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Operads, quasiorders and regular languages

S. Giraudo * J.-G.Luque * L. Mignot } F. Nicart 8

Abstract

We generalize the construction of multitildes in the aim to provide multitilde operators for regular
languages. We show that the underliying algebraic structure involves the action of some operads.
An operad is an algebraic structure that mimics the composition of the functions. The involved
operads are described in terms of combinatorial objects. These operads are obtained from more
primitive objects, namely precompositions, whose algebraic counter-parts are investigated. One
of these operads acts faithfully on languages in the sense that two different operators act in two
different ways.

1 Introduction

Following the Chomsky-Schiitzenberger hierarchy [5], regular languages are defined to be the formal
languages that are generated by Type-3 grammars (also called regular grammars). These particular
languages have been studied from several years since they have many applications to pattern mach-
ing, compilation, verification, bioinformatics, etc. Their generalization as rational series links them
to various algebraic or combinatorial topics: enumeration (manipulations of generating functions),
rational approximation (for instance Pade approximation), representation theory (module viewed
as automaton), combinatorial optimization ((max, +)-automata), etc.

One of their main interest is that they can be represented by various tools: regular grammars, au-
tomata, regular expressions, etc. Whilst regular languages can be represented by both automata and
regular expressions [8], these tools are not equivalent. Indeed, Ehrenfeucht and Zeiger [6] showed
a one parameter family of automata whose shortest equivalent regular expressions have a width
exponentially growing with the numbers of states. Note that, it is possible to compute an automaton
from a regular expression E such that the number of its states is a linear function of the alphabet
width (i.e. the number of occurrences of alphabet symbols) of E [1}4,[7,[13].

In the aim to increase expressiveness of expressions for a bounded length, Caron et al. [3] introduced
the so-called multi-tilde operators and applied it to represent finite languages. Investigating the
equivalence of two multi-tilde expressions, they define a natural notion of composition which en-
dows the set of multi-tilde operators with a structure of operad. This structure has been investigated
in [10].

Originating from the algebraic topology [2/[12], operad theory has been developed as a field of
abstract algebra concerned by prototypical algebras that model classical properties such as commu-
tativity and associativity [9]. Generally defined in terms of categories, this notion can be naturally
applied to computer science. Indeed, an operad is just a set of operations, each one having exactly
one output and a fixed finite number of inputs, endowed with the composition operation. So an
operad can model the compositions of functions occurring during the execution of a program. In
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terms of theoretical computer science, this can be represented by trees with branching rules. The
whole point of the operads in the context of the computer science is that this allows to use different
tools and concepts from algebra (for instance: morphisms, quotients, modules efc.).

In the aim to illustrate this point of view, let us recall the main results of our previous paper [10].
In this paper, we first showed that the set of multi-tilde operators has a structure of operad. We used
the concept of morphism in the aim to choose the operad allowing us to describe in the simplest way
a given operation or a property. For instance, the original definition of the action of the multi-tildes
on languages is rather complicated. But, via an intermediate operad based on set of boolean vectors,
the action was described in a more natural way. In the same way, the equivalence problem is clearer
when asked in a operad based on antisymmetric and reflexive relations which is isomorphic to the
operad of multi-tildes: two operators are equivalent if and only if they have the same transitive
closure. The transitive closure being compatible with the composition, we defined an operad based
on partial ordered sets as a quotient of the previous operad and we showed that this representation
is optimal in the sense that two different operators act in two different ways on languages. This not
only helps to clarify constructions but also to ask new questions. For instance, how many different
ways do k-ary multi-tildes act on languages? Precisely, the answer is the number of posets on
{1,...,k + 1} that are compatible with the natural order on integers.

The aim of this paper is to generalize the construction to regular languages. We investigate
several operads (based on double multi-tildes, antireflexive relations or quasiorders) allowing to
represent a regular language as a k-ary operator O acting on a k-uplet of symbols (as, ..., ax) where
the a; are symbols or 0. The operators generalize the multi-tildes and the investigated properties
involve the operads.

The paper is organized as follows. First we recall in SectionPlseveral notions concerning operad
theory and multi-tilde operations. In Section[3] we remark that many of the operads involved in [10]
and in this paper have some common properties. More precisely, they can be described completely
by means of “shifting” operations. This leads to the definition of the category of precompositions
together with a functor to the category of operads. Also we define and investigate the notion of
quotient of precompositions. These structures serve as model for the operads defined in the sequel.
In the aim to illustrate how to use these tools, we revisit, in Sectiond] the operads defined in [10] and
describe them in terms of precompositions. In Section[5] we define the double multi-tilde operad
DT as the graded tensor square of the multi-tilde operad. We construct also an isomorphic operad
ARef based on antireflexive relations and a quotient based on quasiorders QOSet. In Section [ we
describe the action of the operads on the languages. In particular, we show that any regular language
can be written as Ok(a1, . . ., &) where the «; are letters or () and Oy is a k-ary operation belonging to
ARef, DT or QOSet. Finally, we prove that the action of QOSet on regular languages is faithful, that
is two different operators act in two different ways.

2 Some Combinatorial Operators in Language Theory

We recall here some basic notions about the theory of operads and set our notations for the sequel
of the paper. In particular, we recall what are operads, free operads, and modules over an operad.
We conclude this section by presenting the operad of multi-tildes introduced in [10].

2.1 Whatis an operad?

Operads are algebraic graded structures which mimic the composition of n-ary operators. Let us
recall the main definitions and properties. Let B = | |,y (0, Bn be a graded set (| | means that the
sets are disjoint); the elements of *B,, are called n-ary operators. The set P is endowed with functions
(called compositions)

0 Py X Py, X X Py, = By ik, -
The pair (B, o) is an operad if the compositions satisfy:

1. Associativity:

po(P1o(P11, -+« Pk )« PnOPrs - - Pria)) = (PO(P1, -+ -, Pu))OPLA, -« s PLhys -+ Py -+ o Prjen)-



2. Identity:
There exists a special element 1 € B, such that

po(@,...,1)=1op=p.

For convenience, many authors use an alternative definition of operads involving partial composi-
tions. A partial composition o; is a map (see e.g. [9]])

0t P X By = Brna,

defined by

Xi—1 Xim—i
—_— —_—
pioip2:=pioc(1,...,1,p21,...,1)
forl <i<n.
Let p; € B, p2 € B,and ps € P,. Whence stated in terms of partial compositions, the associativity
condition splits into two rules:

1. Associativity 1
If1 <j<i<nthen

(p1 °i P2) ©j P3 = (P1 ©j P3) Oisg-1 P2-

2. Associativity 2:
If j < n then

p1 oi (p2 Oj p3) = (p19°i p2) Oi+j-1 P3-

Note that the compositions are recovered from the partial compositions by the formula:

po(pi .-, Pu) = (. (P Pn) On-1 Pu-1) ©2 ... P2) 01 P1-

The readers could refer to [9,[11] for a more complete description of the structures.

Consider two operads (B, o) and (B’,0’). A morphism is a graded map ¢ : P — P’ satisfying
@(p1 0 p2) = P(p1) o) P(p2) for each p; € By, p2 € B, and 1 < i < m. Let (B, o) be an operad,
P’ = U, P, beagraded set. Suppose that B’ is endowed with binary operators o} : P, xP;, — B/
and there exists a surjective graded map 7 : ‘B — B’ satisfying 1(p1 o; p2) = n(p1) o n(p2). The set
B’ is automatically endowed with a structure of operad (", o’). Indeed, it suffices to show that the
associativity rules are satisfied: Let p] € B}, p; € Bjand p; € B;. Since the 7 is surjective, there exist
p1 € B, P2 € Pu, p3 € P, such that n(p;) = p; fori =1...3. Hence,

P o (pyojpy) = n(p1) o (n(p2) ©; 1(ps))
= n(p: Oz‘(onsz))
= 1((p1 ©j P3) Cisg-1 P2)
= (n(p1) o} n(p3)) ©},,,_, N(p2)
= (P} 0/ P3) Oirg-1 P

This proves the first rule of associativity. The second rules can be proved in the same way. Further-
more the image 7(1) is the identity in ¥’. So (', o) is an operad. Remark that if 1 is a bijection
then

P ©; P2 = 1(n" (p1) o "' (p2))- 6))
If Q c B, the suboperad of P generated by Q is the smallest subset of ‘¥ containing Q and 1 which
is stable by composition. Let ® = (®); be a collection of sets. The set Free(®), is the set of
planar rooted trees with n leaves with labeled nodes where nodes with k children are labeled by
the elements of ®;. The free operad on ® is obtained by endowing the set Free(®) = |, Free(®),
with the composition p; o; p, which consists in grafting the ith leaf of p; with the root of p,. Note
that Free(®) contains a copy of ® which is the set of the trees with only one inner node (the root)
labeled by elements of ®; for simplicity we will identify it with ®. Clearly, Free(®) is generated
by ®. The universality means that for any map ¢ : ® — B it exists a unique operadic morphism
¢ : Free(®) — P such that ¢(g) = p(g) for each g € 6.



Let = be a graded equivalence relation on . The relation = is a congruence, if for any
P1, P2, P, P; € P we have p; = p] and p, = p, implies p; o; p, = p] o; p;. Hence, this natu-
rally endows the quotient /- with a structure of operad. Note that if ¢ : B — P’ is a surjective
morphism of operads then the equivalence defined by p: = p» if and only if ¢(p1) = P(p2) is a
congruence.

Let (B, o) and (B’, o) be two operads. The graded set T(*B, B’) := U,en Tu (B, PB7), with T, (B, B’) :=
B, x P/, is naturally endowed with a structure of operad where the composition is defined by
(1, P})oi(p2 Py) = (P1oip2, pyoip,) withpy € Py, p2 € Py, p) € ‘B]’q,p’z € Py, and 1 < i < ky.Consider
a set S together with an action of an operad ¥. That is, for each p € 8, we defineamap p: S" — S.
We say that S is a PB-module if the action of B is compatible with the composition in the following
sense: for each p1 € B, p2 € By, 1 <i<m,sq,...,544n-1 € S one has:

P1(S1,---,8i-1, P2(Sis- - -/ Sisn—1), Sivns - - - » Sen=1) = (P1 0 P2)(S1, - - - Sman—1)-

Furthermore, if for each k > 0 and p # p’ € Py there exists ay,...,ar € S such that p(ay,...,a) #
p'(a1,...,a;) then we say that the module S is faithful.

2.2 Multi-tildes and related operads

In [10], we have defined several operads. Let us recall briefly the main constructions. First we defined
the operad 7~ = ||, 7 of multi-tildes. A multi-tilde of 7, is a subset of {(x,y) : 1 < x < y < n}.
Note that | |, means that the same set belonging in two different graded components 7, and 7, are
considered as different operators. For any pair (x, y) we define

1 @y = (x+ky+k)

(x, y) ify <k,
2. (gﬁ(x,y)= (x,1y+n—1) ifx<k<y,
5 (x,y) otherwise.

The actions of the two operators are extended to the set of pairs by
1. >§>(E) = {>§>(x, y): (x,y) € E},

nk nk
2. O=>(E) ={0=>(x,y): (x,y) € E}.
We shown the following result:

Theorem 1 ( [10]). The set T~ endowed with the partial compositions
Tm X 7~n - 7~n+m—1
o;: n,i i—
TioT, = O5(T1)US(Ty),

is an operad.

We also define the operators

oo x ifx<i,
() = x+n-1 otherwise
05 (x, ) = (O-(x), O-(y)) and O-(E) = {O-(x, ) : (x,) € E}.

The operad (7, o) is isomorphic to another operad (RAS, ¢) whose underlying set is the set RAS =
LI, RAS, where RAS, denotes the set of Reflexive and Antisymmetric Subrelations of the natural
order <on {l,...,n + 1}. The partial compositions of RAS are defined by

n,i i-1
Ri1OiR; = O=>(Ry) U>>(Ry),

if Ry € RAS,, and R, € RAS,. The isomorphism between 7~ and RAS sends T € 7, to {(x,y + 1) :
(x,y) e TYU{(x,x):x € {l,...,n+ 1}}. See [10] for more details.



3 Breaking operads

The objective of this section is to introduce new algebraic objects, namely the precompositions. We
present here a functor from the category of precompositions to the category of operads. We shall use
this functor in the sequel to reconstruct some already known operads and to construct new ones.

3.1 Precompositions

We consider the monoid [] defined by generators {Eié :i€Z,k e N\ {0}} and relations:

ik 0k .

0= = 0= forany i < 0. 2)
i1 0,1 .

O =0 = 1g for any i. 3)

ik K jrk=LK ik, ..
0= = 0= O=ifi<jori,j<0, 4

i+jk ik ik+k’ =1 | .
OO = 0= f0<j<k. (5)

Let (S, ®) be a commutative monoid endowed with a filtration S = {U,,eny S with S; € --- € S, C
- and a unity 1s € 8.
A precomposition is a monoid morphism o : [] — Hom(S, S) satisfying:

ik
o (Dﬁ) : Sn - Sn+k—1 (6)
ik .
0 (u:») ls, = Ids, ifn <i %)
ik ik
where |s, denotes the restriction to S,. For simplicity we denote O := o(0=). Leto : [] —» Hom(S, S)

and > : [] —» Hom(S’, 8’) be two precompositions. A map ¢ : S — &' is a precomposition morphism
from o to » if and only if it is a monoid morphism satisfying

08,58, ®
=5(00) = 9 (S50). ©

We denote by Homi(o,») the set of precomposition morphism from o to ».

Let o : [] = Hom(S,S), > : [] = Hom(S',8') and ¢ : [] - Hom(S”,S”) be three precompositions
together with ¢ € Hom(o,») and ¢ € Hom(>,<). Remark that the composition p¢ : S — S” is a
morphism sending S, to S,/ and satisfying

96 (50) = ¢ [+ (60)) = & ()

for each x € S and each i € Z and k € N \ {0}. Hence, p¢ € Hom(o, O).

For each precomposition o : [] — Hom(S,S) we define Id, := Ids. Clearly, Id, € Hom(o, ©) and for
each ¢ € Hom(o, o) we have ¢Id, = Id.¢p = ¢.

Now, if ¢ € Hom(o,»), ¢ € Hom(>, &) and ¢ € Hom(<$, O) then we have, straightforwardly, (Y¢)¢ =
P(p¢). Hence:

Proposition 1. The family PreComp of precompositions endowed with the arrows Hom(o,») for each
o,> € PreComp is a category.

3.2 From precompositions to operads

k 0k+1  k
We consider a precomposition o : [] — Hom(S,S). For simplicity we denote 3>, := O (> for

short when there is no ambiguity). From S we define Sy := {aék) :s € St and § := |J, 5. For each
agk) € St we set

- ix )
5@y =] O-6) ifi<k
‘ s otherwise,



K 0K +1
and >>>(a§k)) = 0> (agk)).

Now for each 1 < i < k we define the binary operator o; : Sy X Sy — Sp.pv—1 by a(k) (k’) = gD

o
where s” o—>(a(k)) ® >>>(a(k ) € Spap1

Proposition 2. The set 5 endowed with the partial compositions o; is an operad.

Proof. First remark that the identity of the structure is 15 := ugls). Indeed:

1. Wehave 10,4 = agf) withs’ = Oli(a(lg)@>g>(a§k>). But, Oi'k—>(a§18)) = ék—> (1s) = 1sand >g>(u§k>) =s
(because >g> =o (ID)). Hence, s’ = s and 1 oq agk) = agk).

2. Let1<i <k Wehaveal 0,15 = al) withs' = S5(a) @ 5(a). But, SH@a¥) = S5@) = s
(because o0 = ID) and >>>(a(115>) =1s. Hence, s’ = s and a® o; 15 = a®.

Now, let us prove the two associativity rules:

1. Let k, k', k”,i,j be five integers such that 1 < i < j < k. Consider also s € Sk, s’ € Sy and
(k) 2k k7 =2)

(9] K’
oja,’)o; ab” =4

s” € Sir. Applying the definition of the composition o;, we find: (a,
where

s® = o—>( a7k ) eB>>>(a(k ",

K j-1 ’
and s¥ = O-@) @ >>(@)}.

"
L K ek -1
Since i < k, we have O—>(a((; )) =

0 <k'. Hence,

( (4)) Furthermore s® = O—>(s) ® >>>(s ) since j < k and

KK 1 ix ik i (-1
O=>(0=(5) @ >>(s")) = O~ | O=(5) | @ O | >>(5")

(Dgljjﬁ) (s)®o (é;m) (s

ik’ gk k=LK i ik’ 0, 0,j i—j+1k"
From @), we have i=0= = 0= O=. In the same way, @) glves U0 = 0> = and since
.. ik” 0, 0" 0,f 0,j+k"=1  j+k"" -2
i-j+1<0,therule @ givestm>o= =00 = 0> = 0= from (B). One deduces
) JHK 1K ik j+k” -2 , i—1 "
sV =ol O= =)@ > |(T)e(>)(T"). (10)

" o
(k) o; a:(;” )) TR al;/ — g2 oith

Now examine (ag gy

/+k -1k

3 kek” 1) ¥)
=" (afy )eB Iy (a( )

» WK i1 ) ) . » % i1
and 5% = O-(a;’) ® >>(ay,’). Since i < k and 0 < k” we deduce 5% = O-(s) @ >>(s).
Furthermore, since j < kand 0 < k”, we have

=LK KK R K=K O, -
=""05 (5%4>)@ % (T’)—o( = IIZ!:>)(S)@O( o= Z)(s”)eB S

K K

JHK=1K 0, 0,i j=i+k” K ji+k
But' 0= 05 =05 0= and O (s”)=s" from (J) since j > i. Hence, we obtain

JHK 1K ik i—1 j+k” =2
5 = o( 0= ﬁ:>) ) o> @ > (5) =58,

Hence,
k K K’ k (4 K
(@ 0;a%7) 0 = (@ 0;a%") 0jpr_1 .

S/'



2. Letk,k',k"”,i, jbe five integers such that 1 <i < k’,1<j<kand 1 <k Kk, k”. Considers € S,
s’ € Sy and s” € Spr. Applying the definition of o;, one has
® o @®) o g6 (ke +k7=2)
a5’ 0j(ay " oiy, ") = a,

(K +k'"

where s®) = O—> (a(k)) ® >>>(a D) and s@ = O—>(a(k Ne >>>(a(k )). Since i <k’ and 0 < k”,

we obtain s® = O—>(s’) ® >>>(s”). Furthermore, j < kand 0 < k+ k' — 1 imply

k-1
s® = o> (s)eB>>>(s(4))

KA1
0> (s)®o D:>D:> (sY®o D:>D:> (s”)

jK 4k -1 i+j-1,k"
O (s)®o| O=» D=> (s)e >>>(s”)

) g . i+j-LK” ,
Now, let us examine: (2% o, (k ) o agf,) = a2 with 30 = 0> (a(ﬁgk 1)) o' (a(k, D)

and ¥ = O—>(a(k)) ® >>>(a(k)) Since j < k and 0 < k' we have §¥ = O—>(s) ) >>>(s ). Since,
i+j-1 Sk+k’—1and0£k” we obtain

» i+j-1k" ]k’ i+j-1K" j-1 i+j-2
¥ = ol I= O=|(e)@®o| 0= O=|(E)® > (5")

X , . . i+j-1k" jK K 4k -1
Buti—1 <K implies 0= 0= = 0= (eq. (). Hence,

Kk 1 i+j-1K" 0, i+j-2
P="0> (5@ o( = D:)) () ® 3> (") =5
Hence,
k 4 K’ k) K K
al? o; @ o;aly) = @l 0;al?) orpr all).

The compositions o; satisfy the two assertions rules and admit a unity. The set $ has a structure of
operad. |

We define OP(o) := (5, o;) as defined in the construction. Let ¢ € Hom(o,»), we define
¢°F : OP(0) — OP(>)
by
(Pop(u(k)) q;(s

Theorem 2. The arrow OP : PreComp — Operad which associates with each precomposition o the operad
OP(o) and to each homomorphism ¢ € Hom(o,») the operadic morphism ¢°F is a functor.

Proof. We have to prove three properties

1. OP satisfies the equality:
1d9P = Idop(o).

This is straightforward from the definition.

2. Each ¢°" is a morphism of operad. Indeed, let ¢ € Hom(o, ), it suffices to compute ¢ (™" o,
(k2>) fors; € S, 52 € Sy, and 1 < i < ky. We have

¢Op(a(kl (kz)) _ a(k1+k2 1)

where

ik 0i-1
S3 ¢ (O—>(T1) ® O—’(Tz))

55 (1)) @ B (9(52)).

7



Hence ® ©
o) T Ty

opP (k) or (k)
) oy @),

k K
¢ (@ orar))

a

We deduce that ¢°” is an operadic morphism.

3. OP is compatible with the composition of homomorphisms. Indeed, let ¢ € Hom(o,>) and
@ € Hom(>, ©). For any s € Sk, we have

(popd)op(ugk)) = @OF (”g()g) %;(s = ( (p(P)OP( (k>)

We have then shown that (p¢)°F = ¢°T¢".

Hence, the arrow OP satisfies the three required properties to be a functor. |

3.3 Quotients of precompositions

Let o : [] — Hom(S,S) be a precomposmon and y : 8§ - S be an idempotent ()*> = y) monoid

ik
morphism sending Si to Sk and satisfying: O—>)/ yO-.

We define y : $ — S by yal = gks)
Proposition 3. The two following conditions hold:

1. Foreachs € S, s € Sy and1 <i<k:
Y (y@®) or y(@l?)) = y (al 01 a’")
2. y(s1) = ¥ and y(s2) = y(sy) implies y(al) o;a”) = y(a o;at))

Proof. 1. We have y(a( )) o; y(a(k )) = a(k) o; a®) = a%* D with

ys/ §

()

WK i
= O(a,5) @ O—>(ayb,

)= Erips) @ S = (6’ké(s> ® o°$(s'>).

Hence

y (@) 0 y@)

ik 0, ik 0,i
14 J/(O—>(S) ® O—>(s’))) =y (O—>(S) ® O—>(s’))

iK Y ,
[0 856) = (8 o).
2. Suppose y(s1) = p(s") and y(s2) = y(s;) then we have

(k) (k) ( (k>

Oi abz) - y(aysl Vbz) - s) ) = y(a

Y@ 0i k) = yy(al; § oidb).

[}

Consider now the equivalence relation ~, on S defined for any s,s" € S by s ~, s’ if and onlyif

y(s) = y(s’). By definition of y, ~, is a monoid congruence of S and hence S/., is a monoid.
Consider also the equivalence relation =, on OP(o) defined for any ag ) e OP(o) by a(k =, agf) if
and only if s ~, s’.PropositionEl shows that =, is actually an operadic congruence and hence, that

OP(0)/=, is an operad.
Let the precomposition

©:[]- Hom(S/-,,S/-,) 11

ik ik
defined for any ~,-equivalence class [s]., by @ ([S]N},) :=[0=(s)]~,. We then have
Corollary 1. The operads OP(o)/=, and OP(®) are isomorphic.



Proof. Let us denote by o] the composition map of OP(o)/-,. Let the map
¢ : OP(o)/=, — OP(©) (12)
defined for any =,-equivalence class [a§k>]EV by

o1af)s)) = afy_ . (13)

Let us show that ¢ is an operad morphism. For that, let [agk) =, and [ai’fl)]zy be two =, equivalence
classes. One has

k K k) 4 k+k'— k+k' —
o(a)s, o [4)]) = o((@” oia)’le) = llag™ VL) = gy Y (14)

i 0
where s” := O-(s) ® O—~(s"). We moreover have

(k) (k") (] (k) I ()
¢([as ]Ey)@i (P([us/ ]Ey) = a[s]NV O; u[g]w = u[s///]w ’ (15)

ik 0
where [s"']., := ©([s].,) ® ©>([s']-,). Now, by using the fact that ~, is a monoid congruence, one
has

5], = Go(ls].,) ® O5(I5']-,)

OGN as)

= [0 0 556,

— [S"]N},.

This shows that (I4) and are equal and hence, that ¢ is an operad morphism.

Furthermore, the definitions of ~, and =, imply that ¢ is a bijection. Therefore, ¢ is an operad
isomorphism. |

4 Multi-tildes and precompositions

In [10], we investigated several operads allowing to describe the behaviour of the multi-tilde opera-
tors. In this section, we show that some of them admit an alternative definition using the notion of
precomposition.

4.1 The operad 7 revisited

We consider the sets S = 2/1=x<y=nl for each n > 0. Noting that S] c S’ we define
8" = U,enyoy Sy - Considering the binary operation U as a product, the pair (S”,U) defines a
commutative monoid whose unity is 15~ = 0 € S7. This is a commutative monoid generated by the
set {{(x/ y)}lsxsy}'
Now define o : [] - Hom(S”,S87) by

o) i= &

ik
where each homomorphism O- is defined by its values on the generators:

ik {(x, )} ify <i,
Oy =4 vy +k=1) ifx<i<y,
{(x+k—-1,y+k—1} otherwise.

Remark that o is a monoid morphism. Indeed,

ik
1. The set of the homomorphisms O— generates a submonoid of Hom(S”,S”) (which unity is
Idsr)



ik ik ) ,
2. By construction, G- : S — S, | and O-| g7 =ldgrifn <i.

ik
3. The operators O- satisfy (see [10])

ik 0k )
e O- =0O>foreachi<0,

il 01 )
e O» =0 =Idgr foreachi

ik jk Jrh=1K ik i o
e 050> = O O-ifi<jorij<0
L S Y G i )
e 00> = O- f0<j<k.
Hence o is a precomposition. More precisely, the operad 7 can be seen as the operad constructed
from the precomposition o:

Proposition 4. The operads 7~ and OP(o) are isomorphic.

Proof. The isomorphism is given by the map from 7 to $; sending any element T to agc). o

4.2 The operad RAS revisited

In [10], we considered an operad RAS on reflexive and antisymmetric relations that are compatible
with the natural order on integers (i.e. (x,y) € RAS implies x < y). Since the elements (x, x) do not
play any role in the construction, we propose here an alternative construction based on antireflexive
and antisymmetric relations.

Consider the sets S¢ = 2{)3=x<y=1+1} for each n > 0. By construction we have 8¢ ¢ 8¢ . Endowed
with the binary operation U the set 8® := [, Sy is a commutative monoid generated by
{H herey )
i, ik
Let us define ¢ : [] » Hom(S°,S°) by O(D;) := O with
ik {(x, )} ify <i,
) =14 ((y+k=1)) ifx<i<y, (17)

{(x+k—-1,y+k—1} otherwise.

Similarly to Section[4.1] we consider the submonoid of Hom(S?, S°) generated by the elements
ik ik ik ik
& . We have O : 8¢ — S:+k_1 and <O-| so = Id S0 when n < i. Furthermore, the elements ¢—

satisfy the properties
ik 0k
e O =<C->foreachi<O,
il 0,1
e O = =Idgo foreachi

ik ik JHk=1K ik
o OO0 = O <>—>ifz'£]'ori,j£0

ik ik ikl -1 )
o OO = O if0<Lj<k.

The map ¢ is a monoid morphism and so a precomposition. We set ARAS := OP(¢) = (5%, 0). The
operad ARAS is an alternative closed construction for the operad RAS as shown by:

Proposition 5. The operads RAS and ARAS are isomorphic.
Proof. The isomorphism is given by the map from RAS; to S,? sending any element R to agz A where
A ={(x,x): x € N} O

10



4.3 The operad POSet revisited

The operad POSet is defined as a quotient of the operad RAS. In [10], we showed that POSet is
optimal in the sense that two of its operators have two different actions on languages.

ik ik
Denote by y : S® — S the transitive closure. Remarking that y(R) : 57 — S and 0=y = y0-, we

apply the result of Section and define the precomposition ¢ : [] — Hom(S?EV, S;;y) by setting

ik ik
&=>([R]) = [O—>(R)] where [] : S¢ — Sj; denotes the natural morphism sending each element R of

5° to its class [R].
The operad OP(®) gives an alternative way to define the operad POSet using precompositions.

Proposition 6. The operads POSet, OP(®) and ARAS =, are isomorphic.
Proof. The isomorphism is given by the map from POSet; to S,f sending any element P to ”ﬁ(z)?\ T
where A = {(x,x) : x € N}. O

5 The operad of double multi-tildes

In [10], we proved that the action of 7~ on symbols allows us to denote all finite languages. In this
section, we propose an extension of the operad 7~ in order to represent infinite languages. New
operators are required in order to describe the Kleene star operation *. In the last section of [10],
we introduced an operad 7 generated by 7 together with an additional operator * (denoting the
Kleene star *). Albeit this operad allows the manipulation of regular languages, the equivalence of
the operators, w.r.t. the action over languages, is difficult to model. In this section, we introduce a
new operad D7 which is composed of two kinds of multi-tildes: right and left multi-tildes. The *
operation will be realized by a combination of right and left multi-tildes operations. Furthermore,
we show that the expressiveness of these operators is higher than operators of 7 * for a given number
of symbols. We start by considering that the two types of operators are independently composed.
More precisely,

DT =TT, 7T). (18)

We mimic the construction of [10] linking multi-tildes and reflexive antisymmetric relations in order
to construct a new operad ARef, which elements are antireflexive relations, isomorphic to D7

5.1 DT and antireflexive relations

We consider the graded set

SARef = U SnARef with SnARef — 2{(x,y):1§x#—y§n+1]

n

where 2F denotes the set of the subsets of E. Endowed with the binary operation U, the set SR is
a commutative monoid generated by {(x,y) : x # y}. We define the map < : [] — Hom(S"Ref, SARef)

i ik
by O(Dé) = & where

{(x, y)} ifx,y<i,
ik ) {y+k=-1) ifx<iandi<y,
AN =1 G r k-1, ) ifi<xandy<i
{(x+k—-1,y+k—1} otherwise.

We easily check that ¢ is a precomposition and we set ARef := OP($).
Proposition 7. The operad ARef is isomorphic to T(ARAS, ARAS).

Proof. Let us denote rev(x, y) = (y,x). If R € ARef we will denote rev(R) = {rev(x, y) : (x,y) € R},
R={xy)yeR:x<yland R” = {(x,y) € R : x > y} = rev((rev(R))") (note that R = R UR”). Let
@ : T(ARAS, ARAS) — ARef the map defined by @(ag?,afg) =a® This map is a bijection

RqUrev(Ry)*

11



(k) (k) )
R< 4 rev(R>)

Let us prove that a(k)<> a(k) ol(on 1(a(k))<> o 1(a(k ))). We have

which inverse is @~ 1(a(k)) =(a

(@7 (a)0: 07 (aly ) = D@y, ) = DElE Y, i),

where R” <>—>(R) U <>—>(R ). Let + € {<,>}. Since, <>—>(R*) = (<>—>(R)) and <>—>(R'*) = (<>—>(R ), we

have (O—)(R yu O—)(R’ )) = (R”)*. In other words: R”* = <>—>(R )u O—)(R’ ). Hence,
(D(q)—l (R)Olq)—l(R/)) - (D(ﬂg(:f/ 1)[ 5’;‘:5{[»)) gﬁ':’f:RlN) = agi-:-k’_l) — u%‘)oiug‘l/).
This proves that ARef is an operad isomorphic to T(ARAS, ARAS). o

Corollary 2. The operads DT, ARef, T(RAS, RAS) and T(ARAS, ARAS) are isomorphic.

In the aim to illustrate the isomorphism between ARef and D7, we recall that the graded map
C: Tx = RAS; defined by C(R) = {(x,y+1) : (x,y) € R)U{(1,1),...,(k+1,k+1)} is an isomorphism of
operad. According to the definition of ARAS, we obtain explicitly an isomorphism from 7~ to ARAS
by slight modification of : CAR) = “(cl?m\ - Since ARAS and 7~ are isomorphic, this is also the case for
DT and ARef (because ARef is isomorphic to T(ARAS, ARAS)) From the construction described in
Proposition[7] the map & : DT~ — ARef defined by &(Ry, Ry) = when (Ry,R,) € DT,
explicits the isomorphism.
Example 1. Consider P; = ({(1,3),(2,2),(3,4)},{(2,3)}) € DT 5 and P2({(2,3), (3,4)},{(1,2),(3,4)}) €
DT 4. We have

CA (Ry)Urev(CA(Ry))”

E(Pl) (1,4),(2,3),(3,5),(4,2)) and E(Pz) (2,4),(3,5),(3,1),(5,3))
Remark that
Pioy P, = ({(1,3),(2,2),3,4)} 02 {(2,3), (3,9}, 1(2,3)} 02 {(1,2), (3,4)})
({(1,6),(2,5),(6,7),(3,4), (4,5)},{(2,6),(2,3), (4,5},
and then

&(Pro2 Po) = <1,7),<2,6),<6,8),<3,5),<4,6),<7,2),<4,2),<6,4)1
Let us now compute &(P1)02&(P2):

@) _®
&(P)02&(P2) = r<1,4),<2,3),<3,5>,<4,2)1<> 2,656,653 — R

with

35(1(1,4),2,3),3,5), (4,2)) U 6>(12,4), 3,5), 3, 1), 5,3)})
((1,7),2,6),(6,9), (7,2), (3,5), (4,6), (4,2), (6, 4)}.

We observe that E(P; 0, Py) = E(P1)02E(Py).

R

ik’
Graphlcally, the composition ¢; can be illustrated in two steps corresponding to the operators ¢—

and <>—> by drawing the graph of the relations. For instance, we start with the two graphs of the
relations {(1,4),(2,3), (3,5),(4,2)} and {(2,4), (3,5),(3,1), (5, 3)}:

3 4 3 4

o AN

2 5 2 5

We rename the vertices3 — 6,4 — 7,...,6 — 9 in the graphs of {(1,4), (2,3), (3,5), (4,2)} and the
vertices 1 — 2,...,5 — 6 in the graph of {(2,4), (3,5),(3, 1), (5, 3)}.

12



2%8 3 k\(a

Then we identify the vertices which have the same label in the two graphs:

4 5
3%\6 7
8
2
9
1

5.2 An operad on quasiorders

A quasiorder is a reflexive and transitive relation. If R is a relation we denote by y(R) its transitive
closure. We also set y*(R) = R\ {(n,n) : n € Z} and yR(R) = RU {(n,n) : n € Z}. Note that y*(R) is
the smallest quasiorder which contains R. Since y* : SARef — SARef j5 an idempotent monoid mor-

phism sending S2Rf to SA4R<f and satisfying <>—>7/A =4 <>—>, followmg Section B3] we construct the
precomposition ¢ : [] — Hom(SARef/ =4 , SARef = ,) defined by <>—>([R]) = [%(R)] where [] denotes
the natural morphism SARef — SARef/ = 4 sending each relation to its class. Hence, we consider the
operad OP(®).

Alternatively, consider the set QOSET, of quasiorder of {1,...,n + 1} and QOSET = U, QOSET,.

Consider also the partial composition defined by Q®;Q" = )/(<>—>(Q) v <>—>(Q )) if Q € QOSET,,
Q' € QOSETy and i < k.

Theorem 3. The pair (QOSET, ©) is an operad isomorphic to OP(&).

Proof. Consider the map n : QOSET — OP(®) given by n(Q) = a®

and its inverse is given by n‘l(atlg]) = y®(R). Remarking that

[ Q\ A The map 7is a graded bijection

7 (afe)@ialp,) = V(R OR”) = YESORRNUSHORR") = YRR)ORR") = " (e om ™ @),
we prove that the set QOSET inherits from OP(®) of a structure of operad. o

Example 2. Let us give an example. Consider, as in Example [0 the antireflexive relations R; =
{(1,4),(2,3),(3,5),(4,2)} and R, = {(2,4),(3,5),(3,1),(5,3)}. We have

YR(R1) =1{(1,4),(2,3),(3,5),(4,2),(1,2),(2,5),(4,3),(1,3),(4,5),(1,5),(1,1),(2,2),(3,3), (4,4), (5,5), (6, 6)}
and

YR (R2) = {(2,4),(3,5),(3,1),(5,3),(5,1),(1,1),(2,2),(3,3), (4,4), (5,5)}.
We have

24 02

YR(O=(R1) U 0=(Ry2))

YR({(1,7),(2,6),(6,8),(7,2),(3,5), (4,6),(4,2),(6,4)})
{(1,7),(2,6),(6,8),(7,2),3,5),(4,6),(4,2),(6,4),
1,2),(2,8),(2,4),(4,8),(7,8),(7,4),(6,2),(1,8),(1,4),(7,6),(1,6)
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7),(8,8),(9,9)}.

7R(R)

13



Also:

PSSR R)) U So(0R(R))

y({(1,7),(2,6),(6,8),(7,2),(1,2),(2,8),(7,6),(1,6),(7,8),(1,8),

(1,1),(2,2),(6,6),(7,7),(8,8),(9,9)}

U{(3,5), (4,6),(4,2),(6,4),(6,3),(2,2),(3,3),(4,4),(5,5),(6,6)})

= {(1,7),(2,6),(6,8),(7,2),(1,2),(2,8),(7,6),(1,6),(7,8),(1,8),(3,5), (4,6),
(4,2),(6,4),(6,2),(2,4),(4,8),(7,4),(1,4),
(1,1),(2,2),(3,3),(4,4),(5,5),(6,6),(7,7), (8,8),(9,9)}

= Y/(R)

6 Action on languages

The aim of this section is to describe regular languages by using the operads defined above. More
precisely, we show that the set of regular languages is a module on each of these operads. Further-
more, we prove that each regular language is denoted by an operator acting on symbols or (. Finally,
we show that the operad QOSet is optimal in the sense that its action is faithful.

6.1 Action of ARef

We associate to each relation agf) € ARefy, a list of productions P(agf)) defined by
1. S; > aS;; foreach1 <i<k
2. S;—> Syif(i,i’) eR
3. Sk — &,

and we construct the grammar Gg‘) = (A, Ty, S1,P(ag<))) with Ay :={a;: 1 <i<kland T} :={S;: 1<
i<k+1}

5)

(
Example 3. Let B1.4),23),3,5), 4.2

) we have
51 — a] Sz
Sl il 54
52 g a253
S, = S3

5 S; — a3S4
P04y 0 0902) = Sy — Ss
54 — 3455
S4 — Sz
S5 g a556
S¢ — €.

We have
Lemma 1. The language ]L(Ggo) denoted by the grammar Ggo is regular.

Proof. Itsuffices toremark that the language is recognized by the e-automaton ﬂ(ag) ) = (T'k, Ax, 65?, S1, {Sk+1})
where the transitions 6;? are
S; il Sis1 foreach1 <i<k
s;—S; for each (i, j) € R
[m]

Note that the automaton .?((aff)) is just an reinterpretation of the relation R by adding transition.

rrrrrrr
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by adding transitions:

If Ly, ..., Ly are k languages we define Gg‘)(Ll, Ly = ]L(Ggo)IaI:Li that is the language ]L(Gg‘))
denoted by the grammar Ggo where each letter a; is replaced by the language L;.

Example 5. Using the same relation than in ExampleHlwe find
lL(Gﬁ?) = (a1 + &)(a3 + a2a3)"(as + axas + (a3 + aa3)asas) + asas.
SoifLy,...,Ls are five languages:
Gf>(L1, oo, Ls) = (L1 + €)(Lg + LyL3)"(Ls + LyLs + (L3 + LoL3)L4L5) + LyLs.
It is easy to see that this construction is compatible with the partial compositions:

Gy V(Lo Lo 1) = GRU(La, - Lict, G (L Livio 1), Livie - L), (19)

for each a(k) € ARefk, ) e ARefy and i < k. Indeed

S; — a;Sj foreach0<]<k+k’

P(a (k+k— 1)) _ ) Sc—Se if (€,0) = <>—>((],] ) for (j,j') € R

Ro R’
Se = Spif (¢,0) = <>—>((],] ) for (j,j') € R’
Skskr = €
Hence, we have
Pla”) = {Sj—= a8 0<j<k+k - 1)U

{Se = Sp:S;—> Sy € P(a(k>) and (¢,0) = <>+((], Ny

{Se > Sp:S; > Sj € P(u )Yand (¢,¢) = <>—>((],]))
U{Sksrr—1 — 5}

We deduce that
ek’ -1 k ¥
]L(G;;R, )= G;)(all cees@in1, G;,>(ai, cee s Qink—1), Qikkt - - -y Btk =1)
which implies ([D9).
Remark 1. Alternatively, the construction can be described in terms of automata. The automaton

.?((a;f:llc{, V) is obtained by replacing the transition S; 2 85, in ﬂ(a( Y) by a copy of the automata ﬂ(a(k )

and hence relabeling the vertices and edges.
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Setting ag‘).(Ll,. ., Ly) = fo) (L, ...,Lx) we define an action of the operad ARef on languages.
Theorem 4. The sets 2 and Reg(Z) are ARef-module.

Proof. The fact that 2% is a ARef-module is a direct consequence of (I9).
Remarking that ]L(Gg‘)) € Reg(4;) (LemmalT), we deduce that Ggo (L1,...,Lx) € Reg(Z)whenlL,,..., L €
Reg(X). Equivalently, Reg(X) is ARef-module. O

Note that the action can be defined directly from D7. Let (a(jlfl),ayfz)) € DT, we construct the

grammar Gg? T, = (A, Tk, Sy, PDT(ag‘))) R where the production rules Ppr (ag‘)) are given by
1. S; > &S, foreach1 <i<k
2. S;—> Sy if (i,,i— 1) €T, or (i,i, - 1) eT
3. Sgs1 — &
5 . .
Example 6. Let ((13)(24)(34), (23)) € D7 5. The grammar Ggl)a)(zz)(34),(23) is given by
Sl - ai Sz,
S1 = Sy,
S2 =  aSs,
Sz g 53,
Ss — asSy,
S — Ss, 20)
54 - 3455,
Ss — Sy
S5 — asSe,
S¢ — ¢
(&)
Note that we recover the grammar G,  , 3 (35 412)

In general we have

. GIG k K
Proposition 8. For each (u(Tf,a(TZ)) cOT,, G(Tl)'TZ = G(E()TerZ).

6.2 Operadic expressions for regular languages

The following proposition shows that any regular language admits an expression involving an
operator of ARef, symbols of the alphabet and 0.

Proposition 9. Each regular language L € Reg(X) can be written as
L= ag‘)(al,...,ak)
for some k > 0, aﬁ? € ARefyand oy, ..., ar € {{a} : a € Z} U {0).

Proof. First note that {a} = a(ml)({a}), {e} = a?(liz)]((l)) and 0 = a((;)((l)).

Suppose now that L, L’ € Ref(X) are two regular languages satisfying

L= ag‘)(al,...,ak) and L' = ag{,’)(ai,. )

for some k' > 0, ago € ARefy, ag{) € ARefy and ay, ..., a4, af, ..., a;, € {{a} : a € Z} U {0}. We have

’ 0,k+1
L L+l =a" Na,..., 4, 0,a,...,a,) with R” =RU SR ULk +2), (k+ 1 k+K +2)).

’ (k+k'+1) ’ ’ : ” Ok+1 ’
2. LI =ap,” "an, ..., 04, 0,a1, ..., a;,) with R” = RU =R U {(k+ 1,k + 2)}.
« — (k)
3. L' = ap yganny aeny (@1 - )
The property is obtained by a straightforward induction. o
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Remark 2. Note that in Formulalof the proof, the symbol @ is important for the computation of the

: : it — (D 1)
catenation. For instance, we have a*b* = 821) }(a) gy 1))(b) = a{(z,l),(z,s),(4,3))(a 0,b) # a[(z 06; 2))(a b) =

(a*b*)*. But in some cases it may be omitted. For instance a;a) 2))(a) alh (b) = a

a2 r<12) eay(@b) =
c+a+b+ab.

Let us give few examples. First we illustrate the construction described in the proof of Proposition
Example 7. Consider the languages L = b(ab*) + a*. We have {a} = am(a), {b} = u(l)(b) So b* =

(21 (1.2(P), ab’ (43 (34)(3/0,b) and b(ab) = a® (b,0,a,0,b). On the other hand a* = 4!

6,5),(5,6) 2, 1>,(1,2> @),

7)
henceL = a(6,5),(5,6),(8,7),(7,8),(6,8),(1,7)(b 0,a,0,b,0,a).
Manipulating the relations allows to obtain some languages from others. We give here few

constructions.
Example 8.

e Consider a language L = ag{)(le,...,ak) with R € ARefy and a; € {{a} : a € Z}. We define
Rp :=RU{(i,k+1):1<i<k} The language agz (a1,...,ax) is the set of the prefixes of L.

%) (a,b,c) = (abc)" we have L = a® (a b,c) =

For instance, consider L = Tyt 1,0 @104, 3.4)

(abc){e, a, ab}.

e For a more general regular language L, Propositionimplies that there exists k > 0, R € ARef;
and a; € {{a} : a € X} U {0} satisfying L = agf)(al, ..., ). An admissible position is an integer 1 <
i < k+1such that there existsa path i; = 1 By ip et i3 dpq 5 iy = igy1 in ﬂ(ago) with either §; = ¢
either f; = a; with a; # @ such that i, = i forsome 1 < £ < p—1. The set of admissible positions is
denoted by Adm(R; ay, - - -, ax). We define Rp := RU{(i,k+1) :i € Adm(R;ay,--- , o), 1 # k+1}.
The language a(k) (a1, ..., ax) is the set of the prefixes of L.

For instance con51der L= a(??4),(3,6),(6,1 1469) (a b,0,c,d,a,0,b). We have L = (ab + cd)”,

(=)

(8) _
AWy 66,6169 =

and
Adm({(1,4), (3,6),(6,1),(6,9)};a,b,0,c,d,a,0,b) = {1,2,3,4,5,6}.

So Rp = {(1,4),(3,6),(6,1),(6,9),(1,9),(2,9),(3,9),(4,9),(5,9)). We verify a<8> (a,b,0,c) = (ab +
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cd)(e + a + c) = Pref(L). Graphically

Indeed the language recognized by this automaton is (a;a,azasas + ajar + asas)’(e + a; + aja, +
ajaas +ajarazay +as + (aaxazasas +a;a + asas) (€ + agayag)). Setting a; = a; in this expression,
we find (ab + cd)*(e + a + ab + c + (ab + cd)) = (ab + cd)*(¢ + a + c) as expected.

Symmetrically, the language of the suffixes of L is obtained by considering the relation
Rs := RU({(1,i) : i € Adm(R;a1,---,ax), i # 1}. From the example above we obtain Rs =
{(1/ 4)/ (31 6)/ (6/ 1)/ (6/ 9)/ (1/ 2)/ (1/ 3)/ (1/ 4)/ (1/ 5), (1, 6)} Graphically:

()

set of the factors of L is denoted by ag (a,b,0,c,d,a,0,b) with

Rr={(1,4),(3,6),(6,1),(6,9),(1,9),(2,9),(3,9),(4,9),(5,9),(1,2),(1,3),(1,4),(1,5), (1, 6)}.

The subwords of L are denoted by the expressions a(sk) (a1, ..., a¢) where S = RU{(i,i+1) : a; # 0}.

///////

. (8 .
words of L is B14),3.6)(6.1),69),1.2,23) 4,5),(5,6),(6,7),(8,9)(a, b,0,c,d, a,0,b). The associated automaton
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is

e The mirror image of L is obtained by computing “1(\1:1) (ak,...,a1) where M = {(k+2—-jk+2—1i):
(i, j) € R}. Let us again illustrate the construction on L = aﬁ{b 36,6169 (3 s 0,c,d, a,0,b). The
mirror image of L is a® )(b, 0,a,d,c,0,b,a). Graphically:

(1,4),(3,6),(6,1),(6,9

The language recognized by ﬂ(uﬁ)) is (& + ajazaz)(asas(e + agayag) + ayag)*. Specializing to
ai=b,a=0a =aa =d as =¢, a =0, a; = band ag = a, we recover the language
(dc + ba)* that is the mirror image of L.

Few other examples:

Example 9. Letay,..., a; be k letters. We have

(k) _ *
d a{(k+1,1),(1,k+1))(alr sy ak) - (al te ak) .

k .
. a([(l.),].)#].}(al,...,ak) =(a;+--+ ).

a(k)
{(k+1,1)}U{( k+1):1 <i<k)

(k) - ... )
a{(k+1,1)}U{(l,i+1):1gisk}(al’ co, ) = (A + g1 o+ ag - ag)'

(a1,...,a) =(a;+ajap +---+ay---a)".

® _ e _ .
° a{(i+1,i):1gisk}(a1" o) ={welay,..., ) 1w =aw'a and w = ua;a;v implies j <7+ 1}.

6.3 Action of QOSet

Let ago € ARef;. If we compare the grammars Ggo and Ggfl){ we observe that S; — S, € P(a(y_]?{) implies
there exists iy = i,i5,...,i, = { such that S;, — Sy, € P(ag‘)) for each 1 < h < £. Hence, the languages
]L(Gg()) and IL(Gg%) are equal.
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Example 10. Consider R = {(1, 2), (2,3)}, we have y(R) = {(1,2), (2,3), (1, 3)}. We have

51 — alsz :1 : :152
Sl g Sz Sl N 32

P@?) =3 S, > aS; and P(a;ﬁg) = Sl - aSS
5275 ieﬁs
Sz = ¢ Sy — ¢

Hence, ]L(ch)) ={g, a1, a1a, ) = ]L(fo; .

This allows to consider the action of OP(¢) defined by aﬁ;)] (Ly,..., L) == agf) (Ly,...,Ly).

Alternatively, the action of QOSet is defined by Q(L, ..., L) = a(k)\ A(L1, ..., Ly). Observing that the
operads QOSet and OP(¢) are isomorphic and that the isomorp%ism n satisfies n(Q)(Ly, ..., L) =

atgw (Ly,...,Ly) = ag)\A(Ll, ..., L) = Q(Ly, ..., L), the action of QOSet is compatible with the partial
compositions. Hence, Theorem @limplies

Corollary 3. The sets 2& and Reg(Z) are QOSet-module.

Now, we prove that the operad QOSet is optimal in the sense that two different operators act in
two different ways on regular languages. That is:

Theorem 5. Reg(X) is a faithful QOSet-module.

Proof. Let Q; # Q, € QOSet; be two quasiorders. Without loss of generalities, we suppose that there
exists (i, j) € Q1 such that (i, j) ¢ Q. The constructions above show that the word a; ... a;1ajaj,1 ... a
belongs to Qi({a1}, ..., {a}) but not to Q>({a1}, ..., {a}). This shows the result. m]

Note that the number of elements of QOSet; is known up to k = 17 (see [14] sequence A000798):
4,29,355,6942,209527, 9535241, 642779354, 63260289423, ...

Example 11.

e Let us examine the four operators of QOSet;:
Ql = {(1/ 1)/ (21 2)}/ QZ = {(1/ 1)/ (1r 2)/ (21 2)}/ QS = {(1r 1)/ (21 1)/ (2/ 2)}/ Q4 = {(1r 1)/ (1/ 2)/ (21 1)/ (2/ 2)}/

The four languages are Q;(a;) = a;, Q2(a1) = € + a1, Q3 = af and Q4 = a].
e Let us examine the 29 operators of QOSet,:

Q\A Q(a1, a) Q\A Q(a1, a) Q\A Q(ay, ap)
0 ajap {(1,2)} a +aja {(1,3)} £+ ajap
{2,3)} ap +aja {2 D} aja {3, 1)} (a122)*
{(31 2)} ala; {(11 2)/ (21 1)} a;aZ {(11 3)/ (31 1)} (alaZ)*
{2,3),3,2)} a1a; {(1,2),3,2)} (e +ar)ay {2,1),23)} aj (e + ag)
{(1,3),(2,3)} (e+ar +ap) {G,1),32)} (a1a3)* {G,1), @2 (aja)*
{(1,3),(1,2)} e+ax+aja | {(1,2),2,3),1,3) | e+ap+ax+ajar | {(2,1),(3,2),3,1)} (a7az)*
{(1,3),(3,2),(1,2)} | (e +ar)ay +¢ | {(3,1),(2,3),(2,1)} (aj (e + a2))* {21),(1,3),(2,3)} | e+af(e+a)
{(1,2),3,1),3,2)} | ((a1+e)az)*
Q\A Q(fai}, {a2}) Q\A Q(fa1}, {a2})
(12,2 1,23),13)] eram [(L2,2D,GD,6D | @a)
{(L 3)/ (3/ 1)/ (1/ 2)/ (31 2)} ((S + al)a;)’r {(1r 3)/ (3/ 1)/ (21 1)/ (2/ 3)} (a%(é‘ + aZ))’r
{(2,3),(3,2),(2,1),3, 1} (afay)* {(2,3),3,2),(1,2),(1,3)} | (e+a)a;
{(1,2),(1,3),(2,3),(2,1),(2,3), 3, )} | (a1 +a)

We illustrate the proof of TheoremBl Remarking that (3,2) € {(2,3),(3,2),(2,1),(3, 1)}, (3,2) ¢

{(21 1)/ (1/ 3)/ (213)}1 we have Az € (afa;)* =

&+ a;’(g + aZ) = {(2/ 1)/ (1/ 3)/ (21 3)}(&1, aZ)‘
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6.4 Back to (simple) multi-tildes

The purpose of this section is to show that the restriction of the action to (simple) multi-tildes is
compatible with the action described in [10]. In this paper, the action of multi-tildes involve another
operad: the operad of sets of boolean vectors 8 = |J, B, with B, = 25" and B = {0,1}. The
composition is defined by

EokF = {[ell"'Iek—llekfll‘"Iekfnlek+1l"‘lenl] : [ell"‘le?’n] € El[fll"‘lﬁ‘l] € F}

for E € B,, and F € B,,. The action on the languages is defined by

E(Ly,..., L) = U Lo L,

[e1,...em]€E

We denote [x,z] = {y : x < y < z}. ForeachT € T, weset F(T) = {S c T : (xy),(zt) €
S implies [x, y] U [z, t] = 0}. Finally we define V(T) = {v(S) : S € ¥ (T)} with v(S) = (vy, ..., vr) where
vj=0ifj € U(w)es [x, y] and 1 otherwise. In [10] we proved that V is an operadic morphism and
defined the action T(L,,...,Ly) = V(T)(Ly, ..., Ly).

Remark that 7~ is isomorphic to the suboperad of D7 generated by (a?, a(wk)) (the isomorphism sends

each T to (ago, ag()). So we have to prove that T(Ly, ..., L) = (ago, ago)(Ll, ..., Ly). Equivalently,

T(alr ey ak) = IL‘(G'I',U))(all ceey ak)'

To this aim, we associate a set of boolean vectors to each grammar Gry in the following way: we
consider the grammar G, (T) which is obtained from Gry by substituting to each rule S; — a;S;;
the rule S; — 1S;;; and to each rule S; — S; the rule S; — 0/-'s j. Denote Lo (T) = IL(Gg.(T)). Each
word of ILy;(T) has a length equal to k. Remark that

]L(GT,@)(al, .. .,ak) = {a‘f s aik t€1...6¢ € ]L()J(T)}.

Assimilating each word e;...e; € ILy;(T) to the boolean vector (ej,...,e) we prove the following
result:

Proposition 10. Let ago € Tk, we have ag()(Ll, L) = (a¥<),aé)k))(L1, .o, Ly).
Proof. Let us first recall that a closed multitilde is a multitilde T satisfying
@), (j+L,0eT=(@GleTl.

The normal form T of a multitilde T is the smallest closed multitilde containing T as a subset (see
e.g. [3]). From the definition of the action of 7, we have agf)(Ll,. ., Ly) = a;‘)(Ll, ...,Ly). From the

construction of Gry we observe that ILo1(T) = ILg1(T). Indeed, it suffices to remark that one can
add the rule S; — 0"'S; in Go1(T), when S; — 0/'S; and S; — 0"/ are two rules of Gg,(T), without
modifying the language.

So, we have to prove a¥)(L1, ., Ly) = (agf),aék))(Ll,. .., Ly) for any closed multitilde T. That is v =
011072 ---10% € V(T) (considering the vector as a word) if and only if v € ILy;(T). The case when
p = 1 means that v = 0% = 0*. For convenience, we set iy = 1. Obviously (o, i1), (io + i1 + 1,1 +
h+i+1),..., G0+ + - +ia +26-1)+1ig+i+--+i,+2((—-1)+1) € T if and only if
S; —011... 10ifS,~0+,~1+...+,-,+25 forany 0 < £ < p (here E — w means that we can produce the word w

from E by applying a finite sequence of rules). Equivalently v € V(T) if and only if S; = vS;,; — .
This proves the result. |

7 Conclusion and perspectives
We have described a faithful action of a combinatorial operad on regular languages. This means
that we describe countable operations providing a new kind of expressions for denoting regular

languages. One of the interest of the construction is that we propose expressions which are close
to the representation by automata. The obtained expressions are more expressive in the sense that
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most of the complexity of the denoted language is concentrated at the operator. So this allows
to define several measures of the complexity of a language. For instance, let us define rk, (L) =
min{k : 3Q € QOSet;, ay,...,ar € LU {0} such that L = Q(ay,...,a)} and rk;(L) = min{h : Ik >
1,0 € DT, a1,...,0r € LU {@} suchthatL = O(ay,...,a;) and #O = h}. The two ranks rk,, and
rk;, can be respectively interpreted as the width and the height of a language. The first one (rk,)
is the minimal number of occurrences of symbols or @ in the expression. The rank rk; expresses
the minimal complexity of an operator involved for denoting the languages. These measures will
be investigated; in particular a parallel with the size of a minimal (in terms of states or transitions)
automaton should be established.

The operads considered in this paper are SET-operads, that are operads that can be constructed
from the category SET. We can also consider linear combinations of operators which consists to use
VECT-operads based on the category of the vector spaces. By this way, we expect to construct an
adapted notion of multitildes for rational series.
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