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Rayleigh-B@nard Instability
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Convection Patterns

From the website of Eberhard Bodenschatz
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Equations for Convection

Momentum Conservation
1 @E

C ETE‘ E DiFEpCRT&Cr2aC2 e, £H6

m Energy Conservation
T F o
@@TC G'F TDr’T

m Mass Conservation
Et@DO

BC: no-dlip boundariesat zD 0; 1withT.zD0/D 1,and T.zD 1/ DO
Aspect Ratio: 0 D r=d
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Modern Convection Apparatus

From de Bruyn et ., Rev. Sci. Instr. (1996)
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Modern Convection Apparatus

From de Bruyn et ., Rev. Sci. Instr. (1996)

Allows a quantitative comparison between theory and experiment.
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Spatiotemporal Chaos
m What isit?
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What Is [t?

m Denitions

m dynamics, disordered in time and space, of alarge, uniform system
m collective motion of many chaotic elements
m breakdown of pattern to dynamics

m Natural examples:

m atmosphere and ocean (weather, climate etc.)
m arrays of nanomechanical oscillators
m heart brillation

Cultured monolayers of cardiac tissue (from Gil Bub, McGill)
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Spatiotemporal Chaos

A new paradigm of unpredictable dynamics

m Simpli cations over small-system chaos

m Perhaps smooth dependence on parameters
m Statistical rather than geometrical description
s N T 1 limit

m Not asdif cult asfully developed turbulence!
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Spatiotemporal Chaos

m Spatiotemporal Chaosin Rayleigh-B@nard convection
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Spiral Chaos in Rayleigh-B@nard Convection

and from experiment
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Domain Chaos in Rayleigh-B@nard Convection
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Spiral and Domain Chaos in Rayleigh-B@nard Convection
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Spiral and Domain Chaos in Rayleigh-B@nard Convection

y N
KL
\

= \
8 spiral
s chaos
>
=
=
D2 domain
% chaos
© .
Y | stripes

(convection)
Vv no pattern

(conduction)
>
Rotation Rate

Michael Cross (Caltech, BNU)

Spatiotemporal Chaos

June 2006

23/54



Outline

Domain Chaos
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Summary of Results

m Amplitude equation theory predicts

Lengthscale  » » "il™2
Time scale o »hil
Velocity scale v » "172
with" D .R j R..”//=R..”/
m Numerical Tests

m generalized Swift-Hohenberg equations X
m full uid dynamic simulations X

m Experiment £ (but now we understand why)
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Domain Chaos
= Amplitude equation theory
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Amplitudes

m Linear stability analysis gives
u D uge 'cos.qx/::: D A.t/cos.gx/:::
so that in the linear approximation and for R near R;

dA . RiRe
— D A h "D
at wit / Re
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Amplitudes
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u D uge 'cos.qx/::: D A.t/cos.gx/:::
so that in the linear approximation and for R near R;

dA . RiR
— D A h "D
at wit 7/ Re

m Use" assmall parameter in expansion about threshold
m Nonlinear saturation

dA ,
2 D." i AYA
dt !
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Amplitudes

m Linear stability analysis gives
u D uge 'cos.qx/::: D A.t/cos.gx/:::
so that in the linear approximation and for R near R;

dA . RiR
— D A h "D
at wit 7/ Re

m Use" assmall parameter in expansion about threshold
m Nonlinear saturation

dA . 2
oG D."j A°A
m Spatial variation
oA 5 B2A
-—D"Aj A°C-—
ot ! Ox2
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Amplitude Equations for KL Instability

(Busse-Heikes, May-L eonard)

-2~

~— —

A3
L

dAg=dt D "A; i A1.AZ C gcA3Cg; A3/
dAx=dt D "Ay j Az.AZC gcA3Cg; A/
dAs=dt D "Agz i A3.A3C gcA2Cg; A3/

give a heteroclinic cycle
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Three Amplitudes + Rotation + Spatial Variation

(Tuand MCC, 1992)

h-Z-

~— —

@A1=0t D"A; § A1.A2C gcA3Cg; AY C 02A1=0%3
@A=0t D "A i A2.A3C gcAZCg; A2/ C §2Ax=0x3
@A3=0t D "Ag i A3.A3C gcA?Cg; AY C 02A3=0x3

gives chaos!
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Simulations of Amplitude Equations
(Tuand MCC, 1992)

Grey: Aj largest; White: Ay largest; Black: Ag largest
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Rescde X D "1F2x; T D "t; AD "il2p

@TAl D Al i AlAi C gcA%C g; A%/C@)z(lAl
@TAZ D Az i Az.A%C gcA@Cgi A%/C@)Z(ZAZ
@TAg D Ag i Ag.A%C gcA%C d; A%/C@§3A3

Numerical simulations show chaotic dynamicswith O.1/ length and time scales
Therefore in unscaled (physical) units

Lengthscale  » » "il™2

Time scale o »hil
Velocity scale v » 172
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Important Issues

m Validity of scaling results from truncated expansions

m Validity of mean eld resultsin nonlinear uctuating state
Other Approximations

m Restriction to 3 roll orientations

m Amplitudes assumed real

= No wave number variation
= No dislocations or phase grain boundaries

m No perpendicular derivative terms
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Tests of the Theory

m Simulations of generalized Swift-Hohenberg equationsin periodic
geometries show results consistent with predictions
[MCC, Meiron, and Tu (1994)]

m Experiments give results that are consistent either with nite values of »; ¢
at onset, or much smaller power laws» » "102;; > "i06
[Hu et al. (1995) + many others]

m Simulations of generalized Swift-Hohenberg equationsin circular
geometries of radius O gave results similar to experiment but also
consistent with nite size scaling

»ym D»f.0=»/ with » > "ilF2

[MCC, Louie, and Meiron (2001)]
m Fluid simulations
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Domain Chaos

m Generalized Swift-Hohenberg simulations
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Generalized Swift-Hohenberg Simulations

MCC, Meiron, and Tu (1994)

Real eld of two spatial dimensions ~.x; ylt/
0

o D"~ C.r’c1/? j %  givesstripes
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Generalized Swift-Hohenberg Simulations

MCC, Meiron, and Tu (1994)

Real eld of two spatial dimensions ~.x; ylt/
0

“ pecorzcyr ;B
ot d '

Coitr £[.r~/2r~] C gzri[.r ~/2r~]

gives domain chaos!

Stripes Orientations Domain Walls
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Scaling of Correlation Length

MCC, Meiron, and Tu (1994)

0.01

Inverse correiation (ength €

—— y=ax'®+b % a=0.059, b=-0.016
.......... y=0.059 x'
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Domain Chaos

m Experiment
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Experiment and Diagnosis
Hu et al. (1995)

Time
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Experimental Results for Correlation Length

Hu et al. (1995)

100/£2

0.00 0.05 0.10 0.15 0.2
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Domain Chaos

m Simulations of full uid equations
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Spectral Element Numerical Solution

MCC, Greenside, Fischer et al.

m Accurate simulation of long-time dynamics

m Exponentia convergence in space, third order in time
m Ef cient parallel algorithm, unstructured mesh

m Arbitrary geometries, realistic boundary conditions

Conducting Insulating
by . dT/dx=0
~ ~N
"Fin" Ramp
N~
- I~
~

Michael Cross (Caltech, BNU) Spatiotemporal Chaos June 2006 41/54



Simulations Complement Experiments

Knowledge of full ow eld and other diagnostics (e.g. total heat ow)
No experimental/measurement noise (roundoff noise very small)

Measure quantities inaccessible to experiment e.g. Lyapunov exponents
and vectors

Readily tune parameters

Turn on and off particular features of the physics (e.g. centrifugal effects,
realistic v. periodic boundary conditions)
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Full Fluid Dynamic Simulations

Scheel, Caltech thesis (2006)

Periodic Boundaries

Redlistic Boundaries
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Lyapunov Exponent

Jayaraman et al. (2005)

Temperature Temperature Perturbation
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Lyapunov Exponent

(Jayaraman et a., 2005)

Ln(l18 yl1)

100 300 t 500 700

Aspect ratio O D 40, Prandtl number D 0:93, rotation rate™ D 40
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Simulations for Domain Chaos

Summary of results:

m Simulations of Rayleigh-B@nard convection with Coriolis forces give
¢ » "ilfor small enough". For larger " aslower growth is seen perhaps
consistent with ¢, » "i07
[Scheel and MCC (2005)]

m Scaling of largest Lyapunov exponent consistent with , » ¢ C "1 with ¢
comparable to the nite size shift in onset
[Jayaraman et al. (2006)]

m Role of centrifugal force
[Becker, Scheel, MCC, and Ahlers (2006)]
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Frequency Scaling

Schedl and MCC (2005)

Periodic

€

Slopes give frequency Z "7 (0 D 40 cylinder) and "% (periodic)
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Scaling of Lyapunov Exponent

Jayaraman et al. (2005)
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