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1. Introduction
The application of the holographic duality to condensed matter has been extremely successful in both investigating the strongly coupled regime of known systems as well as identifying new exotic states of matter. Surprisingly, a very common state of matter has received little
attention: ordinary solids. Drawing our inspiration from the effective field theory (EFT) approach, we provide the gravity dual of a solid and deduce its low energy spectrum from the bulk theory. The gravity dual is an SO(d) magnetic monopole coupled to a scalar in the
fundamental representation. We cannot resist the temptation to dub such configuration a solidon. We also study possible phase transitions and exhibit an example of “holographic melting”.

2. EFT for flat solids
A volume element for a solid in d spacetime dimensions can be described in terms of its
d− 1 comoving coordinates, φI(x). In the equilibrium configuration they can be chosen to
be aligned with the spatial coordinates, 〈φI〉 = αxI .

This background spontaneously breaks spatial rotations and translations (as well as
boosts). To recover isotropy and homogeneity at long distances we postulate an inter-
nal ISO(d− 1) symmetry:

φI → RIJφ
J + aI . (1)

From the low energy EFT viewpoint a homogeneous and isotropic solid is a system that
spontaneously breaks ISO(d− 1)× ISO(d− 1)→ ISO(d− 1) [1]. Its most generic action
will have to feature this internal symmetry as well as Poincarè invariance.

Fluctuations around the equilibrium are nothing but the phonons, φI = α(xI +πI). Their
quadratic action is found to be

S(2) ∝
∫
ddx

[
~̇π2 − c2L

(
∂Iπ

J
L

)2 − c2T (∂IπJT )2] , (2)

where cL and cT are the longitudinal and transverse sound speeds.

If the solid is conformal the two sound speeds are related by a universal relation [2]

c2L = 1
d− 1 + 2d− 2

d− 1c
2
T . (3)

It follows that 0 ≤ c2T ≤ 1/2 and 1/(d − 1) ≤ c2L ≤ 1. Conformal solids are always
relativistic.

3. EFT for solids on a sphere
The Euclidean group is hard to gauge. For this reason, to find the gravity dual of a solid
it is easier to start from the EFT for solids on a sphere (e.g. a thin spherical shell) [2].
In this case the Euclidean group must be replaced by an internal SO(d), since this is the
isometry group of a (d− 1)-dimensional sphere.

The comoving coordinates are now angles, such that 〈φI〉 = θI . Compared to the flat case
no free parameter appears here. This is because, when one lives on a sphere, it impossible
to compress or shear the solid without spoiling homogeneity.

The symmetry breaking pattern is now SO(d) × SO(d) → SO(d). One way to realize
it is to embed the (d − 1)-dimensional sphere in a d-dimensional space and introduce a
multiplet, ~Φ, in the fundamental of SO(d). To realize the desired pattern we can align the
vacuum expectation value (vev) of this field with the radial direction, e.g.

〈~Φ〉 = Φ0R(θ) · x̂d. (4)

To describe the field out of equilibrium we just need to replace the angles θI with the
comoving coordinates φI . The most general action for such solid will be Poincarè invariant
and SO(d) invariant. In particular, to lowest order in the energy expansion, it can be built
out of the trace of products of the matrix BAB(φ) = ∂µΦA∂µΦB . It is given by

S = Rd−1
∫
dt dΩd−1 F (X,Y2, . . . , Yd−2). (5)

Here X = trB and Yn = tr(Bn)/Xn, and R is the radius of the sphere.

To recover the EFT for flat solids one can focus on a small patch of the sphere, with
size much smaller than the sphere radius R. This amounts to replace θI → xI/R, for
|xI | � R. An observer that has only access to momenta that are much bigger than the
IR cutoff, k � 1/R, will be unable to probe the global structure of the manifold. For her
α ≡ 1/R will effectively play the role of a free parameter, to be eventually determined
from boundary conditions. This way the usual EFT for flat solids is recovered.
In the dual picture this will correspond to go from global coordinates to Poincarè patch.

4. Gravity dual
Setup — The holographic dictionary tells us to gauge the global symmetries of the boundary theory. From Section 3 our action in the bulk of AdS will describe an SO(d) Yang-Mills
theory with a real scalar in the adjoint representation

S = −
∫
dd+1x

√
−g
[

1
2DM

~Φ ·DM ~Φ + V
(
|~Φ|2

)
+ 1

8F
AB
MNF

ABMN

]
+ Sbdy. (6)

We will not need to specify the scalar potential, which we will take to be V
(
|~Φ|2

)
= m2

2 |~Φ|
2 + interactions. We are interested in the zero temperature case so will restrict ourselves to

pure AdS with no backreaction (set L = 1):

ds2 = −(1 + ρ2)dτ2 + dρ2

1 + ρ2 + ρ2dΩ2
d−1. (7)

Also, inspired by Eq. (4) we choose our background fields to be [2]

~Φ = ϕ(ρ)ρ̂, and AABM = ρψ(ρ) ∂M ρ̂ · TAB · ρ̂. (8)

The gauge field ansatz is a straightforward generalization of the ‘t Hooft-Polyakov monopole. We dub this configuration a solidon.

Boundary conditions — The asymptotic behavior of the fields is, as usual, ϕ = ϕ(1)ρ
∆−d + ϕ(2)ρ

−∆ + . . . and ψ = ψ(1)ρ
−1 + ψ(2)ρ

1−d + . . . . Here ∆ is the largest positive solution
to the equation ∆(∆ − d) = m2. Since the theory is nonabelian, the operator dual to the gauge field is now charged under the global SO(d) of the boundary theory. In order to have
spontaneous breaking we then have to set its source to zero, i.e. ψ(1) = 0.
For the scalar field it is a trickier business. In absence of a temporal component for the gauge field (effective negative mass), the scalar field cannot condensate by itself. The only
way we can achieve spontaneous breaking is then through mixed boundary conditions. This means that from now on we restrict our masses to −d2/4 < m2 < 1 − d2/4 and impose
ϕ(2) = f |ϕ(1)|ν−1ϕ(1), for some ν. The parameter f corresponds to the coupling of a multitrace deformation of the boundary theory.

Back to flat space — To go back to flat space we can now go from global coordinates to Poincarè patch. This is achieved by changing coordinates to ρ = R r, τ = t/R, θi = π
2 −x

i/R,
and taking the large R limit. After this rescaling the first falloff of the gauge field is not zero anymore. This is in line with the appearance of a free parameter when going from the
EFT of solids on a sphere to that for flat solids.

The phonon action — We now want to derive the action of the boundary phonons from the fields in the bulk. We parametrize the fluctuations as

~Φ = (ϕ+ σ)e−πiT id

· x̂d, and AM = e−πiT id

· (ĀM + αM ) · eiπ
iT id

. (9)

To find the boundary action for the phonons we now employ the techniques first developed in [3] and [4] for holographic fluids and superfluids. The plan of action is:

1. Write down the linearized equations for the fluctuations at lowest order in boundary derivatives. This corresponds to a low energy expansion on the boundary.

2. Solve the equations of motion for all the fluctuations, except for the angular ones, πi.

3. Plug the solutions back into the quadratic action to recover the so called partially on shell action.

The power of our method is that the above procedure can be carried on even if the background profiles are not known. The solutions to the equations of motion can be written in terms
of the background profiles even if their analytical expression is not available.

When conformal symmetry is preserved by the boundary conditions the partially on shell action reads [2]

S(2) = −d− 2
2

ψ(2)

q2ψ(1)

∫
ddx

{
~̇π2 −

[
1 + λ

d− 2
d− 1

] (
∂jπ

i
L

)2 − λ+ 1
2
(
∂jπ

i
T

)2}
, (10)

where λ is the only unknown integration constant. The longitudinal and transverse sounds speeds read

c2T = λ+ 1
2 , and c2L = 1 + λ

d− 2
d− 1 , (11)

and depend on the particular bulk theory under consideration. However, for any λ they are related by Eq. (3). This shows that we indeed found the gravity dual of a conformal solid.

6. Melting the solid
Does our holographic solid melt? To check that, we move back to global coordinates, reintroduce backreaction and compute the solidon free energy. We set finite temperature by simply
compactifying the Euclidean time of our bulk theory (thermal soliton). We can compare our free energy with that of pure AdS as well as that of SAdS [2].
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We specify d = 3 and ν = 1, which corresponds to a relevant deformation, which should be present on
naturalness grounds.
We can see that, when the temperature is raised, our solidon configuration becomes disfavored with respect
to SAdS. The dual interpretation of this is that of a solid-to-liquid phase transition. This is also confirmed by
the fact that the free energy has a discontinuity in its derivative, which is the hallmark of a first order phase
transition.
It is also quite interesting to note that, when the temperature is lowered, the SAdS solution turns into our
solidon beofore turning into pure AdS, i.e. before the Hawking-Page phase transition. This seems to suggest
that there might be certain strongly coupled theories that, at low temperatures, undergo a transition to a solid
state, rather than a confined one.

6. Conclusions
In this work [2] we have exhibited the gravity dual of a solid, a piece of the AdS/CMT program that was mostly lacking from the literature. We showed that the corresponding
configuration on the gravity side is a solidon, i.e. an SO(d) magnetic monopole coupled to a scalar field in the fundamental representation.

The low energy spectrum of our bulk theory exactly matches what expected for conformal solids from effective theories. We were able to compute that by employing the techniques
developed in [4], regardless of the detailed knowledge of the background fields.

We also showed that, at finite temperature, our holographic solid undergoes a first order phase transition, i.e. a holographic melting. Surprisingly, this happens before the Hawking-Page
temperature, which suggests that certain theories might prefer a solid state to a confined one at low temperatures.

It has also been shown (see e.g [5]) that a theory of massive gravity in the bulk of AdS closely resembles a solid on the boundary (although no actual proof was given). If would be
interesting to investigate the connection between our dual and those theories of massive gravity.
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