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Recovering a Number Field from invariants

@ Dedekind zeta function (k(s) = (r(s) arithmetic equivalence
GaBmann examples:

K = Q(V3)and L = Q(V3 - 24)

not isomorphism K # L

@ Adeles rings A = Ay, adelic equivalence = arithmetic
equivalence; Komatsu examples:

K =Q(v2-9)and L = Q(v25-9)

not isomorphism K # L
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@ Abelianized Galois groups: G = Gi° also not isomorphism;
Onabe examples:

K = Q(v~2) and L = Q(v/=3)

not isomorphism K # L

@ But ... absolute Galois groups Gk = G, = isomorphism
K = LL: Neukirch—Uchida theorem
(Grothendieck’s anabelian geometry)
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Question: Can combine (k(s), Ak and G to something as strong
as Gg that determines isomorphism class of K?

Answer: Yes! Combine as a Quantum Statistical Mechanical system
algebra and time evolution (A, o)

Ax = C(Xi) » i, with X = GE x5, Ok,

ﬁA’K = ring of finite integral adeles, Jﬂ‘g = is the semigroup of ideals,
acting on Xk by Artin reciprocity
Time evolution ok acts on J;i as a phase factor N(n)"

QSM systems introduced by Ha—Paugam to generalize Bost—Connes
system, also recently studied by Laca—Larsen—Neshveyev [LLN]
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The setting of Quantum Statistical Mechanics: Data
@ o/ unital C*-algebra of observables
@ oy time evolution, o : R — Aut(«/)
@ states w : &/ — C continuous, normalized w(1) = 1, positive

w(a*a) >0

@ equilibrium states w(o(a)) = w(a) allt € R
@ representation 7 : .o/ — (), Hamiltonian H

n(oy(a)) = e'r(a)e™™

@ partition function Z(3) = Tr(e ")
@ Gibbs states (equilibrium, inverse temperature 3):
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@ Generalization of Gibbs states: KMS states
(Kubo—Martin—Schwinger) Va, b € A, 3 holomorphic Fp on
strip I3 = {0 < Im z < 3}, bounded continuous on 0z,

Fap(t) = w(aoi(b)) and Fap(t+iB) = w(oi(b)a)

@ Fixed 3 > 0: KMSg state convex simplex: extremal states
(like points in NCG)

@ Isomorphism of QSM: ¢ : (7, 0) — (£, T)
o d SB, poo=Top

C*-algebra isomorphism intertwining time evolution
@ Pullback of a state: p*w(a) = w(y(a))
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Theorem The following are equivalent:
@ K = LL are isomorphic number fields
© Quantum Statistical Mechanical systems are isomorphic

(AK, O'K) ~ (A]L, O'L)

C*-algebra isomorphism ¢ : Ax — Ar, compatible with time
evolution, o, 0 p = p o ok

© There is a group isomorphism ¢ : G2 — G2 of Pontrjagin
duals of abelianized Galois groups with

Lk (x, s) = Lu(v(x), s)

identity of all L-functions with GroBencharakter

Note: Generalization of arithmetic equivalence:

x = 1gives (k(s) = CL(s)

(now also purely number theoretic proof of (3) = (1)
by Hendrik Lenstra and Bart de Smit)
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Setting and notation
e Artin reciprocity map

19]K : A% — Gﬁg.
Yk (n) for ideal n seen as idele by non-canonical section s of

Ag f— Uk : Op)p = H pr )
7\§/ p finite

e Crossed product algebra

Ax = C(Xi) % Ji = C(GE x4 Or) » Jf
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e semigroup crossed product: n € Jif acting on f € C(Xk) as
pa(F)(7; p) = Ik (n)y,s(n) ' p)en,

. = 111, projector onto [(v, p)] with s(n)~"p € Ok

e partial inverse of semigroup action

ou(f)(x) = f(nxx) with  nx[(y, p)] = [(V(n) "', p)]
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Generators and Relations: f € C(Xk) and pn, n € Jif
finkty = €ni pnpn = 15 pu(F) = pnfpy;

on(f)en = pinfpin; on(pa(f)) = £; pu(on(f)) = fen

Time evolution:
or(f) =f and og () = N(n)"

for f € C(G® x 4. Ox) and forn € J
K < &3 K
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Stratification of X
® Ok = [, Ok, and

a5 ; o
XK,n = Gy Xﬁf& ﬁK,n with  Xg = I|7>mXK,,,

Topological groups

Gﬁ(b Xﬁﬁé ﬁAH*(,n = Gﬂa(b/ﬂK(ﬁf(,n) = G']?(b,n
Gal of max ab ext unramified at primes dividing n
Jif . C Jif subsemigroup gen by prime ideals dividing n
Decompose Xk » = Xz , [[ X%,

Xioo= |J 9x(m)GE, and XZ,:=|] Yk,

nedf pln

where Yk, = {(7,p) € Xk,n : pp =0}
Xg , dense in Xg , and Xg , has ux-measure zero
Algebra C(Xk ) is generated by functions

fym oy x(Wx(n)x(v), x € aﬁﬁb,m ne J]Ig,n
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First Step of (2) = (1): (Ak, ok) =~ (AL, oL) = (k(S) = (L(S)

@ QSM (A, o) and representation 7 : A — B(J¢) gives
Hamiltonian ' .
n(oi(a)) = e™'r(a)e™™

Hyyen = log N(n) ep
Partition function 57 = (2(Jg)

Z(B) = Tr(e") = Gk (8)
@ Isomorphism ¢ : (Ak, ok) ~ (AL, o1.) = homeomorphism of
sets of extremal KMS states by pullback w — ¢*(w)

@ KMS; states for (Ak, o) classified [LLN]: 3 > 1

_ (Vk(m)y)
wy,5(f) = & (B8) m§+ Ng (m)?

K

parameterized by v € G2 /9x (07%)
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@ Comparing GNS representations of w € KMS3(Ar, o1,) and
¢*(w) € KMSg(Ak, o) find Hamiltonians

Hx = UHy, U* + log A

for some U unitary and A € R’}

@ Then partition functions give

L(B) = AP(B)

identity of Dirichlet series

with a; = by = 1, taking limit as § — oo

a;= lim AP = \=1
B—o0

Matilde Marcolli Quantum statistical mechanics, L-series, Anabelian Geometry



Conclusion of first step: arithmetic equivalence (1.(5) = (k(5)

Consequences:

From arithmetic equivalence already know K and L have same
degree over QQ, discriminant, normal closure, unit groups,
archimedean places.

But... not class group (or class number)
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Intermezzo: a useful property (characterizing isometries)

Element u in Ak:
e isometry: u*u =1
e eigenvector of time evolution: o¢(u) = q"u, forg = n/m

Then
n

with £, € C(Xk) and n € Jif with Ng(n) =nand >, |f[> = 1

inner endomorphisms: a — uau*
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Second Step of (2) = (1): unraveling the crossed product
@C(XK)NJ]%E)C(XL)NJE W|th OLOCY = YooK

Then is gives separately:

e A homeomorphism Xg = X,

e A semigroup isomorphism Jif = J;"

e compatible with the crossed product action p
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Test case: a single isometry

@ If single isometry: continuous injective self-map ~ of space X
then semigroup crossed product C(X) x, Z with
pfpt(x) = p(f)(x) = x(x)f(v~(x)), with x = characteristic
function of range of ; time evolution: o¢(1) = N\

@ Then isomorphism ¢ : (C(X) %, Zy,0) ~ (C(X') Xy Z,0")
gives homeomorphism & : X ~ X’ withy o ® = d oy

@ Basic step: write commutator ideals % in terms of Fourier
modes a = fo + Zk>o(ukfk + f_x(1*)¥) and get matching of
maximal |deals cp( (), 0% + 6E) = lo(y(x)),064 + (64)? where
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From one to N isometries

Difficulty: no longer know just from time evolution that image of C(X)
does not involve terms like p;/.f but only C(X’)

But ... Still works!

Result: for N commuting isometries and crossed products
p: (o =C(X)x, 2, 0) 5 (o' = C(X') %,y Z, o)

with o¢(f) = f and o4(1;) = A"y, (both sides)
with density hypothesis: any multi-indices «, 8 € ZJ’\! with v # ¥

{x € X :7v4(x) #vs(x)} denseinX

(and same for <7”)

Then isomorphism of QSM system gives:

e homeomorphism ¢ : X ~ X’

e and compatible isomorphism oy : Z — ZY

locally constant in x € X (permutations of the generators)
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In fact:
e 11 9o to isometries u; eigenvectors of time evolution =

o(u) =Y i fi
k

e functions f(x) = e"*) (local phase) go to local phase in C(X’)
e for all functions ¢(f;)¢(f) = w(f)e(fr)

e applied to a local phase h, = ¢(f) and an arbitrary function f:
fap - (h2075) = fag - (h2 0 7,).

where
o(h) = D ph fap 1
a,B:lal=|8]|

Conclusion: C(X) goes to C(X’) and y; go to something with no ;"
then same argument as for one isometry
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Applied to QSM system (A, ok):
from finitely many to infinitely many isometries

@ By separating eigenspaces of the time evolution by N(p) = p,
apply case of N isoetries

@ Density hypothesis: for any m # n dense set of x € Xk with
m*x # n=X. Infact, check that set E of m xx = n*xx means
exists u € ﬁA’H’Q

{ Ik (m) = Ix(un)
s(m)p = us(n)p

S: Jﬂ‘g — Af ; section (defined up to units)

0 if m £ neCl™(K);
E=1 e x4, {0} 2 CIF(K)  if m~n € CIH(K).

finite or empty: complement dense
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Third step of (2): group isomorphism Gﬂa(b ~ Gﬁb
e v — ¢, (faithful) action of G as symmetries of Ak
o G2 acts freely transitively on extremal KMS

wﬁv’w 0 672 = w67’71’72

e O(y) = d(7)®(1)~" group isomorphism, from
P () (W5 ) = W5 e(e—1(y))

© (€12) = €o(71)-10(r172) = E6(1)0(2)
O(7172) = S(1)P(71)P(72)
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Back to step 2: Got homeomorphism ¢ : Xg ~ Xt and locally
constant ay : Ji ~ Ji-

@ The locally constant ay : Jif ~ J;" is constant on x € G&.
Use symmetries action of G on (Ak, o). Isomorphism ¢
intertwines action of symmetries and get

A (M) ®(7x) = S(Bzz(n)7x) = P(7)S (0 (n)x) = ax(n)D(7x)

Though don’t know if constant on all of Xk

Note: Isomorphism type of Gf(b: Ulm invariants
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Fourth step of (2): Preserving ramification

Result: N C G2 subgroup, G2/N = G®/®(N)
p ramifies in K'/K <= ¢(p) ramifies in L' /L
K’ = (K=)N finite extension and 1" := (IL*)®(N)
e Mapping projectors ji, iy, = ek, (divisibility by n)
p(ekn) = ©(tinfin) = Hop(n)Hip(n) = ELyp(n)
e Use these to show matching of Hk
He = Ge/o | [[ 65 | = Gk, and O(Hx) = G )
qa7p

égg p Gal group of max ab extension unramified outside p
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Intermezzo: ramification matching proves (2) = (3)
isomorphism ¢ : (Ag, ox) — (AL, oL) = matching of L-series
e isom of G groups = character groups

v GRS G

e character y € aab extends to function f, € C(Xxk)

e check ¢(f,) = f¢(x need matching d|V|sors of conductor

e p is coprime to f, iff x factors over Ga"

e seen by ramification result these match P(x) = ¢*(x) factoring
over ®(Gg,) = Gﬁ‘ip(p)

o then x(Uk(n)) = Y (x)(VL(¢(n)))
e then matching KMSg states on f = f,

g (1) = wE (1)
and using arithmetic equivalence

Conclusion: Lg(x, s) = Lp(¥(x), S)

Matilde Marcolli Quantum statistical mechanics, L-series, Anabelian Geometry



Fifth Step of (2) = (1): from QSM isomorphism get also
@ Isomorphism of local units

v Oy = O
max ab ext where p unramified = fixed field of inertia group /2°,

by ramification preserving
<b(l;b) =

ab
©(p)

and by local class field theory [ ~ 5’;
@ by product of the local units: isomorphism

0 085S 0F
@ Semigroup isomorphism
¢ (AN Ok, x) S (Af;NOL, x)
by exact sequence
0— O = A NOg — Jf -0

(non-canonically) split by choice of uniformizer , at every place
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Recover multiplicative structure of the field
@ Endomorphism action of Ag ;N Ox

6s(f)(% 10) = f(% 3_10)377 6s(,un) = Un €7

e, char function of set s”p c ﬁAK
];g = part acting by automorphisms
@ Oy , (closure of tot pos units): trivial endomorphisms
° Uy + = Ox+ — {0} (non-zero tot pos elements of ring of

integers): inner endomorphisms (isometries eigenv of time
evolution)

® p(es) = Ep(s) forall s € Akf N ﬁAK
Conclusion: isom of multiplicative semigroups of tot pos non-zero
elements of rings of integers

o (OF

K,+>X):>(ﬁx X)

L+
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Last Step of (2) = (1): Recover additive structure of the field
=0

Extend by ¢(0) the map
¥ - (ﬁ]l)(i_p x) = (ﬁﬁ+a )

Claim: it is additive
Start from induced multipl map of local units ¢ : ﬁ; = ﬁ;(p)
@ Fix rational prime p totally split in K
@ Teichmdller lift T p: K; — ﬁi,p gives multiplicative map of
residue fields

k *
ﬁK,p ﬁhp
T]K,pj\ \Lmodp
=% =
K,-—->L,

@ To show additive (hence identity) on residue field, extend
Teichmiller lift to

- Sk . . o"
TKp: Ogp = Ogp: X n_I!rﬂoox
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Show then ¢ : 5’; = ﬁ;(p) identity on 5’;‘ NZ

@ Set Z,p) integers coprime to pA with A = Ag = Ap,
discriminant

@ rational prime a coprime to A = ideal (a) — ax(a) also in
Zpn) since (a) = p; ... p, (distinct primes: totally spit) and a
permutes primes above same rational prime

@ ¢ fixes the element [(1, 1,)] (preserving ramification) =
p(a-1p) =a-1p, fora € Zppp)

@ Injective map w: Zpa) — Xi: ar [(1,a- 1p)]

o Then p(wk(a)) = ¢((a) * [(1,1p)]) = (a) * [(1,1p)] = wu(a)
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Start with residue class ain K:, and choose integer a congruent to a
mod p and coprime to pA (by Chinese remainder thm) =

’,p(8) = T p(a)
Conclusion: Continuity = ¢ identity map mod any totally split prime

o(x +y) = ¢(x) + ¢(y) mod p

tot split primes of arbitrary large norm = ¢ additive
Then Conclusion of (2) = (1):

e Have isomorphism of semigroups of totally positive integers
(additive and multiplicative)

e Uk has Z-basis of totally positive elements

e Then obtain ¢ : Ok = 01, = K ~ L field isomorphism
Od
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First Step of (3) = (2): identify Jﬁ(f and J]ff compatibly with Artin map
Method: Fourier analysis on Number Fields
@ Observation: matching of zeta functions, so know same number
of primes p in K and q in IL over the same rational prime p with
inertia degree f
@ Need to find a way to match them compatible with the Artin
map: p — q so that ©(x)(0.(q)) = x(0x(p)) for all characters
x with conductor coprime to p

@ Need to show this can be done with a bijection between primes
of Kand L

@ Idea: use a combination of L-series as counting function for
number of such q
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L-series and counting functions
e Fix a finite quotient G — G
@ Set bk, n(7) = #Bk,c,n(7) cardinality of set

Bk,g.n(7) = {n € J{ : Ng(n) = n and mg(dx(n)) = 7a(7)}
@ Then use known fact that

> D x(ra(n) (W) | = br.aaly).
s

nEJ];(r

Ng (w)
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@ lIdentity of L-functions gives, for fixed norm n,

Y xme() I@rm) = D x(me(n) () (9 (m))

nedt ~eG meJ yeG
K L

@ Using isomorphism 1 : G2 — G2 preserving G2, = Gal of
max abelian ext unramified above prime divisors of n,
right-hand-side above gives, for (v~ 1)*(G) = G,

Z o ()(ma(y) ) n(re (Vi (m)))

@ m coprime to f,: character on G
Zn 2 e YT (0)(m6(7) T )n(re (Y (m))) so that

S0 lrer) itra um) = { 70
=
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(re (9r(m))) =¥~ (n)(ra(7)) foralin € G

so that 7g (Yp(m)) = 7 (Vv )*(7)).
@ So from identity of L-function get counting identity

bic.Gn(7) = b (s—1)-6a((¥ 1) (7))

° Gﬁg,n as inverse limit over finite quotients: same cardinality of
St =1{n€Jdf: Ni(n) = n, mgp (9x(n)) = mew (1)}

So = {m e df + N(m) = n, mge (I1.(m)) = mgm (471" (1)}

L,n
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@ Artin map vk : Jf{‘ — Gﬁgvn injective on ideals dividing n: get

#S1 =1
e #S, = 1 gives unique ideal m € J;" with Ni,(m) = Ng(n) and
with

me (V(m)) = e (07" (Px(n)))

e Get multiplicative map W(n) := m, isomorphism of J; and J;"
compatible with Artin map
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Second Step of (3) = (2): matching C(Xk) and C(Xg,) compatibly
with Jif and J;" actions

e Idea: extend identification ¢ : C(G&) = C(G¥)
from G to G x 61 O

o Using Xg,n := Gi X . Ok,nand Ji£ , gen by prime ideals
dividing n
@ know algebra C(Xk ») is generated by the functions
fen = 7 XWr(M)X(), X € GE, nEJE,
@ Map ¢ : C(Xk,n) — C(XL,n) by
fax = R (m).(0)

well defined by matching ramification and conductors
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e Direct limit ¢ = lim— v, : C(Xk) = C(XL)
@ Check algebra homomorphism: from compatibility with Artin
map

P(hen) (V) = fpeowm (7)) = LO)@L(Y ()Y () (v)

D(fen)() = XMW" (1)) = (77) Fn
U(fax - fwy) = (07 ) ( fﬂﬂx’) =
So get multiplicative map:
(W7 (fa) - (W71 (i) = ¥(hx) - ¥(fv )
@ Compatibility with time evolution since N, (W(n)) = Nk (n)

This completes all implications of main Theorem O
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What then?

e Function fields K = Fpm(C), curve C over finite field
e Analogies between number fields and function fields
e Same type of QSM systems

e Sneak Preview: purely NT proof seems not to work for function
fields ... but NCG proof does!

... coming soon to a lecture hall near you

Thank you !
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