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Abstract

We review our recent results on the noncommutative geomef@ylaftices modulo commensura-
bility. We discuss the cases of 1-dimensional and 2-dimensi@Hattices. In the first case, we show
that, by considering commensurability classes of 1-dimensi@rattices up to scaling, one recovers
the Bost-Connes quantum statistical mechanical system, whose zero temperature KMS states inter-
twine the symmetries of the system with the Galois action of @4lY). In the 2-dimensional case,
commensurability classes @flattices up to scaling give rise to another quantum statistical mechan-
ical system, whose symmetries are the automorphisms of the modular field, and whose (generic) zero
temperature KMS states intertwine the action of these symmetries with the Galois action on an em-
bedding inC of the modular field. Following our joint work with Ramachandran, we then show how
the noncommutative spaces associated to commensurability clas@dattites up to scale have a
natural geometric interpretation as noncommutative versions of the Shimura vaSigts,, {+1})
in the Bost-Connes case afil(GL,, H*) in the case of the GLsystem. We also show how this leads
naturally to the construction of a system generalizing the Bost—-Connes system that fully recovers the
explicit class field theory of imaginary quadratic fields.
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1. Introduction

This paper summarizes the main aspects of our joint vigflon quantum statistical
mechanics of)-lattices, with a view towards its relations to class field theory investigated
in our joint work with Ramachandrg®]. The noncommutative geometry of the space of
Q-lattices modulo the equivalence relation of commensurability provides a setting that uni-
fies several phenomena involving the interaction of noncommutative geometry and number
theory. These include, in the one-dimensional case, the Bost—Connes (BC) Ebstéth
arithmetic spontaneous symmetry breaking and its dual space under the duality given by
taking the crossed product with the time evolution. The latter is the noncommutative space
underlying the construction of the spectral realization of the zeros of the Riemann zeta func-
tion in [3]. The corresponding space in the two-dimensional case contains in its algebra of
coordinates the modular Hecke algebrafsdf7]. The noncommutative compactifications
of modular curves ofl4] also appear here as a stratum in the compactification of the space
of commensurability classes of two-dimensiof@alattices. Moreover, an interesting and
difficult problem is the generalization of the results[df to other number fields (For an
overview of existing results in this direction we refer the reader to the “further developments”
section off4] and the references quoted therein). The space of commensurability classes of
two-dimensional)-lattices up to scaling, which is the main object of this paper, provides a
new approach to the problem, for the case of quadratic fields. In fact, while the BC system is
closely related to the Kronecker—Weber construction of the maximal abelian exten&lpn of
we shall see that the two-dimensional system introducgt] is naturally related to the Ga-
lois theory of the modular field, which in turn lies at the heart of the explicit class field theory
problem for imaginary quadratic fields. A generalization of the resulf&]ab imaginary
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guadratic fields was obtained [iB]. Moreover, the fact that the noncommutative modular
curves of[14] appear in the compactification suggests the possible existence of a path to-
wards the case of real quadratic fields, along the lines of Manin’s real multiplication program
[13]. The fundamental notions in all that follows are thosé)elfattices and commensura-
bility.

Definition 1.1. A Q-lattice inR" consists of a pair4, ¢) of alatticeA c R" (acocompact

free abelian subgroup &" of rankn) together with a system of labels of its torsion points
given by a homomorphism of abelian groups

¢ Q" /7" — QA/A.
Two Q-lattices are commensurable,

(A1, ¢1) ~ (A2, ¢2),
iff QA1 = QA and

$1=¢2 mod A1+ A

Commensurability defines an equivalence relation am@rlgttices. By definition a

Q-lattice isinvertible when ¢ is an isomorphismKig. 1). Two invertible Q-lattices are
commensurable if and only if they are equal. While nf@dattices are not commensurable
to an invertible one, the set of invertib{glattices gives a cross-section of the equivalence

relation on the subset d)-lattices that have this property. The equivalence relation of
commensurability on the space@flattices is subtle enough an operation that the resulting

general case
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g. 1. Generic and invertible two-dimensioriglattices.
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guotient can only be described efficiently through nhoncommutative geometry (it is crucial
for this that one does not restrict to the invertible ones). In particular, when viewed as a
set in the classical sense, the spAgeof commensurabilty classes QFlattices inR” has

a typical property of noncommutative spaces: it has the cardinality of the continuum but
one cannot construct a countable collection of measurable functions that separate points
of £,. If, instead of taking the quotient as a set, one encodes the equivalence relation in a
“dynamical” manner, i.e. one builds a convolution algebra from the various identifications,
one obtains very interesting algebras, playing the role of coordinate algebras on the spaces
L,. In particular, the topology of the spagg is encoded by &*-algebraC*(L,). These
C*-algebras and the dynamical systems obtained from the natural time evolution on the
C*-algebragl*(L£1/R%) andC*(L2/C*) of Q-lattices up to scaling, are the central objects

of this paper.

2. Quantum statistical mechanics

In quantum statistical mechanics, thlyebra of observables a C*-algebraA. Ex-
pectation values are assigned to observables thretajbs A state is a linear functional
¢ . A — C satisfying normalization and positivity,

p()=1, ¢(a*a)>0.

One can think of a state as a probability measure on the NC spaetated toA by
A="C(X)". The time evolution of a quantum statistical mechanical systemis given as a one-
parameter family of automorphisms € Aut(A) of the C*-algebra of observables. Given a
representation of th€*-algebraA as a concrete algebra of operators on a Hilbert space
one can consider thdamiltonianimplementing the time evolution in the representation.
This is the operatoH satisfying

or(a) = el e ™ forall a € A.

One then looks for equilibrium states, depending on a thermodynamical parameter, the
inverse temperaturg = 1/ kT (where for simplicity we can put the Boltzmann constiant

equal to 1). The analog of integrating against the Gibbs measure on the phase space for a
classical Hamiltonian system is given in this quantum mechanical setting by states of the
form

o(a) = Z(lﬁ) Tr(ae PH) (2.1)
with the partition function given by
Z(B) = Tr(e P"). 2.2)

The expressioli2.1), however, makes sense only under the assumption that the operator
exp(—pBH) is of trace class. Often, this is the case only in a certain range (low temperature).
Thus, one needs a better notion of “equilibrium states”, which makes sense more generally
and is satisfied in particular by states of the fq@riL). The correct notion is provided by
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the Kubo—Martin—Schwinger condition (KMS) (¢2,8,9]). Given aC*-dynamical system
(A, o;) —that is, aC*-algebra with a one-parameter group of automorphisms—agstate
A satisfies the KMS condition at inverse temperature B < o iff for all a, b € A there
exists a functionf, ,(z) holomorphic on the strip & J(z) < B continuous on the closed
strip and bounded, such that for akk R

Fap(t) = plaoi(b)) and  Fop(t +1B) = ¢(o1(b)a). (2.3)

The analogous notion at zero temperatuteco) is more subtle. In fact, one may use
the the same notion of KMS states, that is, the existence for &dck A of a bounded
holomorphic functionF, ,(z) on the upper half plane such thgg ,(r) = ¢(aoc:(D)). This
definition of KMS,, states is often used in the literature. However, it is well known that this
condition is considerably weaker thgh3). For instance, the set KMSf KMS states at
B < oo is a Choquet simplex (for which we cédlp the set of extremal points). In general,
this simplicial structure is lost g6 = oo, if one adopts this notion of KMS states. In
the simple case of the trivial time evolution, for instance, all states satisfy such weaker
definition of KMS,, while only tracial states satisf.3)at 8 < co. Thus, a better notion
of KMS, condition is obtained by considering states that are weak limits of KM&tes
asp — oo,

Yoola) = ﬂlim ppla), Vae A (2.4)

This restores the property that the set KM$s a simplex and one can regard the set
& Of its extreme points as an analog of the setlafssical pointson the noncommu-
tative spaceA. In particular, in the cases of arithmetic interest, one can think of the set
£ as the “classical points” of a noncommutative arithmetic variety. For instance, for
the GL(2)-system withC*-algebraA = C*(L,/C*), the setf is the classical Shimura
variety

£ = GL2(Q)\GL2(A)/C,

while the noncommutative spage /C* is a noncommutative arithmetic variety containing
& as its set of “classical points”. As we shall see below, the arithmetic structure will be
specified by an arithmetic subalgeb#a) of A. This will play a key role in the relation
between the symmetries of the system and the action of the Galois group orpstafes
evaluated o (Fig. 2).

2.1. Symmetries

An important role in quantum statistical mechanics is played by symmetries. Typically,
symmetries of the algebrd compatible with the time evolution induce symmetries of the
equilibrium statesCs at different temperatures. Especially important are the phenomena
of symmetry breakingln such cases, there is a global underlying gr@&pf symme-
tries of the algebrad but in certain ranges of temperature the choice of an equilibrium
statep breaks the symmetry to a smaller subgratip= {g € G : g*¢ = ¢}, whereg*
denotes the induced action on states. Various systems can exhibit one or more phase tran-
sitions, or none at all. A typical situation in physical systems sees a unique KMS state



A. Connes, M. Marcolli / Journal of Geometry and Physics 56 (2006) 2—-23 7

Imz=p

B 11+ iB) = 9 (b)a)

(1) = plac (b))
Imz=0 0 b

Fig. 2. The KMS condition.

for all values of the parameter above a certain critical temperagiire £.). This cor-
responds to a chaotic phase such as randomly distributed spins in a ferromagnet. When
the system cools down and reaches the critical temperature, the unique equilibrium state
branches off into a larger set KM&nd the symmetry is broken by the choice of an ex-
tremal state infg. We will see in detail one such case and a case with multiple phase
transitions. A very important point is that we need to consider both symmetries by au-
tomorphisms and by endomorphismsitomorphismsa subgroupG c Aut(A) is com-

patible witho; if for all g € G and for allr € R, we havego; = o;g. There is then an
induced action ofs on KMS states and in particular on the $gt If uis a unitary, acting

on A by

Adu : a+— uau®

and satisfyings,(«) = u, then we say that Adis an inner automorphism of4, o;). In-
ner automorphisms act trivially on KMS stat&ndomorphismslet poo; = 0,0 be ax-
homomorphism. Consider the idempotenrt p(1). If ¢ € &g is a state such thagt(e) # 0,
then there is a well defined pullbagke,

1
p(@)=—~¢op. (2.5)
(e)
Let u be an isometry compatible with the time evolution by
or(u) = A"u, 1> 0. (2.6)

One has*u = 1 anduu™ = e. We say that Ad defined by — uau* is an inner endomor-
phism of (4, o). The condition(2.6)ensures that (Ad)* is well defined according t2.5)

and the KMS condition shows that the induced action of an inner endomorphism on KMS
states is trivial. One needs to be especially careful in defining the action of endomorphisms
by (2.5). In fact, there are cases where for KMStates one finds only(e) = 0, yet it is

still possible to define an interesting action of endomorphisms by a procedure of “warming
up and cooling down”. For this to work one needs sufficiently favorable conditions, namely
that the “warming up” map

We(p)(a) = w

Tr(e B H) 2.7)
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gives a homeomorphisiwg : £, — &g for all g sufficiently large. One can then define
the action by

(p*¢)(a) = gm. (P* Wp(p)) (a), (2.8)

forall ¢ € £ and alla € A.

3. The Bost—Connes system

In [1], Bost and Connes constructed &-dynamical systemA, o;) with spontaneous
symmetry breaking, which encodes the arithmetic of the cyclotomic @&Yd, that is, of
the maximal abelian extension @f by the Kronecker—Weber theorem. The algeldraf
the Bost—Connes system is generated by two types of operators. The first type consists of
phase operators(r), parameterized by element& Q/Z. These can be represented on the
Fock space generated by occupation numberas the operators

e(r)ln) = (&) In). (3.1)

Here, we denote by, /, = ¢ theabstractroots of unity generatin@®® and byw : Q¢! —

C an embedding that identifi€3° with the subfield ofC generated by theoncreteroots

of unity. The operator§3.1) are familiar in the theory of quantum optics, where they are
used to define the quantized optical phase as a state

UN,

m
9 = —_— .
1O, N) 3<N+1)

wherevy is a superposition of occupation states

N

1
UN = 7(]\7 n 1)1/2 };) |n).

In such quantization of the phagéjs chosen as a scale at which the phase is discretized.
One needs then to ensure that the results are consistent over changes of scale. The other
operators that generate the Bost—Connes algebra can be thought of as implementing the
changes of scales in the optical phases in a consistent way. These operators are isometries
un parameterized by positive integerss N* = Z.o. The changes of scale are described

by the action of thew,, on thee(r) by

el =~ 37 ). 32)

In addition to this compatibility condition, the operate(s) andu, satisfy other simple
relations. These give a presentation of the algebrd the form (1,10]):
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wipn =1, foralln € N*,

WkMn = Win, fOrallk, n € N,

e(0) = 1, e(r)* = e(—r), ande(r)e(s) = e(r +s), forallr, s € Q/Z,
For alln € N* and allr € Q/Z, the relation(3.2) holds.

One considers on the algebdthe time evolution given by

o1(un) = n" pn,  or(e(r)) = e(r). (3.3)
3.1. Hecke algebra

The fact tha(3.3) defines a natural time evolution is best understood by describing the
algebraA as a Hecke algebra for the pair of grougy.(I") = (Pz, Pg), whereP is the
ax + b group. This is the way the algehrbwas introduced ifil]. Whenever the inclusion
I'o C I" has the property that the lefp orbits of anyy € I'/ I are finite (same for right
orbits on the left coset), one can consider the Hecke algebra of thelpail') given by
functions onlp\ I'/ I'p with the convolution product

(fxf2)() = Y Al D fa(n) (3.4)

Io\I"

and the involutionf*(y) := f(y—1). The Hecke algebra defined this way has a regular
representation on the Hilbert spac&Io\I")

@(NEY) = D forvr HEG).

Io\I

The canonical time evolution on the corresponding von Neumann algebra is determined by
the ratio of the length of left and righty orbits,

L —it

(0= (7)1 35)
R(y)

where, fory e I'/Iy we setL(y) = #Ipy and R(y) = L(y~1). In the case of the pair

(I'o, I") of parabolic subgroups?{/, P@) of GL$ (Q), the Hecke algebrés.4) gives the

Bost—Connes algebra and the time evolu(i®)is given by(3.3).

3.2. One-dimensiond)-lattices

We now return to the point of view of)-lattices. As showed irf4], the algebra
A of the Bost—Connes system has a natural interpretation as the noncommutative al-
gebra of coordinates of the spacg/R’ of one-dimensionaQ-lattices (up to scaling)
modulo commensurability. In fact, a one-dimensio@Qalattice can always be written in
the form

(A, ¢) = (A Z, 2 p) (3.6)
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for somei > 0 and some
p € Hom(@Q/Z, Q/Z) = lim Z/nZ = 7. (3.7)

By considering lattices up to scaling, we eliminate the fakter O so that one-dimensional
Q-lattices up to scale are completely specified by the choice of the elerme@. Thus,
the algebra of coordinates of the space of one-dimensiQraltices up to scale is the
commutativeC*-algebra

C(Z) ~ C*(Q/Z). (3.8)

The identification in(3.8) results from the fact that is the Pontrjagin dual o®/Z. The
equivalence relation of commensurability is implemented by the action of the semigroup
N* on Q-lattices. The corresponding action on the algéBr8)is by

f(™tp), penZ

. (3.9)
0, otherwise

an(f)(p) = {

Thus, the quotient of the space of one-dimensi@hdttices up to scale by the commensu-
rability relation and its algebra of coordinates of is given by the semigroup crossed product

C*(Q/Z) x N*. (3.10)

This is another description of the Bost—Connes algebré3.49) has the right set of gen-
erators and relations, wiif3.2) implementing the semigroup acti¢8.9).

3.3. Structure of KMS states

The Bost-Connes algebra has irreducible representations on the Hilbert7gpace
¢%(N*). These are parameterized by elements Z* = GL1(Z). Any such element
defines an embedding : Q%% < C and the corresponding representation is of the
form

7a(e(r)) ex = (g ex

(3.11)
o(1tn) €k = €nk
The Hamiltonian implementing the time evoluti@9)on # is
H ¢, = logk e, (3.12)

Thus, the partition function of the Bost—Connes system is the Riemann zeta function

o]

Z() =Tr(e PPy => kP = ¢(B). (3.13)

k=1

Bost and Connes showed in REf] that KMS states have the following structure, with a
phase transition g8 = 1.
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¢ Intheranged < 1, there is a uniqgue KMgstate. Its restriction tQ[Q/Z] is of the form

W)= T

_ 1—p1°
pprime plp ~ P

e For 1< f < oo, the set of extremal KMS state can be identified withZ*. It has a
free and transitive action of this group induced by an actiomdoy automorphisms.
The extremal KM state corresponding to € Z* is of the form

1
«(x) = —— Tr(me(x) e PH). 3.14
Pp.a(x) B (7 () ) (3.14)
e At =00, the Galois group Galf’®'/Q) acts on the values of statese &
on an arithmetic subalgebtdg c A. These have the property tha{Ag) ¢ Q¢

and that the isomorphism (class field theory isomorphiﬁm)@al(@cyc'/i@)i72;*
intertwines the Galois action on values with the action Zf by symmetries,
namely

Y o(x) = p(0(y) x), (3.15)
forall g € £, for all y e Gal(@¥°/Q) and for allx € Ag.

Here, the arithmetic subalgebra can be taken as the algebr&ayenerated by the(r)

andu,, u), or equivalently as the Hecke algebra of compactly suppd@tealued func-

tions onIp\I" with the convolution produdt3.4). As we shall see, a different description

of the arithmetic subalgebra is given [d] in terms of homogeneous weight zero func-
tions of Q-lattices. The choice of an “arithmetic subalgebra” corresponds to endowing the
noncommutative spacd with an arithmetic structure. The subalgebra corresponds to the
rational functions and the values of KMSstates at elements of this subalgebra should be
thought of as “values of rational functions at classical points”[&3). What is remarkable

about the ground states of this system is that, when evaluated on the rational observables
of the system, they only affect values that are algebraic numbers. Moreover, these span
the maximal abelian extension @fand the class field theory isomorphism intertwines the
two actions of the idle class group, as symmetry group of the system, and of the Galois
group, as permutations of the expectation values of the rational observables. In general,
the fact that the Galois action on the values of states would preserve positivity (i.e. would
give values of other states) is a very unusual property. We refer to such states as “fabulous
states”.

3.4. Noncommutative geometry and class field theory

The main result of Bost—-Conng&] on the structure of KMS states for the system
described above suggests the possibility of a connection between noncommutative geometry
and class field theory. K is a number field withKK : Q] = », andK is an algebraic closure
of K, then one has the Galois group G&/(K). This group of symmetries is a very beautiful
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object, and quite mysterious even in the cadE ef Q. On the other hand, one can consider
asmaller field thai, namely thenaximal abelian extensid&“’ of K. This has the property
that

Gal(K /K) = Gal[K/K)™.
The Kronecker—Weber theorem shows thatioe Q
Qab — Qcycl and Gal@ab/(@) ~ z*

Finding an analogous result for more general number fields is the content of Hilbert's 12th
problem, the problem of explicit class field theory. For a number fieldne knows that
there is an identification (the class field theory isomorphism)

0 : Cx/Dg — Gal(K® /K), (3.16)

whereCg = Aj/K* is the group of iéle classes anby the connected component of the
identity inCx. In the explicit class field theory problem one wants to obtain an explicit set of
generators foK* and an explicit description of the action of G&f¢ /K). Remarkably, a
complete solution to Hilbert's 12th problem exists only@and for the imaginary quadratic
fieldsQ(v/—d) for d > 1 a positive integer. The first challenge is posed by the case of real
quadratic field€(v/d). Itis natural to ask whether noncommutative geometry can provide
some new insight on the Hilbert 12th problem, at least for the case of real quadratic fields.
A series of beautiful reflections on this theme is given in Manin’s real multiplication project
[13]. The Bost—Connes system has also agliadlescription1], where the algebral is
Morita equivalent to the crossed product

Co(Af) X Qi (3.17)

(cf. [11]) with Ay = 7 ® Q the finite a@les ofQ. The set of extremal KMS states below
critical temperature can also be described as tiaquotient

Ex =~ GL1(Q)\GL1(A)/RE, (3.18)

with A = Ay x R the full actles of Q. Given a number fiel with [K : Q] = n, there

is an embedding* — GL,(Q) of its multiplicative group in GL(Q). Such embedding
induces an embedding of G{A ;) whereAg = Ay ® K are the finite adles ofK into
GL,(Af). This suggests a possible strategy to develop an approach to explicit class field
theory via the construction of “fabulous states” for quantum statistical mechanical systems
associated to other number fields, by studying, @bhalogs of the Bost—Connes system.
This was done (especially in the case of $in [4]. In the case of G, one sees that

the geometry of modular curves and the algebra of modular forms appear naturally. These
are the main ingredients also in the solution of the explicit class field theory problem for
imaginary quadratic fields (cf16]).
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4. The GL,-system

In this section, we will describe the main features of the @halog of the Bost—Connes
system, according to the results[df. In the following, to avoid confusion, we use the
notation.4; and.A, g for the C*-algebra of the Bost—Connes system and its arithmetic
subalgebra andl; and A g for the analogs in the Glcase. Any two-dimensiondD-
lattice can be written in the form

(A, 9) = (MZ + Z1), 1p).

for somei € C*, somer € H, and somep € M»(Z) = Hom(Q?/Z2, Q?/Z2). Thus, the
space of two-dimension&}-lattices up to the scale factare C* and up to isomorphisms,
is given by

Mo(Z)xH mod I =SL(2 Z). (4.1)

The commensurability relation giving the spa€g/C* is implemented by the partially
defined action of G;(Q). More precisely, we proceed as follows. We choose a basis
{e1 =1, e2 = —i} of C as a vector space ovEy, with respect to which we define the action
of GLJ (R) on C. If we setAq = Ze1 + Zez = Z +iZ, an elemenp € Mo(Z) defines a
homomorphism

p:Q%/Z% - QAg/ Ao, pla) = pi(a)er + pa(e)ez.

Consider the quotient of the space

U:={(g. p.@) € GL3 (Q) x Ma(Z) x GL(R) : gp € Ma(Z)) (4.2)
by the action of” x I" given by

(1. v2) (8, 0. @) = (1872 ", v20, v20). (4.3)

The groupoidR; of the equivalence relation of commensurability on two-dimensi@iral
lattices (not considered up to scaling for the moment) is a locally compact groupoid, which
can be parameterized by the quotien{@R)by I x I" viathe map : U — Ry,

(g p.e) = (@ g™ A0, a™Yp). (¢ A0, a7 Hp) ). (4.4)

We then consider the quotient by scaling. Upon identifyiifgc GL3 (R) by

b
atibeC s ( . >eGL;(R),
a

the quotient GI;(R)/(C* can be identified with the hyperbolic plafiein the usual way

b i+ b
o= <ad> cGLi® - 2 cn
C

cl+d
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If (Ax, ) k = 1, 2 are a pair of commensurable two-dimensio@dhttices, then for any
A € C*, theQ-lattices ¢ Ag, A¢y) are also commensurable, with

r(g, p,ar™) = ar(g, p, @).

However, the action of* on Q-lattices is not free due to the presence of lattices (such as
Ap) with nontrivial automorphisms. Thus, the quotieht= R, /C* is no longer a groupoid.
Still, one can define a convolution algebra by restricting the convolution product of
R2 to homogeneous functions of weight zero, where a fundtltas weighk if it satisfies

f(g poar) =21 fg, p.), VreC*

The spacé is the quotient of the space
U= (g, p. ) € GL3(Q) x Ma(Z) x Higp € Ma(2)) (4.5)

by the actionof™ x I". Here, the spacMZ(Z) x H has a partially defined action of (’Q"I(Q)
given by

g(p, 2) = (gp, g(2)),

whereg(z) denotes the action as fractional linear transformation. Thus, the qugti¢6t

of the space of two-dimension@Hlattices up to scale by the relation of commensurability

is a noncommutative space whose algebra of coordinates is a Hecke algebra obtained as
follows. Consider the spacg.(Z) of continuous compactly supported functionsfoithese

can be seen, equivalently, as functionsloas in(4.5) invariant under thd” x I" action

(g, 0, 2) (ylgyz_l, y2z). One endow€.(Z) with the convolution product

(fl* fZ)(gv P Z) = Z fl(gsil’ 5P S(Z))fZ(Sv P Z) (46)

seM\GL} (Q):speMa(Z)

and the involutionf*(g, p, z) = f(g~1, gp, g(z)). The time evolution is given by

o1(f)(g. p. 2) = det)" f(g. p. 2). (4.7)
Forp € Ma(Z), let
G, =1{g € GLF(Q) : gn € Ma(Z)} (4.8)

and consider the Hilbert spacH, :ez(F\G,,). A two-dimensional Q-lattice L =
(A, ¢) = (p, z) determines a representation of the Hecke algebra by bounded operators
on#,, setting

TL(NE (D= D fles™ sp,5()) (). (4.9)

seM\G,

In particular, when th@-lattice L = (A, ¢) is invertible, one obtains

H, = (2(M\MJ (Z)).
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In this case, the Hamiltonian implementing the time evolutiid)is given by the operator
H ¢, = logdetin) ¢,. (4.10)

Thus, in the special case of invertibglattices,(4.9) yields apositive energyepresen-
tation. In general, fofQ-lattices which are not commensurable to an invertible one, the
corresponding HamiltoniaH is not bounded below. The Hecke algefa)admits aC*-
algebra completioml,, where the norm is the sup over all representatignsThe partition
function for this Glp-system is given by

[e.¢]

ZB) = Y, detm) P =3 o)k’ = (BB - 1) (4.11)

mel\MJ (Z) k=1

whereo (k) = Zdlk d. This already hints to the fact that the system might have more than
one phase transition. In fact, the form of the partition function suggests the possibility that
two distinct phase transitions might happeat 1 and 2.

5. KMS states and symmetries

The structure of KMS states for the Gisystem is analysed ii#]. The main result is
the following.

Theorem 5.1. The KM Sy states of thes L,-system have the following properties

(1) Intheranges < 1, there are no KMS states
(2) In the rangeg > 2, the set of extremal KMS states is given by the classical Shimura
variety

£5 = GLy(Q)\GLa(A)/C*. (5.1)

This shows that the extremal KMS states at sufficiently low temperature are parameterized
by the invertibleQ-lattices. The explicit expression for these extremal KMsates is
obtained as

il =55 S Slmp.m() detin) (5.2)

mel\M; (Z)
whereL = (p, z) is an invertibleQ-lattice. The difficult part of the proof is to show that
indeed all extremal KM states are of this form. Whehi— 1 from above, the different
pure phases merge, so it is reasonable to expect that in the intermediate rargje: 2
there will be a unique KMgstate. Thus, the system exhibits two distinct phase transitions
atg = 2and 1. The main step in the prooftiieorem 5.1s the construction of a subalgebra

generated by projections, (k, I), wherepis a prime number and / are integers with </,
with the following properties
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e If pis a KMS; state for the Gk-system, then it satisfies

o(mpk, ) = p~CHDBpI=K(1+ p~ (1 - pA) 1 - ptF), k<1
o(,(1, D) = p~2(1 - p~ )1 - ptF), k=1

e If p; are distinct prime numbers, then

@ (H 7, (ki l'/)) = [ Loty ;. 1))
j J

In particular, these properties show that there cannot be any KMS state in the range
O0<B<1.

5.1. Symmetries

In the range 2< B8 < oo, there is a very interesting action of symmetries on the KMS
states of the G-system. The symmetry group gf, (including both automorphisms and
endomorphisms) can be identified with the group

GLa(A f) = GL} (Q)GLa(Z). (5.3)
Here, the group Gi.(Z) acts by automorphisms,

0, (f)(g. p. 2) = f(g. Py’ 2). (5.4)

Geometrically, this is the group of deck transformations of coverings of modular curves. In
fact, when we consider the (compact) modular cut{e) over the cyclotomic field)(¢,),

these form a tower over the bax¢l) = P! overQ, and the group G&Z/nZ)/+1 is the
group of automorphisms of the projectiaifn) — X(1) (cf.[15,5]) so that one obtains the
automorphism group

GLo(Z)/+1 = lim GLa(Z/nZ)/{£1}. (5.5)

n

On the other hand, the group g-}(i@) in (5.3)acts by endomorphisms,

o .
Om(F)(g. p.2) = {f(g’ pin=", z), p € m Ma(Z) 56

0, otherwise

whereni = detn)m 1. The subgrouf)* — GL2(Ay) acts by inner, hence the group of
symmetries of the set of extremal stafgss of the form

S = Q"\GLa(A ). (5.7)

In the case of, states (defined as weak limits), the action ofgce@) is more subtle to
define. In fact(5.6) does not directly induce a nontrivial action 6g,. However, there is
a nontrivial action induced by the action 6p states for sufficiently largg. The action on
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the KMS,, states is obtained by a “warming up and cooling down procedure”, @
and (2.8)

5.2. Lattice functions

In the case of the BC system, the arithmetic subalgebra can be regarded as the
algebra generated by the,, 1% and by homogeneous functions of weight zero on one-
dimensionalQ-lattices obtained as a normalization of the functions

aad, )= > v* (5.8)

yeA+¢(a)

by covolume, namely by the functiors , := c* €., wherec(A) is proportional to the
covolume|A| and satisfies

@rv-1)c(Z) = 1.
In fact, it suffices to consider tha .

It is natural therefore to expect that the analogdys) of the GLy-system will involve
Eisenstein series

EnaA @)= > y & (5.9)
yeA+¢(a)
and
/
Xo(A, )= Y yP=) y7? (5.10)
yeA+¢(a) yeA

normalized to weight zero, in a similar fashion. This points to the fact that modular functions
should appear naturally as the rational subalgebra of thedgttem. This can also be
noticed from the fact that the group of symmeti@&described in(5.7)is in fact the Galois
group of the field of modular functions, by a deep arithmetic result of Shifd@jaAs we

shall see below, in facl, ¢ will turn out to be a subalgebra of unbounded multipliers of
Ajz. Modular functions will appear naturally from a simple set of conditions specifying the
arithmetic nature of these multipliers.

5.3. The modular field

We recall briefly some basic facts and results about the modular fieldr tienote the
field of modular functions ove®®, namely the union of the fieldgy of modular functions
of levelNrational over the cyclotomicfiel@(¢,), thatis, such that thregexpansionin powers
of ¢/N = exp(2rit/N) has all coefficients irQ(e?"/V). The action of the Galois group
Z* ~ Gal(@Q*/Q) on the coefficients determines a homomorphism

cycl 1 Z* — Aut(F). (5.11)
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The modular field has an explicit set of generators given by the Fricke funcfith42).
If o is the Weierstrasg-function, which gives the parameterization

w (1 p(w; T 1), ' (w; 7, 1))
of the elliptic curve
¥% = 4x — ga(t)x — g3(7)

by the quotientC/(Z + Zr), then the Fricke functions are homogeneous functions of one-

dimensional lattices of weight zero, parameterized leyQ?/Z2, of the form

735 g2(2)83(z)
A(z)

whereA(z) = g% — 27g3 is the discriminant and, (v) := v1z + v2. The following impor-
tant result of Shimura completely determines the Galois group of the modular field:

fol@)=-2 P(z(v);z, 1), (5.12)

AUt(F) = Q*\GLa(A ).

If T € H is a generic point, then the evaluation mAap> f(z) is an embedding” < C.
We denote by, the image inC. This yields an identification

6, : Gal(F,/Q)—>Q*\GL2(A ). (5.13)

5.4. Arithmetic subalgebra
We determine a natural arithmetic subalgel#ag of unbounded multipliers ofd,.
Unbounded multipliers o, are endowed with the same convolution proddc6). Ele-

ments ofA; ¢ are continuous functions af(cf. (4.5)), with finite support in the variable
g€ F\GL}(Q). For convenience, we adopt the notation

fe.0)(@) = f(g. 0, 2)

so thatf{g, ) € C(H). Let py : MZ(Z) — M>(Z/N7Z) be the canonical projection. We say
thatf is of levelN if

fie.) = fieontons V(g P)-
Thenf is completely determined by the functions
femy € CH), form e Ma(Z/NZ).

Notice that the invariance

f(gy, p,2) = f(g, o, ¥(2)),
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forall y € I" and for all ¢, p, z) € U, implies that we have

femly = figm)» Yy € T(N)Ng . (5.14)
so thaff is invariant under a congruence subgroup. Thus, we define the arithietias
follows.

Definition 5.1. A continuous function o is in the arithmetic subalgebsy ¢ ifit satisfies
the following properties:

(1) The support ofin I"\GLJ (Q) is finite.
(2) The functiorf is of finite level with

f(g,m) e F, V(g m).

(3) The functiorf satisfies theyclotomic condition

f(g.atwym) = €yCl) fig,m),

for all g € GLJ (Q) diagonal and allk € Z*, with

B u0
=191

and cycl as in(5.11)

If we took all but the last condition, this would allow the algebda g to contain the
cyclotomic fieldQ% c C, but this would prevent the existence of “fabulous states", be-
cause the “fabulous” property would not be compatible vitfinearity. The cyclotomic
condition forces the spectrum of the corresponding elements @f to contain all Galois
conjugates of any such root, so that these elements cannot be scalar. This is achieved
via a simple an natural consistency condition on the roots of unity that appear in the
coefficients of theg-series. The algebral, o defined by the properties above is a sub-
algebra of unbounded multipliers ofz, which is globally invariant under the group of
symmetriesS

5.5. Galois action o

Consider a state = ¢ 1, € £oo, Where the invertible)-lattice L = (p, t) is generic,
in the sense that € H is generic so that one has the identificat{bri3)

Theorem 5.2. For ¢, 1. € £xc With L = (p, 7) generig the values of the state on elements
of the arithmetic subalgebra lie in the image(nof the modular field

o(A2) C Fr, (5.15)
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and the isomorphism

0, : Gal(Fr/Q)—>Q"\GLa(A ), (5.16)
given by
Op(v) = p~10:(») p. (5.17)

for 6, as in(5.13) intertwines the Galois action on the values of the state with the action
of symmetries

vo(f) =¢0,(r)f). VfeAzq. VyeGallfr/Q). (5.18)

6. Noncommutative Shimura varieties

This point of view is stressed in our joint work with Ramachand&nwith the notation
Sh(G, X) := G(Q)\G(Ay) x X, the Shimura variety associated to the tower of modular
curves is described by the @ quotient

Sh(GLa, HF) = GL2(Q)\GL2(A ) x H*

= GL$ (Q)\GL2(A ) x H = GLJ (Q)\GL2(A)/C*. (6.1)

The inverse limit lim™\H over congruence subgroupsc SL(2, Z) gives a connected

component, while by taking congruence subgroups in SQf2ne obtains the adic ver-
sion Sh(GLy, H*). The set of components 6:(GL,, H*) is given by

7o(Sh(GLo, HY)) = Sh(GLy, {£1}), (6.2)
where
Sh(GLy, {£1}) = GL1(Q)\GL1(Af) x {£1} = Q1 \A} (6.3)

is the Shimura variety associated to the cyclotomic towef%¢t5]). As we shall see below,

(6.3) can be thought of as the “set of classical points” of the noncommutative space of the
BC system, where the algehrh is Morita equivalent taCo(A ¢) x Q7 . The result of1]

shows in particular that, at zero temperature, the BC system settles onto its “commutative
points” (extremal KMS, states) which form the classical Shimura varigy8). Similarly,

the results ofTheorems 5.1 and 5$how the analogous behavior in the £sdystem. At

zero temperature, the system settles onto its “commutative points” given by the Shimura
variety (6.1). This leads us naturally to think of the algebras of the BC system and of
the GLp-system asioncommutative Shimura varietieghe first is associated to theedit
guotient

ShU(GLy, {£1)) := GL1(Q)\(A x {£1}) = GL1(Q)\A/R%. (6.4)
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with A" := Ay x R*. This has acompactification obtained by replacing' by A, as in
31,

Sh(e)(GLy, {£1}) = GL1(Q)\A/R%. (6.5)

The compactification consists of adding the trivial lattice (with a possibly nontr@@ial
structure). The dual space (namely the princiRiatbundle obtained by taking the crossed
product by time evolutiom;) is the space of ade classes

L1 =GL1(Q)\A — GL1(Q)\A/RY (6.6)

that gives the spectral realization of zeros of the Rientafimction in[3]. This dual space
corresponds to considering commensurability classes of one-dimenSidatiices (not up

to scaling). In the case of the Gisystem, similarly, we have a noncommutative Shimura
variety

Sh")(GLy, HF) := GLa(Q)\(Ma(A ) x HF). 6.7)

This also admits a compactification, now given by adding the bourilg#) to H*, as in
the noncommutative compactification of modular curvefl df,

Sh()(GLa, HF) := GLa(Q)\(M2(Af) x PL(C)) = GL2(Q)\M2(A)/C*,  (6.8)

whereP!(C) = H* U PY(R). This corresponds to adding to the space of commensurability
classes of two-dimension@-lattices the pseudolattices (in the sensgl8}), here consid-
ered together with &-structure. In this case we can also consider the dual system. This is
aC*-bundle

Lz = GL2(Q)\M2(A). (6.9)

On this dual space modular forms appear naturally instead of modular functions and the
algebra of coordinates contains the modular Hecke algebra of Connes—Mosf@vipi (

as arithmetic subalgebra. The identificat{@2) then gives the compatibility between the
GL; and the Gl-system. At the level of the classical commutative spaces, this is given by
the map

detx sign : Sh(GLo, HY) — Sh(GLy, {£1}), (6.10)

which corresponds in fact to passing to thesggbf connected components.

7. Class field theory

In our joint work with RamachandrgB], we use the Gg-system to extend the relation
between noncommutative geometry and class field theory illustrated in the BC system for
the case of) to the next important case, that of imaginary quadratic fields. Thus, we assume
thatK = Q(v/—d). A pointt € H is a CM (complex multiplication) point faK if we have
K = Q(z). This is anongenericcase, in the sense of the properties of the modular field
under the evaluation map. In fact, in this case, the evaludtiesn F, C C doesnotgive
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an embedding. The image @ of the modular field can be characteriz¢tg]) and is the
maximal abelian extension &,

Fp ~ K. (7.1)

The valueg f(z), f € F} give a set ofjieneratorsof K> and the Galois action is described
explicitly in the following way {16])

] — K* — GL (Ag ) —> Gal(K"/K) — 1

|

1 ~ Q* — GLy(Ap) — = S Aut(F)——=1,

whereAg = Ay ® K. This gives a complete solution to the problem of explicit class field
theory for imaginary quadratic fields. As in the BC system one sees the explicit class field
theory of Q% appear in the symmetries 6f, states, the class field theory for imaginary
guadratic fields appears naturally in relation to the;@lstem. In fact, one can consider

a special class of two-dimensiorn@tlattices, given by those that also have the similarly
defined structure of a one-dimensiofi&lattice. The commensurability relation (compat-
ible with the K-structure) gives a systemg which is closely related to both the original

BC system and the Gksystem and has properties in common with both. The arithmetic
structure of the G-system induces a corresponding arithmetic structirgy on theAx
system, which also inherits a natural time evolution. The Galois theory of KIgiates of

the GLy-system has a parallel result for tHg system, which mirrors the relation between
the explicit class field theory of imaginary quadratic fields and the Galois theory of the
modular field described above (s for details). The next fundamental question in the
direction of generalizations of the BC system to other number fields is how to approach the
more complicated case of real quadratic fiel@é,/d), for which there is not yet a complete
solution to the explicit class field theory problem. Manin’s real multiplication proddzgh
suggests that the right geometric setup may still be found within thesgitem, by looking

at the boundary strata 6% (GLp, H¥).
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