ANOMALIES, DIMENSIONAL REGULARIZATION AND NONCOMMUTATIVE

GEOMETRY: UNFINISHED DRAFT

ALAIN CONNES AND MATILDE MARCOLLI

ABSTRACT. In this paper we show that the Breitenlohner-Maison prescription for treating the pres-
ence of chiral symmetry in Dimensional Regularization fits remarkably well with the framework of
noncommutative geometry. In fact, it corresponds to taking the cup product of spectral triples,
with a specific spectral triple X, whose dimension spectrum is a single complex number z. We give
a realization of X, using the space of Q-lattices. We introduce a formalism of “evanescent gauge
potentials” and relate the computation of anomalous graphs in dimension 2 and 4 to local index co-
cycles. We draw a dictionary of analogies between evanescent gauge potentials and vanishing cycles

in algebraic geometry.
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This is an unfinished and unpolished draft, written during a stay of the authors at the Kavli Institute
for Theoretical Physics in Santa Barbara, as guests of the program “Mathematical Structures in String

Theory” in the fall semester of 2005.

Dimensional regularization (Dim-Reg) is the most efficient of the regularization methods used in

quantum field theory to start dealing with the divergences.
1

It has so far been used at a purely
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“formal” level in which the basic formula
(1.1) /e—W Ak = m/2 \~d/2

is used to “define” the meaning of the integral in d-dimensions.

The main advantage of this procedure is that it is so “canonical” that it respects all the symmetries such
as space-time or gauge symmetries. This advantage breaks down in the presence of a chiral symmetry
where the 75 matrix cannot be handled naively but requires the more sophisticated prescription of
t’Hooft-Veltman and Breitenlohner-Maison (cf. [26], [H]).

We shall show in this paper that this prescription actually fits remarkably well with the framework of
noncommutative geometry. A noncommutative geometry is given by a spectral triple

(1.2) (A,H,D)

where besides the algebra A concretely represented in the Hilbert space H the essential ingredient is
the self-adjoint operator D in H which encodes the “metric” on the spectrum of A. The dimension of
a spectral triple is governed by a subset ¥ C C called the dimension spectrum (cf. [I8], [I2]), which
is specified as the set of singularities of analytic continuations of zeta functions of the form

(1.3) Cp(s) = Te(P[D[7?)

where P varies in a suitable algebra of operators of pseudodifferential type generated by A and D
([I8]). Typically (say for an ordinary manifold M) this dimension spectrum is a set of integers

(1.4) {neN|0<n<dim(M)}

Additional structures such as the Z/2 grading «y of the Hilbert space H arise when dealing with even
spectral triples. By construction the Z/2 grading v anticommutes with the operator D and makes it
possible to define the product with any other spectral triple (A’, H', D’) as follows

(1.5) A"=AA, H'=HeoH, D'=Dol+y2D".

We shall show that the prescription of t’Hooft-Veltman and Breitenlohner-Maison corresponds to
taking the product in the above sense of the standard geometry of (Euclidean) space-time by a very
specific spectral triple X, of dimension z € C with R(z) > 0, i.e. whose dimension spectrum is
reduced to the complex number z. The effect of taking the product by X, is to shift by z the
dimension spectrum of the original geometric space thus removing the singularities at the integral
points.

A first adjustment of the general theory of spectral triples will be used to simplify the computations
(but it is not essential). It consists in allowing for “type I1” situations (¢f. [3], [6], [7]) where the trace
used is no longer the traditional type I trace on L£(H) but is the trace on a type Il von-Neumann
algebra. This passage from type I to type II makes it possible to include the proper “infrared”
behaviour at little expanse.

Another more serious modification is that when z € C is no longer a real number it is necessary to
drop the hypothesis that D is self-adjoint.

After describing the spaces X, we shall show that the anomalies of the gauge theory canonically
associated to a spectral triple (¢f. [T1], [T2]) are finite and can be explicitely computed with the same
terms as in the local index formula in noncommutative geometry of [I8].

The compatibility of anomalies with NCG has been known and exploited for quite some time but so
far the lack of a conceptual meaning for DimReg prevented people from making direct contact with
the computations as performed in physics.

Our approach makes it possible, in particular, to apply DimReg in the general framework of noncom-
mutative geometry.

1.1. The cubic anomaly and DimReg.

The cubic anomaly is central to the problem of renormalizability of a theory like the standard model,
which involves a gauge theory. The problem is that, in such a theory, one needs to ensure that the
renormalized Lagrangian is still invariant under the same group of local gauge symmetries that leave
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the bare Lagrangian invariant. Thus, it is necessary, in order to have renormalizability and unitarity,
that gauge invariance is preserved at each order in the renormalized perturbation series.

In general the Ward identities determine relations between the Green functions arising from symme-
tries of the Lagrangian. These influence the renormalizability of theories with nontrivial symmetries,
by ensuring cancellations of divergences between different sectors of the theory. There is a complicated
interplay of symmetry and renormalization, whereby the Ward identities can be affected by higher
order corrections, which can generate anomalous terms. In the case of gauge theories, the Ward
identities (or Slavnov—Taylor identities) are related to the symmetries by BRS gauge transformations.
In gauge theories, the problem arises primarily from fermions coupling to gauge fields. This manifests
itself in the Adler—Bell-Jackiw (ABJ) anomaly for electro-weak interactions. The ABJ anomaly can
be formulated in terms of path integrals as the fact that the measure is not invariant under the action
of v5. Higher order terms do not contribute any further corrections.

Dimensional Regularization (DimReg) is considered the best regularization method, when dealing
with the problem of gauge invariance, because it does not change the formal expression of the Ward
identities, while analytically continuing the dimension D = 4 to complex points D — z =d € C.

In the DimReg scheme, the ABJ anomaly is closely related to the problem of defining 75 for complex
dimensions. In fact, while for diagrams with open fermion lines it is possible to use a formal definition
of 45 in arbitrary complex dimension, which satisfies anticommutation relations with all the v, (cf.
e.g. [9]), when one considers cases like the triangle diagram, with closed fermion loops, one runs into
the further problem of making this formal definition of 75 compatible with the trace.

In the case of electro-weak interactions where the vector boson associated to the weak interaction
acquires mass through the Higgs mechanism, renormalizability is obtained by showing that the theory
is obtained via a formal transformation of the fields from a renormalizable gauge theory (the latter
can have non-physical particles that may spoil unitarity, ¢f. [25]). For such a formal transformation
to be possible, one needs to be able to renormalize the gauge theory in a gauge invariant way. This
can be spoiled by the presence of the ABJ anomaly, as shown in [23].

The question of constructing gauge theories that are free of anomalies, both for electro-weakand
strong interactions, was considered in [22], where conditions are given on which gauge groups and
representations will satisfy the vanishing of the triangle anomaly. In the standard electro-weak theory
with SU(2) x U(1), the condition implies relations between the hypercharges.

In fact, an interesting aspect of the equations imposed by the vanishing of the cubic anomalies is that
it imposes constraints on the hypercharges and on the Weyl representations. For instance, it is shown
in [21] and [28] that requiring the theory to be free of anomalies suffices to fix these data uniquely.
This could be an interesting point if one wants to use the vanishing of the anomalies as a constraint
on the geometry.

2. THE SPACES X,
We look for a spectral triple whose D = D, fulfills the following basic equation,
(2.1) Tr(e P%) = 7/20~*/2, VA eR%,
corresponding, using ([C]), to

(2.2) Tr(e ") = /e—”“ d’k VYAeERY.

Let then Z be a self-adjoint operator affiliated to a type Il factor N and with spectral measure given
by

(2.3) Ton(15(2) = 5 [ d

for any interval £ C R, where 1g is the characteristic function of E.
We then let, for any complex number z € C with £(z) > 0,

(2.4) D. = plz) F|2]"/?
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FIGURE 1. The spectrum of D? for $(z) # 0.

where F is the sign of the operator Z, |Z| its absolute value, and the complex power |Z|'/* is taken
by the usual functional calculus. We take the normalization constant p(z) to be

1
z

(2.5) plz) = 7 H (D + 1))

Proposition 2.1. The operator D, of [ZA), with the normalization factor ) satisfies @), after
imposing an infrared cutoff on the Trace in the case $(z) # 0. The zeta function of D, has a single
(simple) pole at s = z and is absolutely convergent in the half space R(s/z) > 1.

Proof. We first check it in the case z € R}. One has

TrN(ef)\DZ) _ % / epr2 |y|2/z dy

Thus, by setting p? |y|*/* = u, one gets dy = p~* Z uz ! du and
rI\rN(ef)\Dﬁ) _ pfz f / ef)\uugfl du = pfz F(E + 1) )\72/2,
2 Jo 2
so that one obtains as required
(2.6) Try(e %) = 7%/2 X722 VA eR}.
Note that p(z) is just a normalization factor and it is well behaved in the limit z — 0, since we have
1 z v, () o
2.7 —logl'(z4+1)= —=+ — e (=D "
(2.7) Slogl(G+1)= —g+ get -+ ()"0 2" +

In particular, we have p(0) = e~7/2. (Here 7 denotes the Euler constant, not to be confused with the
~ used everywhere else for the grading!)

The above computation of Try (e~ 5) makes perfect sense when z € R, but it requires more care
when the imaginary part of z is non-zero. In fact, in that case the spectrum of D? is a spiral in C (cf.

Figure[ll), so that e=*P2 no longer belongs to the domain of the trace Try.
One can define the trace by means of a suitable regularization, but it is simpler to directly deal with
the zeta function

(2.8) Try((D2)~*/?)
instead of the theta function
(2.9) Try (e P5).
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We need to impose an infrared cutoff, that is, we perform the integral

—S8 1 Z\—S8
(210) Ton((D2)*2) = 5 [ (i) 2 dy
in the region outside |y| < 1. This gives, using Try to indicate the cutoff,
(2.11) Tr'y ((Df)_s/2) = p_s/ wS du = p* :
1 Ss—Zz
which, as a function of s, has a single (simple) pole at s = z and is absolutely convergent in the half
space R(s/z) > 1. O

The algebra A’ for the spectral triple defining X, will play no role below except for the unit element
1 € A’. One could include in A’ any operator a such that [D,,a] is bounded and both a and [D,, a]
are smooth for the “geodesic flow”

(2.12) T s etIP=l e =itlD=]

and it is a relevant question to show that a suitable dimension of the spectrum of such operators is
bounded above by 1/R(1/z) = = + y?/x for z = z + iy.

The dimension spectrum of X, is reduced to the single point z as shown by ZII)).

In order to justify the use of the infrared cutoff in ZI0), one can make the following observation.
Instead of the operator |Z|, consider an operator f(|Z|), where f € C°°(R™) has the following prop-
erties: f is positive, bounded below by a strictly positive real number, one has f(x) = = for x > 1/2,
and f(x) is smaller than 1/2 for < 1/2. Then one alters [Z8) with an error term

1

2 . .
(2.13) R(A,z):/ (e~ P° W™ o= Ap® £ %y gy
0

This is an analytic function of A. In the region R(z) > 0, 2] < 1 and |A| < 2%(2/2) it satisfies the
estimate

(2.14) IR(\, 2)| < C N 2R(=2/2)

for some finite constant C' > 0. This does not affect the pole parts in z for all computations involving
DimReg, as we shall check below. With p(2)F f(|Z|'/#) instead of D, = p(2)F|Z|'/* the zeta function
Tracen ((D?)~*/?) is well defined and it differs from (ZII]) by an entire function of s which does not
alter the dimension spectrum.

3. AN ARITHMETIC REALIZATION OF X,

To obtain a concrete realization of the spaces X, we shall take for N the type Il,, factor obtained
from the noncommutative space £ of commensurability classes of Q-lattices in R (¢f. [], [16], [I1]).
The unbounded element Y will then be simply given by the inverse of the covolume.

A Q-lattice in R is a pair (A, ¢), with A a lattice in R, and ¢ : Q/Z — QA/A a homomorphism of
abelian groups. Two Q-lattices (A;, ¢;) are commensurable iff the lattices A; are commensurable (i.e.
QA; = QA») and the maps ¢; are equal modulo A; + As.

We let R denote the equivalence relation of commensurability on the space of Q-lattices in R. It is by
construction an étale groupoid with space of units R(?) the space of Q-lattices in R. We identify the
latter with Z x R” by means of the map

(3.1) L(p,N) = (A2, 27p)),
where we use the canonical isomorphism

(3.2) 7 ~ Hom(Q/Z,Q/Z).
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We can then label elements of the groupoid R by triples (7, p, A) with r € Q% and p € 7, such that
rpeZ, and X e R* . The map (B extends to

(3.3) L(r,p,\) = ((r" " A2, X p) , (V12,0 p)),  Y(rp,\) €R.
The source and range maps are then given by

(3.4) s(rip, ) = (p,A), r(r,pA) = (rp,r ),

and the composition by

(3.5) (71, p1,A1) 0 (12, p2, A2) = (1172, p2,A2), if  72p2 = p1, T2d2 = A1

It is convenient to use a more compact notation and consider the pair (p, A) as an adele, i.e. as an
element of the subset

(3.6) A} = ZxR% C Ag,

where Ag = Ag,s X R denotes the adeles of Q. Thus, we identify R with the groupoid obtained by
restriction to AT C Ag of the groupoid Ag x Q7 obtained from the action of Q% by multiplication
on AQ.

In fact, it is slightly more convenient to use the equivalent groupoid

(37) Gl = Al X Q*

obtained by restriction of the groupoid Ag x Q* (which arises in the construction of the adele class
space in [4], [T5]) to the subset

(3.8) A = Z xR* C Ag.

The convolution of functions is given by

(3.9) f1#* fa(r,a) := Zfl a) fa(s, a).
The adjoint of f is given by
(3.10) fr(r,a) = f(r~1ra).

The restriction to A; of the additive Haar measure da of adeles is preserved by the action of Q*, hence
it gives rise to a natural trace Try on the crossed product algebra. More explicitely this is of the form

(3.11) Try(f) == f(l,a)da

Ay

We denote by N the type I, factor obtained from this trace. It is dual (in the sense of the duality
introduced in [I0]) to the type III; factor associated to the “critical” (temperature 5 = 1) KMS state
on the BC system (cf. [, [I6]). In more geometric terms, the space A} is the total space of a principal
R -bundle over 7 corresponding to the difference between considering Q-lattices or Q-lattices up to
scale. Moreover, the equivalence relation of commensurability is compatible with the projection.

Let us then define an unbounded element of N by considering the function on G
(3.12) Y(1,p,A) =X, and Y(r,p,A)=0 if r#1.

One checks that (with a suitable normalization of da) the corresponding unbounded element of N has
the correct spectral measure with respect to the trace Try.
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4. THE “EVANESCENT” GAUGE POTENTIALS

In noncommutative geometry the gauge bosons appear as derived objects through the simple issue of
Morita equivalence. In fact, they appear as “inner fluctuations of the metric” induced by self Morita
equivalences of the algebra cf. [13].

Indeed, let £ be a finite, projective, hermitian right .A-module. In order to define the analogue of the
operator D for the algebra of endomorphisms

(4.1) B =End4(€)

one needs the choice of a hermitian connection on £. Such a connection V is a linear map
V:E—E@40,

where Q}, C L(H) is the A-bimodule of operators of the form

(42) A= Eai[D, bz], a;, b; e A.

The connection V satisfies the rules (c¢f. [I1])

(4.3) V(a) = (V&a+E@da, VE€E, Vac A
(4.4) (& V) = (V& n) = d(&n), VEn €&,

where da = [D, a]. The minus sign in [ comes from the equality d(a*) = —(da)*.
Any algebra A is Morita equivalent to itself via £ = A. When one applies the construction above in

this context one gets the inner deformations of the spectral geometry. These replace the operator D
by

(4.5) D D+ A,

where A = A* is an arbitrary selfadjoint operator of the form [Z). Here we disregard the real
structure for simplicity, since the latter can then easily be taken care of by replacing the algebra A
by the tensor product A ® A° of A by its opposite algebra 4°.

The fact that one has such nontrivial perturbations of the spectral geometry reflects the lack of
invariance of the operator D under the action of the unitary group U of A. In fact, replacing D by
wDu* for u € U amounts to adding to D the gauge potential u[D,u*] € Q},. More generally, the
gauge transformations are given by

(4.6) u(D+A)u" = D+ a,(A), with «u(A) = uD,u*]+ uvdAu*, Yuel.

4.1. Chiral gauge transformations.

When the basic algebra A is a Z/2-graded algebra, all the above extends trivially, by replacing
everywhere the commutators [D, a] with graded commutators

(4.7) [D,a]_ := Da— (—1)%e@gD.

Here the subscript _ reminds one of the use of graded commutators. }
This applies in particular when one replaces the original algebra A with the algebra A generated (in
the even case) by A and 7. As an algebra, A is isomorphic to the direct sum of two copies of A by

a+ by+— (a+b,a—0b).

We endow it with the Z/2-grading 6 € Aut(A) such that 6(y) = —-, while 6 is the identity on .A. The
unitary group U of A now contains v and it is the group of chiral gauge transformations. However, the
anticommutation of v with D shows that this procedure does not generate really new gauge potentials,
but simply multiplies the existing ones by an arbitrary power of ~.

The situation becomes much more interesting when one keeps the algebra A, but one replaces the
original spectral triple by its product (CH) with the space X..
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Thus, we start with a spectral triple (A, H, D) and form its product with the (type Il ) spectral
triple defining the space X,. With the notations of ([[LH) we therefore let D' = D,, and we adopt the
following shorthand notation (compatible with the physics notation of [9])

(4.8) D=D®l, D=~®D', D'"=D+D.

The fact that the spectral triple defining the space X, is of type Il introduces some technical
subtleties that can be ignored at first reading (c¢f. B, [6], [7] for the detailed general theory).
We let the algebra A act on H ® H' by

(4.9) a—a®l

Thus, one obtains a type Il spectral triple for the algebra 4. We then extend the algebra to the
graded algebra A generated by A and v, with the action on H ® H’ still given by ).

The odd element v € A no longer anticommutes (i.e. graded-commutes) with D", since y®1 commutes
with D = ~® D'. Thus, one gets a new non-trivial gauge potential of the form

(4.10) B=[D",q]-=2+D.

This gauge potential accounts for the lack of invariance of D" under the “chiral” gauge transformation
v € U and it corresponds, in the language of QFT, to the divergence 9y, g of the axial current ji'.
One needs special care in discussing this point, since it involves Euclidean Fermi fields ¢ and 7, which
one needs to treat as independent integration variables in the Euclidean functional integral (see [§],
section 5.2 of “The use of instantons”).

Thus, the fermionic part of the Lagrangian in the action functional is of the form

(4.11) Ltermions = <777 D/I§>

When extending the theory to Z/2-graded algebras, one defines the gauge transformations c,, on the
fermions, for u € U using the Z/2-grading 0 as

(4.12) au(§) = ug, au(n) = 0(u)n.

It follows that the lack of invariance of the action II]) is still accounted for by the gauge potential
given by the graded commutator with u. In particular if v (which is odd) would anticommute with D",
then the action [Tl would be invariant under the corresponding chiral transformation. This is not
the case and the variation at order one of Ltermions under the chiral gauge transformation u = "7,
for w = w* € A, is given by

(413) éﬁfermions = <777 (Z [D,W]’Y-i- sz) §>

with B = 2y D as in (EI0).

We shall use the physics terminology evanescent to qualify the gauge potentials of the form £ = w B.
The origin of the terminology is clear since they vanish when the extra dimension z is set to 0.

5. THE LOCAL INDEX COCYCLE

Let us recall briefly the local index formula in the context of noncommutative geometry [I8], which
we shall need here in the even case.

We let (A, H, D) be a finitely summable even spectral triple. The analogue of the geodesic flow is
given by the one parameter group of automorphisms of £(H),

(5.1) t— Fy(T) = eIPI e tPl

We shall say that an operator 7" on H is smooth iff the above map is smooth, i.e. if it belongs to
C*(R, L(H)). We also define

(5.2) OP:={T € L(H); T is smooth} .
We say that the spectral triple (A, H, D) is regular if it satisfies the condition
(5.3) a and [D,a] € OP°, Yac A.
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(Notice that A denotes the dense subalgebra of elements that have bounded commutator with D and
not the C*-algebra of the spectral triple.)

As we already mentioned, in the context of spectral triples, the usual notion of dimension of a space
is replaced by the dimension spectrum , which is the subset ¥ of {z € C,R(z) > 0} of singularities of
the analytic functions

(5.4) G(2) = Tr (b|D7%), R(z)>p, beB.

Here p is the crude dimension provided by the rate of growth of the eigenvalues of D, and B denotes
the algebra generated by 6*(a) and 6%([D, a]), for a € A, with

(5.5) 8(T) = [|1D|, T]
the derivation that generates the geodesic flow.

The local index theorem is of the following form (cf. [I]]):

Theorem 5.1. Let (A, H,D) be a regular finitely summable spectral triple with simple dimension
spectrum. The following holds.

o The equality
(5.6) ][P := Res,—o Tr (P|D|™%)

defines a trace on the algebra generated by A, [D,A] and |D|?, with z € C.
o Assumingfya =0 for all a € A, the formula
(5.7) wo(a) = 1imOTr(”ya |D|™%), Vae€ A,

defines a linear form ¢y on A.
e Forn >0 an even integer, there is only a finite number of non-zero terms in

(5.8) on(a®,... a") = Z cnﬁk][”y a®[D,a']*) . [D,a™*) | D7 2R vl e AL
k

Here we are using the notation T*:) = V% (T) with V(T) = D?*T — TD?. The summation
index k is a multi-index with |k| = k1 + ... + ky, and the coefficients ¢, i are given by the
formulaeﬂ

(5.9) Cnk = (_12)“6‘ (koo ko) (R +1) (B ko + oo+ Ky +0) T (K] +n/2) .

o The expression () defines the even components (ppn)n=0,2,.. of a cocycle in the (b, B)-
bicomplex of A.

e The pairing of the cyclic cohomology class (pn) € HC*(A) with Ko(A) gives the Fredholm
index of D with coefficients in Ko(A).

One of the ingredients in the proof of Theorem Bl will be quite useful below and we recall it here (cf.
[18]). For any r € R, one lets

(5.10) OP" ={T; |D|""T € OP°}.
We then have the following result (c¢f. [I8]):

Lemma 5.2. Let T € OP° and n € N.
(1) v*(T) e OP™
(2) D2T =Y 0 (-1)*V¥(T) D272 + R,,, with

(5.11) R, = (-)""' D2V Y T)D2?""2 ¢ OP™ "3,

Lthe trace o of 18] Proposition II.1 is %jf
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6. FINITENESS OF ANOMALOUS GRAPHS AND RELATION WITH RESIDUES

Given a regular even spectral triple (A, H, D) we denote by OP(A, H, D) the algebra generated by
A, D and ~. The following lemma will suffice to prove the finiteness of the anomalous graphs.

Lemma 6.1. Suppose given a regular spectral triple (A, H, D). Let P be an element of OP(A, H, D).
Forn >k >0 and in the limit z — 0, one has

. " 1 Ca(n— L'(p)I'(q)
Tr (D* (P®1)D —2" :——Bk,n—k][PD 2n=k)  B(p,q) = ———2L.
(D* (P& 1) D" =") = —_ B(k,n— ) P9 = Tt o
Proof. For z # 0 one has
~ " 1 ° - D -
Tr(DQk (P®1)D 7271) — m / Tr(DQk (P®1) e—tD2 eftDz)tnfl dt
n) Jo

We also have

2)--- 2k —2
(6.1) TrN(ng e—tDﬁ) _ 7 (z+2) 222 + ) ey t*Z/Q*k, Vit € R*+ ,
while
(6.2) / eftDz m—1=2/2—k gy _ L(n—2z/2—k) |D|zf2(n7k)'
0

One has D?* (P ®1) = P ® D? thus using the factorization of the trace and @) and ), we get
k—1 .
A 1" 2
Tr(D2k (P(X) 1)D —2n) _ 7TZ/2 HO IS(Z/) +]) I‘(n N 2/2 i k) TI“(P |D|z—2(n—k)) ,
n
which gives the required result since when z — 0 one has,

k—1 .
2
eI 20 |

) (n—z/2—k)~ B(k,n—k)=

2 )

with the minus sign coming from the nuance between |D|* and |D|=. O

As a corollary of Lemma [E] one gets the following expression for the residue at the simple pole z = 0
in the DimReg expression of one loop graphs with only fermionic internal lines, we work as above with
a regular spectral triple with simple dimension spectrum.

Proposition 6.2. Let A € QL be a gauge potential and n > 0. Then the expression

(6.3) Tr((A® 1) D" ")

has at most a simple pole at z = 0 with residue given by

(6.4) Res._o Te((A® 1) D" ™)) = —][(AD—l)"
Proof. One has

(6.5) D' '=Dp'D'" = (D+ D)D'?
and

(6.6) D" = D>+ D2

Using Lemma (2) to move the terms D"~ to the right we can express [B3) as a sum of terms of
the form

(6.7) Tr(A® 1) (D+ D) ...(A®) 1) (D + D))...(A%*) g 1) (D + D)D" ")
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where we use the notation A(™) = V™(A) and k =n+ > k;. Only finitely many of these terms have

a divergent trace at z = 0. By construction D anticommutes with the A’s and commutes with all
other terms. Thus one can expand (@) in terms of the form

Tr (D% pD"—2™)

By Lemma BTl any of these terms with ¢ > 0 is regular at z = 0. Thus the only contribution to the
pole comes from the case ¢ = 0. This means that one only takes the terms D in the expansion of (G.1)
and one is thus dealing with

(6.8) Tr(Pe1) D" ), P=AD .. . A®) D . Ak D
As in the proof of Lemma [E1] one has
" 1 © > >
Tr(Pe1)D ~2¢) = —— / Te((P @ 1) e D =D k=1 gy
L'(k) Jo

Using the factorization of the trace and I while
/ e tD2 tk—l—z/2 dt = F(k} _ 2/2) |D|z—2k
0

we get

" _ .z P(k—Z/2) z—
TT(Po1)D ) =nx /QW Tr(P |D|*~2F).

_][P|D|72k

The computation of —f (A D~1)" gives exactly the same result. Indeed, one again writes
D '=DD?

and uses Lemma (2) to move the terms D~ to the right, which allows to express —f (AD~1)"
as a sum of terms of the form

Thus the residue at z = 0 is given by

][AD AR D AR D D2k

which match exactly with the above terms. O

7. THE SIMPLEST ANOMALOUS GRAPHS

We shall now analyze the graphs with only fermionic internal lines which involve linearly the evanescent
gauge potential B, starting from the simplest, which is the tadpole, and continuing to more involved
cases.

The data we start with are, as above, an even spectral triple (A, H, D) with simple dimension spectrum,
i.e. we use exactly the same setup as in the local index formula of [I§ that we recalled above in §8

7.1. The Tadpole.

We start with the simplest graph. This has one loop with a single external leg to which is assigned
an evanescent gauge potential E = yaD (see Figure B).
The analytic expression for the tadpole is of the form

(7.1) Te(ED" 1),

where D! plays the role of the fermionic propagator.
We assume fya = 0 for all a € A and obtain the following result.
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FIGURE 2. The tadpole.

Lemma 7.1. Let g be the linear form &), which is the zeroth order component of the local index
cocycle, as in Theorem [l In the limit z — 0, one obtains

(72) Tr (E D/lil) = — (po(a)7 Ya € A
Proof. One has
- e [Ty,
0
Thus, for fixed z, one gets using ([GH) and (G4,
(7.4) Tr(E D”il) = Tr(yaD (D + D) D”iz) = Tr(yaD? D”72).

In fact, the terms with an odd number of D’s have zero trace since one can find an involution in H’
which anticommutes with D.. Using ([Z3)) this gives

(7.5) Tr(E D”il) = / Tr(y aD? e~tD’ eft]j?) dt
0
and the trace factorizes to give

(7.6) Tr(y aD? etD’ eftfﬂ) = Tr(ya e th* )Tr(D? eftDz).

By the basic equality ([0) one has

(7.7) Try (e tP%) = 77/27%/2 VieR}.

After differentiating in ¢ this gives

(7.8) Try(D? e tP2) = ngﬂ 7721 e RY
Thus, ([C3) and [Z5) give

(7.9) Tr(E D”il) = gﬂ'z/Q /OOO Tr(’yaeftD2)tfz/271 dt

Moreover, we have
(7.10) / e~tD* ¢72/271 gt = T(—2/2)|DJ?,
0

while the limit for z — 0 of Tr(ya |D|?) is ¢o(a). Thus, we get the required equality since, for z — 0,
we have

ng/2l"(—z/2) — -1
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A E

FI1GURE 3. The self energy graph.

7.2. The self-energy graph.

The next term linear in E now involves a usual gauge potential A = Y a; [D”, b;]. (see Figure B).
Its analytic expression is given by

(7.11) T(ED "' AD"1).
One has the following result.

Lemma 7.2. In the limit z — 0, one obtains

(7.12) T(ED ~'AD 1) = i(—l)”“

][,yavn(B) D—2n—2
0

2n +2
where B = dA+ A’ with
dA =Y "[D,a][D,bi], A = a;V(b).

and only finitely many terms in the infinite sum are non-zero.
Proof. Using (B3), one obtains

Te(ED "YAD""') = Tr(yaD (D+ D)D" 2 A(D+ D)D"~?).
Since the terms with an odd number of D do not contribute, this gives

Tr(yaD?*D""2ADD"~2)+ Te(yaDDD""2ADD"?)

In the second term the second appearance of D can be put in front provided one cares about signs,
since D commutes with D”~2 and anticommutes with both A = 3> a; [D”, b;] = 3 a; [D, b;] and D.
Thus, we can write the above as

T(ED "'AD"~') = Tr(yaD*D""2(AD + DA)D"~?).

One has

(7.13) (AD+DA)=B®1, B=dA+ A,
where

(7.14) dA=Y"[D,a][D,bi], A = a;V(b).

Thus we can use Lemma to move the first D" ~2 across and get (only finitely many terms will
contribute)

Te(ED" ' AD") = i(—l)" Tr(yaD? (V*(B) 1) D" ~27~1) .
0

Since D? commutes with a € A we then conclude using Lemma
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Notice that, since the regularized trace is a trace outside the dimension spectrum, the order of the
terms ED" ! and AD"~! is irrelevant.
It is worthwhile to double check this in this example by redoing the calculation with the other order.
One has

T(AD *ED"~') = Te(A(D+ D)D" ~2yaD (D + D)D" ~?)

=T (ADD 2vaDDD" %)+ Te(ADD"~2~vaD?>D"~?)
= —Tr(yD?*AD"2aDD" )+ Tr(yD*AD" 2DaD"?)

= > (-1)" Tx(y D* A(V™([D,a]) ® 1) D" ")
0

=Sy L Fravip.ay e,
0

2n+2
We thus get
" ” © 1
1 T(AD 'ED 1) = -1 n+1_][ AVY(ID.al) D22
(7.15) I ) ;< ) {7 AV (D,a)

It might seem at first sight that one passes from [ZI2) to [ZI3) by a simple integration by parts i.e.
using

(7.16) ][W"(Bm: (—1)”]l~va"(c)

but it is a bit more subtle. One uses the equality

oo

(7.17) D72 =" (=1)*c(n, k) V*(a) D222
0
with
k )
(7.18) c(n,0) =1, c(nk)= W ,
to write -
][7 aV"(B)D*"% =Y " (=1)"¢(n, k) ][7 V"(B) V¥(a) D721 2k2
0
which after integration by parts yields
][7a vn(B) D2n—2 — Z (_1)n+k c(n, k) ][,YB v(n-i-k) (a) D—2n—2k—2
0
The desired equality between ([LIZ) and ([ZTH) then follows using
% —kk ! 1
I L
0 m — k + 1 0 m + 1

and the other integration by parts
(7.19) ][W(DAJrAD)C: ][WA[D,C].

To conclude we thus have the two equivalent expressions [LI2) and ([ZIH) for the self-energy graph.
We can express both in a more compact notation using the derivation (cf. [I]]),

(7.20) o(T) = i (bl

1

VnTD72"
ST i)

which generates the one parameter group Ad D??. Indeed one has
D*TD2=T+ V(T)D?= (1+ ¢)(T)
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and by construction

(7.21) O=1log(l+e€), e®=1+c¢.
We also need the basic “Planck” function
z
7.22 =
(7.22) n(e) = ——

which is familiar in index theory in the formulas giving the characteristic classes. We can then rewrite
the above formulas as

Proposition 7.3. One has, in the limit z — 0,

TH(ED L AD~1) = —%][Ww(e)(B)D—2 - —%][7,a17r((9)([1),a])1>—2

Proof. From the above it is enough to check that

o~ (="
7.23 Q) =
(7.23) wO)= Y

which follows from ([CZI) and ([ZZ2). O

It also follows from the above discussion that for X and Y in the algebra generated by A, v and D
one has the formula of integration by parts

(7.24) ][Xw(G))(Y) D72 = ][Yw(G))(X) D72,
One can understand this formula as an instance of the KMS condition fulfilled by the functional
(7.25) 01(X) = ][X D72

with respect to the one-parameter group of automorphisms o, = €*© . Indeed one has, as required
by the KMS; condition

En

p1(X0i(Y)) = ¢ (Y X)
and [ZZ) follows from the simple equality
w(—2) = e n(2),
combined with the invariance of 1 under o; which implies that for any formal series f,

(7.26) PL1(f(O)X)Y) = L1 (X f(=O)(Y)).

Given a Hochschild cochain ¢ of dimension n on an algebra A, it defines (¢f. [I1]) a functional on the
universal n-forms Q" (A) by the equality

(7.27) / apday -+ dan, = @(ag, ay, - ,an)
©

When ¢ is a Hochschild cocycle one has

(7.28) /awz/wa, Va e A
@ @

The boundary operator By defined on normalized cochains by

(7'29) (BOSD)((LOv ag,--- van—l) = 90(17 ag, A1, - - uan—l)
is defined in such a way that

(7.30) Adw_ /Bw w

Proposition allows to express the self energy graph in terms of the following two cochain

(7.31) va(ao,a1,02) = ; f vao (D] (O)(D.as]) D2
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so that
(7.32) T(ED ~'AD 1) = —2/ Ada

2

Proposition 7.4. (1) The cochain By is cyclic : ABye = 2 Bys.
(2) B2+ bpo =0
(3) If bpg = 0 one has

(7.33) Te(ED ~'AD"' 1) = —2/ dAa

2

Proof. 1) One has

Bo ta(an,ar) = § (Dol m(@)(D,ar]) D2

which is antisymmetric by [CZ4) (v anticommutes with [D, a]).
2) Since D anticommutes with v and D[D,a] + [D,a]D = V(a) one gets

1 1
Bs(ag,a1) = —3 ][7% 7(©)(V(a1)) D72 = —3 ][7% O(a1)
The coboundary byg is given by
byo(a,b) = Limg_,g Tr(va(b|D|™% — |D|™%b)) =

S 1
Lims o Tr(ya (1= e729)(B) |D|7*) = 5 ][V‘L@(b)
3) In that case one has, by 1) and 2), By(w2) = 0 and

][% (dA)a — ][W Ada = ][¢2 d(Aa) = 0

by [Z30) thus the result follows from [C32). O

7.3. Anomalous graphs in dimension 2.

We shall first deal with the two dimensional case and explain how the result of Proposition [[4]
simplifies in this case. The main result of this section is Theorem which shows that the sum of
the anomalous graphs is given by the pairing with the local index cocycle.

In the two dimensional case, the top component of the local index cocycle is given by the following
Hochschild 2-cocycle

1 _
(7.34) w2 (ag, ai,as) = n ][7 ao[D,a1][D,as] D72, Va; € A.

Since one is in dimension 2 all the terms with n > 0 in ([LZ3) vanish and one gets w2 = 5.

In case the coboundary of the tadpole vanishes, i.e. assuming that bpy = 0 ([L2), one gets by Theorem
BTl that ¢ is a cyclic cocycle and hence fm is a closed graded trace [I1]. We thus get,

Corollary 7.5. In dimension < 2, and if bpg = 0, @2 is a cyclic cocycle and

T(ED"~'AD" ) = —2/ adA

Y2

Next, we consider the original ABJ triangle graph. The computation below will prepare the ground
for the four dimensional case and we thus do it in the required generality.
The analytic expression for the triangle graph of Figure  is given by

(7.35) Te(ED"~'AD"~'AD"M).
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FIGURE 4. The triangle graph.

This can be polarized in the following manner:
(7.36) T(ED "' A, D"~' A, D"V,
where one can now assume that A; are monomials of the form
A; = a;|D, b;].
We first prove the following lemma independent of the dimension,
Lemma 7.6. Let P; € OP(A, H,D), for k=1 and k = 2 one has in the limit z — 0,
Te(D* PyD" 2P, D" 2P, D" 7?) =

% 3 (et (’Za—ji!f;;;ﬂ(Lai—ll)f!)! ][pova(Pl) V(Py) D2etb3—k)

Proof. One has, using Lemma B2 for P; € OP(A, H, D),
D' 2P D" 2Py~ Y d(a,b) V*(Py) VP (Py) D -2t

where the coefficients are given by

" (a+c)! atp (@ +b+1)!
d(a,b) = (=1)"*" Z ale =1 +bm

0<e<b

Thus using Lemma for n = a + b+ 3 (since there is a remaining term D" ~2 and the equality
La+b+ D) (k—Dia+b+2-Fk)! 1 (k-Dlatb+2—k)!

2 bl(a+1) (a+0b+2)! 2 (a+b+2)bl(a+ 1)

one gets the required formula. O

Note that one has
D2PiD Py~ > d(a,b) V*(Py) V'(Py) D72 H0+2)

but this does not allow to undo the above reordering under the residue since different powers of D"
occur in applying Lemma
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Proposition 7.7. In the two dimensional case one has in the limit z — 0 (with E = ”yalA))

TH(ED'~'AD ~'AD" 1) = 2/ a A%,

Y2

Proof. Using ([&3), one gets
Te(ED ' AD""'AD"~') = Tr(yaD (D+ D)D" "2A(D+ D)D"~2A(D+ D)D"~?).
Since the terms with an odd number of D do not contribute we get terms with 4 occurences of D, i.e.
Ty = Tr(yaD?D""2ADD"2ADD" "% = —Tr(yaD*D""2AD"2AD"?)

(where the minus sign comes from the anticommutation of D with A) and terms with two occurences
of D which give the following terms T}, j € {1, 2,3}

Ty = Tr(yaD*D""2ADD "2 ADD"~?)
Ty = Tr(yaDDD""2ADD" "2ADD"~?) = Tr(yaD*DD"~2AD "2 ADD"~?)
Ts= Tr(yaDDD""2ADD" "2ADD"~?) = Tr(yaD*DD" ~2ADD"~2AD"~?)
Let us first compute T4 and T5. By Lemma [CH we get

1
Ty = 1 ][’yaAQD72

since all the terms with non-zero powers of V give zero since we are in dimension 2.
Next, by Lemma [8 we get

1
Ty = — 1 ][WDA2D—3

We can replace a D — D a since the commutator [D, a] is bounded. Thus since the sign changes when
we permute D and v we get using the trace property of the residue,

1
T = 1 ][7(1142D_2

We thus get
To+ Ty =2 / a A?
Y2
Next one has by Lemma [
1
T, = -1 ][mADAD—S

Since one is in dimension 2 one can permute the factor D~2 which gives
1
T, = -7 ][mAD—lAD—l

If we let
Y(ag,a1) = ][’y ao [D,a;] D!
we get
b (ag, ar,a2) = —][7610 [D,a1][as, D71 = — ][7 ao[D,a1] D' [D,as] D71

Moreover one has
/ aA? = —][’}/CLADilADil
by

as one checks replacing the first A by a1[D, b1] and the second by as[D, b2], and showing that

][wal[l), bi] D as[D,by] D7 = ][wal[l), bilag D™ [D,by] D71

= —/ a ay dbl ag dbg
by
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FI1GURE 5. The five legs graph.

We have thus shown that

1
T1: — / CLA2
4. b

Since by is a coboundary this ensures that 73 is not a significant term but in fact we shall now show
that it is exactly canceled by T3, indeed one has

Ty = —i ]LyaDADAD_"‘: —i ][yDaADAD_"‘: i][wADAD*: -Ty

where we used the boundedness of [D, a] to permute D and a and the minus sign comes from permuting
D with ~. O

We can now summarize the relation with the index cocycle in the two dimensional case as follows,
Theorem 7.8. Assume that the dimension is < 2 and that the coboundary of the tadpole vanishes,
bog = 0, then

(1) @2 is a cyclic two cocycle.
(2) For any a € A and any gauge potential A one has

T(ED 'AD"'AD" ') - Te(ED" ' AD""") = 2/ a(dA+ A?)

Y2

In other words the alternate sum of the anomalous graphs has a simple interpretation in terms of the
pairing of the curvature F' = dA + A? and of the local index cocycle.

Proof. This follows from Proposition [’ and Corollary [[C3 O

7.4. The five legs graph in dimension 4.

The analytic expression for the pentagon graph of Figure His given by
(7.37) Te(ED "'AD ' AD""'AD"~'AD"1),
and we can proceed as above and rewrite this as

(7.38) Te(yaD (D+ D)D" > A(D+ D)D" > A(D+ D)D" > A(D+ D)D" > A(D+ D)D" %),
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Since we work in dimension 4 we can move the D" =2 to the right in each of the obtained monomials,
since the contributions from all additional terms obtained from lemma (.2 all vanish at z = 0. We are
thus dealing with,

(7.39) Tr(yaD (D+ D)A(D+ D)A(D+ D)A(D+ D)A(D+ D)D" ™19,
and the various terms are given by even powers of D. The first
~ " 1
Tr(yaD® A* D" 1) = v yaA* D™*

is the only term of degree 6 in ﬁ, the others are :

Terms in D*

A — — A A~ ~ " A~ 1 1
Tr(yaDDADADADADD ) = —Tr(yaD*D AD A3D ~19) = 51 el ADA® D¢

A = A~ — A A " A " 1
Tr(yaDDADADADADD ') = —Tr(yaD*DA*>DA?>D ~10) = 51 1eD A’DA? D¢

Tr(yaDDADADADADD 1% = —Tr(yaD*DA*DAD" %) = 2—14 yaDA*DA D6
Tr(yaDDADADADADD "9 = —Tr(yaD*DA*DD"10) = 21—4 yaDA*DD™¢
Tr(yaDDADADADADD ') = —Tr(yaD*AD AD A> D" ~10) = 21_4 yaADAD A?D™®
Tr(yaDDADADADADD ') = —Tr(yaD*ADA2DAD 1) = L aADA2DADS

24

A A — A A~ — " A~ 1" 1
Tr(yaDDADADADADD ~°) = —Tr(yaD*ADA*DD ~10) = 51 yaADA*D D¢

Tr(yaDDADADADADD ') = —Tr(yaD* A2DADAD 1) = 21—4][7QA2DADAD_6
Tr(yvaDDADADADADD ") = —Tr(yaD* A2D A2D D" ~10) = 21—4][7aA2DA2DD_6

Tr(yaDDADADADADD "' = —Tr(yaD* A*DADD" 1) = 21—4][7aA3DADD_6

Using the boundedness of [D, a] and the anticommutation of D with v (and the trace property) one
gets three pairwise cancelations and a term in

21—4 vyaDA*DD™ % = — % ][7aA4D_4
There remains three terms which add up to

1

2 [

which can be written as

(7.40) i yaA(AD+ DA AD5 — 21—4][’yaA4D_4

We can then use the decomposition

(A>’DADA+ ADA’DA+ ADADA*) DS

DA+ AD=dA 4+ A
where dA is bounded and replace the contribution ([[ZZ0) by

i 2 —6_i 4 -4
(7.41) 51 yaAA*AD o ~yaA*D
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Thus adding up the terms we got so far we get

(7.42) 2—14 yaAA2AD0 - é][yaA‘*D*‘*

Terms in D?

A A — — — — " 1
t1 =Tr(yaDDADADADADD ~19) = —g][w(AD)‘lLT8

]

ts=Tr(yaDDADADADADD 1) = — 1 ][wDA2D(AD)2D—8

8

ts=Tr(yaDDADADADADD 1) = — % ][W(DA)Q(AD)Z’D*8
ty=Tr(yaDDADADADADD 1% = —%][sz(DAP(AD)D_g

ts =Te(yaDDADADADADD"~1%) = —é][”ya(DA)AlD*S

Note that ¢; + ¢5 = 0 using the anticommutation of D with v and the boundedness of [D, a] which
allows to permute a with D. For the same reason we can move the front D to the end in the remaining
three terms, which then add up to three times (ZZ0) and thus contribute by

(7.43) é][wAA’QAD*G— %][WA‘lD*‘l

Thus adding up all the terms we get

(7.44) Te(ED "' (AD" M%) = % ][WAA'2 ADS — i ][WA‘* Dt

We can thus summarize the above computation,

Proposition 7.9. In the 4 dimensional case one has in the limit z — 0 (with E = ’yaD)

Te(E D'~ (AD" 1)) = / oAb
@

where ¢ = — 124 + %bd) where

1 _
wa(ag,ar,az, a3, as) = T ]['YGO [D,a1][D, as] [D, a3] [D,as) D~*

and
lag, a1, az, az) — ][Wao (D, ay] V2(as) [D, as) D~°

Proof. Using
V2(ab) = V*(a)b+2V(a)V(b) + a V(b)

one gets

bib(ao, ar, az, as, az) = 2 ][ o [D, 1] V(az) V(ag) [D, ag) D9
/ a At = 2][~yaAA/2AD_6
by

—12/ a At = —l][vaA‘lD_4
$a 4

Thus the conclusion follows from ([ZZ4). O

It follows that

while one has by construction
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Let us now compute B, one has
(7.45) Bi(ag,a1,a2) = —2][7a0[D,a1](1)[D,a2](1) D76 — waao[D,al]@)[D,cﬂ] D5

n ]l o (V(ar) V¥(az) — V(ay) V(az)) D~

To check this one treats separately the three terms in By = ABgy) = By + (Boy)* + (Boz/J))‘2 with

Bot(do, a1, az) = ][ 7D, a6 V2(ar) [D, as] D~

One has
Boy(ao, a1, a2) = — ][”Yao (DV?*(a1) [D, az] + V*(a1) [D, ag] D) D~°

_ _][7 (D, P [D, a2 D6 — ][7(10 V2(a1) V(az)) D~°

Boy(ay,az,a0) = ][’Y [D, a1] V*(az) [D,ag) D~° = ][’Y [D,a1] V*(az) D™° D, ay)

since the commutator of [D, ag] with D=6 is of lower order. Thus

Bov(ar,az,a0) = — { 7(D,a0] [D,a1] V(a) D°
_ ]lwo (DD, 1] V2(as) + [D, a1] V2(as) D) D~°

= ][7 aO[D, al] D, a2](2) D%+ ][7 ap V(a1) V2(ag)) D¢

Finally one has
Bov(az,a0,a1) = f(D.02] V¥(a) [D.ar] D™° = = 4 V(@) [D.r] [Dsaa] D
which gives
Boy(az, a0, a1) = — ][7(10 [D, 1] [D,as] D=6 —2 ][7 ao [D,a1]" [D, a]V D76 — ][7 ao [D,a1] [D, as]® D~°
Thus adding up the three terms in Bi) = AByy = Botp + (Bo)* + (Bogb))‘2, one gets (CZ).

7.5. The four legs graph in dimension 4.

The analytic expression for the square graph of Figure [l is given by

(7.46) Te(ED ~*AD"~*AD"~'AD"M).

and we proceed as above and rewrite this as

(7.47) Tr(yaD (D+ D)D" "2A(D+ D)D" ~2A(D+ D)D" ~2A(D+ D)D"?),
and write the various terms with an even number of D as follows,

Terms in D*

vaDDD""2ADD"2ADD " 2ADD"?)= —Tr(yaD*DD"2AD""2AD""2AD"?)
yaDDD""2ADD"2ADD 2ADD"?)= —Tr(yaD*D""2ADD""2AD""2AD"?)
vaDDD"2ADD"2ADD 2ADD""?)=—Tr(yaD*D"2AD"2ADD"2AD"?)
vaDDD"2ADD"2ADD 2ADD""?)=—Tr(yaD*D"2AD"2AD"2ADD"?)

I
=

[
588
I [

S1 (
Sa (
S3 (
Sy (

Terms in D?
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FIGURE 6. The four legs graph.

Ry =Tr(yaD?*D""2ADD"2ADD "2ADD"?)
Ry =Tr(yaDDD"2ADD" "2ADD"2ADD"~?) =Tr(yaD*DD"2AD""2ADD""2ADD"~?)
Rs=Tr(yaDDD"2ADD" "2ADD"2ADD"~?) =Tr(yaD*DD"2ADD"2AD"2ADD"?)
Ry=Tr(yaDDD""2ADD" "2ADD"2ADD"~?) =Tr(yaD*DD"2ADD""2ADD"2AD"?)
Let us now compute S in dimension 4. We need to move the D"~2 to the right. To get some feeling
about the order we first look at the term (using Lemma [61])

A — " 1
—Tr(yaD*DA*D —8) = E]lyaDA?’D*‘*

Thus the terms with more than one occurence of V can all be ignored in the process of moving the
D" =2 to the right. Thus we can use the following replacements
(748) D”—2 P D”—? Py D”—2 Py D”—2 ~
P P,PsD" " — V(P)P,PsD' " — 2P V(P,)PsD " —3P, P,V(P3) D" ~1°
when we compute the S terms. We thus get
S1= —Tr(yaD*DD" "2AD"2AD""2AD"?) = —Tr(yaD*D A* D" %)+
Tr(yaD*DV(A) A2 D"~1%) 4+ 2Tr(yaD* D AV(A) AD"~1%) + 3Tr(yaD* D A2 V(A) D" ~10) =
1 1
o yaDA3D™4 — 51 ][vaD(V(A)AQ +2AV(A)A+3A%V(A)D°

and in a similar manner

52:11—2 wADA2D—4—21—4 ya(V(A)DA? +2ADV(A)A+3ADAV(A))D°

Sy= = fyaa?DAD - 21—4][W(V(A)ADAJF2AV(A)DA+3A2DV(A))D’6

Sy = 1_12][VGA3D_3 - %][M(V(A)A2 +2AV(A)A+3A7V(4)) D7

Using the boundedness of [D, a] and the anticommutation of D with v one gets

(7.49) Sy + 8y = % ][w (DA*+ A*D)D™*
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Using the equality DA+ AD = dA+ A’ and the boundedness of dA one gets
So + 83 = % ][ﬂyaA(DA+ AD)AD™* - i ][fya(V(A)A’A+ 2AV(A)A+3AA V(A)DC

One has
DA+ A3D= (DA+ AD)A? — A(DA+ AD)A+ A2(DA+ AD)
We can thus collect together all the S terms and get,

1
(7.50) S14+ 52+ 53+ 54 = 1 ya((dA+ AI) A% 4 A? (dA+ A/)) D™t
—i ya(V(A)AA+2AV(A)A+3AA V(A)D®

Let us now look at the R-terms. The first term in R; after moving the D"2 to the right, is
Tr(yaD? (AD)*D"~%) = _% ]lw (AD)*D~°
and the above simplification applies also in computing the R terms. One gets
Ry =Tr(vaD?*D""2ADD"2ADD""2ADD"~?) = Tr(yaD? (AD)* D" %)
~Tr(yaD?*V(A) D (AD)?> D"~1°)—2Tr(yaD?* ADV(A) D AD D"~ =3 Tr(yaD? (AD)>V(A) D D" ~'0)
= —% ]lya(ADP D75+ é][w (V(A)D (AD)* 4+ 2ADV(A)DAD + 3(AD)*V(A)D)D™®
Similarly

Ry = —%][WDA2DAD—5+%][w(DV(A)ADAD+2DAV(A)DAD+3DA2DV(A)D)D—8

Rs = —%][yaDADAQD_E’—i—é][va(DV(A)DA2D+2DADV(A)AD+3DADAV(A)D)D‘8

Ry = —% ][W(DA)3 D%+ é]lya(DV(A) (DA? 4+ 2DADV(A)D A+ 3(DA?DV(A) D8
Using the boundedness of [D, a] and the anticommutation of D with + one gets

Ri+ Ry = —% ][va((AD)g +(DA?®) D"
Next,

Ry+Rs = —%]lyaDA(dA+A’)AD*5+%]['ya(D V(A)A' AD+2D AV(A') AD+3D A A V(A)D)D®

= —%][yaDA(dAJrA’)AD*E’) - é]lya(V(A)A’A+ 2AV(A)A+ 3AA'V(A) DO
We thus get

(7.51)  Ri+ Ro+ Rs+ Ry — —%][wa((AD)3+(DA)3)D‘6 _ %][WDA(dA+A')AD—5

—%][W(V(A)A’AJr2AV(A’)A+3AA'V(A))D—6

and adding with the S-terms gives the following sum

Y= % va((dA+A') A%+ A? (dA+A’))D*4—%][7a((AD)3+DA(dA+A’)AD+(DA)3)D*6

‘%][m<v<A)AfA+2Av<A’>A+3AA’V(A>>D’6

We need to simplify the term
T = —% ][w((AD)3 +DA’DAD+DADA?D+ (D A)*) D™
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Using DA+ AD = dA 4 A’ one can rewrite it as

—% ][ va((dA+ A')(ADAD) + (DADA)(A + A') D~
which gives using ADAD = —A%2D? + AdAD+ AA'D and DADA = —D?A? + DdAA+ DA’ A
gives

%]lw((dAJrA')A? + A2 (dA+ A)) D™ + %][wvw A)YD™S

_%]lw((dAJr AYAdAD + AA' D)+ (DdAA+ DA A)(dA + A')) D~®

The second line gives using dimension 4,

—%][va(dAAA’D—i- A AdAD+ AAAA D+ DdAAA + DA AdA+ DA AA)D™®

1
= -3 ][7a(A’AA’D + DA AAYDS
we can thus collect these terms and get

7.52 T==-+va((dA+ + dA + D™+~ fvaV D™
(15 A+ AN A%+ A% (dA+ A 4 (15 Az A 6

1
6 ][”ya(A/AA’D—i- DA AAYD™S
Thus when we replace 7" in the sum ¥ we get

7.53 ol ya((dA+ A A% + A% (dA+ A D—4+l yaV (A% A"YD™®
4 6

—%][va(A’AA’D—i- DA AA)YD 5 — %][W(V(A)A’AJr2AV(A’)A+3AA’V(A))D*6
Using ([ZZ]) in the form
(7.54) D 2P D2 P, D 2P ~
PiP,P3D %~ V(P )P,PsD®—~2PV(P,)P3sD % ~3P, P,V (P;)D®

one gets
][w(V(A) A A2 AV(A)A43AAV(A) Db = ][wAA’AD—‘*—][wD—2AD—2A’D—2AD2
Thus

(7.55) Y= %][va (dA+ A")A? + A2 (dA+ A")) D™ + % ]ZWV(A2 A)YD™6

1 1 1
~5 ][va(A’AA'D + DA AA)YDS — 6 ][7aAA'AD_4 + 6 ][’YCLD_zAD_2 A’ D% AD?
Let us gather a certain number of these terms in the form
(7.56) / da A3
»
Using integration by parts one has

%][’}/CLV(A2 AYD™% = —% ][”y V(a) A2 A’ D6

and this is given in the form [Z28) by the contribution

1
Y1(ag, ar,az,a3,a4) = 5 ][WLO V(a1) [D, as] [D, as] V((M)D_G
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Next, one has

—%][va(A'AA’D—i- DA AAYD S = %fw[D,a]A’AA'D_G

and this is given in the form ([Z2H) by the contribution

1
a(ag, ay,az, a3, a4) = 6][7610 [D,a1] V(az) [Da@?»]v(azl)D*G

Next one has

%][WD—2AD—2A’D—2AD2 = %wa(a)AA’AD‘S—i- %][wAD—2A'D—2A

where the first term of the rhs corresponds to

1
P3(ao, a1, az, a3, as) = 5 ]['YGO V(a1) [D,a2] V(as) [D,as] D~°

and one has

1 1 1

g][’yaAD_QA/D_2A = g]l”yaAAIAD_4 - 6][”ya(AV(A/)A—FZAA/V(A))D_G
so that we can write the last two terms in the form

—%]lvaAA’AD*‘%L %]l~yaD*2AD*Z’A’D*QAD2 = %][WV(a)AA’ADfﬁ
—%][W(AV(A')AHAA'V(A))D-G

Proposition 7.10. In the 4 dimensional case one has in the limit z — 0 (with E = vaﬁ)

T(ED "' (AD" 1)) = —/a(dAA2+A2dA),
%)

where ¢ = — 124 + 1—12b1/) is defined in Proposition [T.9

Proof. Let us compute the right hand side. The contribution coming from — 12 ¢4 just gives
1
(7.57) i ][7 a(dAA? + A2dA) D™

which already appears in the sum ([Z53)).
To compute the next term we use the notation A = udv and forget about the summation symbol.
No ambiguity will arise since the ordering of the terms will never change. With this notation one has

- /1 a(dA A% + A% dA) = —% ][va ([D,u] V(v)uV(v)u[D,v] +u[D,v]uV(v) V(u)[D,v]) D~6
b

Moreover in all the above expressions under the DC we can use the replacements
(758) A—ulD,v], dA— [D,u][D,s], A — uV(v), V(4)— V()[D,o]+ uV(D,0])
We now collect all the terms from the above computation, except for those already used in [Z31 and

use [CEX). We get

i ][’ya (uV (v) u[D, v]u[D,v] + u[D,v]u[D,v]uV(v)) D™* + % ][’ya V(u[D,v]u[D,v]uV (v)) D™°
—% ][’y a (uV (v)u[D,v]uV(v) D+ DuV(v)u[D,v]uV(v)) D°
- % ][’ya (V(u[D,v]) uV (v) u[D,v] + 2u[D,v] V(uV (v)) u[D,v] + 3u[D,v] uV(v) V(u[D,v])) D~°

O
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7.6. The triangle graph and anomalous graphs in dimension 4.

In dimension 4 the two dimensional component of the local index cocycle is given by

1 1
wa(ag, ar,az) = 1][7 aO[D,al][D,a2] D2 - . ’yaO[D,al](l)[D,LLQ] D™

1 1
_6][7 a’[D,a'][D,a*)) D™ + ﬂ][7 a’[D,a'|?[D,a? D=

1 1
* é][ 7a°[D,a!]V[D,a*) D70 + 2 ][”y a°[D,a"|[D,a*)® D"

We look for a formula of the form

S ED T AD ) = @+ 2 [ alA+ 4 -12 [ a(aa+ a2
©h ©4
where the ¢/, are the components of a cocycle cohomologous to the local one ¢,,. The point is that

the pairing between cocycles and elements of Ky i.e. idempotents e € A is given by the combination

1 1 1
(759) <907€> = <P0(e - 5) - 2@2(6 - 57676) + 12(/74(6 - 556567676)

The two dimensional case tells us that we should not have terms of the form
][7 ag V(a1) V(az) D™

in the correction of s, since such terms would already show up in D = 2. But we should expect
terms like

][ Yo (V(ar) V2(a2) — V2(a1) V(a)) D¢

8. EVANESCENT GAUGE POTENTIALS AND VANISHING CYCLES

We want to present here a suggestive analogy between dimensional regularization and deformations
of singularities. This can be thought of as an analogy between the deformation of the singularities of
the special fiber of a geometric degeneration over a disk and the process of removal of singularities of
the Feynman integrals in the deformation to complex dimension of DimReg.

More precisely, the two geometric setting we will compare are the following. On the algebro-geometric
side, we consider the case of a geometric degeneration of a family X of smooth algebraic varieties over
a disk A C C. Here X is a complex analytic manifold of dimension dim¢ X =n+1and f: X — A is
a flat, proper morphism with projective fibers. We assume that the map f is smooth on X* =X\ Y
and that Y is a divisor with normal crossings in X. On the side of noncommutative geometry, we
consider the noncommutative spaces (A", H”, D) obtained by taking the cup product of a spectral
triple (A, H, D) with a noncommutative space X, in “complexified dimension” z € A.

We shall see that the complex of gauge potentials on (A”,H”, D”) behaves in many ways like a
complex of forms with logarithmic poles associated to the family X of smooth algebraic varieties
over the disk z € A. In particular, in the algebro-geometric case, it is known that the special fiber
f750) of f: X — A carries a mixed Hodge structure, [30], [24]. This structure also appears in the
cohomological theory of the fibers over the archimedean places of an arithmetic variety, [19], [20].

To describe the analogous structure associated to the complex of gauge potentials in the case of a
noncommutative space and its deformation to complexified dimension, we take the point of view of
Saito’s polarized Hodge-Lefschetz modules (c¢f. [29] and [24]).
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8.1. Hodge—Lefschetz modules.

We recall the following notions from [29], cf. also [24]. Let L = @; jczL"’ be a finite dimensional
bigraded real vector space. Let ¢1, 5 be endomorphisms of L, with [¢1,¢5] = 0 and

(8.1) 0 LW — L7290 fy LW — [WF2,

The data (L, ¢1, {2) define a bigraded Lefschetz module if
(8.2) G L7 LW and  #): LW LW

are isomorphisms for ¢ > 0 (§ > 0, resp.).

In the case of a geometric degeneration, with the generic fiber a compact Kéhler manifold, one
can obtain such structure from the action of the Lefschetz on the primitive part of the cohomology
(induced by wedging with the K&hler form) and of the monomdromy: the Lefschetz and the log of
the monodromy give the endomorphisms ¢1, £5.

Bigraded Lefschetz modules correspond bijectively to finite dimensional representations of SL(2, R) x
SL(2,R). We will use the following notation

(8.3) X(A)::(g\ )\Ol)AeR*, u(s):z((l) i)seR, w:z(_ol (1))

and
0 1 d
u = ( 0 0 > = EU(S”S:O'

In these terms, the representation o = oz, ¢,) satisfies
da(u, 1) = Elv dO’(l, u) = 627 U(X()\)u X(t)) = )\itjx, Vz € Li’j.

The data (L, £1, {3) define a bigraded Hodge—Lefschetz module if all the L/ have a real Hodge structure
and {1, {5 are morphisms of Hodge structures.

A polarization on (L, ¢1,0s) is a bilinear form

(8.4) Y:L®L—R

which is compatible with the Hodge structure, satisfies

(8.5) V(b y) +0(z, by) =0, k=1,2,
and is such that

(8.6) P(-, ClLE)

is symmetric and positive definite on L=%77. (Here C is the Weil operator.) The data (L, ¢1,f2,1)
then define a bigraded polarized Hodge—Lefschetz module.

It is also convenient (e.g. when working at the level of forms) to consider differential bigraded polarized
Hodge—Lefschetz modules (L, {1, ¢2,1,d), where d : L"J — L1+ i a differential (d? = 0) satisfying
[¢1,d] = 0 = [la,d] and ¢(dz,y) = ¥(z,dy). In this case, the cohomology H*(L,d) inherits the
structure of a bigraded polarized Hodge—Lefschetz module. Moreover, H* is identified with KerQO,
where O = d*d + dd*, where d* = o(w,w)™! o do o(w,w), for w as in €F) and o = O(L,t1,0s), the
representation of SL(2,R) x SL(2,R).
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8.2. A bigraded complex of gauge potentials.

We now introduce an analog of this structure for noncommutative spaces. We let (A, H, D) be an
even finitely summable spectral triple. Let v be the grading operator. We consider the graded algebra
A generated by A and by ~. Let (A”,H”,D") be the noncommutative space obtained as the product
of (A,H,D) with the noncommutative space X, in “complexified dimension” z. Namely, we have
A" = A, H' = H®H, and D" = D’ = D® 1+~ ® D, where D/, is the Dirac operator on the
space X .. We let %, (A) denote the complex of gauge potentials of a triple (A, H, D), and Hj (A) its
cohomology.

We begin now by considering the complex Q""* with differentials § : Q™"F — Qm+Lnrk and
§ - Qmork s mirtLE - Here we take Q77* to be the span of elements of the form

(8.7) VF(w)D?",
with w € Q% (A). Here we define V(a) = [D?, a] as before, for an element a € A or a € [D, A], while
we set V(ay) := [D?,a]y, for alla € A or a € [D, Al.

We consider a descending filtration F? D> FP+! on Q*D(A) defined by setting

(8.8) FPQE(A) = Brpsmmazp Uy (A),

where Q% (A) = Q4 (A)#* is the span of w6*, with w € Q4 (A) and § = vD. We take
(8.9) PR () = Goammstrn Up(A) 07

This way, we can endow the complex Q"% with a tensor product of “Hodge structures” (the second
1-dim with Fj;"(C) := C- D* and Fj,"""™(C) = 0)

(510 k= PR () o Fp' (C).

The index of the resulting filtration is i — k, where i = 21+ m, hence we take then the Q™"* with the
conditions k > 0 and k > 2r +m. The differential d = ¢ + ¢’ on this complex is the same described
above, induced by da = [D”,a] for a € V¥(A), when decomposing D” = D ® 1 + v ® D’, so that
8'a = [D,a) and 6" (a) = [D, a].

Notice that the decomposition of the total differential d = ¢ + &', where § is essentially the original
de Rham differential on Q% (A) and & acts by wedging with the differential § = D, resembles very
closely the case of geometric degenerations, where one also has a total differential d = § + ¢’, with §
the usual de Rham differential and ¢’ given by wedging with the form 6 = f*(dz/z), for f : X — A
and z the coordinate on the base A (cf. [30]).

8.3. Representations.

We introduce endomorphisms ¢, : Q™™kF — QmrTLE+l and gy - Qmrk — QmA2r=LE of (. d = §+6")
defined as follows:

(8.11) 0, (V¥(w)D*¥) = ¢(V¥(w)D*) = VF+1 () D=1
(8.12) lo(VF(w)D?) = V=1V*(w) A 02 D>+ = /21 VF(w (yvD)?) D>0+Y),
with 6 = yD.

We then have the following result.

Lemma 8.1. The endomorphisms €1 and 5 satisfy [€1,{2] = 0 and are compatible with the differential,
namely, [¢1,d] =0 and [l3,d] = 0.
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Proof. Tt is immediate to verify that [¢1,¢3] = 0. We check compatibility with the differential. We
have [¢1,d] = 0. In fact, we can check the result on elements of the form V*(a)D?" or V¥*(ya)D?*" for
a € A. We have

(616 — 601)V¥(a)D*" = [D?,[D, V¥ (a)]| D"~V — D, V¥ (a)| D>~ =0,
since [D?,[D,b]] = —[D, [D?,b]], for all b € V¥(A). We also have
(48 — 66)V*(ya) D¥" = [D2, [D, A V¥ (@)]| D3 ~D — [D, V<1 ()] DA =,

where we use the fact that we have set V(ya) := yV(a) and we get [D?,[D,+b]] = [D?,2vbD] =
2[D?,blyD and [D,~[D?b]] = 2[D?b]yD. Similarly, we verify that [¢2,d] = 0. This can be seen
easily on elements of the form bD?", since [D, b(yD)?] = —[D, b](yD)?, and on elements vbD?", where

Uo[D,b] = 2¢/=Tb0° = —[D, £5(~b)].
O

Thus, ¢4, ¢s induce endomorphisms on the cohomology of the double complex.

We introduce an SL(2,R) x SL(2, R) representation (o1, 02) on the complex introduced above, which
is associated to the operators £1, £5.

Definition 8.2. Assume that the spectral triple (A, H, D) is N-summable with N = 2n. Consider oy
and oo defined by

(8.13) a1(x(\)) = \2rtm, o1(u(s)) = exp(sfy), o1(w) = S1.

(8.14) aa(x(N) = A", oa(u(s)) = exp(sfa), o2 (w) = Ss.

Here the operators S1 and Sz are defined by powers of €1,02, in the following way. We consider
involutions

Sfl . Qm,r,k _ Qm,f(rer),kf(Qrer) and 52 QT k Q2n7m,rf(nfm),k
of the form
(815)  SuVE@)DT) = 4, F T (TE@DY) and  Sy(VF()D¥) = £37"(TE (@) DY),
for w e Qp(A). We set S; =+/—1"5;.
These satisfy the following.

Proposition 8.3. The data specified in Definition B define a representation of SL(2,R) x SL(2,R)
n (,d).

Proof. In order to show that o = oy, for k = 1,2, defined by 8I3) and @I4) is indeed a representa-
tions of SL(2,R) it is sufficient ([27] §XI.2) to check that it satisfies the relations

o(w)? = a(x(-1)),
a(x(N)o(u(s)o(x(A\71) = o(u(sr?)).

The first relation is clearly satisfied and the second can be verified easily on elements V¥ (w)D?", with
w € QB (A), where we have

(8.16)

) 71 (ue)) (WA THD? = () (14 sty + B+ ) AT Th) D2 =

(1 A2 Em g y=@rdm) | p2Ar+2)bm m (@rdm) 4 ) VF(w)D? = exp(sA?¢) VF(w)D?",
and

72\ 72(u(o)) 72N ) THID? = s (14 st + ) N TR D =
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2
(1 F AT g N x”*m“%eg/\"*m + - ) VF(w)D? = exp(s\? £) V*(w)D™.

|

Notice that, in the case of the representation associated to the “Lefschetz” /o, the analog of the Hodge

* on forms, which appears in o1 (w), is realized by a power of {5, by analogy to what happens in the

classical case, where the Hodge * can be realized (on the primitive cohomology) by the (n — m)-th
power of the Lefschetz operator.

This construction parallels exactly what happens in the construction of the archimedean cohomology
of [19] for the fibers at infinity of arithmetic varieties, in the form presented in [20]. This defines a
structure that is analogous to the differential bigraded Hodge-Lefschetz modules, by setting L/ =
Q™" E with i = 2r +m and j = —n + m.

8.4. Polarization.

We now discuss the polarization. Define the bilinear form 1 by setting
(8.17) Y(VH @)D, V¥ (W)D) = ][VV’“(n*)V'“/ () D7)

where w = n#* and w’ = 1'% .
Lemma 8.4. The bilinear form ®ID) satisfies the relation (BH).
Proof. For a = V*(n)0*D*" and b = V¥ (1/)6* D?"", we have

1#([1 (a),b) = ][,yvk-l-l (n*)vk' (77/) D2(T_1+T/),
while
1/1(&,61(17)) = ][,Yvk(n)vkurl(n/) D2(T+7J,1).

Thus, integration by parts gives ¥(¢1(a),b) + 9 (a, €1 (b)) = 0.
We also have

Y(la(a),b) = ][7(_\/__1vk(n*))vk’ ) DQ(T+1+rl)7
and
la fa(b) = fA9r) VTV (o) DD

Thus, we also have ¥ (¢2(a),b) + ¥(a, £2(b)) = 0.
|

We also have the following result, analogous to the requirement (8H) for polarizations of Hodge—
Lefschetz modules.

Lemma 8.5. The bilinear form &ID) has the property that
(a*, by := w(a,éiégb)

agrees on L~4=7 with the integral with respect to the volume form of (A, H, D). Under the assumptions
of “tameness” for (A, H, D), it agrees with the inner product on the complex of gauge potentials.

Proof. For b= V¥ (1/)0*D? in L~"~7, we have
Ké(b) —v¥ (n/>95’+2jD2r+2j'
We then have _
gllgé(b) — Vk +i(n/)95 +2jD2r+2j72i.
This gives
611% (b) _ Vk'+27‘+m (n/)95'+2(m—n)D—2r—2n.
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Thus, for a = V¥(/)0*D?" in L~%77 we obtain
vla, 40) = [AV)TE ) D

Recall that [a :=-faD~2" is the integration with respect to the volume form D~?" of the spectral
triple (A, H, D). Under the assumption of “tameness” (c¢f. [31]) this satisfies [ ab= [baand [a*a > 0,
so that (a*,b) agrees with the inner product of forms in 07}, (A).

0

The fact that the structure described here in terms of Hodge-Lefschetz modules parallels very closely
the construction of the archimedean cohomology of [I9], in the form presented in [20], suggests that the
formalism of DimReg via noncommutative geometry may be useful also to describe a “neighborhood”
of the fibers at infinity of an arithmetic variety.

8.5. Vanishing and nearby cycles.

In the algebro-geometric setting of a degeneration over a disk, the local monodromy plays an important
role in determining the limiting mixed Hodge structure. In fact, geometrically, the difference between
the cohomology of the generic fiber and of the special fiber is measured by the vanishing cycles. These
span the reduced cohomology H*(M,,C) of the Milnor fiber M, := Bp N f~'(2), defined for P € Y,
Bp a small ball around P, and a sufficiently small z € A*. The nearby cycles span the cohomology
H*(M.,,C). To eliminate the non-canonical dependence of everything upon the choice of z, one usually
considers all choices by passing to the universal cover A* = H of the punctured disk and replacing
M, by * = X xa A*. The identification (cf. [30))

(8.18) H™(X",C) = H™(Y, Q2 (log V) @0, Oy)

shows that, when working with nearby cycles, one can use a complex of forms with logarithmic
differentials. This approach, with an explicit resultion of the complex, was used ([30], [24]) to obtain
a mixed Hodge structure on H™(%*,C) determined by (H™(%*,C), L., F'), where F" is the Hodge
filtration and L. is the Picard—Lefschetz filtration associated to the local monodromy.

The analogy described above with the structure of polarized Hodge—Lefschetz modules allows one to
think of the operator

(8.19) O(a) = i #V"(a)D‘Q".
n=1

as the logarithm of the local monodromy, with ¢, satisfying e® = 1 + ¢1, and with the induced action
of (2my/—1)¢; on the cohomology corresponding to the residue of the Gauss—Manin connection in the
algebro-geometric setting.
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