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JACOBIANS OF NONCOMMUTATIVE MOTIVES

MATILDE MARCOLLI AND GONCALO TABUADA

ABSTRACT. In this article one extends the classical theory of (intermediate) Ja-
cobians to the “noncommutative world”. Concretely, one constructs a Q-linear
additive Jacobian functor N +— J(N) from the category of noncommutative
Chow motives to the category of abelian varieties up to isogeny, with the fol-
lowing properties: (i) the first de Rham cohomology group of J(N) agrees with
the subspace of the odd periodic cyclic homology of N which is generated by
algebraic curves; (ii) the abelian variety J(perf(X)) (associated to the derived
dg category perf(X) of a smooth projective k-scheme X) identifies with the
union of all the intermediate algebraic Jacobians of X.

1. INTRODUCTION

Jacobians. The Jacobian J(C) of a curve C was introduced by Weil [20] in the
forties as a geometric replacement for the first cohomology group H!(C') of C. This
construction was latter generalized to the Picard Pic”(X) and the Albanese Alb(X)
varieties of a smooth projective k-scheme of dimension d. When X = C one has
Pic’(C') = AIb(C) = J(C), but in general Pic’(X) (resp. Alb(X)) is a geometric
replacement for H(X) (resp. for H?71(X)).

In the case where k is an algebraically closed subfield of C, Griffiths [4] extended
these constructions to a whole family of Jacobians. Concretely, the i** Jacobian
Ji(X) of X is the compact torus

H2+(X.C
Ji(X) = = D (X, )2'+1
FHH T (X,C)+Hy " (X,Z)
where Hp stands for Betti cohomology and F' for the Hodge filtration. In contrast
with Jo(X) = Pic’(X) and J4_1(X) = Alb(X), the intermediate Jacobians are not

algebraic. Nevertheless, they contain an algebraic variety J#(X) C J;(X) defined
by the image of the Abel-Jacobi map

(1.1) AJ;: CHHYX)E® 5 Ju(X)  0<i<d-1,

0<i<d—1,

where C H™"'(X)2' stands for the group of algebraically trivial cycles of codimen-
sion 7 + 1; consult Vial [19, page 12] for further details. When ¢ = 0,d — 1 the map
(1.1) is surjective and so J¢(X) = Pic’(X) and J¢_,(X) = Alb(X).

Note that all these abelian varieties are only well-defined up to isogeny. In what
follows one will write Ab(k)q for the category of abelian varieties up to isogeny;
consult Deligne [3, page 4] for further details.
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Motivating question. All the above classical constructions in the “commutative
world” lead us naturally to the following motivating question:

Question: Can the theory of (intermediate) Jacobians be extended to the “non-
commutative world” ?

Statement of results. Let k£ be a field of characteristic zero. Recall from §2.3
the construction of the category NChow(k)g of noncommutative Chow motives
(with rational coefficients). Examples of noncommutative Chow motives include
finite dimensional k-algebras of finite global dimension (e.g. path algebras of finite
quivers without oriented loops) as well as derived dg categories of perfect complexes
perf(X) of smooth projective k-schemes' X; consult also Kontsevich [7] for examples
coming from deformation quantization.

As proved in [14, Thm. 7.2], periodic cyclic homology gives rise to a well-defined

®-functor with values in the category of finite dimensional super k-vector spaces
(1.2) HP* : NChow(k)g — sVect(k).

Given a noncommutative Chow motive N, let us denote by HP_,,.,

HP~(N) which is generated by curves, i.e. the k-vector space

(N) =" Im(H P~ (perf(C)) "2 HP=(N)),

c.r

(N) the piece of

HPCTII‘V

where C' is smooth projective curve and I : perf(C') — N a morphism in NChow(k)qg.

Inspired by Grothendieck’s standard conjecture D (see [1, §5.4.1]), the authors

have introduced at [14, page 4] the noncommutative standard conjecture Dyc-.

Given a noncommutative Chow motive N, Dyc(N) claims that the homological

and the numerical equivalence relations on the rationalized Grothendieck group
Ko(N)g agree. Our first main result is the following:

Theorem 1.3. (i) There is a well-defined Q-linear additive Jacobian functor
(1.4) NChow(k)g — Ab(k)g N — J(N).

(ii) For every N € NChow(k)q, there exists a smooth projective curve Cn and a
morphism Iy : perf(Cn) — N such that Hjp(J(N)) = InHP~(T'n), where
Hggr stands for de Rham cohomology. Consequently, one has an inclusion of
k-vector spaces Hip(J(N)) C HPg,,(N).

(iil) Given a noncommutative Chow motive N, assume that the noncommutative
standard conjecture Do (perf(C)® N) holds for every smooth projective curve

C. Under such assumption the inclusion of item (i) becomes an equality
(1.5) Hip(J(N)) = HP,,.(N).

curv

Since the dimension of any abelian variety A is equal to the dimension of H},(A),
one concludes from item (ii) that the dimension of J(IV) is always bounded by the
dimension of the k-vector space HP_ . (N). As proved in [14, Thm. 1.5], the
implication D(X) = Dyc(perf(X)) holds for every smooth projective k-scheme
X. Moreover, perf(C) @ perf(X) ~ perf(C x X); see [18, Prop. 6.2]. Hence, when
N = perf(X), the assumption of item (iii) follows from Grothendieck standard
conjecture D(C x X) which is known to be true when X is of dimension < 4; see

[1, §5.4.1.4]. Note also that equality (1.5) describes all the de Rham cohomology

1Or more generally smooth and proper Deligne-Mumford stacks.
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of J(N) since for every abelian variety one has HY,(J(N)) ~ AN"Hj,(J(N)); see [1,
§4.3.3]. Intuitively speaking, the abelian variety J(N) is a geometric replacement
for the k-vector space HP_, . (N).

Now, recall from §2.1 that one has a classical contravariant ®-functor M (—) from
the category SmProj(k) of smooth projective k-schemes to the category Chow(k)g
of Chow motives (with rational coefficients). As explained in [1, Prop. 4.2.5.1], de
Rham cohomology factors through Chow(k)g. Hence, given a smooth projective
k-scheme X of dimension d, one can proceed as above and define

Hgp (i)

NHIFNX) =Y Im(Hjp(C) "5

Covi

HJFN (X)) 0<i<d-1,

where now «; : M(C') — M(X)(7) is a morphism in Chow(k)g. By restricting the
intersection bilinear pairings on de Rham cohomology (see [1, §3.3]) to these pieces
one obtains

(1.6) (=, —): NHZ 2" Y X)x NHIHH(X)—k 0<i<d-1.
Our second main result is the following:

Theorem 1.7. Let k be an algebraically closed subfield of C and X be a smooth pro-
jective k-scheme of dimension d. Assume that the pairings (1.6) are non-degenerate.
Under such assumption there is an isomorphism of abelian varieties up to isogeny

(18) 3 (perf(X)) = U1 J2(X)
Moreover, Hip(J(perf(X))) @5, C ~ @—f NHI5™ (X) @, C.

As explained in Remark 5.11, the pairings (1.6) with ¢ = 0 and i = d — 1
are always non-degenerate. Moreover, the non-degeneracy of the remaining cases
follows from Grothendieck’s standard conjecture of Lefschetz type; see [1, §5.2.4].
Hence, the above pairings (1.6) are non-degenerate for curves, surfaces, abelian
varieties, complete intersections, uniruled threefolds, rationally connected fourfolds,
and for any smooth hypersurface section, product, or finite quotient thereof (and
if one trusts Grothendieck they are non-degenerate for all smooth projective k-
schemes). As a consequence one obtains the following:

Corollary 1.9. Let k be an algebraically closed subfield of C. For every smooth
projective curve C (resp. surface S) there is an isomorphism of abelian varieties

up to isogeny J(perf(C)) ~ J(C) (resp. J(perf(S)) ~ Pic’(S) U Alb(S)).

Note that since the Picard and the Albanese varieties are isogenous (see [I,
§4.3.4]), one can replace Pic’(S) in the above isomorphism by Alb(S) or vice-versa.

Theorems 1.3 and 1.7 (and Corollary 1.9) provide us an affirmative answer to
our motivating question. Roughly speaking, the classical theory of Jacobians can
in fact be extended to the “noncommutative world” as long as one works with all
the intermediate Jacobians simultaneously. Note that this restriction is an intrinsic
feature of the “noncommutative world” which cannot be avoid because as soon as
one passes from X to perf(X) one loses track of the individual pieces of Hj,(X).

Acknowledgments: The authors are very grateful to Joseph Ayoub, Dmitry
Kaledin and Burt Totaro for useful discussions.
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2. PRELIMINARIES

Throughout this note one will reserve the letter k for the base field (which
will assumed of characteristic zero) and the symbol (—)? for the classical pseudo-
abelian construction. The category of smooth projective k-schemes will be denoted
by SmProj(k), its full subcategory of smooth projective curves by Curv(k), and the
de Rham (resp. Betti when k C C) cohomology functor by

(2.1) Hjp:SmProj(k)°®® — GrVect(k) Hp : SmProj(k)°®® — GrVect(Q),

where GrVect(k) (resp. GrVect(Q)) stands for the category of finite dimensional
Z-graded k-vector spaces (resp. Q-vector spaces); consult [1, §3.4.1] for details.

2.1. Motives. One will assume that the reader has some familiarity with the cat-
egory Chow(k)g of Chow motives (see [1, §4]), with the category Homo(k)g of
homological motives (see [1, §4.4.2]), and with the category Num(k)g of numerical
motives (see [1, §4.4.2]). The Tate motive will be denoted by Q(1). Recall that by
construction one has a sequence of ®-functors

SmProj(k)°P ME) Chow(k)g — Homo(k)g — Num(k)g.

2.2. Dg categories. For a survey article on dg categories one invites the reader
to consult Keller’s ICM address [6]. Recall from Kontsevich [7, 8, 9, 10] that a
dg category A is called smooth and proper if it is perfect as a A-A-bimodule over
itself and if all its Hom complexes of k-vector spaces have finite total cohomology.
Examples include ordinary finite dimensional k-algebras of finite global dimension
and the (unique) dg enhancements perf(X) of the derived categories of perfect
complexes of Ox-modules in the case where X € SmProj(k); consult Lunts-Orlov
[11] and [2, Example 5.5] for further details.

2.3. Noncommutative motives. In this subsection one recalls the construction
of the categories of noncommutative pure motives. For further details one invites
the reader to consult the survey article [16].

The category NChow (k)g of noncommutative Chow motives is the pseudo-abelian
envelope of the category whose objects are the smooth and proper dg categories,
whose morphisms from A4 to B are given by the Q-linearized Grothendieck group
Ky(A%® ® B)g, and whose composition law is induced by the (derived) tensor prod-
uct of bimodules.

The category NHomo(k)g of noncommutative homological motives is the pseudo-
abelian envelope of the quotient category NChow (k)q/Ker(H P*), where HP* is
the above functor (1.2) induced by periodic cyclic homology.

The category NNum(k)g of noncommutative numerical motives is the pseudo-
abelian envelope of the quotient category NChow(k)g/N, where N is the largest
®-ideal® of NChow(k)g distinct from the entire category.

All the above categories carry a symmetric monoidal structure which is induced
by the tensor product of dg categories. Moreover, as in the case of pure motives,
one has also a sequence of (full) @-functors

NChow(k)g — NHomo(k)g — NNum(k)g .

2As proved in [12, 13], this ideal admits two explicit descriptions: one in terms of Hochschild
homology and the other one in terms of a well-behaved bilinear form on the Grothendieck group.
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2.4. Orbit categories. Let C be a Q-linear symmetric monoidal category and
O € C a ®-invertible object. As explained in [17, §7], the orbit category C /- g0 has
the same objects as C and morphisms given by

Home, .0 (a,b) := ®jezHome(a, b ® O®j) .
The composition law is induced by the one on C. By construction, C/ g0 is Q-
linear and symmetric monoidal (see [17, Lemma 7.1]) and comes equipped with a
canonical projection Q-linear @-functor p : C — C/go. Moreover, p is endowed

with a canonical 2-isomorphism g o (— ® Q) = p and is 2-universal among all such
functors.

3. A KEY BRIDGE

In this section one describes a precise bridge between the categories of motives
and the categories of noncommutative motives. This bridge will play a key role in
the construction of the Jacobian functor.

Theorem 3.1. There exist Q-linear additive @-functors R, Ry and Ry making
the following diagram commute

(3.2) Chow(k)g —=— Chow(k)g/-go(1) ——= NChow(k)g

l |

Homo(k)g N Homo(k)g/so(1) LN NHomo(k)qg

! | |

Num(k)g . Num(k)g/so(1) P, NNum(k)g .
Moreover, Ry is full and R and Ry are fully faithful.

Proof. Note first that the middle vertical functors are induced by the left vertical
ones. Consequently, the upper left square and the lower left square are commuta-
tive. The Q-linear additive fully faithful ®-functors R and Rar, making the outer
square of (3.2) commutative, where constructed in [12, Thm. 1.12]. Let us now
construct Ry. Consider the composed functor

+
(3.3) Chow(k)g = Chow(k)o/ g0y — NChow(k)g —os sVect(k).

As explained in the proof of [14, Thm. 1.3], this composed functor agrees with the
super-perioditization of de Rham cohomology (2.1), i.e. it agrees with

(3.4) Chow(k)g — sVect(k) X = (®jeven Hip(X), ®ioaaHr(X)) .
As a consequence, the composition
Chow(k)g = Chow(k)g/ sa(1) —= NChow(k)g — NHomo(k)qg

descends to Homo(k)g. Moreover, since the Tate motive Q(1) is mapped to the
®-unit of NHomo(k)g, one obtains by the universal property of the orbit category
a well-defined Q-linear additive ®-functor Ry making the upper right square com-
mute. It remains then only to show that the lower right square is also commutative.
Note that the lower rectangle (consisting of the lower left and right squares) is com-
mutative. This follows from the fact the outer square of (3.2) is commutative, that
the functor Chow(k)g — Homo(k)g is full, and that every object in Homo(k)qg
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is a direct factor of an object in the image of this latter functor. Consequently,
one observes that the two composed functors from Homo(k)g/gq(1) to NNum(k)q
agree when precomposed with p. Using once again the universal property of the
orbit category, one concludes then that these two composed functors are in fact the
same, i.e. that the lower right square is commutative.

Let us now prove that Ry is full. Consider the following commutative diagram

+
Chow(k)o/-so1) ——— NChow(k)g = sVect(k)

.

(Chow(k)g/-wo(1))/Ker i NHomo(k)qg ,

where Ker stands for the kernel of the upper horizontal composition and R for the
induced functor. Clearly, R is fully faithful since this is the case for R. By the
universal property of the orbit category, one observes that the functor Ry admits
the following factorization

Ry : Homo(k)g/gqa) — (Chow(k)g/ eq))/Ker N NHomo(k)g -

Hence, it suffices to show that the left-hand-side functor is full. This is the case
since every morphism [{f;};ez] in (Chow(k)q/ gq))/Ker admits a canonical lift
to a morphism {[f;]} ez in Homo(k)g. O

4. PROOF OF THEOREM 1.3

Item (i) As explained in [I, Prop. 4.2.5.1], de Rham cohomology descends
(uniquely) to Chow(k)g and hence to Homo(k)g. One obtains then the follow-
ing commutative diagram:

(4.1) SmProj(k)°P Hin GrVect (k)
M(—)l /
Hig
Homo(k)g

Recall from [1, §5.1] that for every X € SmProj(k) of dimension d one has well-
defined Kiinneth projectors

7 Hip(X) = Hip(X) = Hjp(X)  0<i<2d.

As explained in [I, §4.3.4], the first Kiinneth projector 7! is always algebraic,
ie. there exists a (unique) correspondence ' € Endgomo(k), (M(X)) such that
H}n(x') = m'. Moreover, as proved in [15, Corollary 3.4], the passage from a
smooth projective curve to its Jacobian (abelian) variety J(C') gives rise to an
equivalence of categories

(4.2) Homo(k)g D {z'M(C)|C € Curv(k)}* = Ab(k)g  C+ J(C).
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This equivalence of categories is independent of the equivalence relation on cycles
and so the diagram commutes:

(4.3) Homo(k)g > {z'M(C)|C € Curv(k)} —=— Ab(k
NU.I;LI(/C)Q > {x'M(C l € Curv(k)}! —=—= Ab(k H

By combining [12, Thm. 1.12] with Theorem 3.1, one obtains the following com-
mutative diagram

(4.4)
SmProj(k)°P
MeE perf(—)
Chow (k
Homo(k Chow(k)g /- eo) —> NChow(k)g
/ . / l
Num(k)g Homo(k)o/so(1) NHomo(k)g
Ml/ / /
Num(k)g /L eo) e NNum(k)g

and consequently, using (4.3), the diagram

1
(45)  Ab(k)g “2> Homo(k)g —> Homo(k)g/-so(1) —> NHomo(k)g

. | |

Ab(k)g ——= Num(k)g —— Num(k)g o) — > NNum(k)g .

As proved in Lemma 4.8 below, both horizontal compositions in (4.5) are fully
faithful. Let us then write Ab(k)g for their image. Note that by construction one
has the commutative square:

Rpopo(4.2)~ !

(4.6) Ab(k)g — Ab(k)g € NHomo(k)qg
Ab(k)g —2r2 0D 3k © NNum(k)g .

Now, as proved in [12, Thm. 1.9(ii)], the category NNum(k)q is abelian semi-simple.
As a consequence every object N € NNum(k)g admits a unique finite direct sum
decomposition N ~ S; & ---@ .5, into simple objects. Let us denote by S the set of
those simple objects which belong to Ab(k)g C NNum(k)g. Making use of it, one
introduces the truncation functor

(4.7) NNum(k)g — Ab(k)g N = 7(N)
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that associates to every noncommutative numerical motive N = S; ® --- ® S5,
its subsume consisting of those simple objects that belong to S. Note that (4.7)
is well defined since the equality HomxNum(k), (Si,Sj) = dij - Q implies that every
morphism N — N’ in NNum(k)g restricts to a morphism 7(N) — 7(N') in Ab(k)g.
The desired Jacobian functor (1.4) can now be defined as the following composition

(4.7

J(—) : NChow(k)g —s NNum(k)g %% Ab(k)q Vet )

Ab(k)g .
Clearly, this functor is Q-linear and additive.

Lemma 4.8. Both horizontal compositions in (4.5) are fully faithful.

Proof. Let us start by showing that both horizontal compositions in the diagram

(4.2)71t
(4.9) Ab(k)g — Homo(k)g —— Homo(k)qg/ sa(1)

| |

Ab(k)g a2 Num(k)q —— Num(k)g/ eq()
are fully faithful. Since p is faithful and the middle vertical functor (and hence
also the right vertical one) is full, it suffices to show that the upper horizontal
composition is full. The “curved” functor H}j, of diagram (4.1) is faithful and
symmetric monoidal. Moreover, it maps Q(j) to the field k placed in degree —2j.
Hence, one obtains the following inclusion

HomHomo(k)Q (ElM(C)a ElM(C/)(])) — HomGerct(k) (H;R(C% H;R(C/)[_QJ])

for every integer 7 and smooth projective curves C' and C’. The right-hand-side
vanishes for j # 0 and consequently also the left-hand-side. Cleary the same holds
for all the direct factors of 7'M (C) and 7'M (C’)(j). By definition of the orbit
category one then concludes that the upper horizontal composition is full. This
proves our claim. Now, since Ry is full and Ry is fully faithful (see Theorem 3.1)
the proof follows from the commutativity of diagram (4.5). O

Item (ii) By construction, the equivalence (4.2) is compatible with de Rham
cohomology in the sense that the following diagram commutes:

(4.10) (7! M(C)|C € Curv(k)}t  Homo(k) —eflen=)

(4.2)l: /
Ab(k)g Hir(—)

Recall from the proof of Theorem 3.1 that the functor (3.3) agrees with the super-
perioditization (3.4) of de Rham cohomology. By combining this fact with the
commutativity of diagram (3.2), one concludes that

Vect (k)

Homo(k)g — Homo(k)g/-gq(1) LN NHomo(k)g ki Vect(k)

agrees with the functor @ioddHé R(—). Hence, since by construction the horizontal
compositions in (4.5)-(4.6) map J(NN) to 7(IV), one obtains the equality

(4.11) H}p(J(N)) = HP™ (r(N)).



JACOBIANS OF NONCOMMUTATIVE MOTIVES 9

Now, recall from item (i) that N decomposes (uniquely) into a finite direct sum
S @ -+ @ S, of simple objects in NNum(k)g and that 7(N) € Ab(k)g is by
definition the subsume consisting of those simple objects that belong to S. One
has then an inclusion ¢ : 7(N) < N and a projection N — 7(N) morphism such
that pod = id; (). Let & be a lift of § and 7 a lift of p along the vertical functor
of diagram (4.6). Note that po§ = id,(x) since 7(N) € Ab(k)q.

The following equivalence of categories

LY Ab(k)g

(4.12) Ab(k)g ~ {x'M(C)| C € Curv(k)}*
show us that every object in Ab(k)g is a direct factor of a noncommutative nu-
merical motive of the form w!perf(C) with C € Curv(k); note that thanks to the
commutativity of diagram (4.4) the image of M(C') under (4.12) identifies with
perf(C). Hence, since by construction 7(N) € Ab(k)g there exists a smooth pro-
jective curve Cl, a surjective morphism Ty : w'perf(Cx) — 7(N) in Ab(k)g,
and a section s : 7(N) — mlperf(Cy) of 'y expressing 7(NN) as a direct factor of
mlperf(Cy). Consider now the following composition

(4.13) rperf(Cy) = (N) & N

in NHomo(k)g. Since mlperf(Cy) is a direct factor of perf(Cy), the morphism
(4.13) can be extended to perf(Cx) (by mapping the other direct sum component
to zero) and furthermore lifted to a morphism I'y : perf(Cy) — N in NChow(k)qg
(using the fact that the functor NChow(k)g — NHomo(k)g is full).

Let us now show that HP~ (7(N)) = ImHP~ (I'y). Recall that the odd de
Rham cohomology of a curve is supported in degree 1. As a consequence, making
use again of the commutativity of diagram (4.4), one obtains the commutative
square

HP (I'n
H}(Cx) = HP~ (perf(Cy)) — 2T pp=(n)
H THP(E)
Hy(Cx) = HP (& perf(Ciy)) ———— HP™(r(N)

which shows us that the morphism H P~ (T'y) factors through HP~(7(N)). Since
Ty admits a section s and 0 a retraction p, one concludes by functoriality that
HP~(Ty) is surjective and that HP~(J) is injective. This implies the equality
HP~(7(N)) = ImHP~ (T'y). Finally, by combining this equality with (4.11) one
obtains the desired equality Hip(J(N)) = ImHP~(Ty).

Item (iii) As explained at item (ii), one has HJ,(J(N)) = HP~(r(N)) C
HP_,.,(N). Hence, it remains only to prove the converse inclusion HP,,(N) C
HP~(7(N)). Recall that for every smooth projective curve C, one has a canonical
(split) inclusion morphism 7'M (C) < M(C) in Homo(k)g. Let us denote by
¢ wlperf(C) — perf(C) its image in NHomo(k)g under the composed functor

(4.14) Homo(k)g — Homo(k)g /- go(1) ~2% NHomo(k)g -
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Given a morphism I' : perf(C') — N in NChow(k)g, one can then consider the
following diagram

(4.15) perf(C) a N
LT Té
perf(C) — — - >7(N)

in NNum(k)g. Since m'perf(C) € Ab(k)g one observes that by definition of 7(N)
the morphism T' o ¢ factors uniquely through 7(N) via a morphism I'. Diagram
(4.15) becomes then a well-defined commutative square. Now, let us consider the
following diagram

(4.16) perf(C) —— = N

] T

mlperf(C) — 7(N)
in NHomo(k)g. Note that (4.16) is mapped to (4.15) by the functor NHomo(k)g —
NNum(k)g. As in the “commutative world”, one has perf(C) ~ perf(C)°P. Hence,
since the conjecture Dy (perf(C) ® N) holds one has the following equality of
Q-vector spaces

HomNHomo(k)Q(perf(C)7 N) = HomNNum(k)Q(perf(C)7 N) ;

see [14, §10]. Clearly, the same holds with perf(C) replaced by m'perf(C). Con-
sequently, one concludes that the above square (4.16) is in fact commutative. By
applying it with the functor HP~ (and using again the commutativity of diagram
(4.4)), one obtains the commutative square

HP~(T)

Hl,(C) = ~(perf(C)) —>HPT(N)
H HP~(5)
H}L(C) = (zlperf(C)) T(f)> HP~ (1(N)),

which shows us that the morphism H P~ (T") factors through H P~ (7(N)). Since this
factorization occurs for every smooth projective curve C and for every morphism I :
perf(C') — N in NChow (k)g one obtains the inclusion HP~(7(N)) C HP., . (N).
This concludes the proof of item (iii) and hence of Theorem 1.3.

5. BILINEAR PAIRINGS

In this section one proves some (technical) results concerning bilinear pairings.
These results will play a key role in the proof of Theorem 1.7.

Proposition 5.1. For every smooth projective k-scheme X of dimension d there
is a natural isomorphism of k-vector spaces

(5.2) HPL,(perf(X)) ~ @ NHZH(X).

curv
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Proof. As explained in the proof of item (ii) of Theorem 1.3, the composition

Chow(k)g = Chow(k)g/-sa(1) —= NChow(k)g 255 Vect(k)

agrees with the functor @;oqaHp(—). The commutativity of diagram (4.4), com-
bined with the fact that R is fully faithful and with the fact that the odd de Rham
cohomology of a curve is supported in degree one, implies that the k-vector space
HP_, . (perf(X)) identifies with

curv

HéR ) 1
(5.3) > Im(Hjp(C) "5 @;0aa Hip(X)) |
Cyy

where v is an element of
Hom chow(k)o/ gon, (M (C), M (X)) = oL _, Homchow (k) (M (C), M (X)(7)) -

Note that due to dimensional reasons the morphisms Hj,(v_1) and H},(74) are
zero. Hence, since @;oaa Hip(—) = Gy Hae (—), the above sum (5.3) identifies
furthermore with

(5.4) > Im(Hjz(C)
Cv{’)’i f;()l

where 7; : M(C) — M(X)(i) is a morphism in Chow(k)g. Clearly this latter sum
identifies with

471 I{1 i .
PR Gl HE (X))

- ,
(55) S5 (3 Im(Hin(0) "9 HE (X))
C7'Yi
and so by combining (5.3)-(5.5) one obtains the natural isomorphism (5.2). O

Betti cohomology. In this subsection one assumes that k is a subfield of C. Let X
be a smooth projective k-scheme of dimension d. Similarly to de Rham cohomology,
one introduces the Q-vector spaces

NHE ™ (X) = TIm(Hg(C) 510 HZHY(X)) 0<i<d-1,
Crvi
where C' € Curv(k) and v; € Homcnow (k) (M (C), M (X)(i)).
Lemma 5.6. There are natural isomorphisms of C-vector spaces
NHIF (X)@rC~ NHFP (X))@ C  0<i<d-—1.
Proof. Note that
Hip(yide

i ( i
NHIZN X))@, C ~ § Im(Hjp(C)e """ HIZ (X)c)
Cyi

. Hl " .
NHF(X)0oC =~ Y Im(HE(C)e "8 HE (X)0),
Cvi

where C' € Curv(k) and 7; € Homcpew(k), (M(C), M(X)(i)). The proof follows
now from the naturality of the comparison isomorphism

(5.7) Hi;p(Y)®, C = Hi(Y)®9C Y € SmProj(k)
established by Grothendieck in [5]. O
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Similarly to de Rham cohomology, one has also intersection bilinear pairings
(5.8) (=, —): NHE%UX)x NHZFYX)—Q 0<i<d-—1.

Proposition 5.9. The pairings (1.6) are non-degenerate if and only if the pairings
(5.8) are non-degenerate.

Proof. Grothendieck’s comparison isomorphism (5.7) is compatible with the inter-
section pairings and so one obtains the following commutative diagram:

NHZ=271(X)e x NH2H (X)e — ¢
(5.7)T~ ~|(5.7)

C.

NHIE 2 H(X)e x NHIH (X)e —
—»—/C

The proof now follows from the general Lemma 5.10 below applied to the intersec-
tion pairings on de Rham cohomology (k C C) and Betti cohomology (Q C C). O

Lemma 5.10. Let F be a field, V and W two finite dimensional F-vector spaces,
(—, =) : VxW — F a bilinear pairing, and F C L a field extension. Then, the
pairing (—, —) is non-degenerate if and only if the pairing (—, =) : Vi, Xx Wi, = L
is non-degenerate.

Proof. Choose a basis {v;};_; of V and a basis {w;}7"; of W. Under such choices,
the non-degeneracy of (—, —) reduces to the following two conditions:

(i) for every i € {1,...,n} there exists a i’ € {1,...,m} such that (v;, w;) # 0;
(ii) for every j € {1,...,m} there exists a j' € {1,...,n} such that (v;/,w;) # 0.
Hence, the proof follows from the fact that {v; ®p L}}"; (resp. {w; ®p L}72)
is a basis of Vi (resp. of Wp) and that (v; ®F L,w; @r L) = (v;, w;) for every
ie{l,...,n}and j € {l,...,m}. O

Remark 5.11. As proved by Vial in [19, Lemma 2.1], the above pairings (5.8) with
i =0 and i = d — 1 are always non-degenerate. Moreover, the non-degeneracy of
the remain cases follows from Grothendieck’s standard conjecture of Lefschetz type.
Hence, the pairings (5.8) are non-degenerate for curves, surfaces, abelian varieties,
complete intersections, uniruled threefolds, rationally connected fourfolds, and for
any smooth hypersurface section, product, or finite quotient thereof. Making use
of Proposition 5.9 one then observes that the same holds for the pairings (1.6).

6. PROOF OF THEOREM 1.7

Similarly to de Rham cohomology, Betti cohomology also gives rise to a well-
defined ®-functor H}, : Homo(k)g — GrVect(Q). As proved in Proposition 5.9, the
intersection pairings (1.6) are non-degenerate if and only if the intersection pairings
(5.8) on Betti cohomology are non-degenerate. Hence, following [19, Thm. 2], there
exists mutually orthogonal idempotents Ilz;+1 € Endgomo(k), (M (X)), 0 <i < d—1,
with the following two properties:

o1 M(X) = o M(J7(X))(—i) and  Hp(x'M(JH(X))(—i)) ~ NHTH(X).
As a consequence, the direct sum

(6.1) @y My M(X) ~ @ ' M(J{H(X))(—i)
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is the direct factor of M (X) associated to the idempotent Zf;ol IM3;4+1. Now, recall
from Theorem 3.1 that one has the following commutative diagram:

6.2 Homo(k)g —— Homo(k)g /- 1 &NHomo k
Q Q/~®Q(1) Q

! | |

Num(k)g —— Num(k)g/go(1) —2> NNum(k)q .

By combining the universal property of the orbit category with the commutativity
of diagram (4.4), one then observes that the image of (6.1) (in NNum(k)g) under
the composed functor (6.2) identifies with @ ' perf(J#(X)). As explained in [1,
Prop. 4.3.4.1] one has an equivalence

(6.3) {z'M(C)|C € Curv(k)}* ~ {z' M(X)| X € SmProj(k)}

of subcategories of Homo(k)g. Therefore, since Ab(k)g is closed under direct sums
and m'perf(J2(X)) identifies with the image of 7'M (J2(X)) along the composed
functor (6.2), one concludes that @&{- x'perf(J%(X)) belongs to Ab(k)g. Now,

K2

recall from the proof of Theorem 1.3 that besides this direct factor of perf(X) one
has also the noncommutative numerical motive 7(perf(X)) € Ab(k)g. By definition
of 7(perf(X)) one observes that there exists a split surjective morphism

(6.4) T(perf(X)) — @ x'perf(J2(X))

in Ab(k)g. Let us now prove that (6.4) is an isomorphism. Consider the following
composition with values in the category of finite dimensional super C-vector spaces

(6.5) Ab(k)g € NHomo(k)g LiLide sVect (k) L sVect(C) .

Since HP* and —®;,C are faithful, the composition (6.5) is also faithful. Therefore,
since the above surjective morphism (6.4) admits a section, it suffices to prove the
following inequality

(6.6)  dim(HP*(r(perf(X))) @) C) < dim(HP* (@} perf(JI(X))) @ C).

On one hand one has:

(6.7) HP*(r(perf(X))) @, C = HP (r(perf(X))) ®x C
(6.8) C HP,, (perf(X)) @, C
(6.9) ~ @ NHI(X) @ C

(6.10) ~ QI INHETH(X)®gC.
Equality (6.7) follows from the fact that 7(perf(X)) € Ab(k)g and from the de-
scription (3.4) of the composition (3.3) as the super-perioditization of de Rham
cohomology. As explained in the proof of Theorem 1.3, we have the equality
H} . (J(perf(X)) = HP~(r(perf(X))). Hence, inclusion (6.8) follows from item
(ii) of Theorem 1.3. Finally, isomorphism (6.9) is the content of Proposition (5.1)
and isomorphism (6.10) follows from Lemma 5.6. On the other hand one has:
HPE (& x perf(JE(X)) @1 C =~ &) HP(x'perf(J¢(X))) @4 C
(6.11) ~ ®{g Hap(M(J7(X))(~1) @k C
(6.12) ~ ®f g Hp(M(JH(X))(~1) ®¢ C
(6.13) ~ QI INHEZT(X)®qC.
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Isomorphism (6.11) follows from the fact that the composed functor (3.3) agrees
with the super-perioditization (3.4) of de Rham cohomology and that ! perf(.J2 (X))
is the image of w' M (J#(X))(—4) under the composed functor (6.2). Isomorphism
(6.12) follows from (5.7) and finally (6.13) follows from the above isomorphism
Hiy(r'M(JH(X))(—i)) ~ NHZ ' (X). These isomorphisms imply the above in-
equality (6.6) and consequently that (6.4) is an isomorphism.

Now, by combining equivalences (4.2) and (6.3), one observes that the passage
from a smooth projective k-scheme to its Picard (abelian) variety gives also rise to
an equivalence of categories

(6.14) Num(k)g D {m' M(X)| X € SmProj(k)} — Ab(k)g X +— Pic’(X).
The direct sum @} x'M(J#(X)) is mapped to @ x'perf(J#(X)) under the

K3
composed functor (6.2). Hence, by the construction of the Jacobian functor one

concludes that J(perf(X)) identifies with the image of @ }x!'M(J¢(X)) under

1=

the above equivalence (6.14). The desired isomorphism (1.8) follows now from the
natural isomorphism

ol xperf(J4(X)) ~ o' M(UZ] T2 (X))

and from the fact that the algebraic variety J(X) agree with their own Picard
variety. Finally, the above arguments show us that

(6.15) HP~ ((perf(X))) @1, C ~ @) NHI (X) @5 C.

Hence, by combing equality (4.11) (with N = perf(X)) with (6.15) one obtains the
isomorphism H}p,(J(perf(X))) ~ @{-t NHI(X) @y C.
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