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Message

• Arrays of micro- and nano-scale oscillators provide an

interesting dynamical and pattern forming system

• Synchronization is an important feature of nonlinear oscillators

and may be important technologically in MEMS/NEMS

• Synchronization in MEMS/NEMS motivates a model of

synchronization involving nonlinear frequency pulling and

reactive coupling
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Outline

• Motivation: Huyghen’s clocks and MEMS

• Phase and amplitude models

• Our model

• Analysis and results

� onset of synchronization

� full locking

� simulations
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Huyghen’s Clocks (1665)

From: Matthew Bennett, Michael Schatz, Heidi Rockwood, and Kurt

Wiesenfeld (Proc. Rot. Soc. Lond. 2002)
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Experimental Reconstruction
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Huyghen’s clocks:

Model I: Synchronization occurs through increased dissipation acting on

the in-phase motion

Alternative mechanism:

Model II: Synchronization occurs by nonlinear frequency tuning

cf. Synchronizationby Arkady Pikovsky, Michael Rosenblum, Jürgen

Kurths
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Array ofµm-scale oscillators

[From Buks and Roukes (2002)]
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MicroElectroMechanicalSystems and NEMS

Arrays of tiny mechanical oscillators:

• driven, dissipative⇒ nonequilibrium

• nonlinear

• collective

• noisy

• (potentially) quantum

Technological interest!
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[From Buks and Roukes (2001)]
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Oscillators are nonlinear... One oscillator
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Duffing Oscillator
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Sweeps of parametric drive frequency
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Interesting behavior

• Suggestion of collective behavior

• Response beyond maximum linear frequency

R. Lifshitz and MCC [Phys. Rev. B67, 134302 (2003)]

Response of parametrically driven nonlinear coupled oscillators with

application to micromechanical and nanomechanical resonator arrays
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Model for synchronization

0= ẍn + (1+ ωn)xn −D[xn − 1
2(xn+1+ xn−1)]
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Model for synchronization

0= ẍn + (1+ ωn)xn −D[xn − 1
2(xn+1+ xn−1)] − ν(1− x2

n)ẋn − ax3
n
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Model for synchronization

0= ẍn + (1+ ωn)xn −D[xn − 1
2(xn+1+ xn−1)] − ν(1− x2

n)ẋn − ax3
n

Assume dispersion, coupling, damping and nonlinear terms are small.
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Model for synchronization

0= ẍn + (1+ ωn)xn −D[xn − 1
2(xn+1+ xn−1)] − ν(1− x2

n)ẋn − ax3
n

Assume dispersion, coupling, damping and nonlinear terms are small.

Introduce small parameterε and write

ωn = εω̄n, D = εD̄, a = εā, ν = εν̄
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Model for synchronization

0= ẍn + (1+ ωn)xn −D[xn − 1
2(xn+1+ xn−1)] − ν(1− x2

n)ẋn − ax3
n

Assume dispersion, coupling, damping and nonlinear terms are small.

Introduce small parameterε and write

ωn = εω̄n, D = εD̄, a = εā, ν = εν̄

Then

xn(t) =
[
zn(T )e

it + c.c.
]
+ εx(1)n (t)+ . . .

with the “slow” time scaleT = εt .
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Magnitude-phase description

żn = i(ωn − α |zn|2)zn + (1− |zn|2)zn + iβ[zn − 1
2(zn+1+ zn−1)]
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Magnitude-phase description

żn = i(ωn − α |zn|2)zn + (1− |zn|2)zn + iβ[zn − 1
2(zn+1+ zn−1)]

Matthews, Mirollo, and Strogatz (1991) studied a similar model but with
dissipative couplingiβ → K, and only saturating nonlinearityα = 0

żn = iωnzn + (1− |zn|2)zn +K[zn − 1
2(zn+1+ zn−1)]



Back Forward

Dynamics Days Asia-Pacific:Singapore, 2004 15

Magnitude-phase description

żn = i(ωn − α |zn|2)zn + (1− |zn|2)zn + iβ[zn − 1
2(zn+1+ zn−1)]

Matthews, Mirollo, and Strogatz (1991) studied a similar model but with
dissipative couplingiβ → K, and only saturating nonlinearityα = 0

żn = iωnzn + (1− |zn|2)zn +K[zn − 1
2(zn+1+ zn−1)]

Phase model (Winfree, Kuramoto):zn→ 1× eiθn

θ̇n = ωn − K
2

∑
m=±1

sin(θn − θn+m)

Mean field model

θ̇n = ωn − K
N

∑
m

sin(θn − θn+m)

with ωn taken from distributiong(ω).
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Results for the phase model (Kuramoto, 1975)

• define order parameter

9 = N−1
∑
n

rn e
iθn = R ei2, rn = 1

• synchronization occurs ifR 6= 0

• phase evolution equation becomes

θ̇n = ωn − F(θn −2) with F(θ) = KR sinθ

• graphical solution…



Back Forward

Dynamics Days Asia-Pacific:Singapore, 2004 17

θLo
ck

ed
Fr

ee
Fr

ee

KRsinθ

ω = F(θ) R = < cosθ >
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θLo
ck

ed

KRsinθ

R = < cosθ >ω = F(θ)
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Our model (mean field version)

żn = i(ωn − α |zn|2)zn + (1− |zn|2)zn + iβ
N

N∑
m=1

(zm − zn)

Write as equations for magnitude and phasez = reiθ

˙̄θ = ω̄ + α(1− r2)+ βR
r

cosθ̄

ṙ = (1− r2)r + βR sin θ̄

with θ̄ = θ −2, ω̄ = ω − α − β − 2̇
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Easy limit

The expectation of synchronization follows from the behavior for narrow

frequency distributions and largeα.

Magnitude relaxes rapidly to the value given by settingṙ = 0

(1− r2)r = −βR sin θ̄

If r ' 1 (OK for largeα)

1− r2 ' −βR sin θ̄

Phase equation becomes (ignoringβR compared withαβR) Kuramoto

equation withK = αβ
˙̄θ ' ω̄ − αβR sin θ̄
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General results

˙̄θ = ω̄ + α(1− r2)+ βR
r

cosθ̄

ṙ = (1− r2)r + βR sin θ̄

For locked oscillators
˙̄θ = ṙ = 0
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General results

˙̄θ = ω̄ + α(1− r2)+ βR
r

cosθ̄

ṙ = (1− r2)r + βR sin θ̄

For locked oscillators
˙̄θ = ṙ = 0

• solve cubic equation forr(θ̄)
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General results

˙̄θ = ω̄ + α(1− r2)+ βR
r

cosθ̄

ṙ = (1− r2)r + βR sin θ̄

For locked oscillators
˙̄θ = ṙ = 0

• solve cubic equation forr(θ̄)

• solve phase equation

ω̄ = βR

r(θ̄)
(α sin θ̄ − cosθ̄ ) = F(θ̄)
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General results

˙̄θ = ω̄ + α(1− r2)+ βR
r

cosθ̄

ṙ = (1− r2)r + βR sin θ̄

For locked oscillators
˙̄θ = ṙ = 0

• solve cubic equation forr(θ̄)

• solve phase equation

ω̄ = βR

r(θ̄)
(α sin θ̄ − cosθ̄ ) = F(θ̄)

• test stability of solution(r(ω̄), θ̄ (ω̄))
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Results of analysis (α, β > 0)

• There is always a stable solution atθ̄ = 0, r = 1

• ForβR < 2/
√

27 a real, positive solution forr exists for allθ̄

(but the solution is not necessarily stable).

• ForβR > 2/
√

27 a real positive solution forr only exists for

−θ̄B < θ̄ < π + θ̄B with θB = sin−1(2/βR
√

27).

• Solutions withr < 1/
√

2 orF ′(θ̄) < 0 are unstable

• Moving away fromθ̄ = 0 instability may occur through a

stationary bifurcation (λ = 0) whereF ′(θ̄) = 0 or by a Hopf

bifurcation (Reλ = 0, Im λ 6= 0) whenr = 1/
√

2.
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θ θ

 ω = F λ

α=1.0, Β=1.2
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Partial locking
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Full locking
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Full locking

Self-consistency

R =
∑

rne
iθ̄n

• transverse ∫
g(ω̄)r(ω̄) sin[θ̄ (ω̄)] dω̄ = 0

—determines order parameter frequency2̇ which is not in

general the mean of the oscillator frequencies

• longitudinal ∫
g(ω̄)r(ω̄) cos[θ̄ (ω̄)] dω̄ = R
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Results for a triangular distribution

ω

g(ω)

w/2-w/2

2/w

Show results forw = 2…
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Conclusions
Micromechanical devices suggests a model for synchronization due to

reactive coupling and nonlinear frequency pulling

Linear stability results for unsynchronized state (triangular, tophat, and

Lorentzian distributions) and fully locked state (triangular, tophat)

Together with simulations yields a rich phase diagram of synchronized

behavior

Novel state that is “synchronized”R > 0 but not frequency locked (no

oscillator withθ̇ = 2̇)
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Derivation of equation for amplitudeAn(T )

ẋn =
(
[iAn + εA′n]eit + c.c.

)
+ εẋ(1)n (t)+ . . .

ẍn =
(
[−An + 2iεA′n + ε2A′′n]eit + c.c.

)
+ εẍ(1)n (t)+ . . .

At O(ε)

ẍ(1)n + x(1)n = −ω̄nAneit −
(
2iA′neit + c.c.

)
+ ν̄

(
iAne

it + c.c.
) [

1−
(
Ane

it + c.c.
)2
]

+ ā
(
Ane

it + c.c.
)3− D̄[

(
An − 1

2(An + An−1)
)
eit + c.c.]

To eliminate secular terms ineit

2A′n = (ν̄+iω̄n)An−(ν̄+3iā) |An|2An−iD̄[An− 1
2(An+1+An−1)] = 0


