n)
e v - 6 i1 o (6.12)
=¢€0,1]: Gin(v) = i Jo s (L —9)""ds.

In the above, the function ¢(H;.,(v),i,n) is an “order statistic inversion” function
which returns, for a given distribution of the i : n order statistic H;.,(v), the corre-
sponding “parent” CDF H(v). ¢(+,4,n) is increasing in the first argument, implying
that, for any 4, n:

which underlies Theorem 1. Eq. (6.12) is the main inequality for the upper bounds.

Lower bound Similar calculations lead to the lower bound. From A2, we know

that
v; <
by + A i by < by,



In the above, v denotes the upper bound of the valuation distribution; b,., denotes
the maximum bid observed in an auction with n bidders, and A > 0 is a known
bid increment. Because A is known, then also G%, (+), the CDF of b,., + 4, is also

known.

Lemma 3: v, 1., < by + A = F,_1.,(v) > G2, (v). Interpretation: the fraction
of “loser’s” valuations v,_1., less than v is F,,_1.,(v). Since the losers did not win,
their valuations were less than b,,., + A, the “continuation bid” required to continue
the auction. Hence, the fraction of continuation bids less than v must be weakly less

than the fraction of losers with valuations below v.

Using the same ¢(---) function from before, this implies that
F(v) = ¢(Fy_1n(v),n — 1,n) > ¢(GS,,(v),n — 1,n).
Theorem 2:

F(v) 2Fp(v) = max ¢(Gy, (v),n = 1,n) (6.13)

Eq. (6.13) is the main inequality for the lower bound.

6.4.1 Optimal reserve price

Using these bounds, HT can also bound the optimal reserve price. Essentially, in
this symmetric IPV setting, A1 and A2 ensure that the auction outcome is efficient
(the object is allocated to the bidder with highest valuation) and that a bidder
with lowest valuation has an expected payoff of zero. Hence this incomplete auction
satisfies the RET and the optimal reserve price can be characterized as the optimum

of the following problem:!

max [(p) = (p — vo)[1 — Fy(p)] (6.14)

p

'For the IPV case, the well-known formula of the optimal reserve price is the p which satisfies

p—vg = 1;57()1' ) which is the first-order condition from (6.14). Bulow and Roberts (1989) further

point out that the objective (6.14) is just an optimal monopoly pricing problem; hence the optimal




where vy denotes the seller’s outside value if the good doesn’t sell. Define I1;(p) =

(p — vo)[1 — Fr(p)] and IIy(p) = (p — vo)[1 — Fy(p)], and correspondingly pi
argmax, Iy (p) and p; = argmax Iy (p).

Expected
Profit

m1(p)

_,— = = mn -

x*

pL P} 23 U

We might think that the optimal reserve p* would satisfy p; < p* < pj but that is
not quite right. See figure. It turns out the right bounds are p; < p* < ps.

reserve price corresponds to the optimal monopoly price which is set such that marginal cost vg

balances out the marginal revenue p — 1_702()]’ ) (gain p from marginal customer, lose 1_’057()” ) from

inframarginal customers).
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Chapter 7

Partial Identification in Structural
Models
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In this set of lecture notes we introduce the ideas related to partial identification in
structural econometric models. As a motivating example, we will consider the static
two-firm entry game. Despite its simplicity, it is strategically nontrivial because the
entry choices of competing firms are interdependent (ie. entry choice of firm 1 affects
profits of firm 2).

As we will see, in this simple entry game, multiple equilibria are a typical problem. A
literature has pointed out how, typically, the possibility of multiple equilibria in the
underlying game leads to the partial identification of the structural model parame-
ters.! This means that there are multiple values of the structural model parameters
which are consistent with the observed data. Econometrically, the estimating equa-
tions in these types of settings typically take the form of “moment inequalities”, and
a very large literature has developed regarding inference with moment inequalities.

These lecture notes will cover these topics.

Throughout, we will employ a two-firm entry game as the running example. First, we
focus on games where the moment (in)equalities are generated by “structural” errors
(ie. those observed by the firms, but not by the econometrician). A typical paper
here is Ciliberto and Tamer’s (2009) analysis of entry in airline markets. Second, we
consider the case where the moment (in)equalities are generated by non-structural,
expectational errors, which are not known by agents at the time that their decisions
are made. This follows the approach taken in Pakes, Porter, Ho, and Ishii (2007).

1See, for instance, Tamer (2003), Ciliberto and Tamer (2009), Beresteanu, Molchanov, and
Molinari (2011), Galichon and Henry (forthcoming).



7.1 Entry games with structural errors

Consider a simple 2-firm entry model. Let a; € {0,1} denote the action of player
1 =1,2. The profits are given by:

Hi(s)—{ b's—da_; +e¢, ifa;=1

B 0 otherwise

s denotes market-level control variables. Entry choices are interdependent, in the
sense that, firm 1’s profits from entering (and, hence, decision to enter) depend on

whether firm 2 is in the market.

As before, the error terms ¢; are assumed to be observed by both firms, but not by the
econometrician. This is a “perfect information” game. We also consider “incomplete

information” games below.

For fixed values of the errors € = (e, €2) and parameters 0 = (aq, g, (1, B2), the
Nash equilibrium values a}, a5 must satisfy best-response conditions. For fixed (6, ¢€),

the best-response conditions are:

aj =1« 1li(a3) >0
ai =0« Ili(al) <0
ay =1« Il(aj) >0
@ =0s ILa) <0

For some values of parameters, there may be multiple equilibria.
[INSERT PICTURE HERE]

Given this setup, we derive the following inequalities for the probabilities of the four

entry outcomes:

o P[(B,0) = [1—(=p's)][(6 — f's)] = Pr((1,0)[s] = [1 — @(—F's)|®(—f's) +
[1— @6 — B's)][®(0 — B's) — D(—F's)] = Pi(B,0)



o Fii(B,0) =[1—0(=p's)][(6 — B's)] = Pr((0,1)[s] = [1 — @(—F's)|®(—f's) +
[1— (36— F's)][®(0 — B's) — (=5's)] = Py (B, 9)

o [®(=p's)]* = Pr[(0,0)]s]

o [1=®(0—p's)*=Pr((1,1)]s]

Agnosticism, multiple equilibrium, and partial identification: a thought
experiment. Why does multiple equilibria go hand-in-hand with partial identifica-
tion? Consider a thought experiment, where John and Jill are given the same dataset,
on entry outcomes from a two-firm entry game, played across a large number of iden-
tical markets. John and Jill agree on the model, but disagree about the equilibrium
selection procedure. Let’s say John believes that, when there are multiple equilibria,
the (0,1) outcome always obtains, so that Pr[(0,1)|s] = P} and Pr[(1,0)|s] = PL.
Jill believes, however, that in the multiple equilibria region, the two firms flip a coin
so that (0,1) and (1,0) occur with 50-50 odds, so that Pr[(0,1)|s] = 0.5(PL + PY)
and Pr[(1,0)|s] = 0.5(PL + PY).

Now they take the data and estimate the model parameters under their assump-
tions. (For instance, they could run maximum likelihood.) Obviously, John and
Jill will obtain different estimates of the parameters (5,0). Who is right? As an
agnostic observer, you must conclude that both are right. Therefore, in this multiple
equilibria setting, agnosticism about the equilibrium selection rule drives the partial

identification of the model parameters.



7.1.1 Deriving moment inequalities

Define the mutually exclusive outcome indicators:

(7.1)

We observe a dataset Y; = {Y1s, Yar, Y3y, Yy } for a series of markets t = 1,...,T.
From this data, we can estimate the outcome probabilities ]500, ]501, 1510, ]511 (we ig-
nore market-specific covariates s for now). These estimates can be plugged into
the probability inequalities above, leading to moment inequalities which define the

identified set of parameters (3, 9).

The identified set as defined by these moment inequalities, is not “sharp”: don’t
impose joint restrictions in inequalities. Specifically, if you are at upper bound of
the first equation, you cannot be at upper bound of second equation. That is, you

need to impose an additional equation on

P[(0,1) U(1,0)|s] = Piy(8,0) + i (8, 0) = Py (B, 6) + Pig (8, 0).

There are alternative ways around this multiple equilibrium problem. Instead of
modeling events Y} = 1 and Y5 = 1 separately, we model the aggregate event Y5 =
Y1 + Y5 = 1, which is event that only one firm enters. In other words, just model
likelihood of number of entrants but not identities of entrants. Indeed, this was done

in Berry’s (1994) paper.

7.1.2 Study points: Ciliberto and Tamer (2009)

Page references are to version of paper published in Fconometrica.



Describe entry patterns in airline markets.
Markets m = 1,...,n: each market is a city-pair, with characteristics X,,.
Potential entrants in each market £k =1,..., K.

Outcomes of interest: ¥, = {y]", ...,y } with y;* = 1(firm %k enters market m).
Let the vector y index all the possible outcome configurations for 3. For in-
stance, with K" = 3, then y indexes the events {(111), (110), (101), (011), (100), (010), (001), (0

Eq. (1): profit function.

— (ay, Bi,7ys): firm-specific coefficients on market and market /firm variables

— 0% (dis-)synergies; constant effect of firm j’s presence in market m on

firm ¢’s profits

— gbz (dis-)synergies; effects of firm j’s covariates on firm 4’s profits

For each covariate vector X (includes both market and firm covariates), Nash

equilibrium behavior in entry game yields the moment inequalities

(0, X) < P(y|X) < Hy(6, X).
Define identified set:
©; = {0 : inequalities above are satisfied for all X'} .
Work with objective function

Q(0) = / N(Py[X) = Hi(0, X)) + [[(P(y|X) — H2(60, X)) ¢[|dF]

with sample analogue

Qu0) = 37 [IIP(1X0) — B0 X)) |+ [[(Py1X,0) — a0, X))

m=1

where P(y|) denotes estimates of the outcome probabilities, as functions of X.



e P(y|X,,) should be estimated nonparametrically, or flexibly parametrically.

(Akin to choice probability estimation in dynamic models.)

e Typically, unless number of firms K is very small, the upper and lower bound

probabilities H;(0,-) and H(f,-) do not have a convenient closed form, and

will need to be simulated, for different values of 6.

e pp. 1804-1805: inference procedure of Chernozhukov, Hong, and Tamer (2007;
CHT).

From Eq. (12), these are “level sets” of the objective function @, (0). Why
shouldn’t you use ¢ = 0 in Eq. (12): due to sampling error in @, ().

Consider the following “step-up” procedure:

Start with initial set C,,(cp). Could have ¢y = 0.

For each 6y € C,(cy), apply subsampling (with subsample sizes b,) to
statistic T,,(6p) = n(Qy(0p) —min; Q,(t)), and obtain the a-quantile ¢ ().
That is, ¢1(6p) is the a-quantile of?

{Tbmj(e())a ]: ]-a s 7bn} .

Then take first updated cutoff ¢; = supy e, () €1(6b). Then obtain cor-

responding confidence set

Cu(cr) =161 : T,,(6h) < 1 }.
This set contains “new” points ¢, € C,(c;) which are &€ C,,(¢o) for which
T,(61) lies within the sampling range of T,,(6) for 6y € Cy,(co).
Subsample for all §; € C,,(¢1) to get ¢z, then C,(cs), etc.
In practice, CT stop at step 2.

Asymptotic level: confidence set C,, satisfies lim,,_,., P(0; € C,) > a.

e Table 1: six players are AA, DL, UA, WN (Southwest), MA (medium; AmWest,
Cont, NW, USAir), LCC (low-cost carriers)

2qr here denotes not the size, but the confidence level. So the size is 1 — a.



e Table 2: entry frequencies
e Table 3: results.

— Specification 1,2,3: no synergies, but there are heterogeneous coeflicients

across firms

— Specification 4: allow for §’s

e Table 4: allow for ¢’s. These synergies come in only through the “airport
presence” variable. Also, synergy is assumed to be the same across all firms:
ie., WN’s airport presence synergy effect on firm 4, which is ¢y, is assumed

to be the same for all firms 7.

Specifications 1,2 differ in whether errors in firms’ profit functions allowed to

be correlated across firms.

e Policy experiment: effect of repeal of Wright amendment (restricting flights
out of Dallas-Love Field)

7.2 Entry games with expectational errors

In contrast to the above, Pakes, Porter, Ho, and Ishii (PPHI) derive the moment
inequalities directly from the optimality conditions. By allowing more general error
structures, a large variety of moment inequalities can be generated. We illustrate

this approach again for the two-firm entry example.

Nash equilibrium In the two-firm entry game, if the actions (af, a}) are observed,

then the inequalities for a Nash equilibrium are

E[mi(a7, a5, 2)|] — E [w(a, a3, 2)|] > 0, for a # a]

(7.2)
E[m(a],a}, 2)|] — E [w(a],a, 2)|s] > 0, for a # a}



These conditions are from the optimizing firms’ point of view, so in order for the
expectations above to be nontrivial, implicitly there are some variables in z, which

are not observed by the firms (ie. not in the information sets {1, or {2y).

Accordingly, PPHI parameterize (for all i, a;, and as)
mi(a1, az, 2) = ri(a1, az, z;0).

In the above, 7;(ay, as, z; ). is a particular functional form for firm i’s counterfactual
profits under action profile (a1, as), which is assumed to be known by researchers,

up to the unknown parameters 6.3

Hence, plugging into the equilibrium inequalities, we have the conditional moment

inequalities which we can use to estimate 0:

Elri(al, a3, z;0)|] — E[ri(a,a3, z;0)|Q] > 0, for a # aj (7.3)
Elry(aj, a3, 2;0)|Q] — E[ra(aj, a, z;0)|Q] > 0, for a # aj '

To operationalize this, consider some instruments Zy;, ..., Zy; € €2;, and transform
them such that they are non-negative-valued. Then, the conditional moment in-

equalities above imply the unconditional inequalities

E(r1(a3, a3, z,0) — ri(a, a5, 2;0)) * Z,] >0, fora #aj, m=1,...,. M

7.4
E[(ra(a7, a3, 2;0) — ra(a3, a,2;0)) x Z,] >0, fora # a5, m=1,..., M. (74)

Accordingly, these unconditional moments can be estimated by sample averages.

7.2.1 Study points: Ho, Ho and Mortimer (2012)

Page references for Ho, Ho, and Mortimer (2012) refer to the version of the paper

published in the American Economic Review.

3We can relax this to allow for m;(a1, as, 2) = r;(a1, a2, 2;0) +v; a; 4y, Where v... are errors which

have mean zero conditional on 2;.



Movie-rental market: movie distributor (upstream) and retailer (downstream)

Analyze contract choice by movie distributors: linear pricing (LP) or revenue-
sharing (RS), vs. full-line forcing (FLF).

Main empirical exercise: estimate profits for retailers (rental stores). Two

steps:

— Estimate consumer demand (aggregated discrete choice model) for each
movie i. Based on nested logit model of discrete-choice demand (not the

focus here)
— Infer retailers’ inventory costs of stocking movies using moment inequali-

ties.

Given parameter estimates, simulate profits for distributors under alternative

contractual arrangements.

(7,m,t): title, store, period

Egs. (1), (2), (3): demand model. Skip

Egs. (4), (5): predicted market shares. Component in retailers’ profit functions

Eq. (6): title-level revenue rj,. (Only consider 4 months after release). Differs

depending on contractual form.
Eq. (7): quantity rented j,:: constrained by inventory ¢;y,.

Eq. (8): r%: total return of movie j to store m.

Eq. (9): Total profits. Sum across all distributors s and titles j. C(---) is
inventory cost of holding a tape. Error structure is crucial.
— Nm: store fixed effect. These will difference out from moment inequalities
— P(Cms, kms) 1s “continuation value”. This will end up differencing out too.

— €ms: unobserved store prediction error. NOT OBSERVED by firms at the

time that they make their decisions, so its not a structural error.



e Eq. (10): basic moment inequality. Idea is that profits given retailer’s ob-
served movie-stocking decisions should be higher than profits under alternative

stocking decisions (eg. dropping a title).
e Eq. (11): the n and p drops out by differencing

e Expectation condition on [,,: information set of store m. Consider instruments
Zms' € Ip,. Then under assumption that €,y L I,,,, we also get E(€,s|2ms) = 0.
This leads to Egs. (12), (13).

e This may seem fussy. What if you just eliminate ¢? Then inequalities in Eq.

(10) are deterministic.

e Eq. (14): convert conditional to unconditional moment condition. g(z,s) are

any positive-valued function of the instruments.

7.3 Inference procedures with moment inequali-

ties/incomplete models

In cases when a model is not sufficient to point-identify a parameter 6, goal of
estimation is to recover the “identified set”: the set of 6’s (call this ©) which satisfy

population analogs of moment inequalities Eg(z, ) > 0:
O ={0: Eg(z,0) > 0}.

With small samples, we will never know 0, exactly.

7.3.1 Identified parameter vs. identified set

The existing literature stresses two approaches for inference in partially identified

models: deriving confidence sets with either cover the (i) identified set or (ii) the



elements in the identified set with some prescribed probability. More formally, a

given confidence set ©,, satisfies either of the asymptotic conditions
(1) liminf, o P(0y C ©,) =1—a; or

(77) liminf,_,infyce, P(0 € @n) =1—-o;

where 1 — o denotes a prescribed coverage probability.

This distinction was emphasized by Imbens and Manski (2004). Generally, CS for
“identified parameter” will be smaller than CS for “identified set”. Intuition: con-
sider identified interval 6 € [a,b] with estimators a, and b,. For asymptotic nor-
mal estimates, we can form the symmetric two-sided 1 — a confidence interval as
[, Gp) = Gn £ 2a/20/y/n, where z1_,/2 denotes (1 — «/2)-th quantile of N(0,1);

analogously for [b,, b,].

Consider the intuitive confidence region C, = [a,,,b,]. This should cover identified

interval [a, b] with asymptotic probability (1 — «), for the usual reasons.

But consider coverage probability of C, for any point 6 € [a,b]. As n — oo, any
0 € (a,b) will lie in C with probability 1. For § = a: note that by construction,
la,,,a,] covers a with asymptotic probability (1 — «), so that C, D [a,, @, covers a
with probability > (1—a) asymptotically. Similarly with & = b. Indeed, for this case,
Imbens and Manski show that the “doubly one-sided interval” [a,, — z1_o0/\/n, lA?n +
21_a0/+/n] covers each 6 € [a, b] with asymptotic probability no smaller than (1 —«).

7.3.2 Confidence sets which cover “identified parameters”

In constructing confidence intervals of the form (ii); ie. those which cover each
identified parameter with some prescribed probability, we utilize the traditional
approach to confidence set construction: we “invert” test of the point hypotheses
Hy:0€0y & Eg(x,0) >0vs. Hy:0 ¢ 0. Different confidence sets arise from
using different test statistics (Wald-type statistics, empirical likelihood statistics,



etc.) For a given test statistic, let the critical value ¢;_,(6) denote the (asymptotic)

1 — « quantile, under the null. Then we form our confidence set:

={0: T,00) <c1_.(0)} (7.5)
where T,,(6) denotes the sample test statistic, evaluated at the parameter 6.

As an example of such an approach, consider the moment inequalities Fg(z;6) < 0,
where g(- - - ) is a M-dimensional moment vector with typical element ¢ (x; ). These
moments can be approximated by the sample averages Eg(x;0) ~ = LS gz 0) =

gr(0). Then we consider the quadratic form:

Qr( =T- (0)/c7 (0 ]i, (7.6)

Ms

m:l
where o7'() is an estimate of the standard error of the sample moment g7 (6), and

[z]+ = z-1(z > 0) is the amount that a given sample moment violates the inequality.

Now, for each 6, we consider testing the hypothesis

Hy: Eg(z;0) <0< 0 € 0O,.

Note that if these were moment equalities (Eg(x;0) = 0), then the analogous test
statistic which we would use here would be T - M _ [g7(8) /o (6)]?, which is just
the usual quadratic form GMM test statistic. Typically, in this case, Q7(0) tends to
a x? distribution under the (moment equality) null, and accordingly we can obtain

the critical value ¢;_, (which will typically be the same for all values of 6).

However, in the case of moment inequalities, the asymptotic distribution of Q7(9)
will not take a convenient closed form, and it may also vary with the particular
parameter value 6.* In short, the reason for this is that the asymptotic distribution

of Q7(#) depends on which of the moment inequalities are binding (ie. which of them

4See Wolak (1989) for early work on deriving these non-standard distributions.



are exactly Eg,,(x;0) = 0); and the set of moment inequalities which are binding

may vary depending on 6.°

For this reason, for each value of 6, the critical values ¢;_,(f) for these tests are
typically approximated via data resampling procedures (such as bootstrap or sub-

sampling), in order to obtain the confidence set (7.5).

7.3.3 Confidence sets which cover the identified set

We discuss here the estimation procedure of Romano and Shaikh (2010). Roughly
speaking, just as confidence sets which cover an identified parameter are obtained
by inverting tests for a null hypothesis involving a single value of 8, a confidence
set which has nice coverage properties for the whole identified set © is obtained by
inverting a multiple hypothesis test for a family of null hypotheses involving a set of

values of 6.

Let P denote true (but unknown) data-generating process of data, and let © denote

the parameter space. Define identified set as:
Oy(P) = argming.oQ(0, P) & {# €O : QH,P)=0}. (7.7)

Let ,,(0) denote the sample objective function, and a, a rate of convergence such

that as n — o0, a, — oo and a,,Q,,(0) A L(0), a nondegenerate limiting distribution.

For the case of inequality constrained moment conditions Fpg,,(Y,0) < 0, for m
indexing the moment conditions, one possibility is to define a least-squares ob-
jective function Q(6, P) = > [E,gm(Y,0)]% with small-sample analog Q,(0) =
>l 9m (Ye, 0))7

°See Andrews and Soares (2010). There is a large and active econometrics literature on infer-
ence with moment inequalities, including Chernozhukov, Hong, and Tamer (2007), Canay (2010),
Andrews, Berry, and Jia (2004) etc.



The notation [y]; is shorthand for y - 1(y > 0). For the specific case of the first
inequality in the conditions above, g(Y;,0) =Yy — [1 — ®(—0's)][®(6 — f's)].

Goal of estimation: recover confidence set C), s.t.
liminf, ..o P{C, 2 6y(P)} =1—« (7.8)
for some level a.

Romano-Shaikh show:

e This estimation problem is equivalent to a testing problem, where the goal is
to test the family (continuum) of hypotheses

Hy: 0 €0y(P), VOeO

subject to a restriction on the “family-wise error rate” FWER such that
limsup,, ,o . FWERp, = « (7.9)

where

FWERp, = P{with n obs., reject at least 1 “true” null hypothesis Hy s.t. Q(0, P) =0}.

FWER is a generalization of type I error (when you have uni-dimensional

hypothesis test).
This does not define the test statistic, just a characteristic that the test should
satisty.

e Note that

1 — FWERp, = P {with n obs., reject no null hypothesis Hy s.t. Q(0, P) =0}
= P{@O(P) - Cn}
(7.10)



Hence the FWER restriction (7.9) is equivalent to

limsup,,_, 1 — P{6y(P) C C,} =«

(7.11)
<liminf, ,o o P{O¢(P) C Cr}=1—-«

which is the required criterion (7.8).

e The following “stepdown” algorithm yields, at the end, a set C,, satisfying Eq.
(7.8).
1. Start with S' = © (the entire parameter space).

2. Evaluate this test statistic:

7.(S,0) = max a,Q,(0).

fest
3. Compare test statistic 7,,(S?, 0) to critical value ¢, (S*, 1—«), where critical
value is obtained by subsampling:

— Consider subsamples of size b,, from original dataset. There are N,, =
(bT; ) subsampled datasets from the original dataset, indexed by ¢+ =
1,..., N, (Asn — oo, %”—>0)

— For each subsampled dataset i: compute the subsampled test statistic

/<;Z-7n(51, 9) = Imax abe(G).
fest

— Set ¢,(S*, 1—a) to (1—a)-th quantile amongst {x1.,(S*, ), ..., kn, (S, 0)}.
4. Tf 7,(S%, 0) < ¢, (S', 1 — ), then stop, and set C,, = S,

5. If 7,,(SY, 0) > ¢,(S,1 — ), then set
S*={0€ 5" :a,Q,(0) <c,(S',1—0a)}.

Repeat from Step 2, using S? in place of S*.



7.4 Random set approach

Beresteanu and Molinari (2008), Beresteanu, Molchanov, and Molinari (2011)
Probability space (€2, A, u)

Set-valued random variable (“random set” for short) F': Q +— K(R?), where
K (R?) denotes the set of nonempty closed subsets in R?.

Inner product < -,- > in R? is vector dot product; Euclidean distance between
abeRYis ||d—b| = \/<a—ba—b>.

K (R?) is metric space with Hausdorff distance:

H(A, B) = max(dy(A, B),du(B,A)), du(A, B) = supgcainfy_gl||d — b||.

—

Selection of random set F' is random vector f: Q — R% such that f(w) € F(w).
S(F) is set of selections of F.

Aumann expectation: E(F) = {fQ fdu, fe S(F)}
Note: for given f, o fdu is d-dim. vector with i-th element Jo filw)p(dw).

Support function for a set R € K(RY) is s(p, R) = suppep < p,7 >, for all
7 € R Support function for a set R is the Fenchel/Legendre transform of the
indicator function for that set, defined as dg(p) = 0-1(p € R)+(+00)-1(p & R).°
In this sense, the support function is an equivalent representation of the set R.

7.4.1 Application: sharp identified region for games with

multiple equilibria

Outcome space Y C R¥: randomness indexes by w € Q with probability P.

6By definition of the Fenchel transform (cf. Borwein and Lewis (2006, pg. 55)), the Fenchel
conjugate of 0 g(p) is the function 65 (p) = suppcp {< D, 7> —0r(1r)} = supzcr {< 7,7 >} = s(p, R).



Random set Q(w;6) C Y, for all w € Q: for each w, the realization of the
random set Q(w;0) is the set (possibly singleton) of outcomes which could

occur in an equilibrium of the game, given (w, 0).

Aumann expectation EQ(w;0) C V: set of expected outcomes consistent with

some equlibrium selection rule.
Average outcomes observed in data: E(y), for y € V.

Sharp identified region:
Oy = {01 E(y) € EQ(w; 6)}

which is typically a convex set. Using support function s(u, EQ(w;#)), we can

equivalently denote this by (this is the separating hyperlane theorem!)

O ={0: E(y) € EQ(
— {0 W/B(y) < s(u, EQ(w;0)), Yu € R" [ju]| =1}
= {0:uE(y) < Bs(u, Q(w;0)), Yu € R, ||u|| = 1}

{0+ _mwx WEW) - Bstu. Qo)) <0}

u€RF ||u||=1

which, for each 6, is a k-dimensional optimization program. The final equality

in the above display uses the random set result that

s(u, EQ(w; 0)) = Es(u, Q(w; 0)).
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Chapter 8

Background: Simulation methods
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Simulation methods have played a very important role in econometrics. The main

principle of integration via simulation (“Monte Carlo integration”) is the following:

Approximate an expectation as a sample average.

The validity of this principle is ensured by law of large numbers. Let x!, 22, ..., 2°

be S ii.d. draws from some distribution with density f(X). Then

S
EX—/xf(x)dx% %;xs

Simulation can be a very useful tool for computing integrals, because most integrals
can be written as an expectation. To simulate from a distribution with CDF F,

exploit quantile transform:

e Draw Z ~ U[0, 1].

e Transform X = FF~!(Z). Then X ~ F.

Here we consider several interesting applications of the simulation approach in econo-

metrics.

8.1 Importance sampling

Importance sampling is a more efficient approach to simulation. In essence, you
take draws from an alternative distribution whose support is concentrated in the

truncation region. Principle of importance sampling:

= sﬁ s)ds
/fsf(s)ds- ; g(s)g( )ds. (8.1)



That is, sampling s from f(s) distribution equivalent to sampling s w(s) from g(s)

distribution, with importance sampling weight w(s) = ’; Ej; . (f and g should have

the same support.)

Simple example You want to simulate the mean of a standard normal distribu-

tion, truncated to the unit interval [0,1]. The desired sampling density is:

el
) Jy d(x)dx

where ¢() denotes the standard normal density.

Brute force simulation: take draws x* from N (0, 1), and only keep draws in [0,1]. Sim-

ulated mean is calculated as: % Inefficient if 255:1 1(z® € ]0,1]) << S.
s=1 T ’

Importance sampling: draw from U[0,1], so that g(x) = 1 for x € [0,1]. For each

. . . s s\ o(x%) . e 1 S S, ..8
draw, importance weight is w® = f(2°) = T od Simulated mean is 5> 7 7°w”.

Don’t need to reject any draws.

8.1.1 GHK simulator: get draws from truncated multivari-

ate normal distribution

You want draws from
~TN (ﬁ, 5.3, 5) = N(i,Y) st.d<i<b (8.2)

where the difficulty is that X is not necessarily diagonal (i.e., elements of ¥ are

correlated).



The most obvious “brute-force” approach to simulation is an acceptance-rejection
procedure, where you take draws from N(i,Y) (the untruncated distribution), but
reject all the draws which lie outside the desired truncation region. If the region
is small, this procedure can be very inefficient, in the sense that you might end up

rejecting very many draws.

Importance sampling from truncated MVN Let (u,...,u,) denote an n-
vector of independent multivariate standard normal random variables. Let %1/2

denote the (lower-triangular) Cholesky factorization of ¥, with elements

S11 0 cee 0 0
S21 S99 - 0 0
(8.3)
Sii 0 0
Spl Sn2 " Spn—1 Snn
Then we can rewrite (8.2) as:
T=j+XY%~ N (I,%) st
a1—p1 b1—u
511 U1 po S
CL2—,LL§2—2821U1 u2 2_!14?92_2321“1 (84)
. < < }
an_lin_z'?__ll Snilq bn_ll‘n_z;l:ll Snilli
un
Snn Snn
The above suggests that the answer is to draw (uy,...,u,) recursively. First draw
— —_ — _ S b _ _ El
uf from N (0,1; 9= b1z ) then 4 from N (0, 1; 222t azie=snt ) - anq o
P osi ) s ) » 522 ’ 522 ’
on.
Finally we can transform (uj,...,u?) to the desired (z§, ..., 2%) via the transforma-
tion

=i+ 2V (8.5)



Remark 1: It is easy to draw an n-dimensional vector @ of independent truncated
standard normal random variables with rectangular truncation conditions: ¢ < @ <
d. You draw a vector of independent uniform variables @ ~ U[®(), ®(d)]! and then

transform u; = 1 (a;).

Remark 2: The GHK simulator is an importance sampler. The importance sam-
pling density is the multivariate normal density N(ji,Y) truncated to the region
characterized in Eqs. (8.4). This is a recursively characterized truncation region, in
that the range of, say, 3 depends on the draw of x; and x5. Note that truncation re-
gion is different for each draw. This is different than the multivariate normal density
N(ji,%) truncated to the region (@ < Z < b).2

For the GHK simulator, the truncation probability for each draw z* is given by:

m i—1 s
75 = [QD (bl _Nl) _ P <a1 _/h)} H [(P (bi — Hi — Zj=15ijuj> & (Cbi = M —
S11 S11 Pl Sii .

(8.6)

Remark 3: 7° (even just for one draw: cf. Gourieroux and Monfort (1996, pg.
99)) is an unbiased estimator of the truncation probability Prob (Ei <T< g) But

in general, we can get a more precise estimate by averaging over w?®:
= 1
T,; = Prob <5 <i< b) ok > o (8.7)
for (say) S simulation draws.

Hence, the importance sampling weight for each GHK draw is the ratio of the GHK

truncation probability to the original desired truncation probability: w® = 7°/T.; ~
e DO
Hence, the GHK simulator for [.___»@f(Z)dZ, where f(Z) denote the N(f, %) den-

sity, is %Zle Tw(x®), or Y 2T/ Y T

LJust draw @ from U[0, 1] and transform @ = ®(c) + (®(d) — ®(c))d.
2See Hajivassiliou and Ruud (1994), pg. 2005.

)|



8.1.2 Monte Carlo Integration using the GHK Simulator

Clearly, if we can get draws from truncated multivariate distributions using the GHK
simulator, we can use these draws to calculate integrals of functions of . There are

two important cases here, which it is crucial not to confuse.

Integrating over untruncated distribution F(X), but a < X < b defines re-

gion of integration

If we want to calculate
| s@s@i (8.8)
a<r<b

where f denotes the N(ji, ) density, we can use the GHK draws to derive a Monte-

Carlo estimate:
— 1 —s s
Bicrid(T) = 5 ) g(F) % 7" (8.9)

Here the weight is just 7° (not w®), because the desired sampling distribution is the
untruncated MVN density. The most widely-cited example of this is the likelihood
function for the multinomial probit model (cf. McFadden (1989)):

Multinomial probit with K choices, and utility from choice k U, = X i + €. Prob-
ability that choice k is chosen is probability that v; =€, — €, < X3; — X4, for all
i # k. For each parameter vector 3, use GHK to draw S (K-1)-dimensional vectors
7° subject to ¥ < (a;ﬁ) Likelihood function is

Prob(k) — / 1(7 < («5)) F7)dv
[ s (8.10)
v<(zB)

1 s
zgzm



8.1.3 Integrating over truncated (conditional) distribution
F(%X|a <X < b).

The most common case of this is calculating conditional expectations (note that the

multinomial probit choice probability is not a conditional probability!)3.

If we want to calculate

- gD f(D)dZ
r) = g(¥)f(Z|a < T < b)d¥ = fa<x<”g(x)f<x)qx. 8.11
) (%)
q<z<b Prob(d < <)

Ea’<£<l39($ -

As before, we can use the GHK draws to derive a Monte-Carlo estimate:

11 = s
Tﬂggzg(af ) 7", (8.12)

Ed’<i<gg(f> ~

The crucial difference between this case and the previous one is that we integrate
over a conditional distribution by essentially integrating over the unconditional dis-
tribution over the restricted support, but then we need to divide through by the
probability of the conditioning event (i.e., the truncation probability).

An example of this comes from structural common-value auction models, where:
vz, ) =& <v|x1 = x,n;inxj = x) =
j#1

// EWl|xy,...,xy) dF (x3,... 2|01 = 2,20 = 2,2, > 2,k =3,...,n;0) =

\_v_./
zp>x, Vh=3,..,n
1
- // E a1, ... x2) dF (s,. .. &n|t1 = 7,29 = 7:0)

——
r>x, Vk=3,...n

(8.13)
where [’ here denotes the conditional distribution of the signals 3, ..., z,, condi-
tional on 1 = x5 = x, and T}, denotes the probability that (x > x,k = 3,... ,n|r; = z, 29 = x;0).

3This is a crucial point. The conditional probability of choice k conditional on choice k is trivially
1!



If we assume that & = (zy,...,x,) are jointly log-normal, it turns out we can use

the GHK simulator to get draws of £ = log & from a multivariate normal distribution

subject to the truncation conditions &, = #,%, = Z,%; > Z,Vj = 3,...,n. Let A(z)

denote the truncation region, for each given .

Then we approximate:

1 1 ~s s
vz, ) ~ TA(x)ggg(v]x ) kT

where Ty is approximated by %ZS 75,

8.2 MCMC simulation

Source: Chib and Greenberg (1995)

8.2.1 Background: First-order Markov chains

e Random sequence Xy, Xo, ..., X, Xpi1, ...

(8.14)

e First-order Markov: P(X, 1| X, Xn_1, X0 2,...) = P(X,11|Xy) = P(X'|X).
History-less. Denote this transition distribution as P(z, dy) = Pr(X' € dy|X =

e Invariant distribution: II is distribution, 7 is density

II(dy) = /P(:E,dy)ﬁ(x)dx.



e Markov chain converges to invariant distribution: for starting value x, we have

PV (z, A) = P(z, A)
p@(z,A) = | PW(z,dy)P(y, A)

PP (x,dy) P(y, A)

e—

P, A) = / POz, dy) Py, A) ~ TI(A)

That is, for n large enough, each realization of X,, drawn according to P(zx, dy)
is drawn from the marginal distribution II(dy). (Initial value x does not mat-
ter.)

e Markov chain theory mainly concerned about: for a given kernal P(x, dy), what

is invariant distribution 117

e MCMC simulation goes backwards: given a marginal distribution II, can we
create a Markov process with some kernel function, such that II is the invariant
distribution?

e Let p(z,y) denote density function corresponding to kernel function P(zx,dy)
(ie. P(x,A) = [,p(x,y)dy). For a given m, if the following relationship is

satisfied, then the kernel P(z,dy) achieves m as the invariant distribution:

m(z)p(z,y) = 7(y)p(y, ). (8.15)

This is a “reversibility” condition: interpreting X = z and X’ = y, it (roughly)
implies that the probability of transitioning from x to y is the same as transi-

tioning from y to x.

(Note that in the — strange? — case where Ixnx = [x)xr, then both sides of

Eq. (8.15) represent two alternative ways of writing the joint density of fx/ x.)



Then 7 is the invariance density of P(x

/( // (2, y)dym(z)da
// p(, y)r(x)dady
// Py, #)m(y)dedy
- [ | [ >dx] r(y)dy

= /Aﬂ(y)dy =TI(A).

e Can we find such a magic function p(x,y) which satisfies (8.15)7

e Consider any conditional density function ¢(x,y). Suppose that

m(x)q(z,y) > 7(y)q(y, v)
so condition (8.15) fails. We will “fudge” ¢(z,y) so that (8.15) holds:

8.2.2 Metropolis-Hastings approach

e Introduce the “fudge factor” a(z,y) < 1, such that

m(z)q(z,y)a(z,y) = 7(y)e(y, )a(y, ).

When Eq. (8.15) is violated such that LHS>RHS, you want to set a(z,y) < 1
but a(y,z) = 1. Vice versa, if LHS<RHS, then you want «a(z,y) = 1 but
a(y,r) < 1. We can summarize this as:
[Ty, ¥) }
a(r,y) =min | —————=, 1] . 8.16
(0) [W(ﬂﬂ)q(w,y) (310

Correspondingly, define the Metropolis-Hastings kernel as:

Py (z,dy) = q(v,y)a(r, y)dy + [1 - /Q(x,y)a(w,y)dyl 1(z € dy). (8.17)

-~~~

r(z)




For a given value z, the Markov chain moves to y # x with probability
q(z,y)a(x,y), and stays at y = = with probability [1 — fq(:v,y)a(x,y)dy] =

r(z).

e Note that this kernel achieves 7w as the invariant distribution. As above:

/PMH(xA dx—// . a:ydyﬂ()dx—l—/()()d
_ / / a(e, )z, y)r (@) dedy + /A r(@)m(2)dz
= [ [ w0yt 0)mt)dedy + / ra)m(r)dr
:/AUq da:]w dy+ | r@m(@)de
/A (1= r(y)] w(y)dy + /A

e This MH kernel can be implemented via simulation: start with 2%, then

— Draw “candidate” y; from the conditional density q(x°,y;).

0

Set 21 y; with probability a(z°, )
et x! =
2% with probability 1 — a(z% ;)

Now draw candidate y from the conditional density q(x!,ys).

Sot 42 Yo with probability a(x!,y.)
— Set 2% =
x'  with probability 1 — a(z!, y)

— And so on.

According to the Markov chain theory, for N large enough we have approxi-

mately:
1 T+N

N(A) ~ - Y 1€ 4).

i=7>1
Here 7 refers to the length of an initial “burn-in” period, when the Markov

chain is still converging.



e What are choices for the conditional density ¢(6,6")? Two common options

are:

— Random walk: ¢(x,y) = ¢1(y — x), where ¢; is a density function, eg.
N(0,0?). According to this approach, the candidate y = z + €, € ~

N(0,0?%), and so it is called a random walk density.

— Independent draws: ¢q(z,y) = g2(y), where g, is a density function. The
candidate y is independent of z. (However, because the candidate is
sometimes rejected, with probability 1 — a(z,y), the resulting random

sequence still exhibits dependence.)

— Gibb’s sampler: Consider the case when x and y are both multidimen-
sional, ie. © = (x1,232); y = (y1,¥y2), and consider some joint density g(x)

for z and y, with associated conditionals g(z1|z2) and g(xs|z1). Then set

q(z,y) = g(yaly1) - g(y1|z2).

That is, for a given = = (xy, z3), first you draw 7, according to the con-

ditional density g(yi|z2), then you draw y, according to the conditional

density g(y[y1)-

8.2.3 Application to Bayesian posterior inference

e For Bayesian inference, the desired density is the posterior density f(6|2)
(where Z' denotes the data information). We want to construct a Markov-
chain, using the MH idea, such that its invariant distribution is the posterior
distribution of 0|Z.

e We use 6 and 0’ to denote the “current” and “next” draws of # from the Markov

chain.

e Recall that f(0|2) oc f(Z]6)f(0), the likelihood function times the prior denstiy.



Hence, the MH fudge factor is

~(#)a(#.0)
a(0.#) = min | T
- [LIIONOD) |
FE0) [ (0)(0.8)

So you are more likely to accept a draw €' relative to € if the likelihood ratio

is higher.

For a given ¢(z,y), drawing a sequence 6,62, ..., 6" ... such that, for n large
enough, each 6" can be treated as a draw with marginal distribution equal to

7(0|2). Hence, for instance, the posterior mean can be approximated as:

T+N

E[|Z] ~ Zel

In the multidimensional case when 6 = (6,6,), when ¢(6,0’) is the Gibb’s
sampler, then you could take the joint density of 6 to be the desired posterior
density f(0|7) itself, and take the Gibb’s sampler to be

q(0,0') = f(65]61; 2) - f(01102; 7).
This is useful when the full posterior f(6|Z) is difficult to sample from directly,

but the individual conditionals are easy to characterize and sample from.

Moreover, when data augmentation is performed, you could also use Gibb’s
sampling, and interpret 6; as the parameters of the model, while 6, are the

latent variables.
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Problem Set: Numerical Integration and Simulation

In this problem set, we will explore numerical integration and simulation. For simu-

lation, we will illustrate importance sampling, and also the GHK recursive approach.

1. Consider computing the mean of a univariate standard normal distribution, trun-

cated to the region [0,1]:
1
Jo o(x)dzx

where ¢(x) denotes the standard normal density.

(1a) Compute E(x) explicitly, using quadrature routines (eg. quad in Matlab). Use
this as the “true value” of E(x).

(1b) Simulate using a “crude” accept-reject routine:

Take 50 random draws z® from N (0, 1). Reject the draws which lie outside
the truncation region. Take average of the non-rejected draws
Yo x®*1(z® €]0,1])
25 1(zs € [0,1])

as an estimate of E(z).

Repeat this 100 times to get 100 estimates of E(z). Characterize the distribution of

these estimates (ie. mean, median, standard deviation, etc.).

(1c) Simulate using importance sampling:

Take 50 random draws z* from U|0,1]. Multiply each draw by the im-

portance sampling weight, which in this case is just w® = If);fs)) = Take
average of the weighted draws ’

1
— zw®

50 <=



as an estimate of F(x).

Repeat this 100 times to get 100 estimates of E(z). Characterize the distribution of

these estimates (ie. mean, median, standard deviation, etc.).
Compare the accuracy of the results in (1b) and (1c).

2. Now we consider a bivariate example. Let (x,y) be distributed according to

the bivariate normal density BN (0,0, 1,1,0.5), the bivariate density with zero mean
1
[0,0]" and variance matrix > = , but truncated to the region = € [0,1]; y €

1
2

~1,2].

Consider calculating
1 02
Jo J22yd(z, y)dydz
fo f L O(x, y)dydx
where ¢(z,y) denotes the density of the bivariate normal distribution described
above.

E(xy) =

(2a) Compute FE(zy) explicitly, using quadrature routines. This requires double
integration routines, such as dblquad in Matlab. Use this as the “true value” of

E(zy).

(2b) Simulate using a “crude” accept-reject routine:

Take 100 random draws z°,y® from ¢(x,y). As we described in class,
one way to do this is to draw u®,v®, independently from the N(0,1)
distribution, then transform them to the desired draws as

s _ 21/2 ' us
ys VS

where $'/2 denotes the lower-triangular Cholesky factorization of ¥ (make

sure that you use the lower triangular version).



Then reject the draws which lie outside the truncation region. Take

average of the non-rejected draws

Zs z® - y° 1<xs € [07 1]>ys < [_172])
2 Hze e [0,1],y° € [-1,2])

as an estimate of E(xy).

Repeat this 100 times to get 100 estimates of E(zy). Characterize the distribution

of these estimates (ie. mean, median, standard deviation, etc.).

(2¢) Simulate using GHK:

Generate 100 random draws of (x® y®) using the recursive GHK algo-
rithm. For each draw, also calculate the associated truncation probability

7% (as defined in lecture notes).

Estimate F(zy) as
ZS xs - ys .78
2T

Repeat this 100 times to get 100 estimates of E(zy). Characterize the distribution

of these estimates (ie. mean, median, standard deviation, etc.).

Compare the accuracy of the results in (2b) and (2c).



Problem Set: BLP Methodology

Attached is a table of market shares, prices, and characteristics on the top-selling
brands of cereal in 1992. The data are aggregated from household-level scanner data

(collected at supermarket checkout counters).

The market shares below are shares of total cereal purchases observed in the dataset.
For the purposes of this problem set, assume that all households purchased some
cereal during 1992 (so that non-purchase is not an option).! Assume that brand

#51, the composite basket of “all other brands”, is the outside good.

Two sets of prices are given in the table. Shelf prices are those listed on supermarket
shelves, and do not include coupon discounts. Transactions prices are prices actually
paid by consumers, net of coupon discounts. Estimate using the transactions prices.
Note that you should subtract the price of brand #51, the “outside good”, from the
prices of the top fifty brands.

Assume a utility specification for u;;, household ¢’s utility from brand j:
u; = X;8 —apj + & + vy

where X are characteristics of brand j, &; is an unobserved (to the econometrician)
quality parameter for brand j, and v;; is a disturbance term which is identicially and
independently distributed (i.i.d.) over households i and brands j. Denote the mean

utility level from brand j as

1. Assuming that the v;;’s are distributed i.i.d. type I extreme value, derive the

resulting expressions for the market shares of each brand j, j =1,...,51.

IThis is not far from the truth; from an alternative data source (the IRI Marketing FactBook),
one finds out that in 1992, 97.1% of American households purchased at least some cereal during
the year.



Next we implement the BLP two-step estimator.

2. Invert the resulting system of demand functions to get estimates of the mean

utility levels d; as a function of the shares s;.
3. Estimate the second stage regression of 4; on X; and p; in different ways:
(a) OLS

(b) 2SLS: using average characteristics for all other brands produced by the same

manufacturer as brand j as instruments for p,

(c) 2SLS: using average characteristics for all other brands produced by rivals to the

manufacturer as brand j as instruments for p;
(d) 2SLS: using average characteristics for all other brands as instruments for p;
How do your results differ?

4. From the aggregate demand functions derived in question 1, derive the formulas
2 and the elasticities €;; = —Jp—J, where j and j' are any two

for the derivatives
pj/ ap]/ Sj

pairs of brands.
What is the difference between ¢;;, and €. Explain the implication of this.

5. Assuming that the manufacturers of the top fifty brands compete in Bertrand
fashion, derive the fifty first-order conditions which define prices in this market,
assuming constant marginal costs of production for each brand (and ignoring ad-

vertising costs). In other words, assume that the total cost function for brand j

Ci(q5) = ¢q;-

These FOCs are a system of linear equations in the unknowns cy, ..., c50. Using the

expression derived in question 4 above, rewrite these FOCs completely in terms of



the known prices, shares, and parameters (in particular, «).

6. Solve for the marginal costs from this system of equations. Recall that linear
equations of the form Az = b can be solved by z = A~1b.

Pj— ¢

Dj

After deriving these costs, solve for the markup associated with each brand.



Problem Set: Single-agent Dynamic Discrete-Choice Models

In this problem set, we will explore computation and estimation of single-agent

dynamic discrete-choice models, with an emphasis on the Harold Zurcher model.

1. Compute the Harold Zurcher model.

e Use the parameter estimates ¢ from the top of Table X in Rust’s (1987) paper.

e Compute EV(x,i;0) using the value iteration procedure, described in Rust

paper (and lecture notes).

e Graph EV (z,1;0), separately for ¢ = 0, 1.

2. Simulate the Harold Zurcher model.

e Assume there are N = 100 homogeneous buses, and you observe each for

T = 10000 weeks. HZ makes replacement decision every week.
e Initial values: take x,0 = 0, i,0 = 0 for all buses n.

e For each week t, simulate the utility shocks €y, €1n¢, the mileage z,,, and

replacement decision ,,:

— Draw €gu, €1n¢, independently from Type I extreme value distribution,
with CDF F(e) = exp[— exp(—(e — 0.577))].2

— Draw mileage x,,; from transition G (| +—1,%n¢—1), which is multinomial

as given in Rust paper.

2To simulate from a desired CDF F(z), draw uniform random variables u ~ U[0, 1], and trans-

form z = F~1(u).



Table 9.1: Brand characteristics

Name Avg trans- Avg Avg In-sample Sgmnt Cals Fat Sugar
action Shelf Ad Market
Price Price Expn Share
($/1b) ($/1b)
1 KG?® Corn Flakes 1.81 1.95 7.109° 5.67¢ Fam 100 0 2
2 GM Cheerios 3.16 3.47 7.287 4.38 Fam 110 2 1
3 KG Rice Krispies 2.96 3.20 6.034 4.04 Fam 120 0 3
4 KG Frosted Flakes 2.52 2.68 7.867 3.82 Fam 120 0 13
5 KG Raisin Bran 2.34 2.50 5.591 2.73 Fam 200 1.5 18
6 GM Total 3.61 4.04 3.926 2.36 Adult 110 1 5
7 GM HoneyNut Cheerios 3.14 3.41 4.030 2.26 Fam 120 1.5 11
8 KG Special K 3.48 3.78 3.531 2.16 Adult 110 0 3
9 PT Grape Nuts 2.14 2.29 6.740 2.12 Adult 200 1 7
10 NB SpoonSize ShdWt 2.81 3.05 0.025 2.08 Adult 170 0.5 0
11 QK 100% Natural 2.24 2.55 1.612 1.96 Adult 220 8 13.5
12 KG Frosted Mini Wheats 2.62 2.75 6.106 1.84 Adult 170 1 10
13 KG NutriGrain 2.87 3.10 2.508 1.55 Adult 100 1 0
14 KG Mueslix 3.31 3.58 1.975 1.53 Adult 200 4 13
15 GM Wheaties 2.55 2.86 2.257 1.52 Fam 110 1 4
16 PT Raisin Bran 2.23 2.57 4.361 1.46 Fam 190 1 20
17 RL Muesli 3.34 3.93 0.215 1.26 Adult 210 2.7 14
18 KG Corn Pops 3.51 3.69 3.198 1.46 Fam 120 0 14
19 GM Raisin Nut Bran 2.98 3.22 1.659 1.35 Adult 210 4.5 16
20 GM Basic 4 3.27 3.63 2.510 1.31 Adult 210 3 12
21 GM Cocoa Puffs 3.46 3.67 2.097 1.28 Kids 120 1 14
22 GM Golden Grahams 3.24 3.54 2.953 1.24 Kids 120 1 11
23 GM Cinn. Toast Crunch 3.36 3.56 2.963 1.23 Kids 130 3 10
24 KG Froot Loops 3.53 3.76 3.110 1.20 Kids 120 1 15
25 KG Low Fat Granola 2.68 3.10 2.327 1.17 Adult 190 3 12
26 GM Trix 3.96 4.22 3.236 1.13 Kids 120 1.5 13
27 GM Triples 2.33 2.80 3.036 1.12 Adult 120 1 6
28 KG Crispix 3.28 3.49 3.225 1.12 Adult 110 0 3
29 GM Kix 3.67 3.93 3.801 1.08 Kids 120 0.8 6
30 GM Lucky Charms 3.45 3.72 3.079 1.08 Kids 120 1 13
31 GM AppleCinn. Cheerios 3.02 3.35 3.120 1.06 Fam 120 2 13
32 KG Cracklin Oat Bran 3.19 3.51 2.279 1.06 Adult 190 6 15
33 NB Big Biscuit ShdWt 2.79 3.05 0.000 0.99 Adult 156 1.2 9.6
34 PT Honey Bunches of Oats 2.85 3.18 3.749 0.95 Adult 125 2.2 6
35 PT Great Graines 2.90 3.43 2.648 0.89 Adult 215 5.5 10.5
36 GM Otml Raisin Crisp 2.71 3.04 1.641 0.97 Adult 210 2.5 19
37 QK Oat Squares 2.43 2.71 1.472 0.94 Adult 220 3 9
38 RL Rice Chex 3.40 3.53 0.875 0.89 Adult 120 0 2
39 GM Total Raisin Bran 3.00 3.50 1.874 0.89 Adult 180 1 19
40 KG Product 19 3.38 3.70 1.408 0.89 Adult 100 0 4
41 KG Apple Jacks 3.64 3.91 1.465 0.84 Kids 120 1 16
42 QK Capt Crunch 2.55 2.86 1.714 0.83 Kids 105 1.5 11.5
43 NB Shredded Wheat 2.82 3.00 2.925 0.80 Adult 160 0.5 0
44 PT Fruity Pebbles 3.21 3.48 1.710 0.83 Kids 110 1 12
45 GM Clusters 3.14 3.52 1.425 0.78 Fam 210 3.5 14
46 KG Cinnamon MiniBuns 2.75 3.14 0.002 0.76 Fam 120 0.5 12
47 KG Double Dip Crunch 3.01 3.52 1.454 0.73 Adult 110 0 11
48 GM MultiGrain Cheerios 3.34 3.74 2.520 0.75 Fam 110 1 15
49 PT Honeycomb 3.40 3.67 2.567 0.74 Kids 110 0 11
50 QK Popeye 1.77 1.77 0.000 0.67 Kids 120 1 13.3
51 basket of all other brands 2.68 0.6459 24.29

?KG: Kelloggs GM: General Mills PT: Post (Phillip Morris) RL: Ralston QK: Quaker Oats
bquarterly expns, $million. Source: AD$Summary Avg'd over 1991:ii—1993:ii
¢Share of total in-sample purchases. Source: Author’s calculation from IRI scanner dataset

d

sum of average quarterly advertising expenditure for all the non top fifty brands



— Compute replacement decision
it = argmax;_q (U(Tnt, 4 0) + € + B+ EV (24,75 0))
where you use EV (z,,1;6) as computed in problem #1.

o After sequences of z,i are simulated for all buses, provide summary statistics

of your simulated data.

3. Estimate the model using Rust’s MLE/nested-fixed-point algorithm.

4. Estimate the model using the indirect Hotz-Miller method.



Auctions: problems

1. Implement the Guerre, Perrigne, and Vuong (2000) procedure for an IPV auction

model:

Generate 1000 valuations x ~ UJ0, 1]. Recall (as derived in lecture notes) the

equilibrium bid function in this case is

N -1
b(x) = N T

For 500 of the valuations, split them into 125 4-bidder auctions. For each of

these valuations, calculate the corresponding equilibrium bid.

For the other 500 valuations, split them into 100 5-bidder auctions. For each

of these valuations, calculate the corresponding equilibrium bid.

For each b;, compute the estimated valuation Z; using the GPV equation:

o)~ N VG

(where N; denotes the number of bidders in the auction that the bid b; is from).
In computing the G and ¢ functions, try

1. Epanechnikov kernel (K(u) = 3(1 — u?)1(Ju| < 1))

2. Uniform kernel (K(u) = 31(Ju| < 1)).
Also, try different bandwidths h € {0.5,0.1,0.05,0.01}.

For each case, plot x vs. . Can you comment on performance of the procedure
for different bandwidth values?

Compute and plot the empirical CDF’s for the estimated valuations z;, sepa-
rately for N =4 and N = 5.



2. Consider an example of a common-value model with conditionally independent

signals, drawn from Matthew (1984).3 Namely

= Pareto-distributed common values: v ~ g(v) = av= (Y with support v €
[1,4+00). Note that corresponding CDF is G(v) =1 —v™.

= Conditionally independent signals: x|v ~ U[0,v].

= Equilibrium bidding strategy:

o) = N-1 +rr]1\f?x(1,:1:)‘N} _ (NJXZC—V 1) ‘max(1,z)  (9.1)

So do the following:

e Simulate the common values v; i.i.d. from G(v),* for t = 1,225 (225 auctions).
e For each auction ¢ = 1,125, generate 4 signals each, where z;; ~ U[0, v, for
i=1,....4, andt=1,...,125.

Then for each signal x;, generate the corresponding equilibrium bid b; for a
4-bidder auction, using Eq. (9.1).
For each bid b, pick out the maximum among rivals’ bids in auction t: bx;; =
max;-£; b]t
For each bid in the simulated 4-bidder auctions, recover the corresponding
pseudovalue &(by, Ny), using Eq. (10) from auction lecture notes.

e For each auction t = 126,225, generate 5 signals each, where x;; ~ UJ[0, v;], for
1=1,...,5, and t = 126, ...,225.
As above, generate the corresponding b;;, bx;; for each signal.

Then, for each bid in these 5-bidder auctions, recover the pseudovalue &(b;;, Ny).

3S. Matthews, “Information Acquisition in Discriminatory Auctions,” in Bayesian Models in

Economic Theory, ed. M. Boyer and R. Kihlstrom, North-Holland, 1984.
4To simulate from any non-uniform CDF, use the “inverse-quantile” procedure. Generate w ~

U[0,1], then transform v = G~!(z). The random variable v ~ G(v).



e Compute and plot the empirical CDF’s for the estimated pseudovalues &(b;;, Ny),
separately for N; =4 and N, = 5.



