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1. INTRODUCTION

In the present paper, we study g-deformations of the Bost-Connes system, their relation to classical
g-analog constructions, and the properties of the resulting quantum statistical mechanical systems, in
relation to motives over finite fields. In this introductory section we review briefly the main terminology
and notation, with reference to the appropriate literature, about the Bost-Connes system, and about
some relevant notions of g-deformation.

In the rest of the paper, we first consider the g-deformations of the Witt ring W (A) introduced
in [20—23] and we show that, under these deformations W%(A) of the Witt ring, the Bost-Connes
algebra remains undeformed. We then introduce some natural modifications of these g-deformations,
which are motivated by natural geometric operations on zeta functions of schemes of finite type over
F,. We show that these modified g-deformations give rise to g-deformed Bost-Connes algebras. The
first geometric deformation we consider corresponds, at the level of zeta functions, to a geometric

tower obtained by taking products of a given scheme X with sets of ¢‘-points. This deformation is
similar to the one considered in [20—23], but it deforms Wy (A) leaving the product in the Witt ring
W(A) and A(A) undeformed. The resulting g-deformation of the Bost-Connes algebra, in this case,
consists of only a mild change that replaces the original integral Bost-Connes algebra Az of [7] with the
product Az, ®z Z[q|. We then show that a more interesting g-deformation is obtained if, instead of taking
products of schemes X with zero-dimensional spaces consisting of ¢‘~points, one takes products with
affine spaces A’. Since #A(FF,) = ¢*, this deformation generalizes the previous one, in the sense that
the previous one occurs as first order term. We then show that, using these deformations one obtains
interesting g-deformed Bost-Connes algebras that can be related to the constructions of [15, 17], and
of [14], and also to the categorifications of Bost-Connes systems of [18]. We also discuss the role of
g-analogs and a g-deformation of the Riemann zeta function in this context. Finally, we propose the
categorification of Weil numbers and its associated quantum statistical mechanical system constructed
in[18] as another possible g-deformation of the Bost-Connes algebra that fits into the general framework
discussed in this paper.

*The text was submitted by the authors in English.
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1.1. The Bost-Connes Quantum Statistical Mechanical System

In[2], Bost and Connes introduced a quantum statistical mechanical system whose partition function
is the Riemann zeta function and whose equilibrium states are related to cyclotomic fields with the Galois
action. The algebra of observables of the system is a semigroup crossed product algebra C*(Q/Z) x N,
where C*(Q/Z) = C(Z) is generated by abstract roots of unity e(r), r € Q/Z, and the elements n
in the multiplicative semigroup are realized by isometries p,. The semigroup N acts on C*(Q/Z) by
endomorphisms

.1
puler)) = el = S e(s).

The time evolution of the system is given by o4(e(r)) = e(r) and () = n® u,, with generator the

Hamiltonian He, = log(k)ey, in a representation on £2(N). The partition function is the Riemann zeta

function,

Z(B) =Tr(e ) =Y kP

k>1

The extremal low temperature KMS states are polylogarithm functions evaluated at roots of unity,
normalized by the Riemann zeta function, while at zero temperature the KMS states and the symmetry
action are related to cyclotomic fields with the Galois action of Gal(Q%/Q). We refer the reader to [2]
and Chapter 3 of [8] for a detailed discussion of these properties.

The Bost-Connes system was reinterpreted in [6] as a particular example of an “endomotive”, a
projective system of zero-dimensional varieties with semigroup actions. The analytical properties of
the quantum statistical mechanical system and its relation to L-functions were also generalized to this
context. Moreover, in [7], the Bost-Connes endomotive was related to the geometry of the “field with one
element” F; and its system of extensions (given by roots of unity) as defined by Kapranov-Smirnov [11].
In [5], the integral Bost-Connes system considered in [7] was related to Witt rings and the Frobenius
and Verschiebung operators. In [18], generalizations and categorifications of the Bost-Connes system
were constructed, which include Weil numbers and motives over finite fields.

Further aspects of the relation between the Bost-Connes system and [F;-geometry were considered
in [15] and [17]. Manin proposed in [15] to use the Habiro ring of g-functions, [9], as a good notion of
analytic geometry and analytic functions over Fy, and analogs of the Bost-Connes system based on the
Habiro ring were constructed in [17]. Relations between the Habiro ring and motives were discussed in
[14].

1.2. The Integral Bost-Connes Algebra

An integral model of the Bost-Connes algebra was introduced in [7], in relation to [F1-geometry.
The integral Bost-Connes algebra Ay is the algebra generated by the group ring Z[Q/Z] and by
elements fi,, and ) satisfying the relations

finTity, = pn(T)
fn® = 00 () iy
xﬂn = ﬂnan(m)a

forallz € Z[Q/Z] and alln € N, where o, () is an endomorphism of Z[Q/Z] given by o, (e(r)) = e(nr),
while pp(e(r)) = >,/ e(r"). The elements fi,, and p; also satisfy the relations

ﬂnm:ﬂnﬂma m7n€N7 N:;m:u:;/’t:;w m7n€N7

Pl =n, n €N, finpy, = iy fin, (n,m)=1.

In[5], the integral BC algebra is related to the universal Witt ring Wy (F,), where [, is the algebraic
closure of F;,. Moreover, it is shown that that there is a p-adic representation of the integral BC algebra
into the Big Witt Ring W (IF,)), determined by the embedding of Wy (IF,,) into W (IF,).
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1.3. q-Deformations

There is a vast literature on the subject of ¢g-deformations and g-analogs. The basic form of ¢g-analog
consists of the g-integers

n

l—gq

Generalizations of the Riemann zeta function based on g-integers have been considered, for instance, in
[4, 10, 12], and in a different form, suitable for an Euler product expansion, in [26, 27], while ¢g-Bernoulli
numbers were considered in[3]. A g-deformed analog of the polylogarithm function, the g-polylogarithm,
was considered in [29]. The Witt ring also has a natural g-deformation, which was studied in [20—22].
These and other g-deformations of Witt rings will be crucial to our analysis of possible g-deformations
of the Bost-Connes system. We discuss these g-deformations in the next section, and other forms of
“geometric” g-deformations in the following sections.

2. WITT RINGS AND THEIR ¢-DEFORMATIONS
2.1. Witt Rings and Operations

We first recall some basic definitions regarding Witt rings. For A an associative commutative ring,
let End 4 be the category of endomorphisms of projective A-modules of finite rank. The objects of this
category are pairs (E, f), where f € End4(F). With the direct sum and the tensor product defined
componentwise on the objects, the Grothendieck group Ky(End,4) also acquires a commutative ring
structure. Let Ky(A) be the ideal generated by the pairs of the form (E, f = 0). Then one defines

Wo(A) = Ko(Enda)/Ko(A). (2.1)

There are several operators defined on Wy(A), including the Frobenius, the Verschiebung, and the
Teichmiiller and ghost maps, [1]. These play an important role in the relation between Witt rings and
the integral Bost-Connes system, as shown in [5].

The ghost ring functor gh : Rings — Rings associates to each object A the ring whose underlying
set is

A% = {(zp)nen | n € A}
and to each morphism f : A — B the morphism
gh(f) : (xn)nEN — (f(mn))nEN

Given an associative and commutative ring A, the Big Witt Ring W (A) is characterized by the three
properties:

1. Asaset, W(A) equals A>.

2. For any ring homomorphism f : A — B, the map W(f) : W(A) — W(B) given by
(xn)nEN = (f(l‘n))nEN
is a ring homomorphism.

3. Themap ® : W(A) — gh(A), given by

(xn)nEN — (Z dm[f )nENy
din

is a ring homomorphism, where gh(A) is the image of A under the ghost ring functor described
above.
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The Frobenius, Verschiebung, Teichmuiller, and ghost map operators are also defined on the ring
W (A), satisfying the same set of relations as on Wy (A), see[1].

We also recall briefly the relation between Wy (A) and W (A), and the Grothendieck A-ring A(A), see
(1, 24]

Given an element (E, f) in Wy(A), let M(f) denote the matrix representation of f : F — E, as in
[1, 5]. The following properties determine a natural embedding of Wy(A) into W (A), see[1].

e Themap L : Wy(A) — A(A) given by L(E, f) + det(1 — tM(f))~! is a homomorphic injection
into the additive group of the A ring, with image given by the subgroup

1+ait+ ...+ apt"
R L) =
ange(L) {1+b1t+...+bmtm’

a;, bj S A} . (22)
e The Artin-Hasse exponential map € : W(A) — A(A) given by

1
: —
€ (1‘”) H 1— xntn
neN

is an isomorphism.

2.2. q-Deformations of Witt Rings

g-Deformations of the Witt Ring, considered as a g-deformed functor from the category of rings
to itself, and of the ghost map were introduced in [20—22]. We recall the basic properties of these
deformations.

For ¢ a positive integer and A an associative commutative ring, the g-deformed Big Witt Ring W1(A)
is characterized in [22] by the following three conditions:

I. Asaset, W9(A) equals A>
2. For any ring homomorphism f : A — B, the map W4(f) : Wi(A) — W9(B)
(mn)nEN = (f(xn))nEN

is a ring homomorphism.

3. Themap ®7: W(A) — gh(A)
(@n)nen = (O dgi ™z nen (2.3)
din

is a ring homomorphism.

Moreover, the Grothendieck A-ring also admits a g-deformation AY(A), asin[21]. As a set, AY(A) =

L+ tAlt] = {14+ >,2, ant", a, € A,n > 1}, where the addition is defined as the usual multiplication
of power series raised to the ¢-th power, and the multiplication is defined by requiring that

(I—at) %, (1 =0bt) 9= (1—abt)™9. (2.4)

[t is proved in [20] that, for every commutative ring in which ¢ is invertible, the map n : A(A) —
A1(A), given by n(f) = f(t)4, is an isomorphism. Thus, in this case, one can identify the underlying set
of A9(A) with the g-th powers of the power series in ¢ with coefficients in A having constant term equal
to 1.

Note that the product (2.4) under x4 in A?(A) differs from the usual product (1 —at)™9 % (1 —bt)™9 =

(1 — abt)~7 as elements of A(A). In particular, for A = k, while the product of (1 — at)~? and (1 — bt) ¢
in A(k) can be interpreted as L((EYY, f2) @ (ESY, f529)) = (1 — abt)~ for (Ey, f1) = (k,a) and
(E2, fa) = (k,b), the corresponding identity

L9(k, a) 4 L9(k, b) = L(k, ab)
that matches (2.4) does not correspond to just identifying L4(E, f) with L(E®4, f®9).
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Proposition 2.1. Let A be a commutative ring in which q is invertible. The q-deformed character-
istic polynomial

L1: Wy(A) — AYA), LYUE,f)=det(l —tM(f)) ¢ (2.5)
determines a homomorphic injection whose image is

(I+art+ ... + ant™)?

qy _
Range(L?) = {(1 + b1t + oo+ by t™)4

, Qg bj S A}
Proof. The result of [20] mentioned above, showing that the map n(f) = f(¢)? is an isomorphism,

combined with the homomorphic injection L(E, f) + det(1 —tM(f))~! to (2.2), implies that the
following diagram commutes

h
—
h
£~}

Wo(A) 21— Wy(A).
The result then follows.

Corollary 2.2. The g-deformed Witt ring W9(A) contains an isomorphic copy of Wy(A).

Proof. The g-deformed Witt ring W?(A) is isomorphic to A?(A) through a g-analog of the Artin-Hasse
map, see [23]. It is then easy to see that Wy(A) can be embedded inside W9(A), with the map given by
the composition of the g-deformed characteristic polynomial (2.5) with the g-analog of the Artin-Hasse
map.

Later, we will describe an explicit canonical embedding of Wy(A) into W%(A), in the special case
where A = k is an algebraically closed field.

3. UNDEFORMED BOST-CONNES ALGEBRAS IN ¢-DEFORMED WITT RINGS

The integral form of the Bost-Connes algebra introduced in [7] is directly related to the Witt ring
Wo(A), as shown in [5]. The operations o,, and p,, of the integral Bost-Connes algebra are induced
by the Frobenius and Verschiebung and their extensions to the Witt ring W (A). In this section, we
consider the g-embedding of Wy(A) into W9(A) of Corollary 2.2, and the natural operations in W4(A),
and we show that the same construction of [5] goes over with minor modifications to this case and realize
the same (undeformed) integral Bost-Connes algebra in terms of Frobenius and Verschiebung on the
q-deformed Witt ring W9%(A). We will see in the following section how this suggests then a natural
deformation of the integral Bost-Connes algebra, based on a modification of the g-deformation W4(A)
of the Witt ring, which differs from the one introduced in [20—23].

3.1. Operations on q-Deformed Witt Rings

We begin by checking that operations and relations on Wy (A) extend compatibly to W?(A) through
the g-embedding.

As mentioned in §2.1, the ghost map, the Frobenius, and the Verschiebung are operators defined
on Wy(A), and W(A). It is shown in [1] that the operators defined on them are, in the appropriate
sense, compatible. We now prove that the operators defined on Wy(A), when the latter is g-embedded in
W4(A), are also compatible with the operators defined on W9(A).

Definition 3.1. Let A1[t] be the ring whose underlying set is Alt], with the addition defined by the
usual addition of power series, and the multiplication defined by

D ant"™> bt" =" ;(anbn)t”. (3.1)
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In the following we focus on the case where A = k is an algebraically closed field. We obtain the
following compatibilities between Wy (k) and W4(k) under the g-embedding.

Proposition 3.2. let A =k be an algebraically closed field. The following compatibilities hold
between operations on Wy (k) and Wi(k) under the g-embedding of Corollary 2.2.

1. the ghost map gh,, defined on Wy (k) by

ghn : Wo(k) — gh'(k), (E, f)~ (tr(f™))nen

is compatible with the ghost map defined on W4(k) by ®7 of (2.3), in the sense that the
following diagram commutes:

Wo(k) —— A7(k) W (k)
lghn lgtzog lc}q
gl (k) —"— k] gh(k)
where the q-identification 9 is given by
I (xg) — qunt”_l. (3.2)

n

2. The Frobenius map F,, defined on Wy(k) by (E, f) — (E, f™) is compatible with the Frobe-
nius map F), on WI(k) in the sense that the following diagram is commutative:

Wo(k) —=— A9(k) W(k)
an lF,;’ lF,;
Wol(k) —2— A9(k) W(k) .

3. The Verschiebung operator V,, defined on Wy(k) by

00 . f
1

&) [pon [1O0 0 (3.3)
000 .10

is compatible with the Verschiebung operator V,, on Wi(k) in the sense that the following
diagram is commutative:

Wolk) —2— Ad(k) W(k)
lV” lVT’L
Wo(k) —=— A9(k) W(k) .

Proof. We work under the assumption that A = k is an algebraically closed field.

1. Itis clear from [1] and [23] that the right half of the diagram is commutative. The isomorphism
between A%(k) and W9(k) is given by the g-deformed Artin-Hasse exponential map. The
isomorphism between gh(k) and k4[t] is given by the g-identification (3.2). In an algebraically
closed field, the matrix associated with the endomorphism f can be triangulated. Therefore, the
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n-th component of the ghost map is given by ) . o', where «; are the eigenvalues associated with
the endomorphism f. Note that, given these eigenvalues,

LIYE, f) = det(1 —tf)" 7= [[(1 — i) 7.
Taking the log-derivative of this, we then obtain
d _ d -1 > Jypi—1
gl -a™=q,, glogu —o) ! = q;@ o),

where the second identify follows from the identity

d 1 o
1 — ztz—l
dt Og(l —at) zi:a ’

which is obtained from the Taylor expansion of the log function. Given the i-th ghost component
of Wy(k), which is z; = ", af, we obtain through the g-identification,

() =g DD

. As in[1], using the identification between W(k) and the ring A?(k), we see that the Frobenius

map on W9(k) is the same as the map
F':(1—at) ' (1—-a")"!

Then, suppose given (E, f) € Wy(k), where f has eigenvalues «;. The Frobenius map sends
(E, f)to (E, f™), where the eigenvalues of f™ ware a]". Then we obtain

EY(LUE, f) = B0 = a)™) = [T - af)™ = LUE, f7) = LUF(E, f)).

7 i

. Again, the equivalence of the right half of the diagram is shown in[23]. Note that the Verschiebung

operator V,, acting on A4(k) is defined by
Vi:(1—at) ' = (1 —at™)™
for (1 —at)~1 € A4(k). A direct calculation then shows that

-1

00 . f
100 0

det | 1 — t| =@Mt
000 .10

Thus, the commutativity of the left half of the diagram also follows.

3.2. Divisor Map and Undeformed Bost-Connes Algebra

When A is an algebraically closed field k, the determinant function factors completely into linear
forms in terms of the eigenvalues of the endomorphisms. Associating to each pair (F, f) the divisor 6(f)
of non-zero eigenvalues of f determines a ring isomorphism between Wy (k) and the group ring Z[k*]. If
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in particular k = [, is the algebraic closure of a finite field F, it is shown in [5] that one obtains a natural
isomorphism

o : Wo(F,) — Z[(Q/2)?)], (3.4)
where (Q/Z)®) is the group of fractions with denominator prime to p.

The map o of (3.4) is induced by the divisor map. Given an element (E, f) in Wy (k) with « the
eigenvalues of f and n(«) their multiplicities, the divisor map is given by

0(f) = O(L(E, £)) = 6] J(1 = at)™@) = 3 " n(a)al, (3.5)
As shown in Proposition 2.3 of [5], it defines an element in Z[k*], and one obtains a ring isomorphism
0 : Wo(k) = Z[k™]. (3.6)

When we consider Wy (k) as embedded in the g-deformed Witt ring W(k), or equivalently we use the
q-deformed characteristic polynomial L2 : Wy (k) — A4(k), the divisor map (3.5) is no longer compatible
with the multiplication x, in AY(k). Indeed, we have

S(LUE, f)) = 6(][(1 = at)y= ™) =3 "gn(a)[a].

Using (k,a) ® (k,b) = (k,ab), we have LY(k,a) = (1 — at)~? and L9(k,b) = (1 — bt)~? in AY(k) with
Li((k,a) ® (k,b)) = LY(k,a) xq LY(k,b) = (1 — abt)~% = LY(k,ab), by the definition of the induced
product %, on AY(k), while the multiplication of the divisors as elements in the group ring gives

O(LA(k,a))6(L(k, b)) = (32 gn(a) [a) (32 gn(B)IB]) = ¢ - 6(L (K, ab)).

Thus, the only way to restore the multiplicative property is to compute §,(LY(E, f)) = ¢ 16(L4(E, f))
= §(L(F, f)). This restores the original map (3.5) on the undeformed A(k), hence the same undeformed
Bost-Connes algebra as constructed in [5].

While the g-deformations of Witt rings considered in [20—23] do not directly lead to a g-deformed
Bost-Connes algebra through the same construction of [5], this suggests a modification of the con-
struction of g-deformed Witt rings, with a different motivation in mind than the g-Mé&bius functions and
g-deformed necklace rings that motivated the construction of [20—23].

4. GEOMETRIC ¢-DEFORMATIONS OF WITT RINGS

In this section we discuss a different approach to g-deforming the Witt rings, and we show that, unlike
the case discussed in the previous section, this leads to g-deformations of the Bost-Connes algebra. The
crucial difference here is that, instead of g-deforming the Witt ring W (A) to W9(A), or equivalently
deforming A(A) to A9(A) as in [20—23], we consider a deformation of Wy(A) to a g-deformed WE(A),

while we maintain the product in W (A) and A(A) undeformed.

Geometrically, if we consider elements of A(k) that arise from zeta functions of schemes (see [24]),
the two kinds of deformations that we introduce in this section have a very simple geometric meaning.
The first arises by replacing a scheme X with a tower where X = X U--- U X, a disjoint union of

q* copies of X (or equivalently the product of X with a ¢¢ points). The second deformation consists of
replacing X with the tower of the products X x Af. Since, when ¢ is a prime power ¢ = p", the number
of points #A*(F,) = ¢*, the second construction will be an extension of the first, where the case of ¢*-
points appears as the first term, but all the additional contributions of the field extensions AZ(Fqn) are
also counted. Thus, we refer to them, respectively, as the ¢‘-points deformation and the A’-~deformation.
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4.1. The ¢*-Points Deformation

Let Q, denote the map Q, : Wy(A) — Wy(A) that maps Qg : (E, f) — (E®?, f®9). Consider the
restriction of the characteristic polynomial map L : Wy(A) — A(A) to the range Q,(Wy(A)). Notice
that, unlike the g-deformations considered in the previous sections, here we do not deform the product
in A(A). We work with the undeformed product determined by

(1—at) % (1=bt)" ' =1 —abt)" L

We define SY(E, f) = L(Qq(E, f)). Note that this is the same characteristic polynomial (1 —tM(f))™9,
as in the case of the g-deformed characteristic polynomial L4(E, f) considered above, except that now
we regard it as an element of the undeformed ring A(A) rather than as an element of A(A).

Definition 4.1. The ¢‘-points deformation of the Witt ring Wo(A) is the graded ring Wi(A)
defined as a set by

WG(A) = Br>024e (Wo(A)), (4.1)

with addition and multiplication induced uniquely by addition and multiplication in Wy(A).

Lemma 4.2. The multiplication operation on WE(A) obtained as above satisfies

x5 Qe (Wo(A)) % Q0 (WolA)) = Qv (W(A)). (42)

Proof. We have Q¢(Ey, f1) = (E?ql, fgql) and Qo (E», fo) = (E?qz : 2®ql ), hence their product in
Wo(A) is given by ((E1 ® Eg)@qew, (fi® fQ)@qu’) and we obtain
QqZ(E]J fl) ® qu' (E27 fz) = quu'(El ® Eg, f1 ® f2) (4.3)

At the level of characteristic polynomials this corresponds to the product relation

S (Ey, f1) * Sq[l(E% f2) = L (E1 ® Ea, f1 ® f2)), (4.4)
since we have
L(QqZ(Elv fl)) *L(qu’ (E27 f2))) = L(QqZ(Eb fl) ® qu’ (E27 f2))

= L(Qye10 (E1 @ Es, 1 ® f2)).

Lemma 4.3. The Frobenius F, and Verschiebung V,, on Wy(A) extend to a Frobenius F, and
Verschiebung V,, on WE(A), satisfying QuoF,=F,0Qu and QuoV, = V,, o Qge, where V,, is
Vi, up to a a change of basis given by a permutation.

Proof. Wehave F,,(E, f) = (E, "), hence F,(E®1" | f®4') = (E®4" (f1)®d") = Qe (E, 7). We index
the entries of the matrix

00 .. .. f

100 ... 0
Vn(f):

000 ..10
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as (Vo (f))ij withi = (a,b) and j = (a’, V') wherea,a’ = 1,..., k where k x k is the dimension of M (f),
and b’ = 1,...,n. The second indices (b,b") specify which square block of size k we are considering
and the first index (a, a’) locates the position in that square block. Then the entries of V,,(f) are

fawr b=1,0'=¢q
Valf)ij=41 a=d, b =b—1
0  otherwise.
Thus, V,,(f®4') can be indexed by (V,,(f®));; with i = (a,b,7) and j = (a/, ¥, ') with a,a’,b, 1’ as

above and r, 7’ = 1,...¢" with entries as above for = 7/ and zero otherwise. Clearly, this also indexes
the entries of (V;,(f))®4".

We use the same notation F,, and V;, for the Frobenius and Verschiebung on W{(A).

Proposition 4.4. Let k be an algebraically closed field. The divisor map (3.5) extends to a ring
isomorphism 6, : W (k) — Z[q][k*] given by

3q(Qe (B, £)) = ¢'0(L(E, f)) = ¢" Y n(a)[al. (4.5)
Proof. We have
84(Qe(A, £)) = 8(S7 (A, £)) = o([] (1 — at)~7"(@)

=¢"> n(a)a].

It is clear that ¢, is compatible with addition, and by (4.3) it is also compatible with multiplication
0q(Qpere (B1 @ B, f1 ® f2)) = 0q(Qqe (B, f1) @ Qo (B2, f2))

= 8(ST (Br, f1) % ST (Ba, f2)) = 8(S7" (By @ By, f1 @ f2)))

=" n(@)n(B)al[8] = (¢" Y n(@)la))@” > n(B)[8)) € Zlg k).
The fact that the original J is a bijection also implies that J, is a bijection.
Using as in[5] an isomorphism o : s — (Q/Z)P) together with the divisor map &, of (4.5) we obtain
an isomorphism
6 : Wh(F,) = ZI[(Q/Z)P)], 5= 004, (4.6)

Note that the construction of the deformation W (F,) and the divisor map (4.6) make sense for an
arbitrary integer ¢, which is not necessarily a power of p.

4.2. The q*-Points Deformation of the Bost-Connes Algebra

Let 6, : Wi(F,) — Z[q][(Q/Z)")] C Z[¢][Q/Z] be as in (4.6). We consider endomorphisms o, , of
Z[q]|Q/Z] that satisiy

Op,g 0 0q = 0q0 Iy, (4.7)
with £, the Frobenius on Wi (F,).

Lemma 4.5. Let E(r k) := ¢"e(r) in Z[q][Q/Z], where e(r) are the generators of Z[Q/Z). The
endomorphisms oy, 4 : Z[q]|Q/Z] — Z[q]|Q/Z] satisfying (4.7) are given by

ong(E(r k) = ¢"e(nr) = E(nr, k). (4.8)
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Proof. Given Qu(E, f) € W{(A), with L(E, f) = T[(1 - at) ™) we have
5,(Qe (E, £)) = ¢ X (@) [al, while 8,(F, (e (E, £)) = ¢* ¥ n(a)[a”).

Thus, we see that, with this choice of ¢’-points deformation W (F,) the resulting g-deformation
of the Bost-Connes algebra is essentially trivial, consisting only of replacing the coefficient ring Z of
Z]Q/Z] by the polynomial ring Z[g], but the operations oy, , (hence also the corresponding operations
pn,q) remain the same unperturbed operation of the original Bost-Connes algebra and are the identity
on the polynomial ring Z[q].

Corollary 4.6. The deformation of the Bost-Connes algebra Az induced by the q‘-points defor-
mation W (F,) of the Witt ring Wo(F,) is simply given by the product Az @7 Z[q|.

4.3. The A*-Deformation
We improve on the construction described above by replacing the ¢*-points deformation with another
geometrically motivated deformation, which arises from thinking of the ¢* points as the F, points of

an affine space A and constructing the deformation determined geometrically by taking products with
affine spaces.

Recall that, if X is a scheme of finite type over &k = F, with ¢ = p” a prime power, then the associated
zeta function is given by
tm
Z(X,t) = Np(X)" ) =T — ¢desl@)~t
(X, 1) = exp(3 Nu(X) ) =] L

m>1 x
with Ny, (X) = #X (Fym) and deg(z) the degree of the extension [k(x) : F,], with k(z) the residue field
at the point x. Writing N,,,(X) = Zr|m r - a,, where
ar = #{x : [k(z) : Fo] =},
we obtain
Z(X,t)=[Ja—¢) (4.9)
r>1
In the case of an affine space A¢ we have
mtm n —
Z(A5 ) =exp(Yy g™ ) =(1-q")""

In terms of (4.9) this is

ZA ) =1 =gty = ][ - M, (4.10)
r>1
where
1 nr
M(q"r) = > u(d)g, (4.11)
d|

with u(x) the Mobius function.
Given a scheme X with zeta function Z(X, t), taking the product X x A’ gives
Z(X x A't) = Z(X, ¢"t). (4.12)

More generally, as discussed in [24], one should regard zeta functions Z(X,t) as elements in the Witt
ring W (Z) satisfying

Z(X x Y,t) = Z(X.t) x Z(Y, 1), (4.13)
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where % is the Witt ring product determined by (1 —at)~'x (1 —bt)~! = (1 — abt)~!. For a disjoint
union X LY, the zeta functions multiply, where multiplication of series corresponds to the addition
operation +,, in the Witt ring,

Z(XUY,t)=Z(X,t)- Z(Y,t) = Z(X,t) 44 Z(Y,1). (4.14)
Indeed, a more general inclusion-exclusion formula holds, see [24].

Remark 4.7. Since M(q, 1) = ¢, we have
(1-g) ' =-tJJa
r>1

The first term (1 —¢)~9 is the kind of g-deformation of (1 —¢)~! that we considered in the previous
sections. In this sense, we can regard (1 — qt)~! as a generalization of the g-deformation (1 —¢)~¢
discussed before, where the previous deformation appears as the order one term.

Modeled on the behavior of these geometric zeta functions, we consider a different construction of a
g-deformation of the Witt ring Wy (A). For (E, f) € Wo(A) with L(E, f) = [T(1 — at) ™), let

Qe (L(E, 1)) =[]0 —aq t) ™. (4.15)

Definition 4.8. The A’-perturbation of the Witt ring Wy(A) is the graded ring WS(A) defined as a
set by

WE(A) = Br20Qye (L(Wo(A))), (4.16)

with L : Wy(A) — A(A) is the characteristic polynomial map to the undeformed A(A), with the
operations induced from Wy(A).

Lemma4.9. Let A=k be an algebraically closed field. The multiplication in Wg(A) obtained as
above satisfies

x5 Qu(L(Wo(A))) x 2 (LIWo(A))) = Qi (L(Wo(A))). (4.17)

Proof. 1t suffices to check the property on elements of the form L(E, f) = [](1 — at)~™(®). With the
undeformed product in A(A) we have

H(l N H 1- 84" t)” H(1 —af ¢ ),

Proposition 4.10. Let k be an algebraically closed field. The divisor map (3.5) extends to a ring
isomorphism § : Wi (k) — Z[q|[k*] given by

0(Qu(L(E, /) =6(JJ(1 — ad"t) ™) =¢"> n(a (4.18)

Combining this with an isomorphism o : F* — (Q/Z)) as in [5] gives an isomorphism

64 =000 : W(F;) — Z[q)[(Q/2)). (4.19)

Proof. The argument is exactly as in the previous case and in Proposition 2.3 of [5]. The compatibility
with multiplication follows from the previous Lemma.
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4.4. A -Deformed Bost-Connes Endomorphisms

Let 6, : Wg(fF;) — Z[q][(Q/Z)®)] be as in (4.19), with Z[q][(Q/Z)P)] C Z[q][Q/Z]. We construct
endomorphisms &, of the ring Z[q][(Q/Z))] that satisfy
On,q©0q =040 F, (4.20)

with F}, the Frobenius on W (F).

Lemmad4.11. Let E(r, k) = ¢" e(r) € Z[q][Q/Z), with e(r) the generators of Z[Q/Z]. The endomor-
phisms

Gng(E(r,k)) = ¢" e(nr) = E(nr,nk) (4.21)
satisfy the compatibility condition of (4.20).

Proof. It suffices to check that the Frobenius action on Wi (k) is given by
FrQu(L(E, f)) = Qe F L(E, f), (4.22)
since we have
Fu [ ] = agt)y ™ =TJ(1 = o™ ) ™) = Qe L(E, /7).

The divisor map then gives 6(F, Qu(L(E, ) = "> n(a)[a"]. For k = I_F;, this is the image of
S(qu(L(E, ) = ¢" Y. n(a)a] under an endomorphism 6, , that induces (4.21) on Z[Q/Z].

The compatibility with the Verschiebung V,, is more subtle.

In geometric terms, that is, for elements of the Witt ring that are zeta function of a scheme of
finite type over k, the Verschiebung corresponds to the Weil restriction of scalars. Namely, if X is a
scheme of finite type over an extension k" = Fpnr of k = [F,r, the Verschiebung acts on the zeta function
Vi Z(X,t) = Z(R,X,t), where R, X = Resy ;X is the scheme over k obtained by restriction of scalars
from £’ to k, see [24] for more details.

In our setting, we have the following compatibility condition between Verschiebung and the defor-
mations Qqe.

Lemma4.12. Let A =k be an algebraically closed field. The Verschiebung V,, on Wy(A) satisfies
Vi o Quue = Qe o V. (4.23)

Proof. For (E, f) € Wy(A) with L(E, f) = ](1 — at)~™*) we have
Vo(L(E, f)) = L(Va(E, f)) = LU(E®", Va(f))

with
00. f
100 0
Vn(f): ;
000 ..10

hence L(V,,(E, f)) = [1(1 — w;nt) ™), where w', = afori=1,...,n. Thus, we have

Qe V(L(E, £)) = [[(1 = wind )™ = Vo (J (1 = a g™ t)™") = V,, Qe (L(E, f)),
hence V,, satisfies (4.23).
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This shows that, in order to extend the Verschiebung V;, to the entire Wg(A), compatibly with its
action on Wy(A) and with the relation (4.23), one needs to extend the deformation

qu : H(l —at) M) H(l —aglt) ™

to include rational powers of ¢, so that V,, o qu can be defined, compatibly with (4.23), when n does not

divide ¢. In terms of our geometric interpretation, these g-deformations arise from products with affine
spaces. Equivalently, in motivic terms, they are given by products with powers of the Lefschetz motive
L. Thus, we can frame an appropriate extension of the action of the Verschiebung in terms of the roots
of Tate motives discussed in [14].

4.5. Roots of Tate Motives

In the geometric setting, the zeta functions Z (X, t) of schemes of finite type over & = IF},» determine
a ring homomorphism from the Grothendieck ring Ko (Vg ) of varieties over IFr to the Witt ring W(Z),
see Theorem 2.1 of [24]. The Grothendieck ring Ko(Vy) is generated by isomorphism classes [X] of
schemes of finite type over k with relations [X] = [Y] + [X \ Y] for a closed subscheme Y of X and
[X]-[Y]=[X xY]. Classes in Ky(V}) are sometimes referred to as “virtual motives". The Lefschetz
motive L is the class of the affine line L. = [A!] in K(V},). The Tate subring Z[IL] of Ko(V},) maps to the
subring of the Witt ring generated by the zeta functions Z(Af,t) = (1 — ¢‘t)~%.

Theidea of introducing roots of Tate motives was first suggested in[16]. A geometric construction of a
square root Q(1/2) of the Tate motive Q(1) in terms of supersingular elliptic curves was given in [25]. A
categorical construction of a square root of the Tate motive was given in §3.4 of [13] and generalized
to arbitrary roots Q(r), for r € Q, in [14]. We recall here briefly this formal categorical definition.
Let 7 = Numg(k) be the Tannakian category of numerical pure motives over k with motivic Galois
group G = G(7). Consider the homomorphisms o, : G,,, = G, given by o, : A — A", and consider
the fibered product of G and G,,,

G = {(g,\) € G X Gy, : t(g) = an(N)},

where t : G — G, is the group homomorphism that corresponds to the inclusion of the Tate motives
(with Galois group G,,) inside Numg(k). The group G is in turn the Galois group of a Tannakian
category T(Q(})) which extends the category T by an n-th root Q(1/n) of the Tate motive Q(1). A more
precise description of these categories and their properties is given in §4 of [14], where the construction
of the roots Q(1/n) is explained in terms of the primary decomposition of n € N. Let T be the Tannakian
category that corresponds to the projective limit G of the groups G as in [14], that is, the Tannakian
category obtained from Numg (k) by adjoining roots of Tate motives of arbitrary order, Q(r) withr € Q.
At the level of the Grothendieck ring Kq(Vy)[L~!] with IL.=! the class of the Tate motive Q(1), the
roots Q(1/n) correspond to additing new generatots IL'/™ and their inverses. The Tate part of the re-
sulting Grothendieck ring Ko(T) would then consist of the ring Z[L" : r € Q4], since Ko(T(Q(})) =
Ko(T)[s]/(s" — L.
Lemma 4.13. The ring homomorphism Z : Ko(Vi) — W(Z) given by the zeta [unctions Z(X,t)
extends uniquely to a ring homomorphism Z : Ko(T) — W (K), obtained by setting Z(L",t) :=
(1—q"t)"Yjorr € Q.. Here K is a field that contains 7 and all the non-negative real roots q", for
e Q+.

Proof. By the description above of the Grothendieck ring Ko(T(Q(}))) = Ko(T)[s]/(s™ — L), in order
to extend the zeta function homomorphism we need to assign to the additional generator s an element
Z(s) in the Witt ring with the property that the n-fold product Z(s)** = [1],,, where the unit [1],, in the

Witt ring is [1], := (1 — )", Assigning Z(s,t) = (1 — ¢"/"t)~! € W(K) satisfies this requirement.
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4.6. Deformed Bost-Connes Algebra

We then extend the A’-deformation described above, by including roots ", » € Q. of the Lefschetz
motive IL", as explained above. This will have the effect of rendering the endomorphisms o, 4 invertible
in their action on the ¢ variable, while the action on the generators e(r) of Q/Z remains unchanged. The
following elementary fact explains the main idea.

Lemma4.14. Consider the endomorphisms o, : Z|q] — Z|q] determined by o,, : ¢ — q". The direct
limit is given by

R =1lim (o, : Zlq] = Z[q]) = Z[g" : 7 € Q4], (4.24)
the polynomial ring in the fractional powers q". The induced endomorphism o, on the limit
Zlq" : v € Q4] has inverse py, - ¢" — ¢"/™.

We consider the following modification of the deformed Witt ring Wg(A).

Definition 4.15. for r € Q4. For A=k an algebraically closed field and (E, f) € Wy(A) with
L(E, f) =TI — at)™™), let

Qr (L(A, ) = [T —aq )™, (4.25)
where we treat q and q" as formal variables. We set
WE(A) = @reg, Qg (L(Wo(A)), (4.26)

with the operations induced from Wy(A).
Asin Lemma 4.9, we have
%1 Qg (L(Wo(A4))) x Qe (L(Wo(A))) = Qesrr (L(Wo(A))). (4.27)
Lemma4.16. The Frobenius and Verschiebung on Wy(A) extend to Wg(A) by
FpoQp =QpuroF, and V,oQg =QmoV,. (4.28)

Proof. The case of Frobenius is as in (4.22) and the argument for the Verschiebung is analogous to
Lemma 4.12.

Lemma 4.17. The divisor map (3.5) induces a ring isomorphism S:Wg(k:) — R[k*], with the
ring R as in (4.24). Combining this with an isomorphism o : F — (Q/Z2)®) as in [5] gives an
isomorphism

Gq =000 : Wi(EF:) — R[(Q/2)P)]. (4.29)
Proof. The argument is exactly as in Proposition 4.10.

Proposition 4.18. Let k = F,,. The g-deformed integral Bost-Connes algebra Az, determined by
the deformation (4.26) of the Witt ring Wy (k) is generated by the group ring R[Q/Z], with R as in
(4.24) together with elements i, and 1}, satisfying the relations

fin E(r, T/)l‘:z = ﬁn,q(E(Ta ),
pn E(r,r') = &n,q(E(7"7 ), (4.30)
E(r,1")fin, = finGn,q(E(r,7")),
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where E(r,r") = q" e(r") are the generators of R|Q/Z) and 6, 4 : R|Q/Z) — R|Q/Z] are the endo-
morphisms

Onq(E(r,r")) = E(nr,nr’).

The py q are defined by
pra(E(rr") = D E(.5). (4.31)
These satisfy the relations

ﬂnm:ﬂnﬂmy m7n€N7 lu:zm:u:;u:;’w maneNa
(4.32)

Pnbn =n, nEN, fintty, = popfin, (n,m) =1,

as in the original integral Bost-Connes algebra.

ProoJ. The endomorphisms &, 4 are constructed so as to satisly the compatibility with the Frobenius
map F, acting on Wi (k),

On,g©0q=0q0F,,
with 6, as in (4.29). This determines &, 4 to be of the form
Gnq(E(r,r")) = q" e(nr') = E(nr,nr’).
In turn the p,, 4 are constructed so as to be compatible with the Verschiebung V;, on Wg(k),
Pn,g©0q = 0q0 V.
This determines the p, 4 to be given by

praBrr) =g/ Y () = 3 B( 9.

ns=r/ ns=r’

Lemma4.19. Let Rg = R®7 Q = Q[¢" : r € Q4]. The rational q-deformed Bost-Connes algebra
Aq,q is the semigroup crossed product Rg|Q/Z) x, N with generators E(r,r") = q"e(r') and pun, 1,
and with the semigroup crossed product action given by

L 1 r
pnB(r )y = Y L B(8) = png(B(r.1")), (4.33)
and the relations E(r,7")E(s,s') = E(r + s,7" + §') and

Hptin = 1, Vn, Honm = Hnbbm, Y10, M,
(4.34)

P, = Habbys Y1100 finfhy, = fir, fin, fOr (n,m) = 1.

Proof. This follows directly from the integral algebra Az , by taking p,, = 111[)’”. The relation between
the rational and the integral algebra is as in the original case, see [7].

p-ADIC NUMBERS, ULTRAMETRIC ANALYSIS AND APPLICATIONS Vol.9 No.3 2017



220 MARCOLLI, REN

4.7. The Role of the q-Integers

Intuitively, one would expect the g-deformation of the Bost-Connes algebra to replace the integers
n € N with the ¢g-integers [n|, =1+¢+--- + q"'. However, it is clear that this cannot be done just
directly, since the g-integers [n], do not behave well with respect to the semigroup property that is crucial
to the structure of the Bost-Connes algebra.

However, one can see a geometric form of the g-integers in the deformed Witt rings Wg(A) and
WS(A), by comparing it again with the case of the zeta functions of schemes over finite fields. We have
seen that mapping L(E, f) = [](1 — at) "™ to qu(L(E, ) =101 — ag’t)~™) corresponds, in the
case of zeta functions, to mapping Z (X, t) to Z(X x A, t). Similarly, we can consider, for a scheme X
of finite type over k, the transformation that maps Z (X, t) to

Z(X xP"t) = Z(X,t)x Z(P",t).
The zeta function of P™ is given by
2@ 1) = [0 a7 = [+ g+ (a2 +u -+ )
i=0

where we denote by [a],, := (1 — at)~! in the Witt ring. Thus Z(P", t) corresponds to the g-integer [n +
1]4 where sum and multiplication are replaced by the corresponding sum an multiplication in the Witt
ring. This simply reflects the decomposition P = A? 1A' LU --- LU A™ and the corresponding counting
of points #P"(F,) = [n + 1]. The lack of semigroup structure of the g-analogs [n], corresponds
geometrically to the fact that a product of projective spaces P™ x P embeds in a projective space

P +1Dm+1)=1 yia the Segre embedding, but is not itself a projective space. If the zeta function is given
by Z(X,t) = [[,5,(1 — ") 7%, then the map above is given by

2 xlly= [ -
i=0,...,n—1

r>1

In a similar way, we have an operation in WS(A) and Wg(A): for L(E, f) = [T(1 — o)™ we have
Qg (L(E, ) = Q (LB, ) x[n]g = J[ (1 —ag i)

i=0,...,n—1
(63

4.8. Orbit Categories and the Habiro Ring

Let C be an additive category and F' a self-equivalence. The orbit category C/F has objects
Obj(C/F) = Obj(€) and morphisms

Home,p(X,Y) := OrezHome(X, FF(Y)). (4.35)

[ € is symmetric monoidal and F' = — ® O is given by tensoring with an ®-invertible object O in €, the
orbit category €/ _g ¢ is also symmetric monoidal, see §7 of [28].

Let T = Numg(k) be the category of numerical motives, as above and let K(T) be the corresponding
Grothendieck ring. Then the Grothendieck ring of the orbit category T;, := T/_gq(n) can be identified
with Ko(7,,) = Ko(T)/(L™ — 1), Proposition 3.6 of [14]. While the Grothendieck ring of varieties
Ky(V) is not the same as the Grothendieck ring of numerical motives, this observation gives an
interpretation for the meaning of the quotient rings Ko(Vy)/(L"™ — 1). When introducing formal roots of
Tate motives, one can similarly consider orbit categories T(Q(1/n))/ _gq(m/n) and Grothendieck rings

Ko(T(Q(1/n)))/(LL™/™ — 1). When one restricts to considering only Tate motives with Grothendieck
ring Z[L], introducing roots of Tate motives and taking orbit categories leads, respectively, to the rings
ZIL" : r € Q4] and the ring

—

Z|L], = @Z[LT :r€Q4]/dN,
N
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where Jy is the ideal generated by the elements (L") y := (L™ — 1) --- (L" — 1), see[14]. Equivalently
written at the level of counting functions of IF,-points

—

Zlde == UmZlg" : 7 € Qul/dn. (4.36)
N

As shown in[14]and [17], the ring (4.36) is the same as the direct limit

Zlql o = lim(on : Zlq] — Z[q])

—_ —

of the morphisms o, : Z[q] — Z[q] determined by o, : ¢ — ¢", where Z[q] is the Habiro ring

—

Zlq) = Yim Z[q] /((q)n), (4.37)

where (), = (1 —q)(1 —¢?)--- (1 — ¢").
In terms of the construction of the g-deformed Bost-Connes algebra described in Proposition 4.18
and Lemma 4.19, this would correspond to a version of the g-deformed algebra where the coefficient ring

R of (4.24) is replaced by R := Z][q] ..

Proposition 4.20. The Habiro q-deformed integral Bost-Connes algebra is generated by the
group ring R[Q/Z] together with elements fi,, and p, satisfying the relations (4.30), (4.31), (4.32).

The associated rational algebra is given by the semigroup crossed product le,q = R[Q/Z] X, N
with the semigroup action determined by (4.33).

Proof. The compatibility of the operations &,, and p,, with passing to the projective limit R=
@N R/Jn can be shown as in Proposition 2.1 and Lemma 2.3 of [17]. The crossed product action

in this case remains a semigroup crossed product by N, unlike in the case of the algebra considered in
[17] where it becomes a group crossed product by Q7 . Indeed, while the action of 6, , on the coefficient

ring R is invertible (like it is on R itself), the action on j%[@/Z] still acts like the original Bost-Connes
endomorphisms on the generators e(r) of Z[Q/Z], with the partial inverses are given by py, 4.

4.9. Relation toFy -Geometry
The Habiro ring Z/[E] was proposed in[15] as a model of analytic functions over F;. The integral Bost-
Connes algebra, on the other hand was related to IF1-geometry (in the sense of Kapranov-Smirnov [11])
in[7]. In[17] it was shown that a version of the Bost-Connes algebra can be constructed based on the
Habiro ring, and in [14] this was related to the orbit categories T(Q(1/n))/_gq(m/n)-

The g-deformed Bost-Connes algebra of Proposition 4.18 and its variant considered in §4.4.8 above
combine in a natural way the integral Bost-Connes algebra of [7] with the version based on the Habiro
ring of [17]. This enriches the algebraic form of IF; and its extensions Fym based on roots of unity as in
[11], encoded in the integral Bost-Connes algebra, by combining it with the analytic version developed
in[15].

4.10. Quantum Statistical Mechanics

Consider first the case where the Bost-Connes algebra itself remains undeformed, as in §3. Even
on the undeformed Bost-Connes algebra one can consider interesting g-deformed time evolutions,
that relate the resulting quantum statistical mechanical system to some known g-deformations of the
Riemann zeta function and polylog functions. The simplest such construction is based on the g-analog
of the Riemann zeta function constructed in [26, 27], in the context of a probabilistic approach based
on Bernoulli trials with variable probability. In this context, one assumes that the variable ¢ is real
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with 0 < ¢ < 1, as it represents a probability. With this assumption, the g-analog of the Riemann zeta
function is constructed as follows. For n € N with primary decomposition n = [] p;", let

v(n) = Zai(pi —1). (4.38)

Notice that the function v(n) defined in this way satisfies
v(nm) = v(n) +v(m).

Also, for n € N with primary decomposition n = [] p;" we define

{n}, = [ [Ipily, (4.39)

)

where [pl; =1 +p+ -+ p" ! is the usual g-analog. In other words the {n}, are the elements of the
multiplicative semigroup N, generated by the g-analogs of the primes. Then one sets

_ o qsu(n)
= {nl;
As shown in [27], this series is convergent for s > 1 and reduces to the Riemann zeta function when

q — 1. Itis also shown in [27] that (4.40) has an Euler product expansion

Cq((s) with ¢ < 1. (4.40)

)L (4.41)

In our setting, we regard ¢ as a positive integer, hence ¢ > 1. The above expression then needs to be
modified accordingly. We have

¢! ¢! _ 1 _ 1

plg  1H+a+@+-+¢@ " 14+g g2t +qg @D [pl

Thus, by mapping ¢ — ¢!, the expression ¢?~!/[p], is mapped to 1/[p], and the version of the zeta
function of (4.40) for ¢ > 1 becomes simply

Ge(s) = Z{n}q_s = H(l — [p]q_s)_l, with g > 1. (4.42)

n>1 p

We proceed by defining the time evolution o 4 on the original Bost-Connes algebra Ac = Ag ®g C
and on its C*-algebra completion A pc is obtained as follows.

Lemma 4.21. Setting o, 4(e(r)) = e(r) on the generators e(r) of C(Q/Z] and

0tq(ttn) = {n}y pin (4.43)
defines a time evolution o : R — Aut(Ac). In the Bost-Connes representations
Ta : Apc — B(A(N)), witho e 7, (4.44)
the time evolution oy 4 is generated by the Hamiltonian
Hgye,, = log{n}qen (4.45)
and has partition function
Zy(B) =Y {n},”, (4.46)
n=1

which is the g-analog zeta function of (4.42).
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Proof. The assignment (4.43) defines a time evolution since

tq(tnpim) = {nm ¥l pnm = {n}H{m} pppm and, together with oy 4 (e(r)) = e(r), is compatible with
the relations in the algebra, and clearly o4y s(a) = oy0(a). In the Bost-Connes representation associ-
ated to the choice of an element o € Z*, we have

Hn€m = €nm
(4.47)
WQ(G(T))Em = C;“n €m

where ¢, = a*(e(r)), identifying a with a choice of embedding of the roots of unity Q/Z in C, with ¢, the
image of e(r) under this embedding. The Hamiltonian H, satisfies

etHag (a)e_ith = ma(0rg(a)).

It suffices to check this condition on a = p, acting on basis elements ¢,,, e®y,e e, =
{m}; "{nm}tenm = 01,4(tin)€m. The partition function is then given by

Zy(B) = Tr(e M) =3 (e, e Mae,) = > {n};”.
n=1

n

A more interesting case is the construction of quantum statistical mechanical systems associated to
the g-deformed Bost-Connes algebra of Proposition 4.18 and Lemma 4.19.

Lemma 4.22. The Bost-Connes representations (4.44), (4.47) extend to representations of the
deformed algebra Ac,, = Ag,q ®q C of Lemma 4.19 on the Hilbert space H = (*(N) ® (*(A) with
A = ¢+, given by

Hn Em,)\ = Enm,)\l/”

To(E(r, 1)) €mx = (7 €mrqr (4.48)

N €m/n,\n ’I’L|T)’L
Hp €mx =
0 n fm.

with E(r,") = q" e(r') and ¢, = a(e(r)) for a given o € Z*, and where {e,, »} withm € Nand X € A
is the standard orthonormal basis of H.

Proof. These are the same kinds of representations considered in [18], in the special case where
elements A € A always have an n-th root in A, so that u} u,, is the identity and not a projector (see
Remark 4.10 and Proposition 4.15 of [ 18]). First observe that, if we let the generators ¢" = E(r,0) act on
€mx bY E(7,0) : €50 — €m x.qr, then we need the isometries 1, to act as puy, : €, 5 — €mnt/n (Which
in turn determines the action of ), as in (4.48)) in order to satisly the relations

. 1 r
L E(r,0)py, = " Z E(n,s) (4.49)
in Ac,q. Indeed we have, if njm
. r
/LTLE(n O)Mnem)\ = :unE(T’ O)Em/n)\" = Hn€m/nAmqr = € ngr/n = E(nvo) €m,\,
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or zero if n does not divide m, which agrees with (4.49). One similarly checks compatibility with the
other relations:

nE / * -1 E r = pp El /

pnE(r, ")y = n MZ::T (,,»8) = pulB(r,17))

and pX E(r,r" )i, = on(E(r,r")) = E(nr,nr’), as well as E(r,7")E(s,s') = E(r +1',s + s') and the
relations (4.34).

In order to construct time evolutions that have a convergent partition function Tr(e=#) for suffi-
ciently large §, it is convenient to enlarge the algebra by additional “weight operators"”, as in [18]. We
define the resulting algebra as follows.

Definition 4.23. The extended q-Bost-Connes algebra Ay  is generated by R[Q/Z] and gener-
ators u, and ) satisfying the relations (4.33), (4.34), ana’ additional generators given by the
weight operators w.(\) for \ € A = ¢+ and z € U(1) satisfying the relations

w(Ada) = (ADws (M), (A1) = wa(A) (4.50)

(N B 1) = B ) w. (), w0 fin = iV, g wa () = wa(A)" .

Lemma 4.24. Suppose given a group homomorphism h: A — R* and an element o € 7*. The

representation of Lemma 4.22 mapping mo : Ac,y — B(*(N x A)), fora € 7*, extends to a repre-
sentation of A¢ , = Ag , ®q C by setting

Wo(N)€mny = h(N)™ €m s (4.51)
independently of a € Z*, and letting the other generators E(r,1"), u, and p* act as in (4.48).

Proof. The argument is exactly as in Proposition 4.15 and Proposition 4.27 of [18], with the only

difference that in our case we have u) u, = 1 since elements A € A always have an n-th root A7 in
A.

We can then define a time evolution as in [18] in the following way.
Lemma 4.25. Setting

a(E(r,r")) = w_a(d)E(r,r'), oulpn) = 0 pn,  or(w=(V)) = wo() (4.52)
defines a time evolution on Ag - In the representations of Lemma 4.24 this time evolution is
generated by the Hamiltonian

H e\ = (log(m) — mlog(h())) €mn- (4.53)

Proo]. We check that (4.52) determines a time evolution o : R — Aut(A¢ ) as in Lemma 4.23 of [18].
We have

Mo (E(r,r"))e e, = ™o (E(r,r"))m ™ h(\)™ e,
= "™ (A emagr = mh(AG") T m T R (A) T e agr
= W) emagr = woit(h(q")E(r,r")ema = o1(B(r,1"))emx;
e ™ e = ™ p,m™ (N e, \ = e m ™t p(\) e Emn \L/n
= (mn) RO () = 1
GitH remitH e\ it =ity (\ymite | itH ity (ymite
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= (/) ROV RO e = 0 e

M. (m)e” ey = m"h(A) ™™ h(n) " m ™ RA) ™ ey = ws(0)em,a-
This shows that the operator H of (4.53) generates the time evolution (4.52) in the representation of
Lemma 4.24.

The choice of the homomorphism h : A — R in the construction of the time evolution (4.52) can
then be used to determine the convergence properties of the partition function of the quantum statistical
mechanical system (A(lc”7q, ot), as in[18]. We adapt the representations described above as in §4.4 of [ 18],

by decomposing A into a countable union of geometric progressions and acting on a Hilbert space that
is a tensor product of the £2-spaces of these countable subsets.

Proposition 4.26. Let A = ¢+ and let A\, = ¢*/F € A. Consider the homomorphism h : A — R%
determined by h(1) =1 and h(\;) = [pilq where py, is the k-th prime number. Consider a repre-
sentation w, of Ag on the Hilbert space

H =Ny @ Q) (")
k

satisfying (4.48) and (4.51). Then the time evolution (4.52) is implemented in this representation
by the Hamiltonian

Hep, \o = (log(m) — m# log([pk]q))em)\i.
The partition function is given by
Zy(B) = ((np)n?, (4.54)
n>1

where (4(s) is the g-analog zeta [unction of (4.42). The series (4.54) converges [or B > 3/2.

Proof. Asin Lemma 4.25 we have
He,, e = (log(m) — mClog(h(M)))ey, 5 = (10g(m) — me1og([pilg))eyn ;-

Thus, the partition function gives

Z,(8) = Te(e ) =3 T D o)™ "Pn”

n>1 k £>0

=> 0 PTJa = p) => 0P mp).
n p n

Since ¢ > 1, we have [pl, =1+¢+ -+ ¢’~t > pand {n}, > n, hence {,(nB) < {(nB), with {(s)
the Riemann zeta function, so that the convergence of Z,(3) is controlled by the convergence of
>, nP¢(nB). The convergence of this series for 3 > 3/2 was shown in Theorem 4.30 of [18].

4.11. Weil Numbers as a q-Deformed Bost-Connes System

Finally, we want to mention another related way of constructing a g-deformed Bost-Connes system,
which is closely related to the one discussed above. In the approach developed in [18], the data of the
Bost-Connes system, consisting of the group ring Q[Q/Z] with the endomorphisms o, and partial
inverses py, and the associated algebra Ag = Q[Q/Z] x, N, can be generalized to other systems
based on data (X, 0,) endowed with a Galois action, such that the o,, and partial inverses p,, arise
from Frobenius and Verschiebung functors on a categorification Vect% (k) of pairs (V, ®sexV?) of a

finite dimensional k-vector space V and a ¥-grading of V =V ® k. The category Vect’%(k) is neutral

Tannakian with Galois group given by the affine k-scheme Spec(k[X]%), with the group operation
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induced from the Hopf structure on E[X]. Associated to such data, endowed with a suitable set of
G-equivariant embeddings of I to Q*, it is possible to construct an algebra Ay, ;) together with a time

evolution oy, so that the properties of the resulting quantum statistical mechanical system generalize the
original properties of the Bost-Connes system. In particular, as shown in Example 4 of §5 of [18], one
such generalization of the Bost-Connes algebra can be constructed for the data (¥, 0;,) where ¥ = W(q)

is the set of Weil numbers, namely the subgroup of Q* given by algebraic numbers 7 such that,

e for every embedding p : Q[r] — C one has |p(n)| = ¢"/? for some m € Z, the weight m = w(r);
e there is some integer s for which ¢ is an algebraic integer.

Under the identification W(q) ~ Wq(q) x Z by 7 — (‘p(ﬁr” ,w(m)) he surjective group homomorphisms

on : W(q) — W(q) are given by (7w, m) — (7™, nm). Since roots of unity Q/Z are contained inside W(q)
as the subgroup Q/Z x {0} C Wo(q) x Z, one can regard the resulting Bost-Connes algebra A y().s,)

associated to the datum (W(q),o,), as constructed in [18] as another form of g-deformation of the
original Bost-Connes algebra Ag = A(gz,0,)- [n terms of zeta functions, Weil numbers correspond

to Frobenius eigenvalues of motives over finite fields, [19], hence this can be regarded as another way of
using zeta functions as a model for g-deforming the Bost-Connes algebra. We refer the readers to [18]
for more details.
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