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Warm up in 1+1 dimensions: Quantum Ising model

Spins

Duality Transformation
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Warm up in 1+1 dimensions: Quantum Ising model

1 =2 —hgg 1 =2
—Jojos
\ 0 h—J
—Jogo7 f

. - Self-duality ensures
i=0 —ho?* 1=0 criticality at J = h

Spins Dual spins
David F. Mross Symmetries and Dualities of Dirac Fermions Aspen 03/2018



Warm up in 1+1 dimensions: Quantum Ising model

1 =3 &_\—hgg 375:3
e B

Jordan-Wigner Transformation Gapped fermions

m= A, + A,

R 2
Vi+1/4 = 10 Tiq11/2

__z z
Yi—1/4 = Tj—1/20;
L= m m

) 0 h—J
{7V, 75} = 204 Vi = Vi f
_ : Self-duality ensures
1 =0 —hoy =0 criticality at J = h
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Warm up in 1+1 dimensions: Quantum Ising model

-

Self-duality ensures
i — 3 criticality at J = h
Vil {’ N\
—1JY9/4711/4
72 |INX
e \/ 0 thyz /4794
m > T m 1 X
0 h—J 0 —1JY5/477 /4
7z fgX
v=1 0 —1h7Y3 /4754
N 3
; I ; | ; | 7z [RIX
0 —1J V174734
| | 2Es e %4
i=0 Translation symmetry yields
gapless spectrum for J = h '
Sh- Fermions
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War})” * Duality Transformation on spin variables odel

< >
1 =3
o) T

* Translation by %2 of Majorana fermions

1= 2 479/4

1 =1 475 /4
Vi—1/4 = T;_1/20; Vit1/4 = 105 T 41

4711/4

* Can interpret duality as a symmetry 473/4

of new degrees of freedom

=0
Z * Symmetry is anomalous (impossible
In microscopic 1D system).
S
-
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2+1 dimensions: Particle-vortex duality

Spins on sites labelled by Bosons on wires labelled by ¢

* i o; <+— bj(x)~e¥i —@—

Long-wavelength description (1D bosonization)

. 1
b(x) ~ e'P®) p(xr) =p+ ;(9339

Ekin ~ %835687‘(70 9(8:690)2 9_1(8x9)2

J
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2+1 dimensions: Particle-vortex duality

Spins on sites labelled by Bosons on wires labelled by ¢
* i g, <-—> bZ(CI}) ~ 'l 0
€T 120,
/Oi ' > D (33 ) ~ e
Creates defects (spin flips) \Creates defects (phase-slips)
in ferromagnet in superfluid

(07) # 0: Ferromagnet (b;) # 0: Superfluid

0; (* pi(T): -

(07) = 0: Paramagnet (b;) = 0: Mott Insulator

(/
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2+1 dimensions: Particle-vortex duality

Spins on sites labelled by ¢ Bosons on wires labelled by ¢
Z .
* 1 Ui - bz(gj) ~ etPi 1 +
x 120;
o <+— pi(x) ~ e

Phase-slip b bz+1 — pz+1/2
IS vortex -

h ~
opping _ bj+ bz— l
2

.
1 =1
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2+1 dimensions: Particle-vortex duality

1 1
Spins on dual sites labelled by 7 + 5 Bosons on dual wires labelled by ¢ + 5

zZ
Ty e by (@)
i+3 3 bz—l— 5
Creates defects

(spin flips) in dual — » T 1 —» €T
ferromagnet 1t 3 2 pz—l— ( ) ,
V- Creates defects (phase-slips)

in dual superfluid

(77) = 0: Ferromagnet i=3

(b) = 0: Superfluid /\?5:; ..........
1 =2

(T7) # 0: Paramagnet — .

- (-

(by # 0: Mott Insulator &7\
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2+1 dimensions: Particle-vortex duality

* Ising duality: Only spin-exchange and transverse field

_ z __z X
HIsing — _Ja-i Oi+1_h0i
I duality I
T 1z 2
HDual — JT’H—% hTi—%Ti—l—%

* Boson-vortex duality: Kinetic energy within each wire

Cooson = L5% + 3 [ubjbm + op; + H.C.}

@t(t Z I duality I

Lvortex = £l\</i<§l£tex T Z [uﬁw% + UI;:_
7

~

biy1 + H.C.}

1 1
5 2
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2+1 dimensions: Particle-vortex duality

CBoson — ‘&u\IjBosom‘2 »CVortex — |(a,u — i@u)\l}\/ortexP

+i(€>\/ﬂ/aual/)2
Bosons with short-range Vortices with long-range
interactions interactions

Ap (v)

> >

weak repulsion strong repulsion strong repulsion weak repulsion
Peskin (1978), Thomas, Stone (1978), Dasgupta, Halperin (1981)
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2+1 dimensions: Particle-vortex duality

%83398790 + g(0x0)° + g~ 1 (0,0)°

\

u cos|p; — pir1] + v cos 26,

[

v

Cooson = £5% + 3 [ubjbm + op; + H.C.}

M Z I duality I

Lvortex = ﬁl\%lftex T Z [uﬁw% + U[;j_ bz’+
(

~

1
2

-+ H.C.}

1
2
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2+1 dimensions: Particle-vortex duality

~

£kin [bap] = Lyon-local [baﬁ] (use operator mapping)

Boson

~ ~

Loangelb, Dy al = L1 1oca1ld, ] (integrate out a)

— find »Cnon—local = L

non-local

Cooson = L5% + 3 [ubjbm + op; + H.C.}

@t(t Z I duality I

Lvortex = £l\</i<§l£tex T Z [uﬁw% + UI;:_
7

~

by

1
2

-+ H.C.}

1
2
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2+1 dimensions: Particle-vortex duality

['Boson — ‘a,u\IjBoson|2 EVortex — |(a,u — ia,u)\lj\/ortex|2

+i(€>\uvauav)2
Bosons with short-range Vortices with long-range
interactions interactions

Ap (v)

> >

weak repulsion strong repulsion strong repulsion weak repulsion
Peskin (1978), Thomas, Stone (1978), Dasgupta, Halperin (1981)
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2+1 dimensions: Particle-vortex duality

Az ——

Boson Disclaimer:

1. Use continuum actions to represent
wire models

EB( lI‘teX|2
2. For these models, exact mapping )2

BO ZBQSon — COIlSt X ZVOI'teX nge

INta\_ )

Ap (v)

> >

weak repulsion strong repulsion strong repulsion weak repulsion
Peskin (1978), Thomas, Stone (1978), Dasgupta, Halperin (1981)
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2+1 dimensions: Particle-vortex duality

EBoson — ‘(au — iAu)\IjBoson‘Q

"‘ﬁ(ex\uvauAuy
Bosons with long-range Vortices with short-range
interactions interactions

Ay (v)

> >

weak repulsion strong repulsion strong repulsion weak repulsion
Peskin (1978), Thomas, Stone (1978), Dasgupta, Halperin (1981)
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2+1 dimensions: Particle-vortex duality

Exact self-duality
ensures transition

for A\ =1
LBoson = |( — i Aj =T(9 — i1a,) PVortex|”
+ 4 |k‘ k x Al? + e [k < AP
Bosons with intermediate- Vortices with intermediate-
range interactions range interactions

Ay (v)

> >
weak repulsion strong repulsion strong repulsion weak repulsion
Fradkin, Kivelson (1996)
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2+1 dimensions: Particle-vortex duality

LBoson — |(a,u — iA,LL)\IJBOSOIl|2 LVortex — ’(au — ia,u>\IjVortex‘2

Bosons with intermediate- Vortices with intermediate-
range interactions range interactions

A (v)

> >
weak repulsion strong repulsion strong repulsion weak repulsion
Fradkin, Kivelson (1996)
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Particle-vortex duality as a symmetry

- N Vit1/4 = 105 Tiq11/2

composite fermion Jordan-Wigner fermion
m:AU—I—Ab mq/:Aa_FAT
M e My
> ' !
0 h—J
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Particle-vortex duality as a symmetry

David F. Mross

<-
b‘

left-moving

right-moving
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Particle-vortex duality as a symmetry

David F. Mross

Boson hopping
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|
Particle-vortex duality as a symmetry

David F. Mross

Vortex hopping
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Hire
Yk (i0:) ¥R
-] (102 )11,
V(102 ¥R
Wl (10, )11
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Wl (10, )11
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Particle-vortex duality as a symmetry

H wire
tVorteX +

\ TR(ZC%WR
\ / tBoson : _wz (Z@x)wL

tVorteX —O i O T /.
3 i —>—>— YR(i0:)VrR

{Boson
@ . y+2¢—<—<——¢};(z’&v)¢L
tVor ex -O—O—

t y+ 1, —p—-_p— w;r%(lax)?ﬁ]:g

@ tBoson ¢ T
Y ———— ) (10,

tVortex I
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Particle-vortex duality as a symmetry

Hwire
when tvortex = Boson ~
Y+ 5 w;r%(zax)
Hyop = —t Y i, 11 + H.c. ¢ @ -
P zy: yry y—|—4¢ ‘[) —1); (10y)
Jr .
2-component spinor W = CiR) y+3¢_’_’_ R (10z)
L
iy
! ——— — 1} (10,
Hyire = k7, U T ¢ Yr(i0:)
g1 ———— Pl (i0,)
- ¢
Hiop = U1 (k oy> v vV ——— ] (i0,)
Y
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Particle-vortex duality as a symmetry

when tVortex = UBoson
Hyop = —t ¥ thlapy41 + Hee.
Yy

2-component spinor W = (

vaire — \IkaxTz\IJ

0 £k
T (]
Hhop =2/, (ky O) Y

V1
(5
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Particle-vortex duality as a symmetry

ij - massless Dirac fermions

o ¢

at critical point
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Particle-vortex duality as a symmetry

e-@ i
wB,O' H wTB,—O'
Time reversal - @ VAo < VBo

Charge conjugation O<—> VA, < wTB,O'
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Duality of interactions

A Bosons Fermions
= o °
—
~—
=
+
&D
=
= A k x Al?
0 8 |K|
=
S O
Is
— ol _
S‘ Eada V= 0 47 ada S—Zada v = 0 %ada’
< o ¢ o > o ¢ o >
= Time reversal breaking Time reversal breaking

*.
oﬂ

David F. Mross Symmetries and Dualities of Dirac Fermions Aspen 03/2018

QO
|




-

Duality of interactions

Bosons

Interaction strength/range

Time reversal breaking

0

O*.

David F. Mross

Fermions

Time reversal breaking

z—1
z+1

DFM, Alicea, Motrunich (2017)
Aspen 03/2018
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Duality of interactions

Bosons

Interaction strength/range

LBoson

Time reversal breaking

’a,u\IjBoson‘2

Karch, Tong (2016), Seiberg, Senthil, Wang, Witten (2016)

David F. Mross

Fermions

Time reversal breaking

EFermion — Z\TJF (@,u — ZA,U,)’Y'“\IJF
_I_SLT(-A)\GA,LLV@,LLAI/
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Duality of interactions

- !

A Bosons Fermions

% A o ®

— : !

~—

E [ \

+

20 g

-

O

—

}7s "
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o

043

Q |

CS i |

éj 2
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= Time reversal breaking Time reversal breaking
LBoson — ‘(a,u — Z.14,u)\IJB030n|2 ACFermion — Z\IjFau’YM\IjF

+ﬁA>\€)\uyauA,/

Karch, Tong (2016), Seiberg, Senthil, Wang, Witten (2016)
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Duality of interactions

Bosons
®

-

Fermions
®

Interaction strength/range

Time reversal breaking

LBoson — ‘(a,u — Z.14,u)\IjBoson|2
+—47T1|k| k x Al?

- !

LFermion — Z@F(a

®
Time reversal breaking

+ = |k| k x Al?

— A )’)/'LL\I/F
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Outlook

‘Strong’ or ‘weak’ duality

* Need numerical verification

Additional dualities in 2+1d

* Different symmetries

* Use 1d — 2d analogy for other |
known dualities in 1d —

Vo

Free Dirac electrons

Topological phases in 3+1d

* E.g., stack of 2d systems +
interlayer coherence

QEDj3 of dual fermions
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