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Abstract

Multilevel Methods for Discrete Ill-Posed Problems:
Application to Deblurring

by

Malena Inés Espanol

Discrete ill-posed problems occur frequently in the physical sciences. In this thesis, we present multilevel
methods for a particular kind of discrete ill-posed problems, deblurring problems. Multigrid methods are
well known as extremely efficient solvers for certain large-scale systems of equations, particularly those
that result from the discretizations of partial differential equations and integral equations of the second
kind. These have been extensively studied in recent years. However, for ill-posed problems, the classical
multigrid approach is not immediately applicable. This work presents new wavelet-based multilevel
methods for signal and image restoration problems as well as for blind deconvolution problems. In
these methods, we use the orthogonal wavelet transform to define restriction and prolongation operators
within a multigrid-type iteration. Specifically, the choice of the Haar wavelet operator has the advantage
of preserving matrix structure, such as Toeplitz, between grids, which can be exploited to obtain faster
solvers on each level where an edge-preserving Tikhonov regularization is applied. Moreover, when solving
a blind deconvolution problem by means of a Structured Total Least Norm formulation, we have again at
each level a Structured Total Least Norm problem to solve. We present results that indicate the promise
of these approaches for restoration of signals and images with edges as well as restoration of the blurring

operator in the case of blind deconvolution problems.
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Chapter 1

Introduction to Deblurring and
Regularization

Linear ill-posed problems in the form of Fredholm integral equations of the first kind occur frequently in
the physical sciences [18]. They model inverse problems; that is, situations where hidden information is
computed from external observations. In this thesis, we focus on a particular kind of inverse problem,
deblurring problems. These signal and image restoration problems occur in a variety of important

numerical applications such as remote sensing, medical imaging, and astronomical imaging.

1.1 Deblurring Problems

1.1.1 Signal Restoration

A signal restoration problem can be modeled by a first-kind Fredholm integral equation:
Q2
| Eens@d =g, <5< (1)
o

where the function K, called the kernel, is a known function of two variables s and ¢, and the right-hand

side g is also known, while f is the unknown function that we wish to compute.

In particular, when the kernel K (s, t) is spatially invariant, that is, its effect depends only on the distance
between s and ¢, then the preceding equation represents a convolution integral, where K(s,t) = K(s—t).

In this case, we can say that g(s) is the result of convolving K (s) and f(s).

The discretization of such an integral equation gives a discrete ill-posed problem® [26], taking the form

A,’Et”w — btrue7 (12)

1In Section 1.2, we will explain what we mean by discrete ill-posed problem.
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where the matrix A is a discretization of the integral operator, and the vectors z"“¢ and b'"“¢ are the
discretized versions of the continuous functions f and ¢g. Then, given A and b*"“¢, the corresponding

discrete inverse problem is to recover x!"%€.

In fact, instead of having b'"“¢, we have measured data, b, that contains additive noise, e, due to
measurement and/or approximation error. In this thesis, we assume that e is Gaussian white noise.

Then, we have the system of equations

Ar ~b=0b"" +e, (1.3)

0 20 40 60 80 100 120 0 20 40 60 80 100 120

FIGURE 1.1: True solution z'"¢ that represents the signal we want to recover (left), and blurred, noisy
right-hand side b that represents measured data (right).

true “and b denotes the blurred, noisy

where the matrix A acts as a blurring operator on the “signal” x
signal (see Figure 1.1). We are particularly interested in the case when the signal has “edges” that we
want to recover. In this thesis, we restrict ourselves to the case when A € R™*™, with m = 2 for
some integer k. Also, we will assume that the blurring function K is spatially invariant. Consequently,
the matrix A will have a special structure such as being Toeplitz, circulant, or Hankel, depending on
the imposed boundary conditions [29]. In this thesis, we consider the case of zero boundary conditions,

which involves a Toeplitz matrix A whose elements are constant along diagonals, that is,

[t to1 toa o t_(men)]

t1 to t_q . t,(m,Q)

A= to tq to - t_(m_3)
ltm—1 tm—2 tm-3 ... to |

The vector t = (t,(m,l), cooyto1,toyt1, ..y tm—1) is called the Toeplitz-vector that generates A.
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1.1.2 Image Restoration
An image restoration problem modeled by a convolution kernel K has the form
2 72
/ / K(s—t, s —t)f(t,t")dtdt' = g(s,s). (1.4)
a1 7
After discretizing (1.4) we arrive at a linear system

Amtrue — btrue7 (15)

true (see

where the matrix A acts as a blurring operator on the true image represented by the vector x
Figure 1.2), and the vector b*"“¢ denotes the blurred image. A two-dimensional (2D) image can be stored
in a matrix of numbers between 0 and 255, where each entry corresponds to the color of each pixel.
Then, both vectors z!“¢ and b'"“¢ contain the elements of the 2D images by stacking its columns. We

can state our image restoration problem as finding x such that
Az = b=0b"" te, (1.6)

where b is the blurred, noisy image (see Figure 1.2) and e is additive Gaussian noise. In this work, we

5 10 15 20 25 30

FIGURE 1.2: True solution z'"“ that represents the image we want to recover (left) and the blurred
noisy right-hand side b that represents the captured image (right).

restrict ourselves to the case when images are of size m x m, with m = 2F for some integer k. Then, the
corresponding matrix A has size m? x m?2. For example, a 256 x 256 image has a blurring matrix of size
65,536 x 65,536. These dimensions give us an idea of why storage and computational efficiency are of
great importance in dealing with such problems. In particular, the complexity of restoration algorithms
can be reduced by taking into account problem-based characteristics such as structured matrices. For
instance, when considering a problem with zero boundary conditions, the matrix A has Block-Toeplitz-
Toeplitz-Block (BTTB) structure [29], that is, an m by m block-Toeplitz matrix with each block A;
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being an m by m Toeplitz matrix,

[ Ay A A . Ay

Ay Ag Ay s A—(m—2)

A= Aq Ay Ag o A_(m_g)
[ Am—1 Am—2 Ap_z ... Ao |

Other structured matrices arise under different boundary conditions. For periodic boundary conditions,

for example, the resulting matrix is block circulant with circulant blocks (BCCB) [29].

A special case occurs when K is separable, i.e. K(s—t,s —t') = k(s — t)w(s’ —t'). Moreover, we shall
assume for simplicity that k = w. If A € R™*™ is the discretization of the integral operator k, then the

corresponding discrete operator A of the kernel K is defined by
A=A® A,

where ® denotes the Kronecker product [17]. The Kronecker product of matrices B and C' is given by

buC b12C blmC

bo1C' boeC ... bop,C
BeC= . . .

b1C by2C oo by C

Notice that if A is Toeplitz, then A ® A is BT'TB.

1.1.3 Blind Deconvolution

In the deblurring problems presented above, we assume that the operator A is known exactly. In many
real-life applications, however, this is not a good assumption. For example, the blurring could be due to
atmospheric conditions, to the motion of the object, or due to the motion of the person taking the picture.
Therefore, we shall also study how, when given a blurred, noisy image, to recover an approximation to
the true image without knowing the blurring operator exactly. If there is noise/errors in A as well as b,

the model to be considered is
(A+ E)x=b= pirue e, pirue — (A+ E)xtme, (1.7)

where e denotes unknown noise corrupting the perfect data b'"“¢, E is an unknown perturbation of the

assumed known blurring operator A, and b denotes the blurred, noisy signal.
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1.2 Discrete Linear Ill-Posed Problems

The problems described above are discrete linear ill-posed problems, that is, problems defined by ill-
conditioned linear systems Az = b with certain characteristics we shall now describe. In this thesis, we
focus on finding numerical solutions of these problems. From now on, as an example, we will use the
data that is described in the numerical examples section of Chapter 2. For simplicity, let A € R™*™

have full rank. Consider the singular value decomposition (SVD) [17] of A,
m
A=UxV"T = Zuiaiv?,

where U = (u1,...,upy) ER™ ™ and V = (vq,...,0y) € R™*™ are matrices with orthonormal columns,
UTU =VTV =1, and
Y =diag(o1,...,0m), 01>02>...0, >0.

The numbers o; are called the singular values of A and the vectors u; and v; are the left and right

singular vectors of A, respectively.

The main characteristics of our problems are given in terms of the SVD of A:

e its singular vectors v; become more and more oscillatory as ¢ increases (see Figure 1.3),
e its singular values o; decay gradually to zero with no particular gap (see Figure 1.4),

e the discrete Picard condition [24, 26] is verified: the absolute value of the spectral coordinates
of the true right-hand side b, |ul'b'"u¢|, decreases to zero faster on average than the singular

values, o; (see Figure 1.4).

These features are essential to understand the difficulties we encounter when trying to solve restoration
problems, as well as to help us to develop strategies to obtain their approximate solutions. If we solve the
system (1.3) exactly, we obtain a very noisy solution, x| that is not related to the true solution, "¢
(see Figures 1.5 and 1.1 for comparison). To understand what goes wrong, we can write both solutions

S and z'"“¢ in terms of the SVD of A. Then, we have that

m  Tyitrue
u; b
ztrue — § [ v;
g
i=1 ¢
and
m m
LS ’LL btrue+ )
a;
1=1 g i=1
m Tbtrue m
_ true
= E —; + g + noise.
° 0;
=1 =1

Since we assume that the noise, e, is white, the terms |u] e| are more or less constant for all values of

. On the other hand, since b'"“¢ satisfies the discrete Picard condition, \7| becomes smaller than
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FIGURE 1.4: Discrete Picard condition: |uj b*""¢| decreases faster than o;
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T
%\ for ¢ < j for some index 1 < j < m (see Figure 1.6). This is the point at which noise starts to

dominate the solution, and because of the ordering of the singular values, this happens for very oscillatory

LS " very oscillatory and useless. Thus, we seek an

singular vectors, making the least squares solution, x
approximation to the solution, z"“¢, by methods that filter out the noise, e, while obtaining as much

information as possible from the measured data, b.

10 - - - - - —

'

h,"/“l

i (LAY

¢ Y

I A R PR LRIV L “‘

n |”| 1 Bt ey

,"\f"u',l.\ﬁ',lll NI '

[ I AT TN
' "

[Tt
i "

wTptrue

FIGURE 1.6: Absolute value of coefficients (———
vectors v;.

T
u; e . . . .
and —=) of 2% as linear combination of singular
K

1.3 Regularization for the Least Squares Problem

We can obtain an approximation to the solution z"“¢ by solving a nearby problem that is not so ill-posed.
This method is called regularization. Regularization methods [26] include regularization by truncation,
Tikhonov regularization, early termination of certain iterative methods, such as conjugate gradient on

the normal equations (CGLS), or Total Variation regularization.

1.3.1 Regularization by Truncation

When we look at the expansion of L, one idea is to truncate the sum just before the noise starts

corrupting the solution at i = j, that is, we can get an approximate solution of z!"“¢ by defining

j .
u; b
LTSVD _ Z A

i=1 Ot

This solution is called the truncated singular value decomposition (TSVD). It also can be obtained by
solving the problem
min|| Az — b3, (18)

where A4; = 25:1 u;o;v] . The truncation parameter, j, is called a reqularization parameter. There is
a large area of research on developing methods to choose an “optimal” regularization parameter, and
we do not investigate such approaches in this thesis. Some well-known methods to estimate it are the

discrepancy principle, L-curve [27, 26], and generalized cross validation (GCV) [26].
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1.3.2 Tikhonov Regularization

If additional information about the solution is known (for example, that the solution is smooth), then,

as an alternative to TSVD, we can solve the regularized problem
min {[[ Az — b[3 + A22(La)} (1.9)
x

where A > 0 is the regularization parameter and L is a regularization operator used to enforce a priori
information about the solution. This method is called Tikhonov regularization. For example, in a one-
dimensional problem, smoothness is often enforced with L being a discrete derivative operator such

as
i
Q(Lz) = ||Lz||3  with L= _— : (1.10)

11

To understand why (1.9) produces a reasonable approximate solution with 2-norm constraint, it is conve-
nient to look at the generalized singular value decomposition (GSVD) [17, 26] of the matrix pair, (A4, L).

First, consider the reduced QR-factorization of the stacked matrix:

A
L

Qa

L

=QR= R.

We have A = Q4R and L = Q. R. Let Q4 = PCWT and Q; = PSWT be the CS decomposition [17]
of {Qa,Qr}, where P e Rm*m P e RP*P and W € R™ ™ are orthogonal matrices; C' € R™*" and
S € RP*™ are block diagonal (not necessarily square) matrices satisfying CTC +STS = I. The existence
of the CS decomposition can be found in ([46], 22.1). Then the GSVD of {4, L} is defined as follows

A=PCWTR  and L=PSWTR, (1.11)
S~ S~
a-1 a-1

where for convenience, we have ordered the entries in C, S so that the diagonal elements of C and S are
ordered such that

We note that this ordering is the opposite of the order usually found in the literature. We do this so
that the generalized singular values are in decreasing order, similar to the standard SVD. Using this

decomposition, the Tikhonov solution can be written

n 2 -7
A G p; b

= -t =t g;. 1.12

X ; sz —I—)\QS? c; i ( )

The values |p} b'"“¢| should be decaying on average faster than ¢;’s until we reach an index, j, such that
noise components become dominant (see Figure 1.7). At that point, |p7b| becomes roughly constant.

Since the ¢;’s are decreasing and the noise is white, the signal is contained primarily in the subspace
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20 40 60 80 100 120 20 40 60 80 100 120

0.2 0.2
0.15 1 0.15
0.1 9 0.1
0.05 1 0.05
0 0
-0.05 1 -0.05
-0.1 4 -0.1
-0.15 1 -0.15
-0.2 L L L L L L -0.2 . . . . . .
20 40 60 80 100 120 20 40 60 80 100 120

true T
i
i

FIGURE 1.7: Values of ¢; and |p} b™"*¢| (top left). Comparison between \ulT};i| and |~
Vectors g1 (middle left), g5 (middle right), gi15 (bottom left), and gso (bottom right).

°| (Top right).

c

spanned by the g;’s for small ¢, and a good value of A should have the effect of filtering the terms in the

sum for larger values of i.

We can define the Truncated GSVD (TGSVD) [26] solution

J 5T
TGSV D p;
€ = E —gi,
: C;
=1

and expect that this is a better approximation to z!"“¢ because the dominant noise components have
been filtered out.
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1.3.3 Iterative Regularization Methods

When the matrix A is very large, which is the case when solving 2D or 3D problems, computing the SVD to
obtain the TSVD solution, 75V P or solving a minimization problem like (1.9), can be computationally
infeasible. In this case, we resort to iterative methods. In order to compute regularized solutions of
(1.3), we compute a few steps of an iterative regularization method [22]. Such iterative methods present
a semi-convergent behavior with respect to the relative error, ||a/ — z!"“¢||/||x'"*¢||, where 7 is the
approximate iteration at the j-th iteration. That is, the relative error decreases for a certain number of
iterations, and after that, it starts increasing. In other words, if we stop the method when the relative
error is small, we will obtain a good regularized solution. If we wait too many iterations to stop, we will
incorporate noise into the solution. Therefore, j plays the role of regularization parameter. Some of the
methods that are known to have this semi-convergent behavior are the Conjugate Gradient (CG) [26, 53]
, Generalized Minimal Residual (GMRES) [8, 53], Minimal Residual (MINRES) [34, 53], and LSQR
[26, 42] algorithms. For example, Figure 1.8 shows the semi-convergence of LSQR and the corresponding
solutions for different stopping number of iterations: before the optimal parameter j, at the optimal, and

after. We see that once we pass the optimal parameter, the solution obtained is corrupted.

Rel ative Errors

5 10 15 20 | 25 30 20 40 60 80 100 120
Nunber of Iterations

FIGURE 1.8: Semi-convergence of LSQR method (top left), and LSQR solutions with j = 3 (top right),
11 (bottom left), and 25 (bottom right). In this case, j = 11 is the optimal parameter.
1.3.4 Total Variation Regularization

So far we have described methods that return smooth solutions. If the signal/image we want to recover

contains edges, the Total Variation (TV) [56] regularization method is a very common choice. It consists
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of using the TV functional as a regularization term. For a one-dimensional function u, the TV functional

is defined by
1
JTV (u) = /
0
and for a two-dimensional function w is

1 1 6u 2 au 2
p— 2_ et
JTV(U)—/O /O Vuldsdt, [Vl = <as) +<8t> _

For a discrete 1D problem, the TV solution is obtained by solving

du

— | dt
dt

min {|[Az — b[3 + Al| L]}, (1.13)

where L is the discrete approximation of the first derivative operator (1.10). Notice that (1.13) is a
form of Tikhonov regularization, where the regularization term uses the 1-norm. This allows the method
to recover solutions with discontinuities, and therefore, it does a better job of recovering edges (see

Figure 1.9). Another edge-preserving method is PP-TSVD [28]. However, these approaches are known

FIGURE 1.9: The TV solution

to be computationally expensive. This motivates our study, that is, to look for computationally efficient

algorithms that can recover edges.

1.4 Regularized Total Least Squares

When trying to solve the problem (1.7), we also encounter difficulties. For example, if we assume that
our approximate deconvolution operator A is invertible, the solution of (1.7) is z = 2% and E = 0. As
discussed in Section 1.2, though, the least squares solution is worthless and regularization is needed. If

Tikhonov regularization is applied, one must solve the following problem
min {[| B[ + [[(A + E)z — b5 + N*Q(La) } , (1.14)

where || - || is the Frobenius norm [17]. Typically, Q(Lz) = ||Lz||3 and this problem is known as the

Tikhonov-Regularized Total Least Squares Problem [30]. This is a minimization problem with respect to
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the unknown perturbation in the blurring operator and the desired solution. Moreover, it is non-convex
and non-linear. As such, it is a much more difficult and computationally expensive problem to solve than
the previous problems. There are also other regularization approaches to solve (1.7). One example is the
Truncated TLS [48], which involves the SVD of the matrix [A|b]. This method is applied to rectangular
m X n matrices with m > n, which is not the case we consider in this thesis. Another approach is the
Regularized TLS (R-TLS) method presented in [14]

min {|| B[} + (A + E)z — b3} subject tol| Lz < 4. (1.15)

In this latter article, the authors emphasize the importance of choosing a regularization operator L # I.
Otherwise, the solution of (1.15) is the same solution of the regularized least squares problem (1.9) when
Q=15

1.5 Contributions

The main contribution of this dissertation consists of presenting new multilevel methods for deblurring

problems. More specifically, this dissertation introduces the following.

1. A theoretical analysis of coarse-scale equations corresponding to discrete ill-posed problems, with

particular analysis on coarsening produced by the Haar wavelet transform.

2. Multilevel approaches for signal/image restoration problems that have the capability to recover

some edge information at a smaller expense than other traditional methods.

3. Theoretical results of Haar wavelet transform of Toeplitz matrices and their applications for efficient

implementation of Newton-like solvers.

4. A reformulation of the regularized total least norm problem as a modified regularized total least
norm problem, where modified refers to the incorporation of initial guesses into the model, as well

as a scaling factor.

5. Extensions of multilevel approaches and computational techniques to modified structured total

least norm problems, with emphasis on banded Toeplitz matrices.

6. A new alternating method for solving blind deconvolution problems that combines the new modified
regularized total least norm problem with its corresponding multilevel extension, offering efficiency

and qualitatively better solutions than up-to-date methods.

1.6 Chapter-by-chapter overview

The structure of the dissertation is as follows. In Chapter 2, we give an introduction to multilevel methods

and motivate the development of multilevel methods for discrete ill-posed problems. In Chapter 3, we
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present an edge-preserving multilevel algorithm for signal restoration problems and address some of the
computational issues. Chapter 4 presents several extensions of the algorithm to the 2D case, the image
deblurring problem. Chapter 5 contains an analysis of a modified total least norm problem, and Chapter

6 presents a multilevel methods for this problem. Chapter 7 summarizes conclusions and future work.



Chapter 2

Introduction to Multilevel Methods

2.1 Introduction

Multigrid methods [7, 21, 38, 55] are well known as extremely efficient solvers for certain large-scale
systems of equations, particularly those that result from the discretizations of certain classes of partial
differential equations and integral equations of the second kind. These have been extensively studied
in recent years. However, for ill-posed problems, the classical multigrid approach is not immediately
applicable. In this chapter, we define some terminology used throughout the thesis and give some

motivation for developing new multilevel approaches for deblurring problems.

2.2 Multilevel Basic Framework

The main idea of a multilevel method is, for a given system Ax = b, to define a sequence of systems of
equations decreasing in size,
Algt = b, 0<i<n,

where the superscript ¢ denotes the i-th level we have processed. In particular, ¢ = 0 corresponds to
the finest level (A% = A), and i = n to the coarsest level. We call these systems (for i > 0) coarse-grid
equations. The restriction operator, R, and the prolongation operator, P, define the transfers from finer

to coarser grids and vice versa. The operator at each level can be defined by
Ai+1 _ R’LAZPZ
or can be obtained by direct discretization.

Then, the solution process consists of computing an approximation to the solution of the fine-scale system
(often called pre-smoothing), computing the residual, transferring the residual from fine to coarser grid,

solving the coarsest-grid correction equation (coarsest-grid correction), interpolation of corrections from

14
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TABLE 2.1: Basic V-Cycle: MGM

Input: A", b

Output: z°

1.Ifi=n

2. Solve Alx? = b (Coarsest-grid Correction)
3. Else

4. Solve Az}, =b" (Pre-smoothing)

5. aleal,

6. r' =0 — Az’

7. b+l = Riyt

8. Yyt = MGM (A bt

9. ot = gt 4 Piyitl

10. rt=bt — Alxt

11. Solve A’z® = r (Residual Correction)
12. i =gz’ + a2l

13. End If

the coarse grid, and computing an approximation to the solution of the updated residual equation on the
finer grid (residual correction). The residual-correction step corresponds to post-smoothing in multigrid
literature. We summarize the method recursively in Table 2.1. In particular, when n = 1, we have a
Two-Level method.

In order to give a complete definition of a multilevel method, we need to define the restriction and
prolongation operators, and also what we mean by pre-smoothing, coarsest-grid correction and residual
correction; that is, we need to define how we “solve” the systems on lines 2, 4, and 11 of the method in

Table 2.1. We address these issues in the next sections.

2.3 Restriction and Prolongation Operators

To move between grids, we need to define restriction and prolongation operators. We start by defining
the standard operators found in the multigrid literature to motivate the search of new type of operators.

The following is the restriction operator called the full weighting matrix in 1D [7],

12100 000

1o o1 21 00 0

rR=L|" (2.1)
00000 ... 121

The corresponding prolongation operator P is P = 2R”. First, we see that, by doing full weighting,

true

we smooth the original solution x (see Figure 2.1), losing some important edge features as we move

between grids, which is counter to what we desire to recover. Furthermore, consider a two-level V-cycle
without pre-smoothing, that is, the algorithm of Table 2.1 with n = 1 and 2 _ = 0. Assume that

pre

our approximation y (obtained by solving the coarsest-grid correction) is very good. Then, we see that
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A bbb o kN w o oa

FIGURE 2.1: True solution x'"*¢ (left), its projection, Rz'"“¢ applying full weighting (middle), and its
corresponding reconstruction, PRxz"™¢ (right).

we need a residual correction step to recover the edges missing in Py (see Figure 2.1 to compare with
true solution z!"“¢). This residual correction step involves getting an approximation to the solution of
a fine-grid system, since we do not know in which subspace the missing information lies. These two

observations motivate the search for a more suitable type of restriction and prolongation operators.
Discrete Wavelet Transforms

Wavelets have been used in signal and image processing for over a decade [37]. In this thesis, we consider
the use of the Discrete Wavelet Tranform (DWT) [12, 37]. In particular, we will consider orthogonal
wavelets. We will see the importance of using an orthogonal matrix in relation to the noise included in
the systems we solve. Let the filter coefficients be given by hg, h1, ..., hix_1, where k is the order of the
orthogonal wavelet. Then, the DWT matrix of order & is defined by

ho hl hk72 hk71
ho hi1 .. hi—2 hi—1
ho hi .. .. hi—2 hr_1
hp—2 hip_1 ho h1 ...
T 1 wi
W —_— hr_o hrp_1 ho h1 = 5 (22)
V2 go 5 o k-2 k-1 wZT
go g1 gk—2 Gk—1 2
90 g1 9k—2 gk—1
9k—2 Gk—1 go g1 ...
s Gk—2 Gk—1 g0 g1

where g; = (—1)'hg_1_4,i=0,1,...,k— 1.

We can decompose a signal x of length m as x = W12y + WaZs. In the wavelet literature, the vectors
21 and &9 of length m/2 are called the scaling and wavelet coefficients respectively [6] (see Figure 2.2).
If the signal = is smooth, then the entries of &5 are very small. In this thesis, we work with signals that
have edges. Then, the entries of £ might not be so small since information about those edges is included
in this vector. Moreover, if we want to recover information about edges, we need to consider recovering
Z9. Note that &1 can be further decomposed using a wavelet transform of size m/2. This decomposition
continues until we have a representation of a small number of scaling and wavelet coefficients at each
level. This decomposition is often referred to as a Multiresolution Analysis (MRA) [6]. In this work,
unlike other imaging applications, it is convenient to analyze and use the decomposition at each level,
rather than look at the full MRA decomposition which was used, for example, in [5] to develop an

edge-preserving regularization method.
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FIGURE 2.2: The scaling coefficient vector #; (left), the wavelet coefficient vector Z2 (middle), and the
approximate solution & = W[z1;0] (right).

We consider two DWT: the Haar Wavelet transform (HWT), where (ho, h1) = (ﬁ @) and (go,91) =

27 2

(%, —g) In the interest of space, we will not give detailed background on wavelets here, but refer the
interested reader to [6] to see why wavelets are useful for decomposing signals with edges. However, we

will show in the next chapter that the HWT has nice properties for a multilevel approach.

In Chapter 4, we present a multilevel method for image restoration problems. For that method, we shall

use a 2D DWT. The 2D DWT, W, can be defined as a Kronecker product of the 1D DWT W, that is,

W =W ® W. To get a convenient matrix representation we use W = PW, where P is a permutation
such that

Wi @ Wi

_op (WS ew!

Wil o wl

Wl oWy

(2.3)

With this DWT, we decompose the image z in four terms,
x= (W1 @ Wi)i1 + (W1 @ Wa)is + (Wa @ W1)Eg + (W @ Wa)iy.

More details of this image decomposition will be discussed in Chapter 4.

2.4 Solvers

Once we have defined restriction and prolongation operators, we need to define how we “solve” the
systems on lines 2, 4, and 11 of the method in Table 2.1 to have a complete description of a multilevel
approach. For multilevel methods developed to solve systems arising from discretizations of partial
differential equations, the most common choices to approximate solutions of these systems are simple
iterative methods such as Gauss-Seidel or Jacobi [53]. However, an important difference between the
discrete operators arising from discretization of partial differential equations and first-kind Fredholm
integral equations is that, for the latter, vectors in the span of the singular vectors corresponding to the
largest singular values are smooth, while the singular vectors corresponding to the small singular values

)

represent the “high frequency” information. Since the integral operator is a smoothing operator, but the

noise vector is assumed to be white, the expansion coefficients of b"“¢ decay on average faster than the
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singular values while the expansion coefficients of the noise vector are roughly constant in absolute value.
Thus, the noise perturbs the high frequency components of the right-hand side and makes it impossible
to recover z'"*¢ through the use of typical multilevel ‘smoothers’ such as Jacobi or Gauss-Seidel, because
they can be shown to incorporate noise into the solution immediately. To see this, consider the special
case of an ill-conditioned symmetric Toeplitz matrix normalized such that ||A||2 = o1 = 1. The Jacobi
iteration, in this case, is defined by

Tpr1 = (I — cA)xy + cb,

Y (I—cA) lebif zg=0. Let A=USVT be the SVD of

A. Then, we can look at the spectral coordinates of xy,

where ¢ = 1/a;1, or equivalently by z, = Zk

) (U b);s

M»

UTxk
and see that for a fixed k, the solution contains noise (included inside the vector b). To see this, consider
i large (o; small), so that (1 — 2= )J L'~ 1and (UTh); =~ (UTe);, where e represents noise. In particular,
the i-th coordinate of xzj is dommated by noise. Therefore, we do not want to apply these methods.
Instead, we want to apply iterative regularization methods such as LSQR. A concrete example will help

us to understand why we need different approaches than the standard ones for PDEs.
Numerical Example

We define a discrete ill-posed problem to show what the effect of noise is when applying the Jacobi
iterative method to it. We consider a 128 x 128 positive definite matrix A whose condition number is

true

k(A) = 2.3 x 10!, The exact solution, represented by z!"“¢, is the vector of length 128 shown in Figure
2.3. The noise-free blurred signal, represented by b'"“¢, is computed as b"“¢ = Ax'™*¢ (see Figure 2.3).
The elements of the noise vector e are normally distributed with zero mean, and the standard deviation

is chosen such that T bUfﬂf”Z = 0.05. The noisy right-hand side of our system is defined by b = b*"“¢ + ¢;

(see Figure 2.3).

We applied a weighted Jacobi method [53] to the noise-free system Az = b'"“¢. We see that the method
converges to the solution (see Figure 2.4). However, when we applied a weighted Jacobi method to the
system Az = b (with right-hand side containing noise, €), we see that even after 1 iteration, the approxi-
mate solution has some oscillatory parts (see Figure 2.5). After 10, we clearly see the effect of noise in the
approximation and after 100 iterations the solution is meaningless. Therefore, Jacobi is not appropriate
as a solver for discrete ill-posed problems. For that reason, we will use LSQR in our algorithms. Figure
2.6 shows that the approximate solutions given by LSQR are not immediately contaminated with noise
as Jacobi. Moreover, LSQR has the semi-convergence property that we mention in Section 1.3.3. We can
see in Figure 2.7 that while LSQR reduces the relative error ||z75@f — gtrue||, /||ztr#¢||; first, and then

increases it, Jacobi method increases the relative error ||z7 — x!™¢||; /||z!"¢||; since the first iterations.

Multigrid methods were developed to accelerate the convergence of methods such as Jacobi [7]. In this
context, not only is Jacobi an unappropriate method for our fine-grid problem, but also we do not want

to follow the standard multigrid idea of improving the convergence over the subspace related to small
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singular values because this is where the noise dominates. Therefore, we follow the multilevel method
described at the beginning of this chapter, but we are very careful in how we define the restriction and

prolongation operators as well as what solvers we apply.

S e R

FIGURE 2.3: The true solution z'"*¢ (left), the corresponding right-hand side b""“¢ = Az'™¢ (middle),
and the blurred, noisy right-hand side b = b"""¢ + ¢ (right).

FIGURE 2.4: Approximate solutions of x given by 1 (left), 10 (middle) and 100 (right) iterations of

|

Jacobi applied to the system Az = b,

IS

L
L

FIGURE 2.5: Approximate solutions of z given by 1 (left), 10 (middle) and 100 (right) iterations of
Jacobi applied to the system Ax = b.

——
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FIGURE 2.6: Approximate solutions of x given by 1 (left), 10 (middle) and 100 (right) iterations of
LSQR applied to the system Az =b.

35 0.65

FIGURE 2.7: Convergence: Relative errors of Jacobi (left) and LSQR (right) applied to the system
Az = b, for the first 30 iterations.



Chapter 3

Multilevel Method for Signal
Restoration Problems

3.1 Introduction

Multigrid methods have already been considered for solving ill-posed problems [11, 23, 31, 35, 40, 49,
50]. The two-level and multilevel methods presented in [23, 50] are applied directly to the regularized
Tikhonov-form of the problem. That is, the regularization of the problem is obtained by the starting
model. The approaches presented in [11, 31, 35, 40, 49], on the other hand, present multilevel methods
applied to the unregularized problem. Then, the regularization is obtained by the method itself. We
present a new multilevel approach that follows the overall ideas found in [11], where the authors used a
standard multigrid V-cycle scheme and standard (with respect to the PDE literature) prolongation and
coarse-grid correction operators. The smoothers advocated were those such as CGLS, which are known
to capture the smooth component of the signal at each level without mixing in noise (high frequency
information) as long as they are terminated after a small number of iterations. However, their approach
did not include a residual-correction (post-smoothing) step on the upwards part of the V-cycle, and
rather used only interpolation to move back up to the fine grid. They advocated very few iterations at
each level (i.e. over-regularization), and multiple V-cycles. As a result of this choice of smoother, in
many cases, the edges in the restored images are not well recovered. However, the work in [11] illustrates

the potential for a multilevel approach to regularized signal and image deblurring.

Therefore, in the present work, we turn to the difficult task of recovering edge information in 1D signals
using a multilevel approach. It is well-known in the signal processing literature that one can restore
edge information by using, for example, a Tikhonov based approach where the regularization functional
is a Total-Variation (TV) operator [52] (see Section 1.3.4). Another edge-preserving approach is the PP-
TSVD approach [28]. These approaches, although they can work very well, can be quite computationally
expensive. Therefore, we develop a multilevel approach that has the capability to recover some edge
information at a smaller expense than other traditional methods. The authors in [40] had the same goal

in mind. Their approach differs from ours in two respects: 1) they work with a full-multigrid approach

21
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[21] rather than a traditional V-cycle with pre-smoothing, and 2) the edge preservation is obtained
through use of a nonlinear edge-preserving prolongation operator, whereas our edge preservation is built

in through the choice of solvers for the coarse-grid and residual corrections.

In this Chapter, we present a method that has a standard multigrid V-cycle scheme, but uses a different
restriction operator than that in [11]. It also uses a residual-correction step which actually lives on a
coarse grid but regularizes over the next finer grid. In particular, we choose to move between grids using
a Haar wavelet operator. We show that the choice of the Haar wavelet operator has the advantage of
preserving matrix structure between grids, which can be exploited to obtain faster solvers on each level,
and allows for a straightforward analysis of errors and residuals as we move through the V-cycle. For

other multigrid methods for Toeplitz matrices, see [1, 2].

3.2 Algorithm

In this section, we describe a multilevel method for the signal restoration problem. The overall idea
follows a classical MG approach [7], such as was also used in [11]. We start by giving some details of how

we move between grids.

3.2.1 Haar Decomposition

Recall that, in our problem, A is an m x m matrix with m = 2*. In this chapter, we will use the special
case of a DWT (see Section 2.2) to define our coarse-grid problem and move between grids. Consider
the Haar wavelet transform (HWT) defined by the matrix

1 1 0 0 0 0
0 0 1 1 0 0
110 0 0 O 1 1 wi
T _ — 1
W= V2|1 -1 0 0 0 0 {Wg‘] (3:1)
0 0 1 -1 0 0
0 0 0 0 1 -1

Our problem Ax = b can be written in the wavelet domain as
Ai =b.

In other words, if W7 is the HWT!, then A = WTAW, 2 = WPz, and b = WTb.

IWe use W7 rather than W for ease in reading the linear algebraic equation.
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We partition the transformed problem into blocks of size 25~ to obtain the following problem

i1 b
£2‘| - léQ] ’ (32)

with A;; = WEAW;, &; = Wz, and b; = WTb for i,j = 1,2.

All AlZ
A21 A22

10 20 30 40 50 60 10 20 30 40 50 60

FIGURE 3.1: True solution z‘"“¢ (top left), approximate solution & = W{[%1;0] (top right), scaling
coefficients 1 (bottom left), and wavelet coefficients 2 (bottom right).

We now discuss how to use this partitioning to our advantage. Notice that, given a vector v, Wi v
is formed by weighted averaging of neighboring points, while Wi'v is formed by weighted differencing.
Not surprisingly, we observe from Figure 3.1 that the plot of the scaling coefficient vector Z; captures a
similar amount of detail of the original image, while the plot of the wavelet coefficient vector &5 is spiky.
This leads us naturally to say that if we could recover the “downsampled” signal &1, we would have a
rather good approximation to the fine-scale vector (in the sense that setting i3 to 0 and & = W{iy; 0]
(see Figure 3.1) would already give an okay (but blocky) representation of the signal). So our first goal

is to try to recover .
From the first block equation of (3.2), we have
Apydy = by — Ajaibs. (3.3)

We do not know &3, of course. In the next section, we discuss why it is appropriate to find a regularized
solution to
Ay =b (3-4)
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for our pre-smoothing and coarsest-grid correction problems, and we discuss what regularization methods

are appropriate. Then, we will discuss how to recover Zs given our estimates of .

3.2.2 Matrix Analysis

Let us compare the submatrices A,-j. Recall that A is a discretized version of a blurring operator. Let

X
Yo

V'IT
‘/QT

)

A:UEVT:[Ul Ug]

be the singular value decomposition (SVD) of A. The matrices U; and V; with i = 1,2 have size 2% x 2F—1
and the matrices ¥; with ¢ = 1,2 have size 28=1 x 28— The singular values of A, o;, are decreasing
from 1 (assuming A has been normalized) to a very small number, with no significant gap. Recall from
Section 1.2 that the column vectors in U and V increase in frequency from left to right, so we can think
of the vectors in U; and V; as the lower-frequency vectors while Us and V5, are the higher frequency.
Then

WIt, WIU,
WIit, WIU,

X

., (3.5)

VlTW1 VlTWQ
VIW, VEW, |

If we look at the columns of WUy, we find low-frequency vectors due to the fact that U; contains
low-frequency column vectors and Wi smooths them even more. Since we know that the columns of U;
are smoother than the columns of Uy, the matrix W U; contains vectors with lower frequency than those
of W{'U,. As we mentioned before, W] acts as a weighted difference. Then, the columns of W U; and
WU, are higher-frequency vectors. Thus, Wi U; retains the character of the lowest-frequency vectors
of U. A similar analysis can be done for the blocks on the rightmost matrix of (3.5), and we therefore
conclude that V; W{ represents best, among all four subblocks, the characteristics of the lowest-frequency

vectors of V. In particular, we can compute
Ay =Wl s ViEW, + WEU, S, VEW, (3.6)

which can be written as /111 = WlT U, ZlVlTI/Vl + E. We have the following lemma:

Lemma 3.1. Given the partitioning above,
los(A1y) — o (WEULS VIWY)| < 09k gy,  s=1,...,2871

where the notation os(B) means the s-largest singular value of the argument B.

Proof. Since W, U,V are matrices with orthonormal columns, it is easy to show that |[WIU;|2 = 1
and |[V;TW;|la = 1 for @ = 1,2. Therefore, ||E|s = 09x-1,;. By Corollary 8.6.2 in [17], we know that
los(A11) — oo (WEUL S, VTWL)| < ||E|l2. Then, the result of the lemma follows. O
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Typically, in these problems, the singular value ogr-1,; of A is small, so we can say that the term
WU S, VEW, is dominant in (3.6). This matrix is almost already in its SVD form as the matrices
WU, and Vi' W are close to being orthogonal, and so if X1 is somewhat ill-conditioned, it follows that
All inherits these characteristics as well. Specifically, let AH = QDPT be the SVD of /111. Let Th = Q15
denote the first j columns of @Q, and Ty, = (Wi Ui)1:; denote the first j columns of that matrix. Not
surprisingly, since the first few (orthonormal) columns of U; were smooth and W1 Uj is just the averaged
version of Uy, the sine of the canonical angles between the subspaces spanned by 77 and 75 has to be
small (where small is relative to the size of j). (A similar statement holds for the left singular vectors.)
This is illustrated in Figure 3.2 for the blurring operator in our numerical results section. By Corollary
1.5.4 in [54], we can define

cos ©(Range(T1), Range(T»)) = diag(61,...,0;),
where ; are the singular values of TlT T5. Then,

sin® = /1 — 6?7 I=1,...,5.

In Figure 3.2, we plot the maximum sine of the canonical angles as a function of j.

max sin ©

0 10 20 30 40 50 60

j

FIGURE 3.2: Maximum sine of the canonical angles between the subspaces spanned by 77 and 7% for
j=1,...,2%

If we extend this analysis for the operator A* at each level, then we expect fl?ll to still be somewhat
ill-conditioned on the finest grids (small ¢), but getting better conditioned the coarser we go (increasing

1), and that 121111 always captures the lowest frequency characteristics of the original matrix A°.

3.2.3 Pre-smoothing and Coarsest-Grid Correction

It is well known that Krylov subspace algorithms such as LSQR [42] work as regularization methods if
stopped early (i.e., before converging to the solution of the system) (see Section 1.3.3). This is because
these methods, when applied to a discrete ill-posed problem, try to reduce the residual in the first few
iterations over the subspace corresponding to the largest singular values, and these are precisely the
smooth modes [34]. In other words, if r denotes the residual vector after j iterations of LSQR applied to

a discrete ill-posed problem with white noise, a plot of the components of U+ shows the first few have
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been decreased (compared to the initial residual), while the last few have remained relatively untouched

(meaning noise has not been mixed in to the solution), as shown in Figure 3.3.

FIGURE 3.3: Spectral coefficients of b (thicker line) and spectral coefficients of » = b — Az (thinner
line), where z is given by 3 iterations of LSQR.

The matrix analysis in the previous section has the following implication for our multigrid approach.
Suppose we do 2 or 3 steps of LSQR on Ax = b, form » = b — Az, and then form the residual equation

in wavelet space:

Ay Ag | _ | "
A1 A T2 7o
Consider the system
Apdy =7,

Looking at QT#; where Q is the matrix of left singular vectors of Ay, this is equal to
QTWir=Q"WluuTr = [QTW{ U1, Q"W U (UTr).

Recall from the previous section that QE;‘ (WiU1)1; =~ I. So at least the first j components of this
vector are the same in magnitude as they were before — that is, if they were made small on a previous

grid they remain so.

We will consider the term Ajsd, that appears in (3.3) as noise and use LSQR to find an (overregularized)
approximation to the system
A2y = by, (3.7)

where we use b instead of r for consistency with the previous section. We can consider the term Algicg
as noise for the following reason. Recall that 25 is the “spiky” wavelet coefficient vector. Applying the
operator A1, smoothes 2 a little (by amplifying a slightly larger low-frequency component to it) but not
much because A5 is not quite a “smoother” like A;; is. We also know that b; = Wi (btreeye) = l;’irue+é1.
Then, A1o# is not white noise, but (spectrally) it is below the additive white noise, é1, in our applications,
so we can ignore it. Figure 3.4 shows the spectral coordinates of l;tl"“e, é1, and Aysis for comparison. By
discarding the term Ajsd5, a method based on solving (3.7) cannot compute the exact solution of the

noise-free problem (1.2).
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FIGURE 3.4: The spectral coordinates of b7 (line), é; (dashed line) and Aja2s (dotted).

Again, this analysis is extended to any level. We apply a few iterations of LSQR to obtain an (over-
regularized) approximation, x},., to any intermediate system A’z’ = b’. At the coarsest level (i = n),
though, while we may have adequately reduced the residual at the smoothest modes, we may not have
obtained as much information over the higher-frequency modes of that level’s operator (some of the
highest frequencies relative to the finest level have, of course, disappeared by this level). We see that if
the original signal has edges, the coarsest-grid problem may still have edges, since this is the system for

the scaling coefficients. To recover that information here, we solve a regularized problem:
min { | AT, 27 — B3 + AIL(ET +35) 3 (3.8)
1

where L is a discrete first-derivative operator, 1 < ¢ < 2, and 2§ is the initial guess, at the n-th level,
which is the corresponding projection of the original initial guess ) and the successive pre-smoothing
solutions xére with ¢ = 1,...,n — 1. This allows us to recover some edge information on this grid, but,
since we are at a coarse level, this is a much more computationally tractable problem than if we had
tried to employ it on the finest grid. On the other hand, if we are at a coarse-enough grid, we can replace
this simply by a direct solve, as there are no longer any sufficiently small singular values to magnify any
remaining noise in the right-hand side (and, in practice, the noise is barely perceptible in the right-hand
side at this level).

In summary, we have:

e Pre-smoothing: take a few iterations of LSQR on A'z’ = b%, i # n,

e Coarsest-grid Correction: If A{Ll is somewhat ill-conditioned, solve (3.8), otherwise, solve A’flfc{b =

5? exactly by a direct or iterative method.

We discuss how to compute both these steps efficiently in Section 3.3.

3.2.4 Residual Correction

While the above steps can lead to good recovery of the scaling coefficients in the wavelet expansion, we

need to recover the wavelet coefficients Zo as well in order to adequately recover edges but not produce a
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solution that looks too artificially blocky. For this part, we define a residual-correction step. Assuming
that we have an approximation &7 of #; from the coarse-scale Equation (3.7), then we can rewrite system
(3.2) as follows,

All
A21

1412
A22

it (3.9)

|
To = |.
2 by

We denote the right-hand side of Equation (3.9) by #,e,. To solve this problem, we again use the

following Tikhonov formulation to keep certain smoothness in the solution,

2

+ )‘q”L(xnew + W2§72)Hg ) (3.10)
2

A12

T2 — T'new

22

where L is a first-derivative operator, 1 < ¢ < 2 as in Equation (3.8), and Zpew = o + Tpre + W1}
where xg is the initial guess before pre-smoothing on the current level, x,,. is the correction given by
the pre-smoothing step, and W17 is the prolongation of the coarse-scale solution 7. Notice that this is

different from the standard multigrid scheme where x( is set to zero at each iteration.

The superscript ¢ is omitted to simplify notation; however, this step is applied to each level. From a com-
putational perspective, it is very important to note that the regularization is applied to the reconstructed

signal. In Section 3.3.2, we explain how to find an approximate solution of (3.10) efficiently.

Our multilevel algorithm is summarized in Table 3.1, where iter in line 5 is the number of iterations of
LSQR. As in [11], we do not pre-smooth on the finest level. The reason is mainly due to computational
cost since pre-smoothing at the finest level will in fact improve the solution given by this multilevel

approach.

3.3 Computational issues

One nice feature of the Haar decomposition is that it preserves Toeplitz matrix structure. This implies
that we can have fast matrix-vector products of the intermediate-level interior linear least squares prob-
lems that must be solved iteratively (see next two subsections). In [36], the discrete wavelet transform
(DWT) of Toeplitz matrices is discussed. We restrict our study to the Haar wavelet transform (HWT),

however, and apply a different technique than the one in [36] to prove a stronger result.

Theorem 3.2. Let A be an m x m matriz with Toeplitz structure, and m = 2%. Then, the 2F—1 x 2k—1
submatrices defined in (3.2), /111, 12112, Agl, and 12122, also have a Toeplitz structure. Moreover, we can

define the Toeplitz-vector of each submatriz Aij as a function of the Toeplitz-vector of A.
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TABLE 3.1: Multilevel V-Cycle: MGM

Input: A*, b*, x

Output: z°

1.Ifi=n

2. x' = direct solve or Newton(A?, b, x}) (see Section 3.3.1)
3. Else

4. i 0

5. pre = LSQR(AZ b, iter)

6. rt=axh + Tpre

7. Else

8. zt = )

9. End If

10. rt =bl — Alx?

11. b’“ Wit

12. WT ‘

13. A’+1 WTA7W1 (see Section 3.3)

14. B = MGM(A™ b gt

15. a:new zt 4+ Wzt

16. Thew = =0 - Az ;ew

17. #5tt = Newton(W AWy, Wri ., x%..) (see Section 3.3.2)
18. xt =l + Woiht!

19. End If

Proof. We shall use the representation of a Toeplitz matrix introduced in [33]. Consider the following

Toeplitz matrix,

to  tor too .o t_(mey)

t to tor e t_(me)

A= to i to R Y )
tm—1 tm—2 tm-3 ... to |

The vector t = (¢ —(m—1)s-- > t—1,t0,t1,. . ,tm—1) is called the Toeplitz-vector that generates A. If Z,, is
the (2m — 1) x (2m — 1) “downshift” matrix (ie. a Toeplitz matrix whose Toeplitz-vector t is a vector of

all zeros except t_1 = 1) and P, is the m x (2m — 1) matrix [I,,, 0], then

A= [PnZ" M, ..., PnZ}:t, P Z0 ). (3.11)
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If vec(E) unstacks matrix E by columns to create a column vector, then we have that vec(WTAW) =
(WT @ WT)vec(A) (see Lemma 8.5.3 in [46]). Then,

wTtp,zm=1t &1
A) = (wT T MN=WTorI . =WTeI| :
vee(A) = (W7 @ WTvee(A) = (WT @ 1) : =Wieh)
WT P, 2%t Cm
o [ W P2 =22y, + 2t ]
Cc1+Ca wWTp, zm—4(zl 4 70
s m o (2 2 )t
L et | WL | wTPLz0 (220
VAR V2 | WPz (25,29t
83_[;'4 T m—4 1 0
w PmZm (Zm_Zm)t
Emo1—C, :
LCm—1 m | L WTPnzZ?n(Zin_Z?n)t i

Define t = (Z,,, + I)t and t = (Z,,, — I)t. Tt follows that,

~ 1 _ _ _ ~ ~ -
T m—2 m—4 m—2 m—4
A= SWTRL(ZE 28 20 207 2
Then, we have
mo_q _ mo_q_ —
A _ 1 Pm/gzn% 2 t11, ooy Pm/zzgl/Ztu | Pm/zzﬂf 2 t12, ...,y P7n/2Z?n/2t12 7 (3.12)

2| P22, Tars s PrapaZlpotor | PrujaZ,2 ) Tan ooy Pruya 0, pote
where the vectors t11, 12, t21, and 9o are defined (using MATLAB notation) as follows
ti1 = (I + Zn)t, tio = (I + Zn)t, tor = (I — Z)t, tog = (I — Z)t,

1?11 = t11(1:2:2m—3), t712 = t19(1:2:2m—3), 7?21 = t91(1:2:2m—3), t722 = t99(1:2:2m—3).

From Equation (3.12) and from the characterization of Toeplitz matrices (3.11), the result of the theorem
follows. Moreover, we have shown that the vectors %1?11, %t_lg, %fgl, and %t_gg are their respective Toeplitz-

vectors. 0
There are two important computational issues deduced from Theorem 3.2:

e We can compute the entries of flij with ¢, 7 = 1,2 without explicitly computing the matrices,

e Since /Alij are Toeplitz, they admit fast matrix-vector products. This is a computational advantage
for LSQR on the downward part of the V-cycle and also for solving the system or regularized

problem on the coarsest level (as noted below).

Furthermore, we can show that the bandwidth of the Toeplitz matrices at each grid level is reduced.
Then, the coarsest-grid operator can be reduced as far as to a tridiagonal matrix depending on the initial
bandwidth and how many levels are used, again reducing the overall computational burden further down

the V-cycle.
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Theorem 3.3. If A is an m x m banded Toeplitz matriz for m = 25 with upper bandwidth k., and lower
bandwidth k;, then A;; is an m/2 x m/2 banded Toeplitz matriz with bandwidths [k, /2] and [k /2].

Proof. As in the preceeding proof, we deal directly with the Toeplitz-vectors. From the proof above, we
know that Toeplitz-vectors that generate /L-j can be written as fij =t;;(1:2: 2m — 3) where ¢;; is a

2m — 1 length vector t;; = alt + 2,1 + vZ2t with a and ~ either plus or minus 1 and 3 either 0, 2.

Thus each t;; is easily shown to have m — k,, — 3 leading zeros, followed by £; + k,, + 3 nonzeros, followed
by m — k; — 1 trailing zeros. Since t;; is obtained by subsampling ¢;; in every other entry starting with
the first, there must be f%] leading zeros in ¢;;. Clearly, the upper bandwidth of the m/2 x m/2
matrices A;; is obtained by subtracting the number of leading zeros plus 1 (to account for the main
diagonal) from m/2. Given the number of nonzeros in the “middle” of the Toeplitz-vector ¢;; and the
upper bandwidth, we can compute the lower bandwidth.

Case 1: k, = 2s + 1 for positive integer s. The upper bandwidth of Aij is easily shown to be s + 1
(equivalently, f%]) Since k,, is odd, given the subsampling pattern, there must be f%] =s5+2+

[%] nonzeros after the leading zeros in #;;. Hence, the lower bandwidth of Ajis s+24 M]-1—(s+1) =

k
21
m m kuy

Case 2: k, = 2s, which implies the upper bandwidth of each Aij is F—(F—s—1)—1=s5= 3.

Since k, is even there are [#uthE3 | — g | BE3 | nonzeros after the leading zeros in #;;. Thus the lower
bandwidth is s + [#32] — 1 — s which is easily shown to be [£] regardless of whether k; is even or

odd. O

3.3.1 Coarse-Scale Solve

Recall that we may need to solve Equation (3.8) on the coarsest grid if not enough levels are used. If
g = 2, we could use a hybrid approach [32] to solve the Tikhonov problem and simultaneously select the
regularization parameter in an efficient manner. However, we typically take 1 < ¢ < 2, with ¢ < 2 to
best preserve the edges at the coarsest grid. To solve the minimization problem (3.8), we use Newton’s
method with line search. The recursion of this method is defined by xx41 = x) + adg, where « is the
length of the step? and dj, is its direction. Recall that if we minimize a function s(x), then the direction
dy, is the solution to the linear system

H(x)d = —Vs(z), (3.13)

where Vs(x) is the gradient of s with respect to x, and H(z) is the Hessian matrix, containing second

derivatives: H,;; = 9%s(z)/0x;0z;. In our particular case, we have that
s(#1) = [|And1 — b3 + AV L& + 2o)[I2,
Then, the corresponding gradient and Hessian are as follows,

Vs(#1) = 2AT 7 + XNqL sign(7y).* |77,

2The value of « is chosen using a standard line search.
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and
H(#y) = 24T, Ay + Ng(q — 1)L diag(|72|9~?)L,

where, 7, = Ay181 — by, 7o = L(i1 4 Zo) and for a vector v, sign(v) and |v| are the vectors containing the
sign and absolute value of each entry of v, and diag(v) is the diagonal matrix with entries given by v;
also for two vectors v and w, v.*w is their coordinate-wise product. Then, the system of equation (3.13)
can be written as

(AT Ay, + LTDL)d = —(AT7) + q%LTsz), (3.14)

where D = Aqu(q — 1)diag(|F2|772)). To solve Equation (3.14), we can apply an iterative method such

as CG or MINRES [17] or we can also solve its equivalent linear least squares problem,

_771
— L. D127,

by applying an iterative method as LSQR or CGLS that needs only the matrix vector product A;;v and
DY2Lv.

~ 2
All

1
D1/2L ’ (3 5)

min
d

2

Choosing a good regularization parameter specifically for (3.8) is beyond the scope of this work. In our
numerical section, we present results for which A was chosen to be optimal over a small, discrete set of

choices. Choosing the parameter at this level is the subject of current research.

3.3.2 Residual Correction Solve

To solve the minimization problem (3.10), we also use Newton’s method with line search. In this case,
we have that

s(@2) = |F1ll5 + 17212,

where

AIQ

A22

r = T — ’Fnew and 7:2 = /\(anew + LWQi'Q)

Then, the corresponding gradient and Hessian are as follows

-. T

A

Vs(a) =2 |7 4 qOALW,) Tsign(). " [Fa |7,

_A22_

and T
. 1‘112 12112 T 1. < 1g—2
H(io) =2, | +alg = D)(ALW,) " diag(|72| ") (ALW?).
Ago| | As2]

Then, the system of equation (3.13) can be written as

ATDALd = AT Dw, (3.16)
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where

Ay i
~ 21 0 -
Ap=| A |, D= and w = o
D, T2

0
ALW5

q—1

with D, = ¢(q — 1)diag(|72|?~2)). To solve Equation (3.16), we can apply an iterative method such as
CG or MINRES [17]. We do not need to construct the matrix AT DA}, explicitly. We only need the
matrix-vector product. Since D is diagonal and Ay has Toeplitz and sparse blocks, this is efficiently
solved using iterative solvers that capitalize on this structure for matrix-vector products. We can also

solve its equivalent linear least squares problem,
mdin||D1/2ALd—D1/2wH§, (3.17)

by applying an iterative method such as LSQR or CGLS. Also in this case, we do not need to construct
the matrix DY/2Ay, explicitly.

Recall that & lives on a coarser grid than where we are enforcing the regularization (at the next finest
grid level). As we have seen in Figure 3.1, the wavelet coefficients are ‘spiky’. It is still worthwhile to
use ¢ as close to 1 as possible to recover wavelet coefficients accurately enough to represent the edges
appropriately on the next finest grid level. As mentioned in the previous subsection, the selection of an

optimal regularization parameter is beyond the scope of the present work.

3.4 Numerical Results

We conclude with illustrations of the performance of our algorithm in signal restoration problems. All
computations were performed in MATLAB. In the following examples, we aim to recover the original

signal/image from a blurred and noisy signal/image.

The blurring operator is defined by an m x m symmetric banded Toeplitz matrix A, where its first row

is defined by the vector

1
=5 [exp(—([0 : band — 1].2)/(20%)); zeros(1, m — band)]. (3.18)
To
The parameter band specifies the half-bandwidth of the matrix A and the parameter ¢ corresponds to

the variance of the Gaussian point spread function

1 ( x?
= ——exp(—s
2mo? P 202

h(z) )-

We use m = 128, and the parameters ¢ = 3 and band = 7. The matrix A is normalized such that
| All2 = 1. The condition number of A is x(A) = 4.8 x 10°. The exact solution, represented by z!"“¢,
bt?‘ue’

is the vector of length 128 shown in Figure 3.1. The noise-free blurred signal, represented by is

computed as bi"%¢ = Azt™¢. The elements of the noise vector e are normally distributed with zero mean,
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llell
otree]ly

is 5%. The noisy right-hand side of our system is defined by b = b'"“¢ + ¢; (see Figure 3.5).

and the standard deviation is chosen such that = 0.05. In this case, we say that the level of noise
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FIGURE 3.5: Blurred Noisy right-hand side, b, (top left), 3-MGM solution without residual-correction
step (top right), 3-MGM solution without pre-smoothing step (no LSQR iteration) (middle left), 3-
MGM solution with ¢ = 1.1 (middle right), 3-MGM solution with ¢ = 1.5 (bottom left) and 3-MGM
solution with ¢ = 1.01. In all figures, the exact solution z"*¢ appears as a thin line.

For the solutions shown in Figure 3.5, we define the initial guess 2 = 0, and we applied 9 iterations of
LSQR on the pre-smoothing step. The operator at the coarsest level has size 32 x 32 (which means we
apply a 3-level MGM), and a Newton method is applied to solve the coarsest-grid correction. For the

regularization operator in Equations (3.8) and (3.10), we use the matrix

-1 1
-1 1

11
which is a scaled discrete approximation to the first derivative operator on a regular grid, with no

assumptions on boundary conditions. We define 10 logarithmically spaced values of A from 1073 to 1. We
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TABLE 3.2: Comparison of different levels and parts of the multilevel method

true MGM
level | LSQR iter | g | Newton iter | Aopt Il Hm;ielh la
1 - 1.1 34 N 0.1821
2 9 1.1 31,29 AET0 0.1963
3 9 1.1 19,27,28 215,10 0.1736
3 9 1.1 23,0,0 P 0.2397
3 0 1.1 23,29,34 A\8.6.5 0.1902
3 9 1.01 47,90,45 23410 0.1796
3 9 1.5 5,9,7 A>T 0.1819

true g MGM (yijky||
[lwtree]ly

minimum. We test the method with ¢ = 1.1 in both minimization problems (3.8) and (3.10). We

l|=

loop for all values of A at each level and choose the combination of X values that makes

observe that using both the pre-smoothing and residual-correction steps are essential to recover the
signal. Without pre-smoothing, we miss some edge information, and we obtain a blocky solution if we

do not use the residual-correction step in our algorithm.

We also test the method for different number of levels, that is, we compute the solution of a 1-level,

2-level, and 3-level MGMs. In Table 3.4, we report the number of iterations for Newton’s method at

each level, the optimal values of A for each level, and the relative errors computed by ”z”ﬁ;;ff”fmll

The leftmost Newton iteration number is the number of iterations on the coarsest grid, and they read
from left to right with respect to coarseness of the grid. Recall that for multiple levels, the last Newton
iteration is on a residual correction equation where the solution is on the next-to-finest grid and only the
regularization is applied at the finest level. The notation A% means that for the coarsest level we need

A(4), for level 1 we need A(j), and for the finest level we need A(k).

We also compare solutions for different values of ¢ since the algorithm is sensitive to changes in it. When
q is very close to 1, then the number of iterations needed for Newton’s method to converge increases.
On the other hand, when ¢ = 1.5, only a few iterations are needed. However, we can see in Figure 3.5
that, in the case when ¢ = 1.5, the solution is smooth, loosing some edge information. One could opt to
increase ¢ with decreasing coarseness in an attempt to achieve more balance, but we did not investigate

that possibility here.

For different levels of noise (1%, 5%, and 10%), we compute an LSQR solution, 29QF(k), and a TV

v

solution, xTV()\), at the finest level for comparison. To compute 7" we applied a Primal-Dual Newton

Method (see Section 8.2.5 in [56]). We define 10 logarithmically spaced values of A from 10~* to 1. The

S e I TR, A=A e
”xtrue‘ll ||$truEH1

For a quantitative comparison see Table 4.4. For qualitative comparison in the case when the noise level
is 10%, see Figure 3.6.

are minimums.

optimal parameters k and A are chosen such that =
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FIGURE 3.6: Blurred Noisy right-hand side, b, (top left), LSQR solution (top right), TV solution
(bottom left), MGM solution(bottom right). In all figures, the exact solution x'"“¢ appears as a thin
line.

TABLE 3.3: Comparison of different methods applied to different levels of noise

Noise Level | LSQR (k) TV (\;) MGM (k, A7F)
1% 0.1742 (24) | 0.1637 (A\2) | 0.1340 (24, A>>19)
5% 0.2165 (8) | 0.2065 (A\4) [ 0.1736 (9, A*©17)
10% 0.2191 (6) | 0.2187 (A7) | 0.2049 (2, \77%)

3.5 Conclusions

In this chapter, a new edge-preserving multilevel algorithm for signal restoration problems is presented.
The transformation of the problem to the wavelet domain using Haar wavelets leads to a multilevel algo-
rithm that preserves matrix structures. In particular, we have shown that Toeplitz structure is preserved
between grids, which leads to intermediate linear system solves inside damped Newton iterations that are
structured. This means that iterative methods can be efficiently applied to the linear systems. Numerical
experiments illustrate that this is a promising technique for signal restoration problem with edges. Fu-
ture work will include efficient parameter selection techniques, choosing the number of smoothing steps

at intermediate grids, and the number of V-cycles.



Chapter 4

Multilevel Methods for Image
Restoration Problems

4.1 Introduction

In this chapter, we present new multilevel approaches for image restoration problems that extend the
multilevel method developed in the previous chapter for 1D signal restoration problems. Multigrid
methods have already been considered for image restoration problems [11, 40, 57, 58]. In the introduction
of Chapter 3, we have already discussed about the differences between our approach and those presented
in [11, 40]. In [57], the authors present a wavelet-based multigrid V-cycle scheme very similar to the one
we present here. However, it is applied to a 2-norm Tikhonov regularization problem, restoring smooth
images. Therefore, in the present chapter, we turn to the difficult task of recovering edge information
in images using a wavelet-based multilevel approach. Other similar wavelet-based algebraic multigrid
methods [7] have been developed [15, 44]. They also use the DWT to move between grids, but standard
smoothers such as Gauss-Seidel were applied since they were developed to solve shifted linear systems or

to be used as preconditioners for GMRES, instead of solving image restoration problems.

The structure of this chapter is as follows. First, we will describe two-level methods for a separable
case where it is easier to gain some intuition. Then, we will discuss how to develop their corresponding
multilevel methods. And finally we will cover the non-separable case. Numerical results at the end of

this chapter will illustrate that this is a promising technique for image restoration problems.

37



Chapter 4. Multilevel Method for Image Reconstruction Problems 38

4.2 Algorithms

4.2.1 Two-Level Methods

Recall that the image restoration problem we defined in Section 1.1.2 consists of finding = such that
Ax =b=0b"" e, (4.1)

where the m? x m? matrix A is a known blurring operator and b denotes the blurred, noisy image. Figure

4.1 shows an example of an image that we want to recover, /"%¢, from the given blurred, noisy image,
b. Recall also that the 2D HWT, W7T ¢ Rmzxmz, can be defined in terms of the 1D HWT blocks, W1,

5 10 15 20 25 30

true

FIGURE 4.1: Image we want to recover, x (left), and blurred, noisy image, b (right).

WI e REX™ | as

Wil o wl
wl e wi
Wi @ Wl
Wi e wi

Then, the system (4.1) can be written in the wavelet domain as
Az =, (4.2)
where A = WTAW, & = WTz, and b = WTh.

First, we focus on the case where A is separable, that is,
A=A AeR™ ™
with m = 2¥. By properties of Kronecker products [46], we have that

WEeoW]) (Ao A)(Wy @ W) = (WAW,) @ (W AW;),
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for 4,4, 4,7 = 1,2. In this case, the system (4.2) can be written as
A®A Ay @A, Ai®Ay Ay @Ay [ by
Ag ® Al 1214 ® Al A3 ® AQ 1214 ® 1212 -%3 b3
Al @A; Ay Ay A1 A, As@ Ayl | by
Az @Ay Ay@As Az@ A, Ay@ Ayl |i4 by
where Z;, Bi, and A; for i = 1,...,4, are such that

xr = (W1 & Wl)i1 + (W1 ® Wz)fﬁz + (WQ ® Wl)«%s + (W2 ® WQ)‘%%

b= W1 ® W1)l;1 + (W ® W2)62 + (W2 ® W1)33 + (W2 ® W2)64,

and .
A Ay
As Ay

WTAW, Wl AW,
WLAW, Wi AW,

The system (4.3) can be split in different ways. Depending on how we split it, we will get different

two-level methods. Notice the order of the coordinates of & and b in (4.3).
Two-Level Method TL1

The first two-level method we will describe is the most natural extension of the multilevel method
presented in Chapter 3 for signal restoration problems. Following the same analysis used to develop that

method, we can make these observations:

e the vector & is a coarse approximation of the original image =,
e the matrix /11 ® A; reflects the ill-conditioning in A, and

e the vector é; is still Gaussian white noise.

As we can see in Figure 4.2, the 2D HWT takes our image x in Figure 4.1 and maps it to a new
image consisting of four blocks, corresponding to the #;s. The upper left block Z; is a lower resolution
version of x, the upper right block &5 emphasizes vertical edges since they correspond to jumps in the
horizontal direction, and the lower blocks 3 and 24 emphasize horizontal and diagonal edges, respectively.
This suggests that if we could recover the “downsampled” image #;, we would have a rather good
approximation of the fine-scale vector = (in the sense that setting &5, &3, and &4 to 0 and & = W[Zy; 0]

(see Figure 4.3) would already give a decent representation of the image).

We have shown for the 1D case that A; = wi AWy is still ill-conditioned and that it captures the lowest
frequency characteristics of A. Thus, we expect the matrix 1211 ® /11 to be somewhat ill-conditioned since
its condition number k(A; ® Ap)(that is, ||A; @ Ay||[[(A; ® A1)7Y|) is k(A;)?, and we also expect to

capture the lowest frequency characteristics of A.
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FIGURE 4.2: Blocks of the Haar wavelet transformation of the original image of Figure 4.1: #: (top
left), &2 (top right), Zs (bottom left), and Z4 (bottom right)

We can also see that, when the entries of the vector e are independent and identically distributed with zero
mean and standard deviation s, the vector é also has the same distribution, that is, it has a multivariate
normal distribution with zero mean matrix and covariance matrix equal to sI. It is important to note

that this property is due to the fact that the 2D HWT, W7, is orthogonal.

With these observations in mind we split the system (4.2) as follows

A Ayl |3 b '
LT Y G = e RE Gy = |4y | e RET, (4.4)
Az A4l | T2 ba .
4
with similar definitions for by and by, and A; for i = 1,...,4 having the corresponding size. From the
first equation of the system (4.4), we have that
AyGy + Agy = by. (4.5)

As we did in the 1D case, we discard Ay and find a regularized solution of A7, = by. Once we have

an approximation of Z1, we obtain Z5. The algorithm that follows these basic ideas is contained in the
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TABLE 4.1: Two-Level Method

Input: A, b, zq
Output: z

L by = W[(b— Ax)
o= Wi

Ay =W AW,

71 = ming, {413y — by 3+ N LW (1 + 7o) 9}

- Tpew = To + Wli'l
. Fnew - WT(b - Axnew)

7. iy = min; Aol 5y 7
. To = To A4 L2 new

8. x = Tnew T+ WQ.’%Q

o Ul s W N

2

+ M| L(@new + Wais) ||g}
2

Two-Level Method of Table 4.1, where

wl e wl
wi=wlew! and W)= |Wlewl|,
Wi e Wl

and the regularization operators L in lines 4 and 7 are 2D discrete first derivative operators defined by

-1 1
-1 1

. with L= - (4.6)

11

I ® I
L, © I

L =

So far, the extension to the 2D case seems straightforward by following the same steps used to develop

Sl Ayl e
Pty u-‘A,\‘ ;:‘lw‘,','l"',‘ e
1 Vi ﬁ‘ o

FIGURE 4.3: Restoration by defining & = W{z1;0] (left) and spectral analysis comparing the values of
AsZo (dotted line), bi"“*(solid line) and &, (dashed line) (right)

the algorithm for the 1D case. However, we have not yet done a spectral analysis to justify our approach

in this case. Looking more carefully at our first equation (4.5), we have that it is equivalent to

(41 ® Al):h + (1212 ® A1)5€3 + (A1 ® A2)Ii'2 + (1212 ® /12)@4 = by.
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Our way of thinking has been as follows: since we do not know Z3, &2, nor &4, we discard the three terms
involving these values. We want to see whether we can always consider what we discard to be noise. For
that, we will compute the singular value decomposition (SVD) of Ay @ Ay, and compare the spectral
coordinates of the vector (/12 ® /11):23 + (1211 ® Ag)i'g + (Ag ® AQ)@ with those of lA)ﬁme and é;. Figure 4.3
shows that what we discard can be relevant in the subspace associated with the smoothest modes (i.e.
associated with the largest singular values). Suppose we know the values of &9, &3, and &4. If we take
these values to the right-hand side, and put them together with b"“¢, we see that the regularized solution
of 1 is recovered from information belonging to the subspace associated with the smoothest modes where
the noise does not dominate. Then, we need to be careful because the spectral coordinates of what we
discarded is information we need to recover ;. We conclude not only that important information could
be lost by this model simplification, but also that we might be incorporating more noise. Nonetheless,
this approach still computes a regularized solution, and we will show some numerical results in Section
4.4.

Two-Level Method TL2

Since we are particularly interested in recovering an image with edges, we want to be careful about using
all the information we have in the measured data. Our next strategy considers the horizontal edges to
be more important that the vertical ones. We note that it is trivial to modify the algorithm to stress
the vertical over the horizontal edges. Notice in Figure 4.4, that if we could recover the “downsampled”
image 7 and also &3 (see Figure 4.2), we would have a better approximation of the fine-scale vector
x than only recovering #i, that is, setting 22, &4 to 0 and & = W/[&1;23;0;0] (see Figure 4.3) would

approximate horizontal features that are missing when defining & = W[z1;0;0; 0] (Figure 4.3). With this

FIGURE 4.4: Two reconstructions we consider: interpolating &1 and &3 (left) and, interpolating &1, &2,
and #3 (right). Compare with Figure 4.3

observation in mind, we split the system (4.2) in four blocks of equal size, as we did for the 1D case, as

51 ~ il ~ i‘Q
o-florfl

Then, we apply the Two-Level Method of Table 4.1, where, for this split, we have

follows

Z1

A A,
Ay Ay

€2

wl e wf
Wl e wl

— . WT WT
wl = and wi=1]"1 oW
Wi e wd
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Then our first block equation from (4.7) would be

i1 |b )
#3|  |bs A

Following the approach we used in the 1D case, ignoring the matrix-vector product of the right (consider-

1211®1211 A2®A1
As@zzh A4®A1

A1®A2 1212@1212
1213®A2 1‘14@1212

ing that vector to be noise), we try to find a regularized solution to the resulting system. If the image we
want to recover has only horizontal details, this approach can work well. However, if the image we want
to recover has vertical details, then when doing a spectral analysis we find that some information gets
lost. For example, Figure 4.5 shows that, for values of ¢ small that correspond to smooth frequencies,

the spectral coefficients of AsFy are larger than those of €; = [é1; é3).

107wy R
0 it
i :l}l',\’".lfl i
Py
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'
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M 4
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FIGURE 4.5: Spectral analysis comparing the values of AsZs (dotted line), b5"“¢(solid line) and &
(dashed line) for the TL2 method (left) and for the TL3 method (right)

Two-Level Method TL3

In our final approach, we split the system (4.2) as follows

~ ~ ~ 1
A A T b
O T = | L E = | #|  de = 2, (4.8)
Az Ay |22 bo .
Z2
with 131, T1 € R%mz, 1327 Tg € R%, and A; for i = 1,...,4 having the corresponding size.
Our first block equation from (4.8) is
A @A Ao A, A ® Ay |iy by Ay ® Ay
Ag X Al A4 X 1211 Ag ® 142 i‘3 - 83 - A4 ® AQ .’2’4. (49)
Ai@As Ay® A; Ay @ Ayl |9 by Ay @ Ay

In this case, we expect not to lose much information. That can be seen in Figure 4.5 where it is clear

that the spectral coefficients of As7s are always smaller than those of é, = [é;1;é5;é2]. Therefore, we
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expect to get better solutions by applying this final approach that is summarized in Table 4.2 where,
wi @ wi
wi = |wfewl and Wy =W) oW,
Wi @ Wi

Clearly, this last approach has a matrix A; of larger size than that of our first approach. However, recall

that we also need to solve a system involving Ay and A4 to get To.

We will discuss pros and cons of each approach further. But first, let us see how we can construct

multilevel methods from the Two-Level Approaches TL1, TL2, and TL3 respectively.

4.2.2 Multilevel Methods

Multilevel Method MGM1

We want to extend the Two-Level Method TL1 to a multilevel approach. To do that, we notice that the

coarse-grid problem 12115&1 = 131 or its equivalent equation

(A1 ® A2y = 61,

looks like the original problem. Therefore, the extension to a multilevel method is straightforward
by applying the method again to solve the equation that will appear with this form at each level. We

summarize this multilevel approach in Table 4.2 with the following restriction and prolongation operators

(W)t e (Wi)*

N

WHT=wHT e W) and  (WHT = |(WHT @ (W7 |,
(WHT ® (W3)T

m

where (Wi)T, (Wi)T € R¥#T %5 In this case, the regularization term of lines 2 and 17 in Table 4.2 can
be defined by Lit! = LiW! or by using the same L, defined in (4.6), on all the levels. We have these

two choices in this case because the regularization affects a coarse version of the solution in both the

coarse-grid problem and residual correction.
Multilevel Method MGM2

To extend the Two-Level Method TL2 to a multilevel approach, we look again at the coarse-grid problem
i1 by
i3 bs|

We will add superscript indices to the vectors to identify them with the level they are related to. We see

A @A Ay A
A3®A1 1214@/11

that we have two blocks from the original image in wavelet domain: £{ and £3. When developing TL2, we

assumed 29 and 9 to have the most relevant information to recover z. Now, we want to apply the same
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TABLE 4.2: Multilevel V-Cycle: MGM

Input: A*, b*, x

Output: z°
1.Ifi=n
2 " =ming {|A"a" — b3+ ML (@ + o) 1}
3. Else
4. Ifi#0
5. x]fm :LSQR(AQ bi, k)
6. Tt = (E6 + m;yre
7. Else
8. 2t = xé
9. End If
10. P Al
1. b = (W)
12. Fott = (W) T
13. AT = (WHTA(WY)
14, jzftl _ MGA/IV(A?[“, Ez;rl’ i,6+1)
15, @, =o'+ Wit
16, i, = (WHT (' — Alal,,,)
| A i YRR -
17. 3~312-~_1 = ming, ‘ [A§+1 573“ — Prew|| + AL (Tyeq + 5i§+1)|3}
2
18 af =gl + Wiz
19. End If

reasoning to recover 29 and 29. For this, we transform £} to the wavelet domain, obtaining four vectors
21y, #1,, #15, and 21,. As before, we assume that only #1; and 15 have relevant information to recover
29. The same idea is applied to #J. In the next level, we want to recover #1,, 15, 23, and 235. So we
will transform each of these to the wavelet domain and keep only the information we consider relevant,
that is, 22,1, 23,5 231, 2233, 2311, £33, 331, and £355. This process is summarized in the diagram of
Figure 4.6 where it is easy to see on how many levels each part of the original image x is represented.
This idea is not new; we can also see this in terms of wavelet-packet basis (see Chapter 8 in [37] for a
formal definition). In [10, 39], algorithms to find the best wavelet-packet basis are presented. The basis
presented here might not be the optimal wavelet-packet basis. However, we want to emphasize that this
is an heuristic to see if we gain something from the wavelet-based approach, and it is also cheaper than

computing the optimal wavelet-packet basis.

Then, to be able to use the scheme describe in Table 4.2, we need to define the operators W{ and Wg
that follow the image decomposition described above. First, we define the operators WN/P and Wé) that

take us from level 0 to level 1:

(WOT & (WO)T (WO & (WD)
cor_ (AT e (T e )T
W =lworewor| ™ U= e gy
(WOT & (WO)T (W) & (WD)
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Notice that (W°)T = [(W))T; (W9)T] = P(I, ® W), where W € R™*™ was defined in (2.3), and P is

the corresponding permutation matrix. In general, for level 7,
(WHT = [(WD)T5(W3)T] = P(Iy @ W),

with W € R 3% and where ()T contains the first half of the rows of (W#)T and (W4)T contains the
second half of the rows of (Wi)T.

7 .2 2 1zl 2121 :21:
1z xl | xl 5 e | ey | e A, |22
2 1.2 2 0.z a2 e ba e b2 L2
Hiaie 12 xo s, 12 0 Al Pa e o oo o

5 fz 5 |z 5
xl xl 2 31}z xl x2 31}z xl Pras JC2232 xl
2 |.2 T |z o L2
13 {714 Sala] 14 s 14 Pasa] 24
z 2 oh =
o e xl N et e e
2 2 2 2 2 2
xo xo GEIE] ReP) 32 xU BT TP ] P xo
3 4 2|,z 1 4 2|,z 1 4
Xa1] Fang x Haz | Xaaa x
x§33 Xoa 34 ;{3?33 el 34

FIGURE 4.6: Wavelet transformation of the image with three levels of the MGM1(left), MGM2(middle),
and MGM3(right) multilevel methods

The regularization operator is defined by
L+ = L',

In doing so, we ensure the appropriate coarse version of the fine-grid L° is defined by (4.6) using this

change of basis.
Multilevel Method MGM3

Finally, we want to extend the Two-Level Method TL3 to a multilevel approach. We can follow the
same approach used to extend TL2 to MGM2. The corresponding diagram in Figure 4.6 shows what we
consider to be relevant to reconstruct at each level. Then the corresponding restriction and prolongation
operators are defined by

(W) =PIy @ W),

m

with W € R X5 In this case, (W/)T contains the first three-fourths of the rows of (W#)T and (W£)T

contains the last fourth of the rows of (Wl)T

Again, we define the regularization operator by Lt = Ll(Wf) Once we have defined W, W{, Wg, and
L1 we can apply the scheme of Table 4.2.

In Section 4.4, we show numerical results that compare these three multilevel methods quantitatively

and qualitatively.
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4.2.3 Non-separable Case

So far, we have assumed that the blurring operator A is separable. In this section, we work with the
non-separable case. To simplify notation, we will define W;; = W; ® W;. Then the system (4.1) in the
new basis WIAWWT Tz = WTh is

Wﬂ AWH WEAWQ:L lei AW12 WﬂAWQQ WE.’E erlib
WQII AW11 Wg;AWm ng AW12 W2,11AW22 Wg;x quib

= , 4.10
ngAWn WgAW21 ng AW12 ngAWQQ ng’ ngb ( )
Wé‘gAWll Wé‘g AW21 Wé‘g AW12 WQEAWQQ Wzgl' WQ:gb
or . A A . .
A A Az Al |4 b1
Agy Agy Ay A P b
21 22 A23 A24 X2 _ 2 . (4.11)

Agy Aszy Azz Asy| |3 b3
An Ass Ays Ag| |24 by

We are assuming here that the observations made for the separable case are valid for the non-separable
case. For example, we expect A1 to still be ill-conditioned and to capture the lowest frequency charac-
teristics of A. All of the methods discussed above can be applied to this case. Moreover, we expect to

see similar results.

4.3 Computational Issues

Similarly to the 1D case, the Haar wavelet transform preserves the BTTB matrix structure. This implies
that we can have fast matrix-vector products of the intermediate-level interior linear least squares prob-
lems that must be solved iteratively. Matrix-vector products involving BTTB matrices can be computed
in O(n2logn) operations [9]. Figure 4.7 shows the sparsity of the matrix Al corresponding to each dif-
ferent method. It is cheaper to compute the LSQR iterations for MGM1 than for the other two methods
since its A’l is smaller than those for the other methods. For the MGM1 method, after n levels, fl’f has
dimension 72”—: X ’2”72 For the other methods, /1? is much larger. Thus, for the latter method, it takes
more levels to obtain coarsest matrix of a given size. However, the MGM3 method produces the smallest
matrices flé and /Al}'l needed in the residual-correction step, which is more expensive than using LSQR in

the pre-smoothing step.

4.4 Numerical Results

We conclude with illustrations of the performance of the algorithms presented in this chapter. All

computations were performed in MATLAB.
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FIGURE 4.7: Sparsity of coarsest matrices involved in the 3 different splits: MGM1 (left), MGM2
(middle), and MGM3 (right)

4.4.1 Example 1: Haar Wavelets

In this first example, the blurring operator is defined by an m? x m? matrix A = (27702);1 ® A, where A

is an m x m symmetric banded Toeplitz matrix whose first row is defined by the vector

1
z= W[exp(—([o - band — 1].%)/(20?)); zeros(1, m — band)).
We use m = 32, and parameters ¢ = 3 and band= 9. The matrix A has a condition number x(A) =
3.75x 10!, The original image, obtained from the Regularization Tools package by Hansen [25], is shown
in Figure 4.8. It is a 32 x 32 image that is columnwise stacked in the vector x!"“¢. The vector b*"“¢,

containing the noise-free blurred image, is computed as b*"“¢ = Ax!"“¢. The entries of the error vector e

are normally distributed with zero mean, and normalized such that Hb!ellzHz = 0.01. The contaminated

right-hand side of our system is defined by b = b"“¢ + ¢ (see Figure 4.8).

For the multilevel solutions shown in Figures 4.9 and 4.10, we define the initial guess 23 = 0. The images
at the coarsest level have size 8 x 8 and a Newton method is applied to solve the coarsest-grid correction

equations. The regularization operator at the finest grid is defined by

-1 1
-1 1

I ® L
Ly ® I

L’ =

‘| s with L1 = .
11

We define 10 logarithmically spaced values of A from 10~ to 1. We loop for all values of A at each

true  MGM (yijk . .
z QYOI gmallest. The notation A%

[E

level and choose the combination of \ values that make 7T,
means that for the coarsest level we need A(7), for level 1 we need A(j), and for the finest level we need

A(k). Figures 4.9 and 4.10 show the reconstructed images.

We also compute both zZ99F (k) and 1-MGM ();) solutions for comparison (see Figure 4.8). The
optimal parameters, k and A, are chosen such that the 1-norm relative error are minimized. Table 4.3
shows optimal parameters and relative errors. Notice that the LSQR solution is very smooth compared
to the solution generated by Newton’s method. Therefore, it is more useful to compare qualitatively the
solutions obtained by these multilevel approaches with the solution produced by Newton’s method to

equation in line 2 of Table 4.2 on the fine grid (n = 0).
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TABLE 4.3: Comparison of different methods: Relative errors
LSQR (41) | Newton ()\2) 3-MGM (50, )\5’6’8)
0.6650 0.4925 0.5459

We observe that the multilevel solutions and the fine-grid solution solution have similar quality. How-
ever, the multilevel methods apply fewer Newton iterations on each level (see Tables 4.4 and 4.5). We
also observe that MGMS3 is the most competitive method in terms of quality and computational cost.

Although, to have a more fair comparison, we need to run more levels of MGM3.

E

5 10 15 20 25 30
FIGURE 4.8: Image we want to recover, z‘"*¢ (top left), blurred, noisy image, b (top right), LSQR
solution (bottom left) and Newton (bottom right).
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FIGURE 4.9: Two-Level solutions: TL1 (left), TL2 (middle), and TL3 (right)

In terms of computational cost for different multilevel methods, we note that, when using sparsity to
compute matrix-vector products, it is more expensive to solve the last residual correction step of MGM1
than to compute a few iterations of LSQR in MGM3. Table 4.5 shows the number of nonzeros to give

an idea of the cost of the intermediate solves.
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FIGURE 4.10: Three-Level solutions: MGM1 (left), MGM2 (middle), and MGMS3 (right)

TABLE 4.4: Comparison of multilevel methods for noise level of 1%

—true__ MGM
level | MGM split | Newton iter | Agpi(k) [k mef,e”l s

1 - 34 AP 0.4926

2 1 10,5 A3 10 0.5173

2 2 10,5 A0 0.5048

2 3 9,5 2T 0.4977

3 1 5,9,7 A56:3(6) 0.5806

3 2 9,5,5 AT65(7) 0.5860

3 3 9,6,6 AZA3(7) 0.5177

TABLE 4.5: Comparison of multilevel methods for noise level of 5%

True _ MG
level | MGM split | Newton iter | Aope(k) ll= Hw”iclh IH
1 - 34 \° 0.5695
2 1 10,5 2510 0.5621
2 2 10,5 D10 0.5731
2 3 9.5 PR 0.5646
3 1 23,2034 | \EO5(6) 0.5842
3 2 10,9,9 ASLI0 (7Y 0.5829
3 3 94,5 AT 0.5697

TABLE 4.6: Nonzero entries on matrices involved
Problem MGMI1 | MGM2 | MGM3
LSQR 15376 60512 129600
Coarsest 1156 18136 88348
Correction | 12500 34432 38344
Correction | 166860 | 112784 | 56512
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4.5 Conclusions

In this chapter, new edge-preserving multilevel algorithms for image restoration problems are presented.
They are extensions of the multilevel approach presented in Chapter 3. The transformation of the problem
to the wavelet domain using orthogonal wavelets leads to different multilevel algorithms. In particular,
we have discussed three approaches that have the same structure and differ in the prolongation and
restriction operators used to move between grids. Numerical experiments illustrate that these multilevel

approaches are promising techniques for image restoration problems with edges.



Chapter 5

Modified Total Least Norm Problem

5.1 Introduction

It is well-known that the Total Least Squares (TLS) methodology [16] is an efficient technique for solving
blind deconvolution problems. There are several papers on the treatment of the Regularized Total Least
Squares Problem [3, 4, 19, 41, 45]. In this chapter, we analyze different methods for solving blind

deconvolution problems arising in signal and image restoration.

5.2 Motivation

Assume that A denotes a known m x m blurring operator, E denotes an unknown perturbation to the

true is a vector representation of the signal we want to recover. Qur assumption is

blurring matrix, and =
that ||A]|2 > || E||2; we discuss the importance of the relative norms of A and E more below. The blurred
exact data, b¥"“¢ is related to these quantities by (A + E)z!"“¢ = b*"w¢. However, what is measured is
actually the data vector b, where b = b'"%¢ + ¢, with e representing additive white noise, such as data

measurement error.

FIGURE 5.1: True solution represented by x'"*¢ (left) and blurry and noisy measured data, b (right)

52
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Thus, under appropriate assumptions on A + E, our goal becomes one of finding a regularized solution
to the system
(A4 E)x =b. (5.1)

The need for regularization is justified by the following argument. Since A is a blurring matrix, the
singular values of A decay towards 0 with no significant gap in the singular value spectrum. If | E||2
is small enough, we expect A + E to still be ill-conditioned because of Corollary 8.6.2 in [17] that says
that |o;(A+ E) — 0;(A)| < ||E||2. Figure 5.2 shows the singular values of A and A + E for comparison.
Then, solving (A 4+ E)x = b, assuming E were known, will give a contaminated solution, as explained in
Chapter 1.

20 40 60 80 100 120 20 40 60 80 100 120

FIGURE 5.2: Singular values of A (solid line) vs. singular values of A + E (dashed line) (left) and

T _ “'_T true . . “'_T mt'r"u.e . .
comparison of coefficients |“~=| (dashed line), \%| (solid line), and \%\ (dotted line)(right).

We will analyze the influence of E in the system and derive an important restriction on the matrix FE

that justifies the approach we present in this chapter. First, we rearrange (5.1) to write
Ar =b— Ex =b'""¢ + ¢ — Ex.

Viewed in this way, the right-hand side consists of the noise-free data, b'"*¢, additive white noise, e, and

signal-correlated noise, Ex. Suppose we have A =>""  w;0;0]. Then, we can write

n Titrue T T
B u; b uje u; Bz
Tr = —_— + + — | ;.
gi g; gi

ug'btrue
[op

For small values of i, we expect | | to be dominant. However, for a certain index j and ¢ > j, the

data and noise get mixed (see Figurel5.2). If |[ul Ex| < |ule|, then one might as well consider e — Ez as
unknown noise, ignore E and try to find a regularized solution to Axz = b, which is a computationally
easier problem. We therefore assume that although ||A||2 > || F||2, F is not too small in the sense that
[[Ex||2 > |le|l2- With this in mind, we propose to solve the following regularized total least norm (RTLN)
problem:

min {c|| Bl + [|(A + E)a — b5 + A?|| Lz |7} , (5:2)

where L is taken to be a discrete derivative operator, A is the regularization parameter, and p is taken

such that 1 < p < 2. As we are interested in recovering edge information, we typically use p ~ 1. The
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choice of scaling constant ¢ will be discussed in context further. In the case where A is invertible, e = 0,
and A = 0, but E'"%¢ # 0, the solution to (5.2) is # = A7'b and E = 0. In other words, it is not

true and E'“¢ from this formulation. However, as we can see from the previous

possible to recover x
discussion, even if e = 0, such a solution is worthless because of the effects of term Ex. Indeed, it is the
inclusion of the regularization term that, in the case that A is invertible, enables our recovery of a decent

approximation of z!"“¢, and hopefully, of Er“e,

5.3 Scaling

The choice of the scaling constant was already considered in [43, 47], for an unregularized version of (5.2)
was called the Scaled Total Least Squares (Scaled TLS) problem. The authors of this article assumed
that no information is available about the absolute size of the error. We make this assumption as well.
However, we want to find the correct model for these circumstances. In fact, following this logic, when
A is invertible, one might guess that ¢ = 1 may not always be an appropriate choice, even though A is
allowed to vary. If ¢ > 1, solutions with smaller || E|r but larger misfit are encouraged. When ¢ < 1,

solutions with larger | E| r and smaller misfit are encouraged.

When ¢ = 1, we notice that the quality of the solution of (5.2) for an optimal value of X is similar to (or

slightly worse than) the solution of
mzin{||Az—b||§ + M| Lz )P} . (5.3)

See Figure 5.3 for comparison. A quantitative comparison in terms of relative errors appears in the
results section, Section 5.8. We can explain this phenomenon from a statistical point of view. Assuming

the errors E;; and e; are uncorrelated and E;; ~ N(0,s%) and e; ~ N(0, s3), then we should solve

. 1 1
win{ BN + 14+ Byo - bl + ¥|Lal). (5.4
,T 81 82
or )
. S ~
ain { ZBIG + 4+ E)e — b3 + oLl ). 5.5
; 1
where \? = s2\P. Notice that ¢ is, then, jé If we assume that |\/‘xlf|]‘~32\| > H,UﬁUiH, then s? > s3.
1 2

Therefore, ¢ < 1 seems more appropriate. The assumption that \|f|1|f|1|~32|\2 > Hlllf,‘,llf'e” is enforced in the

numerical examples of this chapter and the next one. There, we shall show the importance of the scaling
constant ¢ to get better approximations of x and E. More about this assumption can be found in Section
4.1 in [26], although the motivation is different. Also, in Section 3.6.2 of [30], there is a discussion of

what the optimal conditions are for TLS to work well.
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5.4 Regularized Structured Total Least Norm

The optimization problem (5.2) is computationally very difficult since we are minimizing with respect to
E and z, that is, we have a total of n? 4+ n unknowns and only n data components. Furthermore, there is
the question of whether we can recover E'"“¢. Therefore, we assume the matrix A is Toeplitz, and then
ask that F is also Toeplitz. By doing this, we reduce the number of unknowns to 3n — 1. Many articles
have been written on solving (5.2) subject to the constraint that E is Toeplitz or otherwise structured
[45, 51]. As noted in previous chapters, when we use wavelets of the sort mentioned in Chapter 3 to derive
the coarse-scale and correction equations, Toeplitz structure of the coarse-scale matrices is inherited from
the Toeplitz structure of the fine-grid matrix. This suggests that we will ultimately be able to propose an
efficient multilevel approach for solving the optimization problem under the restriction that F remains
Toeplitz. Indeed, this is the subject of Chapter 6 of this thesis.

Consider the following Toeplitz matrix,

to  to1 too .. t_(mey)

t to tor e t_(meo)

EFE = to t1 to Ce t,(mfg)
[tm-1 tm—2 tm-3 ... to |

Notice that E is generated by the Toeplitz-vector t = (t_(p,—1),...,t_1,t0,t1,...). Thus, the minimiza-

tion problem (5.2) can be written as
min {c[| E(t)[[7 + [[(A + E(t))x — blI + A||Lz|}} - (5.6)

We refer to this problem as the regularized, structured Total Least Norm(RSTLN) problem.

5.5 Modified Total Least Norm

Assume that we have initial guesses Fy and xg. We can write a residual as rg = b — (A + Ep)zg. We

look for corrections E. and x. such that £ = Ey + E. and x = xg + x.. Then, we have
(A+Ey+ E.)(zg+z:) = b,

which is equivalent to
(A+Ep + E.)x. + Ecxg = 19.

Defining A=A+ Ey, b=r, and E = E,, we obtain what we refer to as the residual equation

(A+ E)i+ Exo =b.
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FIGURE 5.3: RTLN solution (top left), Tikhonov ignoring E (top right), Tikhonov solution using true
E, E'"¢ (bottom left), and RSTLN solution (bottom right).

Recall that A, B, and z( are known, and that Z, E need to be computed. Further, E is assumed to be
Toeplitz and generated by a Toeplitz vector ¢. In accordance with the approach above, this suggests we
ought to solve the following variant of the RSTLN problem, which we call the modified RSTLN(MRSTLN)
problem:

min {e| B} + (A + B@)7 + E@)zo - b} + VL5 } (5.7)

X
Note that in (5.7) the regularization is only applied to # rather than z¢ + Z. This choice is based on
our limited experience, and appropriate adjustments to the regularization term are the subject of future

research.

5.6 Alternating Algorithm

Here we present an algorithm where we first compute the solution of a MRSTLN problem to get E,
and then use that E to get a Tikhonov solution applied to the problem (A + E)x = b. Then, we use
this solution as a starting guess xg to again solve the MRSTLN problem, assuming that Fy = 0. This
algorithm is summarized in Table 5.1. In the numerical results section, we show some examples and
convergence plots. Although we do not have a rigorous analysis that justifies the use of this approach,
the results in Section 5.8 show that it is promising and deserves further investigation. We believe that
this approach is working because it allows us to effectively constrain the optimization to a subspace

where we expect improvement can be made to enhance edge information.



Chapter 5. Modified Total Least Squares 57

TABLE 5.1: Alternating Algorithm

Input: A, b

Output: F, x

1. iZl, a:():O, EOZO

2. While (i < Max Iter) and (W >tol) and (W >tol)

3. b=b— Axg

4 £, &) = ming {c| E(D)|F + [|(A + E®)E + E(f)xo — b]3 + A\ LE|D}
5. E,=FE

6. i = ming {||(A + E)z — b|[3 + AP[| Lz} }

7. t=14+1,z0=2x

8. End while

5.7 Computational Issues

Recall that we need to solve the minimization problem (5.7). We shall follow the same methodology
used in [45] to solve the STLS problem. Define the vector ¢ to be the Toeplitz-vector corresponding to
E. Then, problem (5.7) can be written as

min {¢| DH3 + | Az + E(z + z0) — b + M| La]3} (5.8)

or as

min {c|[ D3 + || Az + Ft — b]}3 + X" Lz [}, (5.9)

where D is the diagonal matrix with entries given by the vector

d=1,V2,...,Vn—1,vV/n,vVn—1,...,v/2,1)

and F' is a matrix such that F't = E(x + zp). Note that F' is also Toeplitz but not square. To see that

consider the following small example

_t_3_

Ty x3 19 x 0 0 O f to t_1 t_o t_3| |x1

x4y x3 9 x1 0 0 ttol _ t1 to t_1 t_o| |22

0 0 x4 3 22 21 O 4 ty  t1 to t_1| |x3

0 0 0 x4 23 29 21 t ts to t1 to Ty
L t3 J

Then, the Toeplitz-vector that generates F is given by (0,0,0, z1, 22, 3, 24,0,0,0). We apply a Quasi-

Newton method to solve this problem where the direction is given by the Least Squares problem

2

F A+ FE A —r
min || [/cD 0 - VeDt , (5.10)
At,Ax 1/2 Am 1 1/2

0 )\Dq L _ﬁDq Lx
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where r =b— (A+ E)x — Bz and D, = %qq(q — 1)diag(|Lz|?~?). Note that F depends on x and z.

5.8 Numerical Results

5.8.1 Example 1

The blurring operator is defined by an m x m symmetric banded Toeplitz matrix A, where its first row

is defined by the vector

z= 27302 [exp(—([0 : band — 1].%)/(20?)); zeros(1, m — band)]. (5.11)

The parameter band specifies the half-bandwidth of the matrix A and the parameter o corresponds to

the variance of the Gaussian point spread function

1 x?
hz) = 2m02 P (W) ’

We use m = 128, and the parameters ¢ = 3 and band = 7. The matrix A is normalized such that
|All2 = 1. The condition number of A is x(A) = 4.8 x 10°. The exact solution, represented by zt"“¢,

is the vector of length 128 shown in Figure 5.1. The perturbation matrix E'"“¢ is a nonsymmetric

Toeplitz matrix with same bandwidth as A. Its entries are normally distributed with zero mean, and the
ue”2

tr
standard deviation is chosen such that ”]TITHz

is computed as b"u¢ = (A + Eu¢)gt™ue. The elements of the noise vector e are normally distributed

= 0.2. The noise-free blurred signal, represented by b¢"%¢,

with zero mean, and the standard deviation is chosen such that % = 0.008. The noisy right-hand

side of our system is defined by b = b"“¢ + ¢; (see Figure 5.1). To evaluate different algorithms, we take

the approximate signal x and the approximate E and compute relative errors

o = ol B~ Bl
== = I E)y=I1=Z—= IF
6’/‘7"(.’1?) th'rue || 1 ’ GTT‘( ) ||Etrue ||F
In all methods, we use the regularization operator
-1 1
-1 1
L= ' ,
T o1

which is a scaled discrete approximation to the first derivative operator, and ¢ = 1.1.

First, we compare the following methods: Tikhonov (Problem (5.3)), Tikhonov with A = A + E'"v¢
TLN (Problem (5.2) with A = 0), RSTLN (Problem (5.2) with ¢ = 1), and RSTLN (Problem (5.2) with
¢ = 0.1). For the solutions shown in Figure 5.3, we define 10 logarithmically spaced values of A\ from

)=zl

10~ to 1. The optimal parameters A\ are chosen to minimized ”w(”mw“e”l
errors for the optimal values of \. We conclude that the method RSTLN with ¢ = 0.1 does a good job

. Table 5.2 shows relative

recovering = as well as E. For the solutions shown in Figures 5.4 and 5.5, we applied 30 iterations of
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TABLE 5.2: Example 1: Relative errors obtained by applying different methods
Tikhonov | True £ | TLN | RSTLN (¢=1) | RSTLN (¢ =0.1)
err(x) 0.1864 0.0401 | 0.2556 0.2012 0.1379
err(E) 1 0 0.9648 0.9106 0.3615

TABLE 5.3: Example 1: Relative errors obtained after 30 iterations of the alternating method for
different values of c.

c=1|c¢=06
err(xz) | .1755 | 0.0679
err(E) | .8939 | 0.2127

the alternating algorithm of Table 5.1. We define 10 logarithmically spaced values of A from 1073 to

1. The optimal parameters, A, for lines 5 and 7 in the alternating algorithm are chosen to minimized
lz()—z"¢|4
Hajtruc‘ll

the MRSTLN problem of line 5. We conclude that the alternating method gives as better solutions than

. We compare convergence of the alternating algorithm for values of ¢ = 1 and ¢ = 0.1 in

applying only one iteration (see Tables 5.2 and 5.3 for comparison) and its accuracy is very good with

respect to x and E.

0.185 0.92
4
0.915
2 0.18
0.91
0 0.175 0.905
0.9
-2 0.17
0.895
-4
0.165 0.89
20 40 60 80 100 120 0 5 10 15 20 25 30 0 5 10 15 20 25 30

FIGURE 5.4: Example 1: Solution of alternating minimization algorithm with ¢ = 1 (left), convergence
of relative error of x (middle), and convergence of relative error of E (right).
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FIGURE 5.5: Example 1: Solution of alternating minimization algorithm applied with ¢ = 0.1 (left),
convergence of relative error of  (middle), and convergence of relative error of E (right).

5.8.2 Example 2

We set up the next example as we did the first one. The matrix A was constructed with parameters
o = 3 and band = 10. Thus, its condition number is x(A) = 4.9 x 10%. The perturbation matrix E"*¢



Chapter 5. Modified Total Least Squares

60

TABLE 5.4: Example 2: Relative errors obtained by applying different methods.

Tikhonov | True £ | TLN | RSTLN (¢ =1) | RSTLN (¢ = 0.6)
err(x) 0.2319 0.0500 | 0.2588 0.2288 0.2167
err(E) 1 0 0.9852 0.9600 0.9071

is a nonsymmetric Toeplitz matrix with same bandwidth as A. Its entries are normally distributed with

zero mean, and the standard deviation is chosen such that Hﬁ”j = 0.2. The elements of the noise vector e
are normally distributed with zero mean, and the standard deviation is chosen such that % =0.01.

The noisy right-hand side of our system is shown in Figure 5.6. The experiments were run in the same
way as in the Example 1, except that we also run the alternating algorithm changing the values of ¢ at
each iteration. In this example, we see that by using a decreasing ¢ (in this example, we use ¢p=0.6 and

¢ = c¢/1.1) we get better solutions than with keeping ¢ fixed with value 1 or 0.1 (see Figure 5.7).

20 40 60 80 100 120 20 40 60 80 100 120

20 40 60 80 100 120 20 40 60 80 100 120

FIGURE 5.6: Example 2: Blurred, noisy right-hand side b (top left), Tikhonov solution ignoring E (top
right), Tikhonov solution using true F, E'*¢ (middle left), RTLS solution, (middle right), RSTLS
solution with ¢ = 1 (bottom left), and MRSTLN solution with ¢ = 0.1 (bottom right).
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FIGURE 5.7: Example 2: Solution of alternating minimization algorithm with ¢ =1 (top left), conver-
gence of relative error of = (top middle), and convergence of relative error of E (top right). Solution of
alternating minimization algorithm with ¢ = 0.6 (middle left), convergence of relative error of z (middle
middle), and convergence of relative error of E (middle right). Solution of alternating minimization
algorithm with decreasing value of ¢ (bottom left), convergence of relative error of z (bottom middle),

and convergence of relative error of E (bottom right).

TABLE 5.5: Example 2: Relative errors obtained by applying 30 iterations of the alternating method

with different values of c.

c=1|¢=06|c=c¢/l1l,co=.6
err(x) | .2356 | 0.2171 0.1681
err(E) | 9592 | 0.8972 0.5743

5.9 Conclusions

In this chapter, we presented a new model that incorporates a scaling parameter, ¢, and an initial guess

of x, xg, into the already known RSTLN problem. Also, we presented an alternating algorithm that uses

this new model to obtain better reconstruction not only of x, but also of E. We showed the influence

of the scaling parameter c in this algorithm is of great importance. Although we do not have a rigorous

analysis that justifies the use of this approach, the results in Section 5.8 show that it is promising and

deserves further investigation.

In the next chapter, we present a multilevel method for blind deconvolution problems. We will see that

the new MRSTLN problem is the most appropriate choice for the coarse-grid correction.



Chapter 6

Multilevel Methods for Blind
Deconvolution

6.1 Introduction

Methods developed previously for solving Tikhonov-Regularized Total Least Norm problems required
that the perturbation operator have special structure (e.g. Toeplitz structure, displacement structure) in
order to make the minimization problem computationally tractable [45]. Our goal is to gain efficiency by
means of a multilevel approach. Therefore, we present an extension of the multilevel method presented in
Chapter 3 that solves the modified, structured total least norm (MRSTLN) problem described in Chapter
5. This multilevel method has the ability to recover both the blurring operator and edge information
of the solution. It also relies on the Haar wavelet decomposition to move between grids, which has the
benefit that, when one enforces a Toeplitz structure on F, this structure is preserved on all levels. Then,
to make the problem more computationally tractable, we can use the advantages given not only by a
multilevel method, but also by working with Toeplitz matrices. We have found only one article [59] in
the literature that applies a multilevel approach to the TLS problem, and this method has only been
applied to the TLS problem, not the RSTLN or MRSTLN problems discussed here. There, the authors
make use of wavelets, as we do, but develop a very different algorithm: their approach does not include
a pre-smoothing step, its prolongation operator is made by padding zeros, and it also assumes all high

frequency components to be zero. Consequently, the method presented here has more capabilities.

The structure of this chapter is as follows. First, we will introduce a multilevel method to solve blind
deconvolution problems. Then, we will discuss how to solve the coarse-grid and residual corrections.
Finally, numerical results are presented to illustrate that this is a promising technique for blind decon-
volution problems. Moreover, we illustrate the efficiency of combining this multilevel method with the

alternating method presented in Chapter 5.

62
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6.2 Algorithm

Following the discussion from the previous chapter, we restate our blind deconvolution problem described
in Chapter 1 as finding « and E such that

(A+ E)x+ Exo =,

where the m x m matrix A is a known blurring operator, x( is an initial guess for z, and r = b — Az is
the residual with b being the blurred, noisy signal. This problem can be written in the wavelet domain
as

(A+ E)i 4 Fig = 7.
In other words, if W is the matrix for the 1D Haar matrix transform, then A= WTAW, E= WTEW,

& =WTx, &g = WTxg, and # = WTr. We partition the transformed problem into blocks of size 2*~! to

x] = H . (6.1)

obtain the following problem

Ell E12
E21 E22

12111 + Ell 12112 + E12
Ao + Eo1 Agy + Eop

i

Zg
From the first block equation of (6.1), we have

(An + En)fl + Biidgr =iy — (12112 =+ Em)fz — E1a00.
We make the following remarks:

e 1 is a representation of x on a coarse grid,
e Ay is still ill-conditioned (see Section 3.2.2),

E‘H still has random character,

A11]l2 > || B2, and

the term (12112 + Elg)ig — E12%02 can be treated as noise.

All of these remarks but the last one are related to important properties of the fine-grid problem that
are carried over to coarse-grid problems. We assume that the entries in E are uncorrelated with normal
distribution of zero mean and standard deviation s;. Then, since W is orthogonal, we have that E=
WTEW has also uncorrelated entries with the same normal distribution as E (see Theorem 2.3.10 in
[20]). In particular, Fy; also has independent and identically distributed entries with zero mean and

standard deviation sj.

Recall from Chapter 2, that the first singular value of Au, 01 is almost the same as the first singular
value of A, 1. Then, since ||A||s = 01, ||A11]]2 & ||All2. On the other hand, we know that the expected
value of the 2-norm of E satisfies that £(||E||2) = s1y/m. We also know that (|| E11]|2) = s14/%. Then,

we still have ||Ay1 |2 > ||E11|2, which is a relevant assumption discussed in the previous chapter.
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Our last remark is related to the fact that we know neither 25 nor Elg. Thus, we would like to ignore the
terms containing them. That is, we want to see if we can consider (12112 + Elg)ig — E12%02 to be noise.
For that, we make use of the SVD of 12111 and compare the spectral coordinates of (/112 +E12)§:2 — Elgisog
with #i7%¢ and Elil. Figure 6.1 shows that the spectral coordinates of (Alg +E12)£2 7EA112£02 are smaller

than those of E’lgﬁl in the subspace related to smooth modes.

FIGURE 6.1: Singular values of A1, (solid line) vs singular values of A;; + E1; (dashed line) (left) and

comparison of coefficients |u] E1141 /0| (dashed line), [ul 7“0, (solid line), and |uf ((A1z + E1o)ds —

Emi‘oz)/ai‘ (dotted line) (I‘ight)A

Then, the equation
(12111 + Ell)i'l + Enim =17

becomes our coarse-grid problem. Furthermore, we obtain its regularized solution by solving the MRTLN

problem described in Chapter 5

‘min {C||E11||% +|(A11 4 BEv)iy + Endor — 1 ))2 + M| L(E + 5601)”2} ) (6.2)
1,011
where L is a first-derivative operator, and 1 < p < 2. We call this problem the coarse-grid correction

problem.

We also need to recover the wavelet coefficients Z9 as well as the other three blocks of E: Elg, Egl, and
FEss. For this part, we define a residual-correction step. Assuming that we have approximations £ of 1
and Efl of 1 from the coarse-grid correction, then Equation (6.1) can be rewritten as

X 0 . . 7 Er
To2 + | 4 (Fo1 +&7) = Al H
Es 7o

Ay + Efl
Aoy

ElQ

22

12112 + E12 e
Ao + Eao

- - For. (6.3)

€2
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TABLE 6.1: Multilevel V-Cycle: MGM

Input: A*, b*, x
Output: z?, E?
1.Ifi=n
2. [z¢, EY] = Solve (6.2) (see Section 6.3)
. Else
Iti+0
[z¢, E] = Solve (6.2) (see Section 6.3)
End If
rt =b" — (A" + EY)2' — Bz}
bitt = Wiyt
9. Al = A"+ E°
10. AT =wlAW,

%0 NS o

11. 956 =azi+at

12. witt = Wizl

13, [ B = MGM (A bl git)
A (i41)

14. 2t =2t + Wiy
. . 4 COTET

15, rﬁ;:ﬂ%h4VNWﬁh—[g}(ﬁ++x@

16. (251 B B B = Solve (6.4) (see Section 6.3)
- Ffﬁ?

18, Ei=w|Z,
c=Wlah s

19. rt=x"+ WQJESH)

20. E =FE+E

21. End If

} WT (see Section 6.3.2)

We denote the right-hand side of Equation (6.3) by #pe,. To solve this problem, we again use the

following MRTLN formulation to keep certain smoothness in the solution,

_min ol Bxall% + cll B |7 + cl Eazll7
22,E12,E21,E22
. . . 2
A+ F R E . 0 . o ~
L[|t B i T (Zo1 + 27) — Trew (6.4)
Ao + Fao Ey Ey 9 ’
) P
2
AP M%+W’A1% ,
i) »

where L is a first-derivative operator, and 1 < p < 2 as in Equation (6.2). From a computational
perspective, it is very important to note that the regularization is applied at a “finer” scale than the
unknown vector Zo for which we are optimizing. Then, our multilevel algorithm is summarized in Table
6.1.



Chapter 6. Multilevel Methods for Blind Deconvolution 66

6.3 Computational issues

One nice feature of the Haar decomposition is that it preserves Toeplitz structure between grids. We
have shown in Theorem 3.2 that if £ is Toeplitz, then EAij for i, 7 = 1,2 are all Toeplitz, and that we can
also define the Toepliz-vector of EA’m é;; from the Toeplitz-vector of F, e. Moreover, the vectors é;; for

i,7 = 1,2 are related.

Corollary 6.1. Let E be an m x m matriz with Toeplitz structure, and m = 2. Then, the 2F~1 x 2k—1
submatrices En, Elg, Egl, and Egg defined in (6.1) have Toeplitz-vectors that satisfy

24 ... 44
02 .. 44
€12 = —€21 and  €xp = €11 — I

00 .. 24

€21

El,m

where Ey p, 1s the entry 1,m of E.

Proof. We have shown that we can define the Toeplitz-vectors é;; of each E’ij from the Toeplitz-vector €

of E. From Theorem 3.2, we have the following relations

€11 = tll(l :2:2m — 3) where tll = (I + Zm, 25
€12 = tlg(l :2:2m — 3) where t12 = —(I — Z,Qn)é
éo1 =t1(1:2:2m —3)  where to = (I —Z2)e
oo = t22(1 :2:2m — 3) where 99 = —(I — Zm)2é,
where Z,, is the (2m — 1) x (2m — 1) “downshift” matrix. From here we can see that éo; = —é15. Define

T =2(1—-22%)""(I+Z2). Then we have that toy = 17 — Tt2;. Since é;; contains only the first m — 1

m

odd entries of ¢;;, then we define T by taking only the m odd columns of T and the first m — 1 rows of

21 . Then, the result follows. O

1,m

T. We have also the m odd entries of t9; = l

This Corollary says that with the knowledge of E , EH, and Egg, and the corresponding relations,
we can reconstruct the Toeplitz matrix E. Notice that we use just the amount of information needed
to define E. That is, to define E we need its corresponding vector € of length 2m — 1. To define Eu,
and E227 we need €17 and éz9 both of length m — 1. Then, by knowing EQQ, E‘H, and Fy ,,, we have
m —1+m — 1+ 1 values to reconstruct E, and from there we can get F = WEWT. Then, we must use
this dependence between sub-blocks to formulate the correct minimization problem corresponding to the

residual correction step. From now on we assume that A and E are Toeplitz.

Instead of solving problem (6.2), we solve its structured version, the MRSTLN problem

min {e| Dén|§ + [ Andr + Bu (@1 + 1) = #1113 + X[ Laa |2} (6.5)
Z1,€11
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or its equivalent formulation

win {el| Dent[3 + | Ands + Fen — #1l3 + N Lan ) (6.6)

Z1,€11

where the vector €11 is the Toeplitz-vector corresponding to Eu, D is the diagonal matrix with entries

m m m
d_(1,\/5,...,,/5—1,,/5,,/5—1,...,1),

and F' is a matrix such that Fé;; = E‘ll(il + Zo1) (see Section 5.7). We apply a Quasi-Newton method

given by the vector

to solve this problem where the direction is given by the Least Squares problem

. . 2
F  An+En . —r
. Aéqy R
min \VeD 0 |- €11 ) (6.7)
AénAdy 1/2 1 /2 .
0 ADY?L Dy L ||,

where r = b — (12111 + Ell)fcl — Fy1401 and D, = q(q — 1)diag(|]\L#1|772). Note that F is a Toeplitz

matrix that depends on z; and Z;.

Now we want to solve (6.4). From Corollary 6.1, we know that éz; = —éz2. Then, we can rewrite (6.4)
as
_ min 2¢|| Déia|3 + cl| Déell5
r2,€12,€22
A B ’
12| . 12| . . . . R
+ N T2 . (%2 + To2) + A (2] + ZTo1) — Tne
22 22 D) e ) (6.8)
) p
T
+ )\L(Jco—f—WT[ o ]) ,
&
p
or
A F, 0] |e ’
a € ~
Cmin 2| Déxs||3 + cl| Dénal3 + ||| | d2 + 2 = e
2,612,622 292 F, F, €22 9
A » (6.9)
T | T1
+ )\p L(JIO + w R ) s
)
p
where F,é19 = Elg(i‘g + i‘og), and Fpéq1o = Elz(—.’i’jf — SAC()l).
So far, from Corollary 6.1, we have only used the relation é15 = —és;. We would like to use all the

relations, however, to simplify the minimization subspace of problem (6.8) even more. However, for

simplicity we will consider only the case of banded Toeplitz matrices.
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6.3.1 Banded Case

Assume that E is Toeplitz and banded. Then, we have that E; ,,, = 0, and therefore, the relation

24 .. 44
) ) 020 44
€22 =¢€11 = | - .. .

00 ..24

24 .. 4
02 . 4

€2 =€t — | ... . |e€a.
00 .. 2

from Corollary 6.1 becomes

24 .. 4
. 02 4 .
If we define T = ( Cel ), we have é95 = €11 + T'é12. Thus, we can rewrite the minimization problem
00 .. 2
(6.9)
min  2¢|Déwa|l3 + || D(énr + Tera)lf3
r2,€12
A F, 0 ¢ ’
+ A12 B+ a ) 612~ ) e
22 Fy, F,| |énn+Tén 5 (6.10)
R P
Z
+ N || L(zo + WT [ o ])
Ty
P
By algebraic computations, we have that
F, 0 é F, ~ 0
¢ . 2 = et (11 +Té12) = e+ é11-
Fb Fa 611"‘1—‘612 Fb a Fb+FaT Fa
Then, we can rewrite problem (6.10) as
min  2¢[|Dérz||3 + ¢l D(énn + Téra)|l3
x2,€12
. 2
. Ag2| n a 54 0] . .
R -l é €11 — Tnew
A22 2 Fb n FaT 12 3 11 ne 2’ (611)
R P
Z
+>\P L(x0+WT[ Al ) )
T2 »

or
i e[+ 72l + rall3 + a2} (612
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We apply a Quasi-Newton method to solve problem (6.11), where the direction is given by the Least

Squares problem

min
AZo,Aé12

F, Ay + By |
Fy+ F,T  Agy+ Ex
2./cD 0
VeDT 0
0 ADS LW,

T3

1

T2
AD;/Q Ta

Notice that F, and F} are banded Toeplitz matrices that depend on Zs.

6.3.2 Reconstructing E

2

(6.13)

Once we have the four matrices E;, we want to get the m x m Toeplitz matrix E. Using MATLAB

notation, define the following vectors

Then, define

§2m —1) = E(Ell(l,m/Q) + 20 (1,m)2) — Bas(1,m/2)

¢ = 0.5(E11(:,m/2) — Era(:,m/2))

¢ = 0.5(E11(:,;m/2) + E1a(:,m/2))

gim—+1:2:2m —2) = és,

gm+2:2:2m —2) = éy,

63 = 05(E11(2 : ’IT[,/27 1) - E12(2 : m/2, 1))

64 = 05(E11(2 : m/2, 1) + E12(2 : m/2, 1))

From here, we have that the Toeplitz-vector of E is e = 2(I + Z)~'4.

In the banded case, the last relation to reconstruct F,

§(2m —1) = L(Bu(L,m/2) 2B (1, m/2) ~ Bn(1,m/2)),

is equal to zero since the entries of the block matrices needed are all zeros.
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6.4 Numerical Results

The blurring operator is defined by an m x m symmetric banded Toeplitz matrix A, where its first row

is defined by the vector

z = 271-10—2 [exp(—([0 : band — 1].%)/(20?)); zeros(1, m — band)]. (6.14)

The parameter band specifies the half-bandwidth of the matrix A and the parameter ¢ corresponds to

the variance of the Gaussian point spread function

1 z?
h(zx) = 3752 P (W) .

We use m = 128, and the parameters ¢ = 3 and band = 7. The matrix A is normalized such that
| All2 = 1. The condition number of A is k(A) = 4.8 x 10°. The exact solution, represented by z'"“¢, is
the vector of length 128 shown in Figure 6.2. The perturbation matrix Et"“¢ is a nonsymmetric Toeplitz
matrix with same bandwidth as A. Its entries are normally distributed with zero mean, and the standard

deviation is chosen such that Hﬁt‘]?lz = 0.2 (20%). The noise-free blurred signal, represented by b"¢, is

computed as b'"¢ = (A + Eu¢)x!"¢. The elements of the noise vector e are normally distributed with
zero mean, and the standard deviation is chosen such that ‘”& = 0.008 (0.8%). The noisy right-hand

oz

side of our system is defined by b = b'"%¢ + ¢; (see Figure 6.2).

FIGURE 6.2: True solution, /"¢ (left), and blurred, noisy right-hand side b (right)

To evaluate different algorithms, we take the approximate signal x and the approximate F and compute

relative errors

||x_xt'rueH1 ||E_Etrue||F
err(r) = —————— err(B) = ~——— 1~
= ey )= g
In all methods, we use the regularization operator
-1 1
-1 1

11
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TABLE 6.2: Relative errors obtained by solving STLN with different values of c.
c=0 c=1 c=0.1
err(x) | 0.1918 | 0.2012 | 0.1174
err(E) 1 0.9106 | 0.3180
Aopt | AB) | A(6) | AB)

TABLE 6.3: Relative errors obtained by applying different number of levels.

1 level | 2 levels | 3 levels 4 levels
err(z) | 0.1879 | 0.2422 0.2415 0.2332
err(E) | 0.7920 | 0.9336 0.9266 0.9140
iter 9 5,2 52,3,2,2 | 5,2,2,3,2,2,2
)\o[)t /\(6) >‘(6) )‘(6) )‘(6)

which is a scaled discrete approximation to the first derivative operator. For the solutions shown in

Figure 5.3, we define 10 logarithmically spaced values of A from 1072 to 1. The optimal parameters \
=)=z
t L1 R S A S |

are chosen such tha Ean

are minimums. Table 5.2 shows relative errors for optimal values of \.

20 a0 60 80 100 120 20 40 60 80 100 120 20 a0 60 80 100 120

FIGURE 6.3: Solution obtained by ignoring E (left), STLN solution with ¢ = 1 (middle), and STLN
solution with ¢ = 0.1 (right)

20 a0 60 80 100 120 20 40 60 80 100 120 20 0 60 80 100 120

FIGURE 6.4: Solutions obtained by multilevel method with different levels: 2-levels (left), 3-levels
(middle), and 4-levels (right)

The solution shown in Figure 6.5 is obtained by applying 9 iterations of the alternating method of Table
6.4. The constant c used at all levels and at all iterations is ¢ = 0.5. Figure 6.5 also shows the convergence
behavior of the alternating method after 30 iterations. We can see that the relative error with respect
to E, err(E), is still improving while the relative error with respect to x, err(z), is increasing after 9
iterations. This is due to the fact that we are not using the optimal parameters involved. However, we

can see that this solution captures a lot of more details than any other method.
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FIGURE 6.5: Solution obtained by applying alternating algorithm (left), convergence behavior with
respect to relative error of x (middle), and convergence behavior with respect to relative error of E
(right).

TABLE 6.4: Alternating Algorithm with V-cycles

Input: A, b

Output: F, x

1. ’iZl, 1‘0:0, E():O

2. While (i < Max Iter) and (W >tol) and (W >tol)
3. b=0b— Az

4 [E, %] = MGM(A, b, z)

5. E,=FE

6. = min{[(A+ E)z — b3 + W||La|z}

7. i=14+1,z0=2x

8. End while

TABLE 6.5: Relative errors obtained by applying alternating algorithm with a fixed value of ¢ = 0.5.
i=2 i=9 i=30
err(x) | 0.1581 | 0.1465 | 0.2400
err(E) | 0.8118 | 0.7666 | 0.7549

6.5 Conclusions

In this chapter, a new edge-preserving multilevel algorithm for blind deconvolution is presented. The
transformation of the problem to the wavelet domain using Haar wavelets leads to a multilevel algorithm
that contains an MRSTLN problem on each level. We have shown how to use all the existing connec-
tions to obtain efficient solves. Numerical experiments illustrate that this is a promising technique for
blind deconvolution problems. Future work includes the extension to 2D image blind deconvolution. In
particular, in [13], the authors present an algorithm to solve RSTLS for separable matrices with BTTB
structure. If we prove that by using Haar wavelet transforms this structure can be kept between grids,

then an extension to the 2D case with BTTB matrices should be straightforward.



Chapter 7

Conclusions and Future Work

In this chapter, we provide a brief review of the main results described in this thesis, and we discuss

possible directions for future work.

In this thesis, we analyze three deblurring problems: the signal restoration problem, the image restoration
problem, and the blind deconvolution problem. We propose new multilevel methods to solve them,

implement these algorithms, and test them.

In Chapter 3, a new edge-preserving multilevel algorithm for signal restoration problems is presented.
The transformation of the problem to the wavelet domain using Haar wavelets leads to a multilevel

algorithm that preserves

e edge information of the original signal
e characteristics of original blurring operator

e Toeplitz structure.

The use of wavelets to decompose the signal is essential to keep edge information at coarser levels. We
also notice that Haar Wavelets pass on some amount of ill-conditioning to coarse-scale blurring operators,
and that these always capture the lowest frequency characteristics of the original operator. With these
observations in mind, we apply an edge-preserving Tikhonov-like regularization method to solve the
coarsened problem at each level. In particular, we discuss how to implement these methods efficiently in
the case of Toeplitz matrices. To do so, we show that, in the case of Haar Wavelets, Toeplitz structure is
preserved between grids. This leads to intermediate linear system solves inside damped Newton iterations

that are structured.

In Chapter 4, we extend the multilevel method of Chapter 3 to the 2D image restoration problem.
Since the extension is not straightforward, we first describe two-level methods for a separable deblurring
operator. Then, we discuss how to develop their corresponding multilevel methods. Finally, we cover the
non-separable case. As in the 1D case, by applying the Haar wavelet transform, the multilevel method

preserves the following properties on all levels

73
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e edge information of the original image
e characteristics of original blurring operator

e BTTB structure.

In Chapter 5, we introduced a new Modified, Regularized Total Least Norm approach to solve blind
deconvolution problems. This new model incorporates a scaling parameter and an initial guess into the
well known Regularized Total Least Norm problem. Also, we present an alternating algorithm that uses
this new model to obtain better reconstructions not only of the signal, but also of the blurring operator.
By means of numerical examples, we show that the scaling parameter in this algorithm has a great

influence on its performance.

Chapter 6 contains an extension of the multilevel method presented in Chapter 3 to blind deconvolution
problems. It incorporates the new Modified, Regularized Total Least Norm model introduced in Chapter
5. We also show that the main characteristics of the original problem are also found in the coarse-scale
problem. In particular, we show that, when applying orthogonal wavelets, the coarse-scale perturbation
matrix has the same statistical properties as the fine-scale matrix. For the implementation of this
approach, we focus on problems with Toeplitz matrices. We prove that there are linear relations between
sub-blocks that appear in the blurring operator in the wavelet domain. These relations are important in
order to formulate the corresponding residual-correction problem efficiently. Moreover, we give details
of how to compute solutions of the intermediate linear systems that arise inside the damped Newton

iterations.

In all chapters, we present numerical examples that show that these multilevel methods are promising
solvers to obtain regularized solutions with edges. Moreover, they are computationally cheaper than

standard edge-preserving regularization solvers.
Some future work include:
Parameters

All of the algorithms analyzed in this work have several parameters to fine-tune: for example, regular-
ization parameters, the number of smoothing steps on intermediate grids, or the number of V-cycles. A
better understanding of these parameters and incorporation of automatic selection are fundamental for

practical purposes.
Discrete Wavelet Transforms

We have only studied the Haar Wavelet transform of Toeplitz matrices. However, there are other struc-
tures, such as displacement structure, that are very common not only in deblurring problems but also in

other applications where wavelets are a standard tool.

Also, we have only studied the use of orthogonal wavelets. However, there are other types of wavelets

such as biorthogonal. For instance, in applications where polar coordinates are used, curvelets are a more
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appropriate choice than wavelets. There are several image reconstruction problems where curvelets are

applied that could incorporate multilevel ideas to gain computational efficiency.
Extension to 2D and 3D

We have seen that multilevel methods are efficient solvers. Extension of the multilevel methods for signal
restoration to the 3D case is an interesting problem, as well as the extensions to 2D and 3D of the

multilevel method for blind deconvolution.
Convergence

A natural open problem is a theoretical analysis of convergence of all of these methods.
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