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Duality Transformation

non-local:

Warm up in 1+1 dimensions: Quantum Ising model
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Jordan-Wigner Transformation Gapped fermions

Self-duality ensures 
criticality at

Warm up in 1+1 dimensions: Quantum Ising model
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Translation symmetry yields 
gapless spectrum for 

Warm up in 1+1 dimensions: Quantum Ising model

Self-duality ensures 
criticality at
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Warm up in 1+1 dimensions: Quantum Ising model● Duality Transformation on spin variables

● Translation by ½ of Majorana fermions

● Can interpret duality as a symmetry 
of new degrees of freedom

● Symmetry is anomalous (impossible 
in microscopic 1D system).
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2+1 dimensions: Particle-vortex duality
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Creates defects (spin flips) 
in ferromagnet

Creates defects (phase-slips) 
in superfluid

2+1 dimensions: Particle-vortex duality
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Ising duality Ising duality Boson-vortex duality 

Phase-slip 
is vortex 
hopping

2+1 dimensions: Particle-vortex duality
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Creates defects 
(spin flips) in dual 
ferromagnet

2+1 dimensions: Particle-vortex duality

Creates defects (phase-slips) 
in dual superfluid
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● Ising duality: Only spin-exchange and transverse field

● Boson-vortex duality: Kinetic energy within each wire

2+1 dimensions: Particle-vortex duality
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Bosons with short-range 
interactions

Vortices with long-range 
interactions

Peskin (1978), Thomas, Stone (1978), Dasgupta, Halperin (1981)

2+1 dimensions: Particle-vortex duality
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Bosons with short-range 
interactions

Vortices with long-range 
interactions

2+1 dimensions: Particle-vortex duality

Peskin (1978), Thomas, Stone (1978), Dasgupta, Halperin (1981)

Disclaimer:
1. Use continuum actions to represent 
wire models

2. For these models, exact mapping
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Bosons with long-range 
interactions

2+1 dimensions: Particle-vortex duality

Vortices with short-range 
interactions

Peskin (1978), Thomas, Stone (1978), Dasgupta, Halperin (1981)
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2+1 dimensions: Particle-vortex duality

Bosons with intermediate-
range interactions

Vortices with intermediate-
range interactions

Fradkin, Kivelson (1996)

Exact self-duality 
ensures transition 
for
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2+1 dimensions: Particle-vortex duality

Bosons with intermediate-
range interactions

Vortices with intermediate-
range interactions

Fradkin, Kivelson (1996)
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Particle-vortex duality as a symmetry
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Particle-vortex duality as a symmetry
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Particle-vortex duality as a symmetry

Boson hopping
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Particle-vortex duality as a symmetry

Vortex hopping
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Particle-vortex duality as a symmetry
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Particle-vortex duality as a symmetry
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Duality of interactions



David F. Mross Symmetries and Dualities of Dirac Fermions                      Aspen 03/2018

DFM, Alicea, Motrunich (2017)

Duality of interactions
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Karch, Tong (2016), Seiberg, Senthil, Wang, Witten (2016)

Duality of interactions
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Duality of interactions
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Outlook

Additional dualities in 2+1d

● Diferent symmetries
● Use 1d → 2d analogy for other 

known dualities in 1d

‘Strong’ or ‘weak’ duality

● Need numerical verifcation

Topological phases in 3+1d 

● E.g., stack of 2d systems + 
interlayer coherence
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