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Hidden Markov Models

e n observed states Yi,...,Y,, each taking ¢ possible values
e n hidden states Xi, ..., X,, each taking k possible values

e conditional independence
P(Xi| X1, ..., Xi—1) = P(Xi| Xi-1)
]P)(\/I|Xla CIEIRS aXI'7 Yl) ey \/ifl) — ]P)(\/I|XI)

e special case: all transitions X;_1 — X; same k x k-stochastic
matrix P = (pj;); all transitions X; — Y; same k x {-stochastic
matrix T = (t;)
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e a HMM described by the image of a polynomial map
¢ RKKH1) _ R

of degree n — 1 bi-homogeneous in the coordinates p;; and t;;

e plus added positivity and normalization conditions (stochastic
matrices and probability distributions)

e Example with k =¢=2and n=3, ® = (d;3) : R® — R®

Dk = poopPootoitojtok + PooPo toitojtik + Po1piotoitijtox + Poipiitoityjtik
+  piopootiitojtox + propoitiitojtik + pripiotiitijtox + pPripi1tiitijtik

CS101 Win2015: Linguistics Phylogenetics



e invariants of the HMM: polynomial functions on R*" that vanish
on the image of ®

e ideal Zy generated by invariants? small k, ¢, n Grobner bases;
larger computationally hard

Questions

e Viterbi sequence: find the most likely hidden data given observed
data

e find all parameter values for a model that result in the same
observed distribution

e find what parameter-independent relations hold between the
observed probabilities P;; ;= ®

I15--55In
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Phylogenetic Algebraic Geometry

e 7 a rooted binary tree with n leaves (hence 2n — 2 edges)

e At each vertex a binary random variable (e.g. one of the
syntactic parameters)

e Probability distribution at the root vertex m = (p,1 — p)
e Along each edge e transition matrix: stochastic matrix
Pe = (pi)) with 3, pi) =1

e these represent the probabilities that a mutation in the
parameter happens along that edge
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Model Parameters

e the random variables at the leaves of the tree are observed; the
random variables at the interior nodes are hidden (assuming no
direct knowledge of the “ancient languages” in the family)

e matrix entries of transition matrices P, and probability 7 at root
vertex are model parameters

e number of parameters N = (2n — 2)k? + k

(binary variable k = 2)
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Polynomial Map

e at the n leaves there are k" = 2" possible observations

e the probability of an observation at the leaves is a polynomial
function of the parameters

e can view this as a complex polynomial
n
¢:CN—c?

plus some (real) normalization conditions

e polytope A C R_’X C CN determined by the conditions

w1 +m =1 and Z,-plg.e) =1 with 7; > 0 and p,(je) >0

e ® should map A to a cube Z" in C?" where [0,1] ~Z C C? is
Z={(p1,p2) | pr+p2=1,p;i >0}
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Example

_ oo o i bﬂu IL‘Ul

o (ﬂu:- -'?-'_l) 1= (hm E?11)
! _ (eoe cm af. . oo dm

1 2 3 M, (010 c“) Mg (n!w du) i

i = moaoj boo Cojdok+moao; bo1c1jdik+m1a1;biocojdok+m1a1ibiicjdik

there are 8 such polynomials: i,/, k € {0,1}
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e polynomial ® is homogeneous in the parameters
e can view ® as a map of projective spaces

e in the previous example
d:C*xCHxC*xC* xC? - CB
¢ : P3(C) x P3(C) x P3(C) x P3(C) x P}(C) — P'(C)

homogeneous with respect to each group of variables a, b, c,d, 7

e the fibers of this morphism give all possible values of parameters
(before imposing real normalization conditions) that give a certain
probability at the leaves
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Algebraic varieties occurring in these models

e Toric varieties (including Segre varieties and Veronese varieties)

e Determinantal varieties: the tree structure imposes rank
constraints on matrices built starting from observed probabilities at
the leaves

e Example: Segre embedding
P! x P! x P! x P! — P¥°

Pijki = uiviwixy i, j, k1 €{0,1}
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e Prime ideal defining this variety: generated by 2 x 2 minors of
4 x 4-matrices

rooon  Poser Pooio Poull Moo Pooot  Poico  Poion
Poion Pmor Ponio Point Pomo Poonl  Pouo Peann s
pooe Poor Pioto Pioin ||| Pleoo P Pioe  Puo
Pricg P Mo Pl fhowe  Pioll Pitin Piaan

poneo Pooto Poroe Porio
Pooon Poetr Powol Poill
foo0 P Puep  Priio
Mool Puir Poor Puan

corresponding to

LSRR, A AR s | w v X n
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Secant variety of the Segre variety
e X nine-dimensional subvariety of P> given by al
2 X 2 x 2 x 2-tensors of rank at most 2

Pijki = ToUoiVojWokXol + T1U1;V1jW1k W1/

e |deal generated by all 3 x 3-minors of previous matrices

X = Xa2)34) N X13)(24) N X(14)(23)

CS101 Win2015: Linguistics Phylogenetics



Determinantal variety
e each determinantal variety corresponds to a Markov model on
one of the binary trees: X(12)(34) is defined by

pijki = mo(aoo toivoj + ao01u1ivij)(boowokXor + boiwikXis)
+  mi(awouoivoj + atourivaj)(biowokxor + briwikxis)

this corresponds to vanishing of all 3 x 3-minors in first matrix

e stratification of P2"~1 by phylogenetic models X

CS101 Win2015: Linguistics Phylogenetics



Special case: Jukes-Cantor model

e special case where all the edge matrices Pe have the form

P, = pPo P1 >
pP1 Po
e it is known that in this case an explicit change of coordinates
describes it as a toric variety.

General Idea of Phylogenetic Algebraic Geometry
e generators of the ideal defining the complex variety =
phylogenetic invariants

e which phylogenetic invariants suffice to distinguish between
different Markov models?

e parameter inference from tropicalization of the algebraic variety
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Tropical Semiring
e min-plus (or tropical) semiring T =R U {co}, with operations @&
and ® given by
x @y = min{x, y},
with oo the identity element for @ and with

XOy=x+ty,

with 0 the identity element for ®

e operations @ and © satisfy associativity and commutativity and
distributivity of the product ® over the sum &

e addition is no longer invertible and is idemponent

x @ x = min{x,x} = x
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Tropical polynomials
e function ¢ : R” — R of the form

k; kin
¢(X15 .. 7Xf7) = EB_;n:].aj ®le1 ©--- @an

=min{ a1+ ki1xy + -+ + kinXp,
ar + koixy + - -+ + kopxp,

am + kmixt + -+ + kmnXn }

e tropicalization: algebraic varieties become piecewise linear spaces

e can recover information about a variety from its tropicalization
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e in the previous HMM example with n = 3 and k = £ = 2 the
tropicalization of the polynomials ®;;

®ik = PpooPootoitojtok + PooPortoitojtik + Po1piotoityjtox + Poipritoitijtik
+  piopootiitojtox + proportiitojtix + priprotiitijtok + pripiatiityjtic

is given by
Tijk = Min{Up,p, + Unyhy + Vhyi + Vi + Vigk | (h1, o, b3) € {0,1}3}

where u,, = — log(pap) and vap = — log(tap)
e Viterbi sequence: (hi, ha, h3) realizing mimimum, given observed
(i,, k) is the Viterbi sequence of hidden data
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Newton polytope
e polynomial f =3 ;. a,x* with x* = X - - - X"

e Newton polytope

N(f) = Convex Hull{w € Z"| a,, # 0} C R"

o N(f+g)=N(f)UN(g) and N(f - g) = N(f) + N(g)
(Minkowski sum of polytopes P+ Q@ = {x+ y|x € P,y € Q}
e normal fan C(N(f)): normal cones of all faces Cg(N(f))

CEN(F)) = {w e R"| F = Fu, (N (f))}
Fu(N(f)) = {x e N(F) | (x —y) - w < 0 Vy € N(f)}
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Phylogenetics



e the set of parameters U = (u,p), V = (vap) in tropicalization 7
of ®;j that determine the Viterbi sequence (hy, ha, h3) is the
normal cone to a vertex of the Newton polygon N (® ;)

e given observed data (/,/, k) and hidden data (hy, hy, h3) the
normal cones of N (®j;) give all parameter values for which
(h1, ha, h3) is the most likely explanation for the observed (i, j, k)

e domains of linearity of the piecewise linear tropical 7y are the
cones in the normal fan Cg(N(®jj)); each maximal cone
corresponds to one set of hidden data (hy, ho, h3) maximizing
probability

Tijk = — log P((X1, X2, X3) = (hy, ho, h3) [ (Y1, Y2, Y3) = (i, ), k))

e each vertex of the Newton polygon N (®jj) determines an
inference function: (i,j, k) — (h1, ha, h3) that realize min 7
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