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1. Introduction and main results

In the study of geometric properties of dynamical systems or fractal measures one is often interested in the asymptotic
behavior of various local quantities associated with the underlying dynamical or geometric structure besides the classi-
cal multifractal spectrum, such as the ergodic average of a continuous function, the local entropy or the local Lyapunov
exponent. This leads to the notion of more general multifractal spectra. Recently Olsen proposed a unifying multifrac-
tal framework based on the concept of the deformations of empirical measures (one can refer to [22,23] and references
therein for more detail). This leads to significant extensions of already known results in multifractal analysis of local char-
acteristics of dynamical systems and fractal measures. Indeed, Olsen obtained various multifractal spectra in the setting of
self-conformal sets and self-conformal measures. As a nontrivial application, Olsen [21,24] obtained the multifractal spec-
trum related to frequencies of digits of N-adic digits. It is natural to ask whether these results can be extended to the
setting of the general self-affine sets. There have been some papers on the Hausdorff dimensions of self-affine sets and self-
affine measures [1,6,7,10,27,28]. In this paper we will investigate this problem in the setting of a special self-affine sets—the
general Sierpinski carpets.

Let T be the expanding endomorphism of the 2-torus T? = R2/Z? given by the matrix diag(n, m) where 2 <m <n are
integers. The simplest invariant sets for T have the form

00 n—l 0 k
K(T,D) = Z( 0 m—l> de: dpeDforallk>1},

k=1

where D C I x ] is a set of digits with  ={0,1,...,n—1} and J ={0,1,...,m — 1}. Alternatively, define a “representation”
map Kr: (I x )N — T2 by
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00 nfl 0 k
I<T(x>=2< 0 ,l) de, x=(d)2, € I x DY (1)
k=1 m

Then K(T, D) = Kr(DY). So each element of K(T,D) can be represented as an expansion in base diag(n—!,m~1) with
digits in D. The set K(T, D), called as the general Sierpinski carpets, was first studied by C. McMullen [18] and T. Bedford [5],
independently, to determine its Hausdorff and box-counting dimensions. From then on, some further problems related
to the Sierpinski carpets K(T, D) are proposed and considered by lots of authors. Y. Peres [25,26] studied its packing
and Hausdorff measures. R. Kenyon and Y. Peres [15,16] extended the results of McMullen [18] and Bedford [5] to the
compact subsets of the 2-torus corresponding to shifts of finite type or sofic shifts and to the Sierpinski sponges. Gatzouras
and Lalley [11] and recently K. Barafski [3] extended the construction of McMullen and Bedford to the more complicated
geometric constructions, respectively. The singular spectrum was studied by King [17] for the general Sierpinski carpets, and
later by Olsen [20] for the Sierpinski sponges. O.A. Nielsen [19] studied a certain subset of K(T, D) by insisting that the
allowed digits in the expansions occur with prescribed frequencies.

Now we describe the setting in this paper and state the main results. Let o denote the projection of R? onto its second
coordinate. Throughout this paper we use #E to denote the cardinality of a finite set E. Denote B = o (D). To avoid triviality,
we assume that #B > 2. For each point b € B put n, =#{d € D: o(d) =b}. D is said to have uniform horizontal fibres if
n, =ny for all b, b’ € B. For any fixed s € B, let

Iy={deD: o(d) =s},

we will call it to be a horizontal fibre of D. Then ng = #I5.
For any x = (x)){°; € DY and d € D, define

Ni(x,d) =#{1 <i<k: x; =d} (2)

and

Ni(x, Is) =#{1 <i<k: x; € I},
Whenever there exists the limit

fox Iy = lim k& T5) 3)
k— o0 k
it is called the frequency of the horizontal fibre Iy in the coding x. When we write the symbol f(x, I's) we are already
assuming the existence of the limit in (3).
Some results related with the fiber frequencies were earlier studied by the authors in [12,13]. For a probability vec-
tor (ep)pep let

2={x=@m), € DY: f(x,I,)=ep forallbe B},

ie., the set of elements of DN where its entry of each element falls into each horizontal fibre I}, with a prescribed
frequency e,. The Hausdorff and packing dimensions of Kr(§2) and the sufficient and necessary conditions for the cor-
responding Hausdorff and packing measures to be positive finite are obtained in [12]. In fact, the approach used in [12]
works for a bit more general case (see (4) below) by a minor modification. Let Bj, j=1,...,¢, be a partition of B, ie,
Bj’s are disjoint nonempty subsets of B with union equal to B. Let

2(Bigjge €igj<e) = {X= x)2; e DM: f(X, U Fb) =ej, 1< <€}, (4)
bGBj

where (ej)1<jge is a probability vector. The Hausdorff dimension of K1 (£2((Bj)1<j<¢, (€j)1<j<e¢)) can be also determined
explicitly.
For distinct s, t € B (recall B =0 (D), the projection of D onto its second coordinate) and 8 > 0 let

2sep={x=)Z; €D": f(x, ) =Bf(x It) >0},
i.e., the subset of DN such that the frequency of the horizontal fibre I' in its element x is 8 proportional to that of I;. Take
B1={s}, B, ={t} and B3 = B\ (B1 U By). Then
st.p= U 2(Bjigj<s. By, y.1—y —By)).
y€(0,1/(1+8)]

The Hausdorff dimension of Kt (£2s¢ ) (as well as the property of its corresponding Hausdorff measure) was obtained
explicitly in [13] by showing that (in fact the supremum below is reached)
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dimy 2scp= sup  dimy K7 (2((Bpi<j<3. (BY. ¥, 1—y — BY))).
y€(0,1/(1+p)]

This makes one to expect a general result that for any set E of probability vectors

dimg kr(  J 9((31)1<1<b(91)1<1<4)>= sup  dimy K1 (2((Bpigj<e. (€p1<j<e))-

e; i<¢€E
(ej)1gjge€E eigige

The analogue for the case of self-similar sets has been verified to be correct by lots of authors (e.g. in [2,8,9,21-24]).
However, for the case under consideration (non-self-similar) it is hard to prove it in a unifying way. In the present paper, we
will consider another individual case and show that the above assertion is correct. As one can see, some special techniques
are required for an individual case.

Now for 0 < ¢y <cy <1 and a fixed s € B we consider the set

R(cr.c2) = {x=(x)2; € D": 1 < f(x. IY) < 2},

i.e., £2(c1,c2) is a subset of DN such that the frequency of horizontal fibre I'; in the coding x falls into the closed subinterval
[c1,c2] of (0,1). Again £2(cq, cz) can be represented as an uncountable union of set of form (4)

Q)= | 2(B1,B2), (y,1-y),

Yeler,c2]

where B1 = {s} and B, = B\ Bj.

The purpose of this paper is to compute the Hausdorff dimension of K1(£2(c1,c2)). For an arbitrary closed subinterval
[c1,c2] of (0, 1), the Hausdorff dimension of K7 (£2(cq,c2)) may therefore be viewed as generalized multifractal spectrum
in view of the multifractal framework introduced by Olsen in [22].

For any Borel subset E of R?, let dimy E denote its Hausdorff dimension, and 7Y (E) denote its y-dimensional Hausdorff
measure. Our first main result gives an explicit formula for the Hausdorff dimension of K1 (£2(c1, c2)).

n]og,, m nlogn m
Theorem 1.1. Let A = e = =g Forx € (0,1) let
deD 5 (d) 2 beB My

h(x) = x(log, nlogn ™ _ logy, x) + (1 —x) (logm Z n?(gg)m_1 —log,, (1 — x)).
deD\ T

Then
h(A) ifAelc,cal,
dimy K7(2(c1,¢2)) = { h(c1) ifA<c,
h(cy) ifA>cy.

As to the corresponding Hausdorff measure, we have the following result.

Theorem 1.2. Let y = dimpy K7($2(c1, c2)) and A be given in Theorem 1.1. Then

(I) If A € [c1, c2] and D has uniform horizontal fibres then 0 < HY (K1 (£2(c1, €2))) < 00;
(I) If A ¢ [c1, c2] or D does not have uniform horizontal fibres then HY (Kt (£2(c1, ¢2))) = oc.

The rest of this paper is organized as follows. In Section 2, some basic facts and known results needed in the proof of
our theorems are described. Proofs of Theorems 1.1 and 1.2 are arranged in Sections 3 and 4, respectively.

2. Preliminaries

As in [18,19,25,26], a class of approximate squares are used to calculate the various dimensions of the general Sierpinski

carpets and its subsets. For each x = (><j)j<?i1 e (I x )N and each positive integer k, let

Q) ={Kr(y): y=up3,ed x DN, yj=x;j for 1 < j < [klog,m] and o (y;) = o (x)) for [klog,m]+1< j <k},

where, as usual, [x] with x € R denotes the greatest integer function. The sets Qi (x) are approximate squares in [0, 1],
whose sizes have length n=k1°¢.m and m—k. Note that the ratio of the sizes of Qi (x) is at most n, and their diameters
diam Q(x) satisfy

V2m* < diam Qx(x) < v2nm*.
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So in the definition of Hausdorff measure, we can restrict attention to covers by such approximate squares since any set of
diameter less than m~* can be covered by a bounded number of approximate squares Q(x). The following lemma appears
in [19] in which the approximate square Qy(x) behaves as an analogue as the ball does in the classical density theorems. It
is just a reformulation of the Rogers-Taylor density theorem as stated by Peres in Section 2 of [26].

Lemma 2.1. (See [19, Lemma 4].) Suppose that § is a positive number, that . is a finite Borel measure in [0, 112, and that E is a subset
of (I x )N such that Kt (E) is a Borel subset of [0, 112, and (K7 (E)) > 0, put

M(x) = lim sup (k8 + logy, 1t (Qx(x)))
k—o0

for each point x € E.

(1) If M(x) = —oo for all x € E, then H® (Kt (E)) = +oo.
(2) If M(x) = +oo0 for all x € E, then H®(Kr (E)) = 0.
(3) If there are numbers a and b such that a < M(x) < b for all x € E, then 0 < H® (K7 (E)) < +o0.

The Borel measures on [0, 1]2 to which the above lemmas will be applied are constructed as follows. Let p = (pa)den
be a probability vector on D, i.e., Y 4.p Pa =1 with each pg € [0,1]. Then p determines a unique infinite product Borel

probability measure, denoted by ip, on DN, For any finite sequence (x1, Xz, ...,X) € Dk,
k
MP([X17x27~'-7XI<]):l_[pXj’ (5)
where [x1,X2,...,%] :={d = (dj)j?i] e DN: dj =x; for 1< j <k} is a cylinder set of DN with base (x1,x2,...,x). Let

[p be the Borel probability measure on K7 (DY) which is the image measure of Wp under Kr, ie., fp(B) = /Lp(K’ B) for
Borel set B C R2. From the definition of approximate square Q(x) it follows that for any x = (x,) 21 € DY (cf. formula (4)
in [19], also formula (4.4) in [11])

[klog, m] k
Qk(x) l_[ Dx; - 1_[ Ao (xj)> (6)
Jj=lklog, m]+1

where and throughout this paper the probability vector (qy)pcp on B, induced by p = (pq)dep, is defined by

qp = Z pa for each point b € B.
deDN(Ixb)

The following lemma shows that K1 (§2(c1, ¢2)) is of full [ip-measure for some properly selected probability vectors p.

Lemma 2.2. i (K7 (52(c1, ¢2))) = 1 for each probability vector p= (pg)qep € X where

= {p= (Padep: Y Pa=1, c1 < Y _ pa<cyand pg€[0,1]foralld € D}. (7)
deD derl

Proof. For any probability vector p = (pg)gep € X, let

Ni(x,d
Ap = {x_(x]) 1 e DY lim M = pgq for all deD},
k— o0 k
and for each point d € D let
Ni(x,d
Ap(d) = :x_(xj)] e DN: lim kX ):pd}.
k—o00 K

Then Kt (£2(c1,¢2)) D UpeE K7 (Ap) and Ap = (yep Ap(d). So it suffices to show that up(Ap(d)) =1 for each d € D. Fix a
d € D and define a sequence of random variables {Xj}j‘?i] on the probability space (DY, F, tp) (F is the Borel o -algebra)
by letting
1, xj=d
Xj(xo2) =1 7
i(0R21) {0’ xj #d.
Then Xi, X3, ... are independent and identically distributed random variables with wp(X1 =1) = pg and up(X; =0) =
1 — pg. By Kolmogrov strong law of large numbers, we have that for pp-a.e. x = (x){2; € DN,
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k
. Nk(x,d) T 1 _ _
Jim = =m0 = B0 =

implying up(Ap(d) =1. O

It will be convenient to refer to the Hausdorff dimension of a Borel probability measure w. This is defined as the infimum
of the dimensions of sets of full y-measure, i.e., dimy p = inf{dimy E: w(E) = 1}. A valid way to determine dimy p is the
following lemma.

Lemma 2.3 (Modification of Billingsley lemma, cf. [26]). Let pp and [ip be defined as in (5) and (6) for p = (pa)dgep € X. If
log fip (Qk (%))

liminf_, oo logm—K

= B for up-almost every x € §2(c1, c2), then dimy [ip = B.

3. Proof of Theorem 1.1

In this section we will determine the Hausdorff dimension of K7(£2(c1,c2)). The method is to find an appropriate
probability measure [ip supported on the Kr($2(c1,c2)) in order to obtain a lower bound of the Hausdorff dimension
of Kr(£2(c1,c2)). The key is to choose a concrete p such that dimy fip reaches its maximum. The estimation of the upper
bound of its Hausdorff dimension will be done by Lemma 2.1.

Proposition 3.1. Let X' be defined as in Lemma 2.2. Then for each p = (pq)dep € %,
dimy fip = —logym ) palogy pa — (1—log,m) ) " qp 1ogy db,
deD beB

where let us recall that gy = } " jcp(ixp) Pd for b € B= o (D).

Proof. For any p = (pg)dep € X, let p and [ip be the Borel probability measure on §2(cy,c2) and Kr(£2(c1,c2)) respec-
tively as above. For any point x = (xj);'?i1 € §2(c1, ¢2) and any integer k € N, taking logarithm in (6), we have

[klog, m] k
logn lp(QU) = Y lognpx,+ Y.  10gndon.-
j=1 Jj=I[klog, m]+1

By Ergodic theorem (or Kolmogrov strong law of large numbers) we have for pp-ae. x = (Xj)f.; e DN,

log [ip(Qi(x))
m ————— =—log,m lo — (1 —log, m lo )
k—co  logm~* Bn deZD Palogm pa — ( gnm) bEEB qp logp, qp

The desired result is then obtained by Lemma 2.3. O
Our next target is to maximize dimy fip for p = (pg)dep € . To do it, we need the following simple observation.

log, m log, m—1

Lemma 3.2. Let W (x) = log,,, x —log,, ng —log,, (1 —x)+logy, ZdeD\Fs s @) with x € (0, 1). Then W (x) is strictly increasing
logpm
on (0,1) and W (A) =0 where A= — glog —.
deD ”u(u?)

logy m
”SWW and X be given by (7). Let h(x) be defined as in Theorem 1.1. For p = (pgq)dep € X let

deD "o (d)

Proposition 3.3. Let A =

2(p) =dimy [ip = —logym Y _ pglogy pa — (1 —1og,m) Y " gy logy, . 8)
deD beB

There exists a unique probability vector p* = (p})dep € ¥ such that

g(p )=rlpeaxxg(p).

Furthermore, p* is an interior point of X, and precisely
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() If A € [c1, c2l, P* = (D})dep is determined by

log, m—1
o(d)

log, m—1
>_dep o ()
log, m—1

and at this moment g(p*) = h(A) =logy Y 4cp Mo )
(II) If A < c1, p* = (P))aep is determined by

n

pi= forde D, (9)

C1

pj=- forder:,

ng
log, m—1 (10)

n (I—c1)

pﬁ:"(‘i)—lognm_1 forde D\ I%,
>_dep\13 o (i)

and at this moment
1 1 _
g(p*) =h(c1) = c1(logy ns™* ™ —logy c1) + (1 —c1) <logm Y ™! —logn(1 - Cl))-
deD\I}
(1) If A > c3, p* = (D})dep is determined by

C

pi= -2 ford e I,
N

log, m—1 (11)

n (1—cy)

pi= o T forde D\ I},
>_dep\13 "o (d)

and at this moment
1 1 -1
g(p*) =h(c) =c; (logm n e ™ _ log, cz) +(1-c) <logm Z n;(gg)m —log,, (1 — cz)).
deD\TI

Proof. Note that g(p) is a strictly concave function of a probability vector p. In fact the first summand of g(p) is strictly
concave and the second is concave. However, X' is convex and its constraint inequalities and its constraint equality are all
linear. By a well-known property of strictly convex programming, there exists a unique probability vector p* = (p})gep in X
such that g(p) attains its maximum at p = p*.

Next we show that p* € int(X), i.e,, pj #0 for all d € D. Let

Zi(p)=—log,mY _pglog, ps and Zy(p)= (log,m—1) Y gy logy qp.
deD beB
Then g(p) = Z1(p) + Z2(p). Suppose p* = (p})gep € X'\ int(X). Let D1 ={d € D: p; =0} and D, = D \ D1. Then both Dq
and D, are nonempty. Take P = (Pa)aep € int(X). Let py =tp + (1 — )p* = (tpg + (1 —t)p})aep. t € [0, 1]. Then p; € int(X)
for t € (0,1] and pg = p*. Note that

, d d ~ % ~ *
Z3(p0) = - Z1(p) = —logym (Z(tpd + (1 =0)py) logp (tha + (1 — t)pd))
deD

=—log,m»_(Pa — p§)logm (P + (1 —t)p})

deD
= —lognm( > Balogn(tha) + Y (Pa — pj) 10gm (P + (1 — t)pﬁ)).
deD4q deD;

Thus we have lim;_.o+ Z(p;) = +00o. The same argument shows that lim;_, o4 Z}(p;) = +oc if q;, =0 for some b € B, or
equals to a finite real number. Therefore, lim;_, o, g'(ps) = +oc. Note that lim¢_ o4 g(p¢) = g(p*). Thus, g(p;) > g(p*) =
maXxpex g(p) when t is small enough, leading a contradiction. Therefore p* is an interior point of X.

Note that g(p) is strictly concave on the convex set X for which constraint equality and constraint inequalities are all
linear, and p* is an interior point of X (it implies that p}j # 0 for all d € D). Thus the admissible solution which satisfies
Kuhn-Turker conditions on X' is just the unique maximum point. Consider the generalized Largrange function
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L(p, 1, A1, 22) = —10g,m Y " palogy pa — (1 —logym) Y " gy logy dp +A(Zpd - 1)

deD beB deD
+M<Zpd—61)+)»2<62— ZPa)-
derly derly

Kuhn-Turker conditions mean

oL(p, A, A1, A
M:O, deD,

P4
M(Zﬁd—ﬁ):&

ders
A2 (Cz - Z Pd) =0,

derl

A >=0, A >=0.

For more information on Kuhn-Turker conditions or generalized Largrange function the readers can refer to the books [4,14].
In our setting Kuhn-Turker conditions and constraint conditions on X can be written as

—(logpg + 1) log,m — (1 — log, m)(log gy @) + 1) + Alogm =0, deD\ %,
—(logpg + 1) log,m — (1 —log, m)(logqs @) + 1) + (A + A1 —A2)logm =0, de /s,

M(Zpd—ﬁ):O,

ders
A2 (Cz - Z Pd) =0,
derl (12)
A120, 2220,

Y pa=1,

deD

C1<ZPd<C27
derly

O<pg<1, deD.

To solve the system (12) we consider the following three cases.
logp m
Case 1. A= — "y € [c1. C2].
deD na(d)

(a) If both A1 =0 and A, =0, then system (12) determines the unique solution

nlogn m—1
= g €D
2_dep "o (d)
(b) If A1 #0 and A, =0, then system (12) has no solution. In fact, the equalities (we ignore the constraint inequalities) in
(12) determine the unique solution

Dd

C1

pa=—, dels,
ng
log, m—1
n_ot o (1—rcr)
_ “(d)—l, de D\ Iy,
og, m—1
2 dep\T o )
I logy, m—
A1 =logy, c1 — logy, o™ — logn, (1 —c1) + logp, Z n;%)m ]
deD\T

Note that A1 = W(cy) where W (x) is defined as in Lemma 3.2. However, Lemma 3.2 tells that A1 = W(c;) < W(A)=0

since A € [c1, ¢2].
(c) If A1 =0 and Ay # 0, then the system (12) has no solution again. For this case, the equalities in (12) determine the

unique solution
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C
pa==, del,
ng
log, m—1
n_t (1—cy)
— ‘7(4)—1, deD\T%,
og, m—1
D dep\Iy N5 @)
1 1 _
A = —log,;, c2 + log,, nsog”m + log,, (1 — c2) — logy, Z n;(gg)m !

deD\ T

Note that A, = —W (cy) which implies that 1, < —-W(A) =0 by Lemma 3.2.

Thus (9) is proved. A direction computation shows g(p*) = h(A).
logp m
Case 2. A= % <c1.
> dep na((?)
As discussed in Case 1, in this case the system (12) has a unique solution shown as in (10), correspondingly A1 = W (c1) >
W (A) =0 and A, =0 (see (b) above). A straightforward calculation shows that g(p*) = h(cy).

logp m

n
Case 3. A= Si]ognm—l > (2.

2 deb o d)
As discussed in Case 1, in this case the system (12) has a unique solution shown as in (11), correspondingly A, =

—W(cy) > —W(A) =0 and A1 =0 (see (c) above). A straightforward calculation shows that g(p*) =h(c). O

By Lemmas 2.2 and 2.3, Propositions 3.1 and 3.3 we actually have obtained that g(p*) (it equals to h(A), h(c1) or
h(cy) in different cases, see Proposition 3.3) is the lower bound of dimy K1 (£2(c1, c2)), i.e., dimy K1 (£2(c1,c2)) > g(p*) =
maxpex g(p). To finish the proof of Theorem 1.1 we need to show that g(p*) is also the upper bound of dimy K7 (£2(c1, ¢2)).
It will be done by means of Lemma 2.1.

For any x = ()72, € §2(c1,¢2) and any positive integer k, denote

Sk®) =Y Ni(x,d)10gpno ).
deD\ T

In the following the probability vector p* = (p})gep € ¥ on D is determined as in Proposition 3.3 (recall it satisfies
g2(p*) = maxpe s g(p)). Taking logarithm in (6) we have that for any x = (x;){2, € £2(c1, ¢2),

[klog, m] k
logy fip (Qe0) = D logmpi+ Y logndq,
j=1 j=lklog, m]+1
= > Nittog,m* ) 10gy Di + D Nixiog,m (%, d) log
dely deD\ Ty
+ D (Nk®. d) = Nikiog, m (%, ) 108 @ )+ Y (Nk(®X, d) = Nikiog, m (%, d)) 10g 45 (4
derl deD\T
= Z N (x,d) log, q;(d) + Z Nik1og, m (%, d) (IOgm P; — log,, q:'(d))
der der
+ ) N d)1ogm @Gy + D Niklog,m . d) (108 P} — 108 @ (4))- (13)
deD\ T} deD\ Ty

When A =nl&™ > e n:f(gc',')m_l elcr.c2l, p= n:f(gé‘)m_1/ > dep n:fﬁ;)m_1 for all d € D and

g(p*) =h(A) =log,, Y ne&s™!
deD

(see Proposition 3.3(I)). Thus (13) reduces to

log, m
~ n
l0gm fLp+ (Qr(®) = Y _ Ni(x, d) logy, Silognm—l — > Nikiog, m (X, d) logy, ng
dery deD o (d) derly
nlogn m
d
+ > Nexdlogy —"0rg = 3 Niktog,mi (% ) 108 o @)
deD\T deD o (d) deD\T
log, m
= Ne(x. T logy —— =5 — Niklog, m) (X. I%) logy ns

deD Yo (d)
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log, m—1
— (k= Ni(x, Ty)) logy, Zn(f(gd)m + Sk(x)logy, m — Siklog, my (X).
deD
Therefore, for any x = (x;){2; € £2(c1, c2),
1 log, m
lim sup k logm [l (Qr(®)) = f(x, I'y) logy, Silognm,] — log, mf (x, I's) logy, ns
k— o0 deD na(d)
log,, m—1 . Sk(x)  Siklog,m) (%)
—(1—f,Iy))lo n_ = log, mlim su -
( f( S)) Em dX: o(d) + log, I(_)QQD( X klogn m
eD
S S X
_ —g(p*)—l—lognmlimsup k(%) _ [klognm]( ) .
k=00 k klog, m
log, m log, m—1 nio8n m71(17c1)
When A=ns"""/ Y gcpn, @ <c1. P* = (pjdep is given by (10), ie, pj = i for d € I, pj = W for
deD\Ts "o (d)
de D\ Ty and g(p*) =h(cy) (see Proposition 3.3(Il)). Thus (13) reduces to
log, fp+ (Qr(x)) = Z Ni(x, d) log,, c1 — Z Niklog, m] (X, d) log, ns
ders derls
log, m
ng,q (I—-c1)
+ Y Nk d)logy —F—s = 3" Niktog,mi (X, d) 10gm o @)
deD\I deD\T% o (d) deD\T%
= Ni(, I's) logy, c1 — Niklog, m (X, I's) logy, ns
log, m—1
+ (k= Ne(x, Iy)) <logm(1 —c)—logy, Y nio™ ) + Sk(x)10g, M — Siklog, m) (X).
deD\ I}
Therefore, for any x = (x;){2; € £2(c1, c2),
. 1 ~
limsup A log, fip (Qk (%))
k—oo K
1 _
= f(x, Is)logy c1 — log, mf (x, I's) logy ns + (1 - fx, Fs)> (logm(l —c1)—logy, > o ‘)
deD\TI
S S X
+ log, mlimsup k) _ 2lklos, m) ()
k=00 k klog, m
1 - 1 1 _
= lOgm(1 —c1)— IOgm Z n;(g;)m ! + f(X7 %) (IOgm €1 — 1Ogm nsognm - lOgm(l —c1)+ lOgm Z n;(g;)m 1)
deD\ T deD\T
S S X
+ log, mlim sup KX) _ Siklogym )
k=00 k klog, m
> logy, (1 —c1) — logy, Z nfi’;)mﬂ +c1 (10gm ¢t — log, n%™ — log,, (1 — ¢1) + log,, Z n?fg)mq)
deD\T deD\ T
S S X
+ log, mlimsup k(%) _ [klogﬂm]( )
k00 k klog, m
S S X
= —h(c1) + log, mlimsup k) - (klogym %)
k— 00 k klogn m
. Sk(x) Siklog, m) (X)
= —g(p*) + log, mlimsu - n ,
8(p") +log, k_)oop( k klog, m
where the above inequality follows from the fact that in this case logcy — lognlsog”m —log(1 —c1) + log ZdeD\I} nlaofg)mfl =
W (cq) > 0 by Lemma 3.2.
logp m—1 1—
When A =n*"/Y, ) ”?(g&')m_l > ¢, P* = (p))aep is given by (11), ie, pj =2 for d e I5, pj = ’W)—(logn:jl f

ZdeD\]‘g My d)
de D\ I and g(p*) = h(cy) (see Proposition 3.3(IlI)). Thus (13) reduces to
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10gm fLp+ (Qi(X®) = Y Ni(X, d)10g 2 = Y Nikiog, m) (X, ) logy, 15
ders derl
log, m
Moo (1—C2)
d
+ ) Nexd)logy =0 = 3" Nictog,mi (% ) 10gn o @)
deD\ T deD\I% Mo (a) deD\T;
= Ni(, I's) logy, c2 — Niklog, m (X, I's) logy, n

1 -1
+ (k — Ni(x, Ty)) <logm(l —¢) — log, Z n(f(gg)m ) + Sk(x) log, m — Sikiog, m (%)
deD\ T}
Therefore, for any x = (x;){2; € £2(c1, ¢2),

. 1 ~
limsup Z 10g, p+ (Qr(x))

k— o0

1 —
= f(x, I') logp c2 — logy mf (x, [5) logy s + (1= f(x, m)(logma—q)—logm > g 1)
deD\T

+ log,, mlim sup

(Sk(x) _ Siklog, m] (X))

k— o0 k klOgnm
=log,, (1 —c) — log, Z nlf(gg)m_l + f(x, I"s)(logCZ _ logni"g”’" log(1 — &) + log Z n:f(gg)’"”)
deD\T deD\Ty
S S X
‘HOgnmlimsup( k) Sklogym ))
k—o00 k klog, m

> log,, (1 —¢2) — logy, Z n?(gg,‘)m*1 +c2 (logcz - lognlsog"m —log(1 —c3) + log Z nif(g&‘)mq)
deD\T deD\T

Sk(X)  Siklog,m)(X)
k klog, m

+ log, mlimsup
k— o0

= —h(c2) + log, mlim sup(

k— o0

Sk(x) _ S‘[klogn m] (X)
k klog, m

Sk(x) _ S(klog, m1(X)
k klog,m )’

=—g(p*) + log,mlim sup(

k—o00

where above inequality follows from the fact that in this case logc, — logngog“m — log(1 — ¢3) + log ZdeD\Fs

W (c3) <0 by Lemma 3.2.
In a word, in all cases we have that for any x = (xj)‘]?":1 € 2(cq, €2),

Sk(®) _ S[klogn m](X)
k klog,m )

log,m—1 __
owy =

. 1 ~ " .
lim sup A log,, ip+ (Qr(x)) = —g(p*) + log, mlimsup

k—oo K k—o00

Now we will show that for every point x = (xj)j‘?cz’1 € 2(cq, C2),

Sk(X)  Siklog,m)(X) >0,
k klog, m

lim sup
k— o0

(14)

This essentially can be derived from Lemma 4.1 in [15]. For every point x = (xj)j.’il € £2(c1,¢2) and any k € N, from the
definition of Si(x), it is obviously that

st;plskﬂ (*®) = k()] < o0. (15)

For a fixed x = (xj)]‘?;’1 € 2(cq,¢2), let T(k) = Si(x). We extend T to [1, +00) by piecewise linear interpolation. Then T is a
Lipschitz function by (15). Now define Y : [0, c0) — R by

Y(2) =e 7T (e7).
We claim that Y (z) is bounded and uniformly continuous on [0, co). In fact,

[Y@| < |YO)|e™ +|Y(2) = Y(0)e ?| <|T(D)| +e?|T(e?) = T(H| < |T(1)| +LipT,
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and for any § > 0,
|Y(z+8) = Y(@)|=]e” T (") —e T (e%)| < e T (") — T(e?)| + |Y ()| (1 —e7?)
<(1—e?)LipT+(1—e®)(JT(D)|+LipT).

Now for any v > —loglog, m,

v v v
f (Y(2) — Y(z +loglog, m)) dz| = / Y(z)dz — / Y (z + loglog, m)dz
—loglog, m —loglog, m —loglog, m
v v+loglog, m
= / Y(z)dz — / Y(2)dz
—loglog, m 0
—loglog, m v+loglog, m
= / Y(z)dz + / Y(z)dz
0 v
—loglog, m v+loglog, m
< / Y(2)dz| + Y(2)dz| < 400,
0 v
since Y is bounded on [0, +00). Therefore,
limsup(Y (z) — Y (z + loglog, m)) > 0.
Z—>+00
Otherwise |fl’10glognm(Y(z) — Y(z + loglog, m))dz| — oo as v — oo.
By letting z = logt, this gives
T(t T(tl
t— 400 t tlog, m
Note that
if) _ T(tlog,m) (T(t)—T([t]) B T (tlog, m) — T ([tlog, m]) n T([t]) E 1
t tlog,m t tlog, m el \t
Siielog,m ) Sitlog, m)(X) + Si(®) el log, m) (X) (16)
[t]log, m tlog, m [t] [t]log, m

where, as before, [t] with t € R denotes the greatest integer function. However, the first three terms in the right side of (16)
tend to zero as t — 4oo by the facts that both functions |T(t) — T([t])] and Y(z) are bounded, and Y(z) is uniformly
continuous. Hence (14) holds. Therefore, for every x = (xj)]?i1 € §2(c1, c3) we have

. 1 ~
limsup — log,, fip+(Qk(x)) > —g(p*).

k— o0 k

which leads to

~ 1 ~
limsup (ks + logy, fp- (Qi(x))) =lim supk<8 + — log, fp+(Qk (x))) = +o00,

k— o0 k—o00 k

for any § > g(p*). Now Lemmas 2.1(2) and 2.2 imply that dimy K7(£2(c1, ¢2)) < g(p*).
4. Proof of Theorem 1.2

When the conditions in Theorem 1.2(I) hold, the corresponding probability vector p* = (pj)acp is given by p} = #1—D for
all D=de D by (9). Then A= g and

#D
y =dimy K1 (£2(c1, c2)) = h(A) = log,, #D + (log, m — 1) log,, ¥B

by Theorem 1.1. Then by (6)
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- #D 1 1
ky + logy, [lp-(Qk(x)) =k (logm #D + (log,m — 1) log, ﬁ) + [klog, m]log,, ot + (k — [klog, m]) log, 7B

#D
= (klog, m — [klog, m]) log,, B

for every x = (x; J‘?O:] € £2(c1,¢2) and all k € N. Then (I) is justified by Lemmas 2.1(3) and 2.2.
To prove (II) we need a result obtained by O.A. Nielsen in [19]. For any probability vector p = (pg)4ep, let
Ni(x,d)

APZ{XZ(Xj)]-Oi] eDN: klingo X = pg for alldeD},

where Ni(x,d) is defined as (2). The vector p = (pq)dep is said to be uniformly distributed on D if pg = % for all d € D.
0.A. Nielsen (cf. [19, Theorems 1 and 3]) proved that

(a) dimy K1(Ap) = —log,m>_.p palogy pa — (1 —log, m) Y, p qplog, qp, where Kt is the representation map defined
by (1);
(b) If p is not uniformly distributed on D or if D does not have uniform horizontal fibres then

H (K1 (Ap)) = o0,

where § = dimy K1 (4p).
Suppose that p* = (p})4ep is the probability vector determined as in Proposition 3.3. Then

Kt (.Q(C], C2)) DKt (Ap*) and dimH Kt (.Q(C], Cz)) = dimH KT(Ap*) = g(p*)

by Theorem 1.1, Proposition 3.3, (8) and (a). Thus it follows from (b) that HY (K71 (£2(c1,¢2))) = oo when D does not have
uniform horizontal fibres.

In the following, suppose that D has uniform horizontal fibres. What we need to do is to check that p* = (p})gep is

not uniformly distributed on D if A= nlsog"m/zdeD n:f(gg)m_l =1/#B ¢ [c1, c2] (recall that B is the projection of D onto its
second coordinate and that each horizontal fibre has same number of elements when D has uniform horizontal fibres).

Case 1. A=1/#B < c1. Then for each d € I'; we have pj = ;—L > #E}ns = % by (10).

Case 2. A=1/#B > c. Then for each d € I'; we have p} = 2 < gz = 25 by (11).
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