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ABSTRACT. We consider parametric Feynman integrals and their dimensional
regularization from the point of view of differential forms on hypersurface
complements and the approach to mixed Hodge structures via oscillatory inte-
grals. We consider restrictions to linear subspaces that slice the singular locus,
to handle the presence of non-isolated singularities. In order to account for
all possible choices of slicing, we encode this extra datum as an enrichment
of the Hopf algebra of Feynman graphs. We introduce a new regularization
method for parametric Feynman integrals, which is based on Leray cobound-
aries and, like dimensional regularization, replaces a divergent integral with a
Laurent series in a complex parameter. The Connes—Kreimer formulation of
renormalization can be applied to this regularization method. We relate the
dimensional regularization of the Feynman integral to the Mellin transforms of
certain Gelfand—Leray forms and we show that, upon varying the external mo-
menta, the Feynman integrals for a given graph span a family of subspaces in
the cohomological Milnor fibration. We show how to pass from regular singu-
lar Picard—Fuchs equations to irregular singular flat equisingular connections.
In the last section, which is more speculative in nature, we propose a geomet-
ric model for dimensional regularization in terms of logarithmic motives and
motivic sheaves.
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1. Introduction

We consider here perturbative quantum field theories governed by a Lagrangian,
which in a Lorentzian metric of signature (+1, —1, ..., —1) on the flat D-dimensional
spacetime RP”, is given in the form

m2
(11) £(6) = 5(00) -6 Luni(9),

where the interaction term L;,;(¢) is polynomial in ¢ of degree at least three. The
corresponding action functional S(¢) = [ L£(¢)dPz involves a single scalar field ¢.
This is the simplest case, considered in the work of Connes—Kreimer. Generaliza-
tions of the Connes—Kreimer formalism for other theories have been developed more
recently (see for instance [40] for the case of gauge theories), but for the purposes
of the present paper we restrict our attention to scalar theories.

The purpose of this paper is to relate the approach to renormalization of
Connes—Kreimer [21], via Birkhoff factorization of loops in Lie groups of char-
acters of the Hopf algebra of Feynman graphs, and its successive reformulation of
Connes—Marcolli [22] in terms of Galois theory of a category of flat equisingular
connections with irregular singularities, to the approach via parametric Feynman
integrals, periods of complements of graph hypersurfaces, and motives, developed
by Bloch-Esnault-Kreimer in [14], [13].

The main approach we follow in this paper, in order to bridge between these
two different approaches, is a formulation of the dimensionally regularized Feynman
integrals in terms of Mellin transforms of certain Gelfand-Leray forms, as in the
approach of Varchenko [42], [43] to the theory of singularities and asymptotic mixed
Hodge structures on the cohomological Milnor fibration, in terms of asymptotic
properties of oscillatory integrals.

We deal with the fact that the graph hypersurfaces tend to have non-isolated
singularities by slicing the Feynman integral along generic linear spaces of dimension
at most equal to the codimension of the singular locus, using the same kind of
techniques used in the integral geometry of Radon transforms in projective spaces
developed by Gelfand-Gindikin—Graev [28]. Since typically the singular locus is
rather large in dimension, the slices obtained in this way will often be singular
curves in P? or singular surfaces in P3. Instead of considering a single choice of a
slicing, which would mean losing too much information on the graph hypersurface,
one considers all possible choices and implements the data of the cutting linear
space as part of the Hopf algebra of graphs, much like what one does with the
choice of the external momenta, so that all possible choices are considered as part
of the structure.

The formulation one obtains in this way, in terms of Gelfand-Leray forms, sug-
gests a new method of regularization of parametric Feynman integrals, which, as in
the case of dimensional regularization, replaces a divergent integral with a Laurent
series in a complex variable e, but which is defined using Leray coboundaries to
avoid the singular locus, by integrating around it along the fibers of a circle bundle.
We check that the formulation of renormalization in terms of Hopf algebras and
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Birkhoff factorization developed in Connes—Kreimer [21] applies without changes
if one uses this new regularization method instead of the customary dimensional
regularization.

The interpretation of the dimensionally regularized Feynman integrals as Mellin
transforms of Gelfand—Leray forms provides a direct link between Feynman integrals
and the cohomological Milnor fibration. In particular, we prove that, upon varying
the external momenta and the spacetime dimension D € N in which the scalar
theory is considered, the corresponding Feynman integrals determine a family of
subspaces of the cohomological Milnor fibration, which inherit a Hodge and a weight
filtration from the asymptotic mixed Hodge structure of Varchenko. It remains to
be seen when this subspace recovers the full Milnor fiber cohomology and/or when
these induced filtrations still define a mixed Hodge structure.

Another important question, in trying to compare the approaches of [22] and
[14], is the use of irregular, as opposed to regular singular, connections. In fact,
from the point of view of motives or mixed Hodge structures, what one expects to
find is regular singular connections. These appear naturally in the form of Picard-
Fuchs equations and Gauss—Manin connections. However, the Galois theory ap-
proach to the classification of divergences in perturbative quantum field theory
developed in [22] relies on the use of irregular singular connections and a form of
the Riemann—Hilbert correspondence based on Ramis’ wild fundamental group. We
reconcile these two approaches by showing that, upon passing to Mellin transforms
of solutions of a regular singular Picard—-Fuchs equation, one obtains solutions of
differential equations with irregular singularities. More precisely, we first recall the
construction and properties of the irregular singular connections considered in [22]
and the equisingularity condition that characterizes them. We then prove that so-
lutions of the regular singular Picard—Fuchs equations at the singular points of a
graph hypersurface (sliced with a linear space of a suitable dimension so that sin-
gularities are isolated) can be assembled to give rise to a solution of a differential
system of the type considered in [22], with irregular singularities and with coeffi-
cients in the Lie algebra of the affine group scheme of the Hopf algebra of Feynman
graphs of the theory, suitably enriched to account for the choice of the slicing of
the Feynman integrals by linear spaces of the appropriate dimension.

Finally, we propose a motivic interpretation for dimensional regularization,
in terms of the logarithmic extensions of Tate motives (the Kummer motives),
and their pullbacks via the polynomial function defining the graph hypersurface.
This amounts to associating to the Feynman graphs of a given scalar theory a
subcategory of the Arapura category of motivic sheaves of [3]. We expect that this
may provide a way of interpreting the relation between dimensionally regularized
Feynman integrals and cohomological Milnor fibrations in terms of a motivic version
of the Milnor fiber. We hope to relate, in this way, a motivic zeta function associated
to the resulting mixed motive with the dimensionally regularized Feynman integral.

An in-depth study of parametric Feynman integrals in perturbative renormal-
ization and their relation to mixed Hodge structures was carried out in very recent
work of Bloch and Kreimer [15]. The topics covered in this paper, as well as other
recent developments arising from the collaboration of Aluffi and the author, are
reviewed in the recent monograph [36].
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2. Parametric Feynman integrals

In this section we recall the Feynman parametric formulation of the momentum
integrals associated to the Feynman graphs in the perturbative expansion of a scalar
field theory. We also recall the Dimensional Regularization method and the form of
the regularized integrals. These are all well known techniques, but we review them
briefly for completeness. We also recall the explicit form of the graph polynomials
Ur(t) and Pr(t,p) and their properties, as well as the explicit mass scale dependence
of the dimensionally regularized Feynman integrals. Moreover, in §2.4 we give a
reformulation of the Feynman integrals in terms of differential forms on hypersurface
complements in projective spaces.

2.1. Feynman parameters and algebraic varieties. We recall briefly the
method for the computation of Feynman integrals based on the parametric rep-
resentation. This is well known material in the physics literature, see e.g. §6-2-3
of [31], §18 of [11], and §6 of [37]. However, since it is not part of the standard
mathematician’s toolkit, we prefer to spend a few words here recalling the basic
ideas.

The terms in the formal asymptotic expansion of functional integrals

[owereria),

obtained by treating the interaction terms Sin: (@) = [ Lint(¢)dPx as a perturba-
tion, are labeled by Feynman graphs of the theory. The topology of these graphs is
constrained by the requirement that the valence of each vertex is equal to the degree
of one of the monomials in the Lagrangian. The edges of the graph are divided into
internal lines, each connecting two vertices, and external lines, which are half-lines
with one end attached to a vertex of the graph and one open end. The order in the
expansion is given by the loop number of the graph, or by the number of internal
lines. Each external line carries a datum of an external momentum p € R” with a
conservation law

(2.1) > pe=0,
eEEemt(F)

where Fe.:(T) is the set of external edges of T'.

We assume that all our graphs are one-particle-irreducible (1PI), i.e. that they
cannot be disconnected by cutting a single internal edge.

The Feynman rules assign to a Feynman graph a function

ul)=U,p1...,pn)
of the external momenta obtained by integrating, over momentum variables k.
assigned to each internal edge of I', an expression involving propagators for each
internal line and momentum conservations at each vertex, in the form
n N
Uwyi/MZﬁN”M+ZFﬁm%)

q1---Qqn

(22) del e dem
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where n = #F;,,+(T"), the number of internal edges in the graph, N = #FE.,+(T)
and €, . is the incidence matrix

+1 t(e)=w
(2.3) €re=14¢ —1 s(e)=v
0 otherwise,
with s(e) and ¢(v) the source and target vertices of the oriented edge e.
The ¢;, fori =1, ..., n are the quadratic forms defining the free field propagator
associated to the corresponding line in the graph, namely
(2.4) qi(k) =k} —m*+ie or q(k) =k +m?

respectively in the Lorentzian and in the Eucidean signature case. In the following,
we work primarily in the Euclidean setting.

We refer to U(I") as the unrenormalized Feynman integral. The parametric
form of U(I") is obtained by first introducing the Schwinger parameters, using the

identity
1 o0
- :/ e %4ds.
q 0

This gives the expression

(2.5) _r = / / e~ (1t tsnan) go o ds,
q1---Gn 0 0

which is a special case of the more general identity

(2.6)

1 1 oo oo
= —(s1qatetsngn) =1 ka1 go g
e S S S Sn-
g P(kl)"'F(kn)/() /0 1 n 1 n

The Feynman parametric form is obtained from this expression by a change of
variables that replaces the Schwinger parameters s; € Ry with new variables ¢; €
[0,1], by setting s; = St; with S = s1 + --- + s,. This gives

(2.7)

LM s
F(kﬂ) 0 0

1
hence in particular one obtains
1 s(1-=5" t;
(2.8) —:(n—l)!/ (L= t) — dty - - dby,
q1-:-Qqn (t1q1+"'+thn)

as an integration in the Feynman parameters t = (¢;) over the simplex

(2.9) S={t=(t) R[> t; =1}

dty - -dt,,

Next one introduces a further change of variables involving another matrix
naturally associated to the graph, the circuit matrix 7z, defined in terms of an
orientation of the edges e; € E(T") and a choice of a basis for the first homology
group, Iy € H(T',Z), with k = 1,...,¢ = b1(T'), by setting

+1 edge e; € loop i, same orientation
(2.10) Nik = —1 edge e; € loop [, reverse orientation

0 otherwise.

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



414 MATILDE MARCOLLI

We also define Mr(t) to be the matrix
n

(2.11) (Mr)r(t) =Y timanthir-
=0

Notice that, while the matrix Mr(t) depends on the choice of the orientation of
the edges and of the choice of a basis for the first homology of I', the determinant
det(Mr(t)) is independent of both choices.

One then makes a change of variables in the quadratic forms ¢; of (2.4), by
setting

14

(212) k; = u; + Z Nik Tk,
k=1

with the constraint

n
(2.13) >t =0,
i=0
for all k =1,...,¢. The momentum conservation relations
n N
D eviki+ Y € ip; =0
i=1 j=1
of (2.2) shows that the u; in (2.12) also satisfy
n N
(2.14) Z €v,iUi + Z €v,jPj = 0
i=1 j=1
This uses the fact that the incidence matrix ¢ = (e,) and the circuit matrix

N = (Ne) satisfy en =3 cpr €v.eler =0, ¢f. [37], §3. The two equations (2.13)
and (2.14) are the analogs for momenta in Feynman graphs of the Kirchhoff laws of
circuits, respectively giving the conservation laws for the sum of voltage drops along
a loop in a circuit and of incoming currents at a vertex, with momenta replacing
currents and the Feynman parameters in the role of resistances ([11], §18).

The u; are determined by (2.13) and (2.14), and one can write the term
> ti(u? + m?) in the form of a function of the Feynman parameters ¢ and the
external momenta p of the form

(2.15) Vi (t,p) == p" Rr(t)p +m?,

where we use the fact that ), ¢; = 1. The N x N matrix R(t), with N = #FE¢,(I")
is constructed out of another matrix associated to the graph. This is obtained as
follows (cf. [31], §6-2-3). Let Dr(t) denote the matrix

n

(216) (DF(t))v,v’ = Z €v,i €v’ i t;l,

=1

with n = #E;,;(I') and with €, ; the incidence matrix as in (2.3). Then the qua-
dratic form p” R(t)p of (2.15) has the form

(217) pTRFp = Z PU(DF(t)il)v,v’PvH

v,v’
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where
(2.18) Po= > p
e€Bcqt (T)t(e)=v
is the sum of the incoming external momenta at the vertex v.

Summarizing the previous discussion, the result of the change of variables (2.12)
is that we can rewrite the original Feynman integral (2.2) in the following form.

LEMMA 2.1. For n — D¢/2 > 0, the Feynman integral (2.2) can be written,
after the change of variables (2.12), in the form
/ 61— i)
x det(Mp(t))P/2Vp(t, p)n=P4/2
up to a multiplicative constant.

Proor. This follows [11], §18 and [31] p.376. First recall the well known
identity for the Gaussian integral

(2.19)

dty - - dty,

—12TAeyD, D _ (2m) P42
(2.20) /e 2 d7xy---d"xy = det(A)D72’
for A an ¢ x { real symmetric matrix. We then have
1

—xT Az 3D D _ —D/2
(47‘-)—DZ/2/6 dxld ngdet(A) /
With the change of variable (2.12) and the conditions (2.13) and (2.14), one can
rewrite the integral U(T) of (2.2) in the form

(2.21) UT) = / e~ Vr(tp) (/ e MMz gDy dDacg) dty - dt,,

R%

where ¢ = b1 (T") is the number of loops in the graph. After performing the Gaussian
integration and rewriting the expression in the external momenta as described above
in the form (2.15) and (2.17), this becomes of the form

(2.22) UT) = (47r)—“7/2/ e dty - dt
ry Ur(t)P/? v

with

(2.23) Wr(t) = det Mp(t).

Then using the identity 1 = [ dA§(A—7"; t;) and scaling ¢; — ¢;A, one rewrites
(2.22) in the form

(2.24)
oo 7)\Vr(t,p) d}\
UT) = (47 *’ZD/Z/ / S(1—=S"t) S gty - dt, | AP
(I') = (4m) 0 \ o ( Z )\I/F(t)D/z 1 3
Using again the special form
_ 1 o0
2.25 yontPe2 7/ “AVE \n—DE/2-1 gy
(2.25) r T(n—D(/2) ), ©
of the general identity (2.6), one then obtains the parametric form
F(n—D£/2)/ o1 =>".t)

2.26 Uur) = L dty - dty,.
( ) ) (4m)tP/2 (0,1] Ur(t)P/2Vp(t, p)n—DE/?2 1
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The condition n — D€/2 = ¢(1 — D/2) + #V(I') — 1 > 0 ensures the convergence at
A = 0 of the integral (2.25). O

A graph is said to be log divergent if n = D{/2, in which case the Feynman
integral reduces to the simpler form

220 J; dww

with w = 0(1 — >, t;)dt; - - - dt,, the volume form on the simplex ¥ defined by the
integration (2.26).

REMARK 2.2. For the purpose of establishing relations between values of Feyn-
man integrals and periods of motives, it is important to check that the multiplicative
constant one is neglecting in passing from (2.2) to the parametric form (2.19) in
fact belongs to Q(m), c¢f. [14]. In (2.26) one sees in fact that the multiplicative
constant is of the form T'(n — D¢/2)(4mw)~*P/2. This either gives a divergent factor,
at the poles of the Gamma function, in which case one considers the residue, or
else, when convergent, it gives a multiplicative factor in Q(r).

The function Ur(¢) = det(Mr(t)) has an equivalent expression in terms of the
connectivity of the graph I' as the polynomial (see [31], §6-2-3 and [37] §1.3-2)

(2'28) \I/F(t) = Z H Le,

S eeS
where S ranges over all the sets S C FE;:(T") of £ = b;(T) internal edges of T,
such that the removal of all the edges in S leaves a connected graph. This can be
equivalently formulated in terms of spanning trees of the graph I' ([37] §1.3), i.e.
U (t) is given by the Kirchhoff polynomial

(2.29) r(t) =[] te

T e¢T

with the sum over spanning trees T of the graph. Each spanning tree, in fact, has
#V — 1 edges and is the complement of a cut-set S.

LEMMA 2.3. The graph polynomial Wr is a homogeneous polynomial of degree
(2.30) deg U = by (I).

In the massless case with m = 0, the function Vr(t,p), for fized p, is homogeneous
of degree one and given by the ratio of a homogeneous polynomial Pr(t,p) by Yr(t).

PrOOF. We have deg U = #E(T") —#E(T), where #E(T) = #V(I')— 1 is the
number of edges in a (hence any) spanning tree, hence from the Euler characteristic
formula #V(T") — #E() = 1 — b1(T") we get (2.30). We write the polynomial
Vi(t,p) = p"Rr(t)p+ Y, tim?. In the massless case, using the reformulation given
in (6-87) and (6-88) of [31], p.297, we rewrite the function Vr(¢,p) in the form of
the ratio

PF(tap)
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of a homogeneous polynomial Pr of degree ¢ + 1 = b1(T") + 1, divided by the
polynomial ¥, which is homogeneous of degree by (I'). In fact, we have ([31],
§6-2-3)

(232) PF(pv t) = Z sc H te,

ccr ecC

where the sum is over the cut-sets C' C I, i.e. the collections of by (I') + 1 edges that
divide the graph I' into exactly two connected components I'y UT's. The coefficient
sc¢ is a function of the external momenta attached to the vertices in either one of
the two components:

2 2

(2.33) se=| >, P = > A,

veV (1) veV(T2)

where the P, are defined as in (2.18), as the sum of the incoming external momenta
(see [31], (6-87) and (6-88)). O

In the following, we work under the following assumption on the graph I'.

DEFINITION 2.4. A 1PI graph I' satisfies the generic condition on the exter-
nal momenta if, for p in a dense open set in the space of external momenta, the
polynomials Pr(t,p) and Ur(t) have no common factor.

To understand better the nature of this condition, it is useful to reformulate
the polynomial Pr(t,p) of (2.32) in terms of spanning trees of the graph. One has,
in the case where m = 0,

(234) Pp(p, t) = Z Z ST,e’ te/ H te,

T e'eT ecTe

where sp. = s¢ for the cut-set C'=T°U {¢'}.
The parameter space of the external momenta is the hyperplane in the affine
space AP #Fext(I) obtained by imposing the conservation law

(2.35) > pe=0.

e€Feqt(T)

Thus, the simplest possible configuration of external momenta is the one where
one puts all the external momenta to zero, except for a pair p., = p = —pe,
associated to a choice of a pair of external edges {e1,ea} C Feut(I'). Let v; be the
unique vertex attached to the external edge e; of the chosen pair. We then have,
in this case, P,, = p = —PF,,. Upon writing the polynomial Pr(¢,p) in the form
(2.34), we obtain in this case

(2.36) Pr(p,t) = p2 Z( Z ter) H Le,
T

e’ €Ty, vy e¢T

where T}, ,, C T is the unique path in 7" without backtrackings connecting the
vertices v1 and vy. We use (2.33) to get s¢ = p? for all the nonzero terms in this
(2.36). These are all the terms that correspond to cut-sets C' such that the vertices
v1 and vy belong to different components. These cut-sets consist of the complement

of a spanning tree 7" and an edge of Ty, v,
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In the following we will make use of the notation

(2.37) Lr(t)=p> Y t
e€Ty vy
for the linear functions in (2.36).
If the polynomial Ur(¢) of (2.29) divides (2.36), one has

Pr(p,t) = ¥r(t) - L(1),

for a degree one polynomial L(¢ ) which gives
(L7

> Tt =o

T e¢T
for all ¢. One then sees, for example, that the 1PI condition on the graph IT" is
necessary in order to have the condition of Definition 2.4. In fact, for a graph that
is not 1PI, one may be able to find vertices and momenta as above such that the
degree one polynomials Lr(t) are all equal to the same L(t). Generally, the validity
of the condition of Definition 2.4 can be checked algorithmically for a given graph.

One does not need to assume the condition of Definition 2.4. However, several of
our formulae become more complicated if we allow the case where the polynomials
U and Pr(t,p) have common factors. Thus, for our purposes we assume that
we are working under the hypothesis that the “generic condition on the external
momenta” holds.

DEFINITION 2.5. The affine graph hypersurface Xr is the zero locus of the
Kirchhoff polynomial
(2.38) Xr={te A" : Up(t) =0},

with n = #FEn(T). The locus of zeros of the polynomial Pr(t,p), for fixed external
momenta p, also defines a hypersurface

(2.39) Yr = Yr(p) := {t € A™ | Pr(t,p) = 0}.

Since both ¥r(t) and Pr(t,p) are homogeneous polynomials in t, we can consider
the corresponding projective hypersurfaces

(2.40) Xp={t=(t;:-:t,) €P" 1 . Up(t) =0}
of degree by (T") and
(2.41) Yr=Yr(p):={t=(t1: - :t,) €P" V| Pr(t,p) = 0}.

of degree by (T') + 1.

In the case of log divergent graphs, or of arbitrary graphs in the range with
sufficiently large spacetime dimension D (i.e. for D satisfying —n+ D£/2 > 0, with
n = #E;u(T') and ¢ = b1(T')), the possible divergences of the Feynman integral
U(T') depend on the intersection of the domain of integration ¥ with the graph
hypersurface Xr in P*~1. Notice that the intersections ¥ N Xr can only happen on
the boundary 0%, as in the interior of X the polynomial W takes strictly positive
real values. See [14] and [13] for a detailed analysis of this case and for its motivic
interpretation. More generally, for non-log-divergent integrals of the form (2.19),
outside of the range —n + D{/2 > 0, the singularities of the integral also involve
the intersections of the hypersurfaces ?p(t, p) with the domain of integration X.
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This case requires in general a more detailed analysis, as in this case some of the
intersections may also appear away from the boundary of ¥, depending on the
values of the external momenta p, see e.g. [11], §18.

2.2. Dimensional Regularization. One of the main problems that emerged
in the historic development of perturbative quantum field theory is how to “cure”
the divergences that occur systematically in the Feynman integrals (2.2), i.e. the
problem of renormalization. Usually this is treated by choosing a regularization
method, combined with a renormalization procedure. Regularization replaces a
divergent integral (2.2) with a function of additional parameters that happens to
have a pole or singularity at the special value of the parameter that corresponds
to the original integral, but which is otherwise well defined and finite at nearby
values of the parameter. Renormalization, on the other hand, gives a method for
extracting finite values from the regularized expressions in a way that is consistent
with the combinatorics of nested subdivergences, i.e. subgraphs of graphs with
divergent Feynman integrals, which themselves contribute divergences.

The Connes—Kreimer theory [21] uses the regularization method known as di-
mensional reqularization and minimal subtraction, combined with the renormaliza-
tion procedure of Bogoliubov—Parasiuk—Hepp—Zimmermann (BPHZ). It was later
shown (see e.g. [27]) that the main results of Connes—Kreimer may be applied to
other regularization procedures, as long as the “subtraction of infinities” can be
formulated in terms of a Rota—Baxter operator. The projection of a Laurent se-
ries onto its polar part is an example of such an operator, which corresponds to
the “minimal subtraction” case. Using this more general formulation, it is possi-
ble to extend the Connes—Kreimer theory to other regularization methods, which
makes it possible, for instance, to extend it to the case of curved backgrounds as in
[1]. We concentrate here on the Dimensional Regularization and Minimal Subtrac-
tion procedure. In fact, our purpose is to compare the approach to motives and
renormalization of [22] with the one of [14], and we prefer to remain close to the
formulation given in [22] using DimReg.

Dimensional Regularization consists of formally extending the usual Gaussian
integration (2.20) from the case of integer dimension D € N to the case of a “com-
plexified dimension” z € C, in a small neighborhood of z = 0, by setting

— 137 Az jD+z ... gD+=z L (27T)(D+Z)Z/2
(2.42) /e z A Fxy - dP Py = det(A) B2

This results in the analytic continuation of the parametric Feynman integral for-
mulae (2.22), (2.24), (2.26) to complex values of the dimension D.

LEMMA 2.6. Upon replacing the integer dimension D by a complezified dimen-
sion D — D + z, with z € A* a small punctured disk around z = 0, the integral
(2.21) becomes of the form

(2.43)
[(n — (2E28 5(1—.t)
U()(2) = 2 il dty -+~ dt,.
D)) (47) "5 /[071]71 U ()PF2Vy (¢, p)r- (P2 T
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PROOF. One uses the same argument as in Lemma 2.1, but using (2.42) instead
of (2.20) in (2.21). This gives
e~ Vr(t.p)

_ —L{(D+z)/2 -
(2.44) U(T) = (47) /R T dhd
+

We then use the same argument as in Lemma 2.1 to write this in the form

(245) U(T) =

0 7)\Vr(t,p) dA
(477)713(D+Z)/2/ / t;) dty - - dt, | \nm (P22

0 [0,1]" Z (D+Z)/2 Y
and we use

— 1 o]

2.46 yontD+l/2 / CAVE yn—(D42)E/2-1 gy
(240 ' Tn—(D+2)0/2) Jy
to obtain (2.43). One recovers the parametric form (2.19) from (2.42). O

2.3. Mass scale dependence. It is well known that, when one regularizes
the integrals U(T") using dimensional regularization, as recalled above, one intro-
duces an explicit dependence on the mass scale, which plays a very important role
in the renormalization process and is the source of the nontrivial action of the
renormalization group (see [20], [21], [22], [23]).

The source of the mass scale dependence is the fact that, in order to maintain
the physical units, the integral (2.42) should in fact be written in the form

, (QW)(D-i-z)é/z

127 Az —z D+z ., —zgD+z g
(2.47) /e 2 d wEdP e = det(A)BFZ

where p has the physical units of a mass (energy), so that the u~*d”+*z; still have
the same physical units as the original d”z; (see [20]).

LEMMA 2.7. The dimensional reqularization U(T)(z) of (2.43) depends on the
mass scale u in the form

[(n— (22t 1= t:)dty - dt
28) U= [ Gt
3 [0,1]™ \I/F(t) VF( )"_ P}

(4m)
PROOF. In the derivation of the parametric form of the Feynman integral with
dimensional regularization, we see that we have in (2.44) a mass scale dependence

—Vr(t,p)
D4z 2 —zf €
(2.49) U, (D)(2) = (4m)~HDP+2)/ /}R ”Wdh“-dtn.

The rest of the argument of Lemma 2.6 is unchanged. In particular, no further
dependence is introduced by the term in Vr(t,p), so that we obtain (2.48). O
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2.4. Integrals on projective spaces. As remarked above, due to the homo-
geneity of the polynomials Ur and Pr, it is natural to regard the graph hypersur-
faces as projective hypersurfaces Xr and Y in P*~!, with n the number of internal
lines of the graph I'. Thus, we want to think of the parametric Feynman integrals
as being computed in projective space.

In order to reformulate in projective space P"~! integrals originally defined in
affine space A", one needs to work with the projective analog (cf. [28], §II) of the
volume form

wp, =dty A ANdty,.
This is given by the form
n
(2.50) Q= (=) tidty A--- Adti A Aty
i=1
The relation between the volume form dt; A - - - A dt, and the homogeneous form €2
of degree n of (2.50) is given by (cf. [25], p.180)

(2.51) Q= A(wn),
where A : QF — QF~1 is the operator of contraction with the Euler vector field
0
2.52 E=S ti—,
252 Sty
(2.53) A(w)(vy, k1) =w(E vy, ,U5_1).

In the parametric Feynman integrals, we consider as region of definition of
the integrand (in the log divergent case, or in the case of integrals in the range
—n + D{/2 > 0) the hypersurface complement

(2.54) D(Up) = {t € A" | Up(t) # 0} = A" < Xp,

while in the formulation (2.26) outside of the range —n+ D{/2 > 0, we also need to
avoid the second hypersurface Yr defined by the vanishing of Pr (for assigned ex-
ternal momenta), as in (2.39). In this case the domain of definition of the integrand
is

D(\I/F,PF) = {t € A" ‘ \I/F(t) 7& 0 and Pr(t,p) 7é 0}

(2.55) .
= D(\I/F) N D(PF) =A" \ (XF U Y]j)

Let U(¥r) and U (P, Pr) denote the corresponding hypersurface complements
in projective space, namely

Z/{(\I/F) = {t e pr—t |\I’]j(t) 7& 0} =Pl Xr
(256) U(\I/F, PF) = {t e pr—1 |\I’F(t) 7é 0 and Pp(t,p) 7& 0}
= Ur)NU(Pr) = PPl (XrUYn).

As we see in more detail in (2.70) and Proposition 2.9 below, in both the affine
and the projective case, we can describe D(Ur, Pr) and U(¥r, Pr) as hypersurface
complements, by identifying Xt U Yr with the hypersurface defined by the vanish-
ing of a homogeneous polynomial given by a product W' - P2, a homogeneous

polynomial of degree n1b1(T") 4+ na(b1(T) 4+ 1), where the component hypersurfaces
Xr and Yr are counted with multiplicities n; and ns. These multiplicities depend
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on the number of edges and loops of the graph and on the spacetime dimension,
and are defined more precisely in (2.70) below. Thus, in the following, wherever
needed, we write D(Up, Pr) = D(f) and U(¥r, Pr) = U(f), with f = U - P2, as
in the various cases of (2.70) below.

We introduce here some notation that will be useful in the following (cf. [25],
p.177). Let R = Clty,...,t,] be the ring of polynomials of A™. Let R,, denote
the subset of homogeneous polynomials of degree m. Similarly, let Q* denote the
R-module of k-forms on A" and let QF denote the subset of k-forms that are
homogeneous of degree m.

We recall the following general fact (¢f. [25], p.178) about hypersurface com-
plements. Let 7 : A" ~ {0} — P"~! be the standard projection t = (t1,...,t,)
t =(t; : - :ty). Suppose given a homogeneous polynomial function f on A"
of degree deg(f). Let D(f) C A™ and U(f) C P"~! be the hypersurface comple-
ments, i.e. the complements, in A™ and P"~! respectively, of the locus of zeros
Xy = {t| f(t) = 0}. With the notation introduced here above, we can always write
a form w € QF(D(f)) as

n .
(2.57) w=—-, with ne€ andeg(f).

f

We then have the following characterization of the pullback along 7 : D(f) —
U(f) of forms on U(f) (see [25], p.180 and [26]). Given w € QF(U(f)), the pullback
*(w) € QF(D(f)) is characterized by the properties of being invariant under the
G, action on A™ N {0} and of satisfying A(7*(w)) = 0, where A is the contraction
(2.53) with the Euler vector field E of (2.52). Thus, since the sequence

050"30"18...830'8300 50

is exact at all but the last term, one can write

. Alm)
(258) ™ (UJ) = f—m, with n e an deg(f)"
Thus, in particular, any (n — 1)-form on U(f) C P*~! can be written as
hQ2 .
(259) f,—m, Wlth h € Rm deg(f)—n

and with Q = A(dty A -+ Adty) the (n — 1)-form (2.50), homogeneous of degree n.

PRrROPOSITION 2.8. Let w € Qﬁl deg(f) be a closed k-form which is homogeneous

of degree mdeg(f), and consider the form w/f™ on A™. Let ¥ C A" ~ {0} be a
k-dimensional domain with boundary 0% # 0. Then the integration of w/f™ on 2
satisfies

W A(w) A(w)
(2.60) mdeg(f)/E = +/de/\fm+1.

fm % B

PROOF. Recall that we have ([25], [26])

(2.61) d (A(w)> _ A(dgw)

fm o Al
where, for a form w that is homogeneous of degree m deg(f),
(2.62) diw = fdw—mdf \w.
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Thus, we have

M) _ A(dw) mA(df Aw)
(2.63) d ( )= m + T
Since the form w is closed, dw = 0, and we have

(2.64) A(df ANw) =deg(f) fw—df AN A(w),

we obtain from the above

(2.65) d (%) — mdeg(f)fim _ dfjfmiﬁg“)

By Stokes’ theorem we have
B[ (A0)
o ™ s )

(2.66) ) —mae(p) [ - [ TR

o fm s fm

Using (2.65) this gives

O

We can use this result to reformulate the parametric Feynman integrals in terms
of integrals of forms that are pullbacks to A™ \ {0} of forms on a hypersurface
complement in P?~!. For simplicity, we remove here the divergent I'-factor from
the parametric Feynman integral and we concentrate on the residue given by the
integration on the simplex ¥ as in (2.67) below.

PRrROPOSITION 2.9. Under the generic condition on the external momenta, the
parametric Feynman integral

w.
2.67 u(r :/ Sl S
( ) ( ) - \IJIE)/QVIIL7D6/2

can be computed as

(2.68) U(T) = m (/82 (1) +/Edf A ”*JS")> ,

where 7 : A"\ {0} — P"~1 is the projection and 7 is the form on the hypersurface
complement U(f) in P*~1 with

. Aw
(2.69) w () = 28,
f
on A", where
Pr n— 2 >

(2.70) f=4 P Wpm om— DEH) <o <pn— Bt
m = ged{n — D{/2,D/2}

\I/F TL—%ZSO,
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with
n— Dt/2 n—2E >
(2.71) m =4 ged{n— D¢/2,D/2} n—M <0<n-2Lt
—n+D{l+1)/2 n— £t <o,
and with
\IlﬁfD(Hl)/an n— w >0
(2.72) w=14 WPy, p - RE gy D2
P;n+De/2wn n— %@ <0,

where wy, = dt; A -+ Adty, on A", with Q = A(wy) as in (2.50). The coefficient
C(n,D,¥) in (2.68) is given by

D(£+1
(n—De/2)((+1) n— 2L >
(2.73) Cn,D.6)=4 (n—D/2)+n  n—-2C cog<p- Dt
—(n—D(t+1)/2)¢ n—EE <.

PRrOOF. Consider on A™ the form given by A(w)/f™, with f, m, and w, re-
spectively as in (2.70), (2.71) and (2.72). We assume the condition of Definition 2.4,
i.e. for a generic choice of the external momenta the polynomials Pr and ¥ have
no common factor. First notice that, since the polynomial ¥ is homogeneous of
degree ¢ and Pr is homogeneous of degree £+ 1, the form A(w)/f™ is G,-invariant
on A" \ {0}. Moreover, since it is of the form a = A(w)/f™, it also satisfies
A(a) = 0, hence it is the pullback of a form n on U(f) C P"~1. Also notice that
the domain of integration ¥ C A", given by the simplex ¥ = {3, ¢; = 1, t; > 0},
is contained in a fundamental domain of the action of the multiplicative group C*
on C™ ~ {0}.

Applying the result of Proposition 2.8 above, we obtain

dti N --- Adty,
/23@119/2 n—D{¢/2 /fm
_ 1 M A(W)>
= mdeg(/)) ( T +/ KT

_ A n n
=C(n,D, ) 1(/&W /df/\ \yipb))’

where f is as in (2.70) and

D(¢+1)
D(t+1)/2—n n-2E >
(2.74) a={ D14+ 1) n—2EH <o <n— Lt
+ 2 L - B <y,
n—B2tyq n— e >
(2.75) b=3 (n-2H1+ 1) n- 2 cg<p - L
n— B¢ n——<0

2
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In fact, the cases of n — w >0and n — % < 0 are clear, while in the range

Withn—%<03ndn—%z>0wehave

fm—i—l — PISTL—DK/Q)(1+#)\III%(1+%).

The coefficient C'(n, D, ¥) is given by C(n, D,{) = mdeg(f), with m and f as in
(2.71) and (2.70). Thus, it is given by (2.73), where in the second case we use

m(({ +1)(n — DL/2)/m + DE/2m) = (n — DL/2)¢ + n,
for m = ged{n — D¢/2, D/2}. O

3. Singularities, slicing, and Milnor fiber

3.1. Non-isolated singularities. One problem in trying to use in our setting
the techniques developed in singularity theory (cf. [5]) to study mixed Hodge struc-
tures in terms of oscillatory integrals is that the graph hypersurfaces X c P"~!
defined by the vanishing of the polynomial ¥r(t) = det(Mr(¢)) usually have non-
isolated singularities. This can easily be seen by the following observation.

LEMMA 3.1. Let T be a graph with degWp > 2. The singular locus of Xr is
given by the intersection of cones over the hypersurfaces Xr,, for e € E(I'), where
T, is the graph obtained by removing the edge e of T'. The cones C(Xr,) do not
intersect transversely.

PROOF. First observe that, since Xt is defined by a homogeneous equation
Ur(t) = 0, with ¥r a polynomial of degree m, the Euler formula m¥r(t) =
Y e teaite\llp(t) implies that N.Z(0.¥r) C Xr, where Z(9.¥r) is the zero locus
of the t.-derivative. Thus, the singular locus of Xr is just given by the equations
0¥ = 0. The variables t. appear in the polynomial W (¢) only with degree zero or
one, hence the polynomial 9, W consists of only those monomials of U that con-
tain the variable t., where one sets t. = 1. The resulting polynomial is therefore of
the form Wr,, where I', is the graph obtained from I' by removing the edge e. In
fact, one can see in terms of spanning trees that, if T' is a spanning tree containing
the edge e then T \ e is no longer a spanning tree of I, so the corresponding terms
disappear in passing from Ur to ¥, , while if T" is a spanning tree of I which does
not contain e, then T is still a spanning tree of I'. and the corresponding mono-
mial mr of ¥r, is the same as the monomial mr in Ur without the variable ¢..
Thus, the zero locus Z(¥r,) C P"! is a cone C(Xr,) over the graph hypersur-
face Xt, C P"~? with vertex at the coordinate point v, = (0,...,0,1,0,...0) with
te = 1. To see that these cones do not intersect transversely, notice that, in the
case where deg Ur > 2, given any two C(Xr,) and C(Xr_,) the vertex of one cone
is contained in the graph hypersurface spanning the other cone. O

The work of Bergbauer—Rej [10] gives a more detailed analysis of the singular
locus of the graph hypersurfaces, using a formula for the Kirchhoff polynomials
under insertion of subgraphs at vertices.

3.2. Projective Radon transform. Among various techniques introduced
for the study of non-isolated singularities, a common procedure consists of cutting
the ambient space with linear spaces of dimension complementary to that of the
singular locus of the hypersurface (cf. e.g. [41]). In this case, the restriction of the
function defining the hypersurface to these linear spaces defines hypersurfaces with
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isolated singularities, to which the usual invariants and constructions for isolated
singularities can be applied.

One finds that, in typical cases, the graph hypersurfaces have singular locus of
codimension one, which means that the slicing is given by planes P? intersecting the
hypersurface along a curve with isolated singular points. When the singular locus is
of codimension two in the hypersurface, the slicing is given by 3-dimensional spaces
cutting the hypersurface into a family of surfaces in P? with isolated singularities.

In our setting, we are interested in computing integrals of the form (2.67). From
this point of view, the procedure of restricting the function defining the hypersurface
to linear spaces of a fixed dimension corresponds to an integral transform analogous
to a Radon transform in projective space (cf. [28]).

We recall the basic setting for integral transforms on projective spaces (cf. §I1
of [28]). On any k-dimensional subspace A¥ C A™ there is a unique (up to a
multiplicative constant) (k — 1)-form that is invariant under the action of SLy. It
is given as in (2.50) by the expression

k —_
(3.1) Q= (=0T tydty Ao Adty A+ Adty.
i=1

The form (3.1) is homogeneous of degree k. Suppose given a function f on A"
which satisfies the homogeneity condition

(3.2) FOB) =X"Ff(1), Vt€A™, N € Gy,

Then the integrand f€; is well defined on the corresponding projective space
Pk=1 < P! and one defines the integral by integrating on a fundamental do-
main in A® \ {0}, i.e. on a surface that intersect each line from the origin once.

Suppose given dual vectors & € (A™), for i = 1,...,n — k. These define a
k-dimensional linear subspace II = 1I; C A™ by the vanishing condition
(3.3) e ={t € A" |(&,t) =0,i=1,...,n—k}.
Given a choice of a subspace I¢, there exists a (k — 1)-form Q¢ on A™ satisfying
(3.4) (60, dE) A+ A (i ) A Qe = O,

with €, the (n — 1)-form of (2.50), cf. (3.1). The form € is not uniquely defined
on A™, but its restriction to Il is uniquely defined by (3.4). Then, given a function
f on A™ with the homogeneity condition (3.2), one can consider the integrand fQ,
and define its integral on the projective space m(Il¢) C P"~! as above. This defines

the integral transform, that is, the (k — 1)-dimensional projective Radon transform
(811 of [28]), as

n—~k

85 ANE©=[ o= [ 0[]0 %0,

i=1

For our purposes, it is convenient to consider also the following variant of the
Radon transform (3.5).

DEFINITION 3.2. Let X C A™ be a compact region that is contained in a funda-
mental domain of the action of G,, on A™ \ {0}. The partial (k — 1)-dimensional
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projective Radon transform is given by the expression

n—k
(36)  Fealf)©) = / MRCLIE / o FO TL ot 0) 2,
N (Ile N (ILe i=1

where one identifies X with its image w(¥) C P71,

Let us now return to the parametric Feynman integrals we are considering.

PROPOSITION 3.3. The Feynman integral (2.22) can be reformulated as
Lk — &)
(3.7) Ul) = ) Fek(fr)(€) (€, dt),
where & is an (n — k)-frame in A™ and Fx (f) is the Radon transform, with ¥ the
simplex Y, t; =1, t; > 0, and with
Vi(t,p)~k+DU?
Tp(t)D/2

Proo¥F. Consider first the form (2.22) of the Feynman integral, which we write
equivalently as

(3.8) fr(t) =

—Vr(t,p)
— (47)-tD/2 AR
(39) Ur) = (@m) P2 [ 0 g dn

where X () is the characteristic function of the domain R’ .
Given a choice of an (n — k)-frame £, we can then write the Feynman integrals
in the form

o) U= n e [ ( / X+(t)ﬂws> e
e Up(t)Pr? U
where (£, dt) is a shorthand notation for
(&,dty = (&1, dt) A+ AN {Ep—p, dt)
and w; satisfies
(3.11) (&, dt) Nwe = wy = dty A+ Ndty.

We then apply the same procedure as in (2.24) and (2.25) to the integral on
Il and write it in the form
(3.12)

e~ Vr(tp) B D¢ we (1)
Jr s Ot =00 [ 80= 5000 ot o

The function fr(t) of (3.8) satisfies the scaling property (3.2) and the integrand

we (t)
Ur(t)P/2Vp(t, p)k—DE/2

is therefore G,-invariant, since the form we is homogeneous of degree k. Moreover,
the domain ¥ of integration is contained in a fundamental domain for the action
of G;,,. Thus, we can reformulate the integral (3.12) in projective space in terms of
the Radon transform as

D¢

(313) (k= ) (4m) 272 [ Fs ()€ (€,
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where Fy, 1 (fr) is the Radon transform over the simplex ¥, as in Definition 3.2. O

In the following, we will then consider integrals of the form

we (t)
(t)P2Vi(t, p)k—DE/2

Mg

(3.14) UM = Fep(fr)§) = [ o(1- Zti) Tr

_ / we (t)
s Ur(t)P/2Ve(t,p)-D4/2
as well as their dimensional regularizations

we (1)
(3.15) UT)e(z) = /Z5 \Ilp(t)(D"'Z)/QVi(t,p)k_(D+z)€/2’

where Il; is a generic linear subspace of dimension equal to the codimension of the
singular locus of the hypersurface X U Yr.

3.3. The polar filtration. As we recalled already in §2.4 above (cf. [25])
algebraic differential forms w € QF(D(f)) on a hypersurface complement can always
be written in the form w = n/f™ as in (2.57), for some m € N and some 71 €
andeg(f). The minimal m such that w can be written in the form w = n/f™ is
called the order of pole of w along the hypersurface X and is denoted by ord x (w).
The order of pole induces a filtration, called the polar filtration, on the de Rham
complex of differential forms on the hypersurface complement. One denotes by
PrQF, C Q. the subspace of forms of order ordx (w) < k—r+1,if k—r+1>0,
or PPQF = 0 for k —r +1 < 0. The polar filtration P* is related to the Hodge
filtration F'* by P"Q™ D F"Q™, by a result of [24].

ProOPOSITION 3.4. Under the generic condition on the external momenta, the
forms

Qe

(3.16) “ D2 k—Dij2
\Illg/zvrk DI/2

span subspaces Pg’k of the polar filtration PTQI’;,T,ll of a hypersurface complement
U(f) C P L, where

Pr k—D(+1)/2>0
(3.17) o Plgk—DZ/Z)/m\I,I?/(Qm) Sl_zDg(Cg_{i_klz/zj/gz/g; De)2,
Up k—Dt/2 <0,
and for the index r of the filtration in the range
r < D{/2 k—D((+1)/2>0
(3.18) r<k—ged{k—D¢/2,D/2} k—D({+1)/2<0<k—Dl/2
r<2k—D({+1)/2 k—Dt/2 <0.
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PROOF. We are assuming that Pr and Wt have no common factor, for generic
external momenta. Consider first the case where k — D¢/2 > 0. This is further
divided into two cases: the case where also k — D(£ + 1)/2 > 0 and the case where
k—D(¢+1)/2 < 0. In the first case, the form (3.16) can be written, using (2.31),
as

A(a) \I]lzifD(Hl)/ng

(3.19) m k—De/2
f PP
where
(3.20) a=0F PN, and f=Pr,  with m=k— D/2.

Thus, in this case we consider the polar filtration for differential forms on the
complement of the projective hypersurface Yr of degree ¢ + 1 defined by Pr = 0.
The forms (3.19), for a generic choice of the (n—k)-frame &, and for varying external
momenta p, span a subspace Pg’k of the polar filtration P’"Q]’;,;ll, for all r < D£/2.
Notice that » < D¢/2 also implies r < k so that one remains within the nontrivial
range k —r > 0 of the filtration.

In the case where we still have k — D¢/2 > 0 but k — D(¢ +1)/2 < 0, we let
m = ged{k — D{/2,D/2},
so that k — D¢/2 = nym and D/2 = ngm. We then write (3.16) in the form

A gh-Dt2q
(3.21) f(j) - kED£/2 D£/2’
Pr Y

with
(3.22) a = \I/kaD[ﬂwg, and f=PU9? and m=gced{k— Dl¢/2,D/2}.

In this case, we consider the polar filtration associated to the complement of the
projective hypersurface defined by the equation P ¥[?> = 0. For a generic choice
of the (n — k)-frame £, and for varying external momenta p, we obtain in this case
a subspace Pg’k of the polar filtration PTQflf,,j_ll, for all r < k—ged{k—D¢/2,D/2}.

The remaining case is when k — D{/2 < 0, so that also k — D({+1)/2 < 0. In
this case, we write (3.16) in the form

593 A(oz) B P;k+Dz/QQE
(~ ) fm - \Ij;k+D(2+1)/2’

where
(3.24) o= PF_kJrDe/ng, and f=¥pr and m=-k+D{+1)/2.

We are considering here the polar filtration on forms on the complement of the
hypersurface X1 defined by Ur = 0. We then obtain, for generic £ and varying p,

a subspace of Pg’k of the filtration P’"Q]’;,;ll, for all r < 2k — D(¢+1)/2. O
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3.4. Milnor fiber. Suppose then that k¥ = codim Sing(X), where Sing(X)
is the singular locus of the hypersurface X = {f = 0}, with f as in Proposition
3.4 above. In this case, for generic £, the linear space Il cuts the singular locus
Sing(X) transversely and the restriction Xy = X NIl has isolated singularities.

Recall that, in the case of isolated singularities, there is an isomorphism between
the cohomology of the Milnor fiber F¢ of X¢ and the total cohomology of the Koszul-
de Rham complex of forms (2.57) with the total differential dyw = fdw —mdf Aw
as above. The explict isomorphism is given by the Poincaré residue map and can
be written in the form

(3.25) [w] = 7" Alwe)],

where j : F¢ — Il is the inclusion of the Milnor fiber in the ambient space (see
25), 56).

Let M(f) be the Milnor algebra of f, i.e. the quotient of the polynomial ring
in the coordinates of the ambient projective space by the ideal of the derivatives of
f- When f has isolated singularities, the Milnor algebra is finite dimensional. One
denotes by M(f),, the homogeneous component of degree m of M(f).

It then follows from the identification (3.25) above ([25],§6.2) that, in the case
of isolated singularities, a basis for the cohomology H" (F¢) of the Milnor fiber, with
r = dim Il — 1 is given by elements of the form

_ 1%A(we)
= fm
where f is the restriction to Il of the function of (3.17). We then have the following
consequence of Proposition 3.4.

(3.26) Wa with % € M(f)m deg(f)—k>

COROLLARY 3.5. For a generic (n—k)-frame £ with n—k = dim Sing(X), with
X the hypersurface of Proposition 3.4, and for a fived generic choice of the external
momenta p under the assumption of Definition 2.4, the Feynman integrand (3.16)
of (3.14) defines a cohomology class in H"(F¢), with r = dimIl; — 1 and F¢ C Il
the Milnor fiber of the hypersurface with isolated singularities X¢ = X N1l C 1lg.

PRrROOF. By Proposition 3.4, the form (3.16) can be written as

hA(we)
(3.27) e

where f is as in (3.17), and h is a polynomial of the form
r PN D+ 1)/2>0
(3.28) h=1{ wiPi2 k—D(+1)/2<0<k—Dt/2
PIRPYR D2 <.
Let Z¢ denote the ideal of derivatives of the restriction f|m, of f to Il¢. Then let
(3.29) he =h mod Z.

For a fixed generic choice of the external momenta, this defines an element in the
Milnor algebra M(f|m,), which lies in the homogeneous component

M (fIr1e)m deg(f)—k>
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for
k— De/2 k—D(+1)/2>0

(3.30) m=1{ ged{k—Dl/2,D/2} k—D({+1)/2<0<k— DL/2
—k+D({+1)/2 k—D¢/2 <0.

Thus, the form (3.27) defines a class in the cohomology H"(F¢) with

r=dimIl; — 1.

3.5. The Feynman integral: slicing. As in Proposition 2.9, we can refor-
mulate the integral (3.14) in terms of integrals of pullbacks of forms on a hypersur-
face complement in projective space, using the explicit description of Proposition
3.4 above.

PROPOSITION 3.6. The integral (3.14) can be computed in the form

(3.31) U(l)e = m </820H5 7 (ne) + /mn5 df e A ”;(:?) ,

where 7 : A™ \ {0} — P"~1 is the projection and e satisfies
hlng Qf
(fle)™

on A", where Q¢ is given by (3.4) and f, m and h are as in Proposition 3.4 and
Corollary 3.5. The coefficient C(k, D, {) is given as in (2.73).

(3.32) ™ (¢) =

PRrROOF. As in the case of Proposition 2.9, the result follows by applying Propo-
sition 2.8 and Proposition 3.4, together with the fact that Q¢ = A(wg), which can
be seen by writing

n—~k
Qe = [T 6((&. ) Q.
=1

The coefficient C(k, D, ¥¢) is given by C(k, D,{) = mdeg(f), with m and f as in
(3.30) and (3.17). O

4. Oscillatory integrals: Leray and Dimensional Regularizations

A well known method for studying integrals of holomorphic forms on vanishing
cycles of a singularity and to relate these to mixed Hodge structures is via oscillatory
integrals and their asymptotic expansion (see [4] and Vol.II of [5]). Our main
result in this section will be to show that the dimensionally regularized parametric
Feynman integrals can be related to the Mellin transform of a Gelfand—Leray form,
whose Fourier transform is the oscillatory integral usually considered in the context
of singularity theory.
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4.1. Oscillatory integrals and the Gelfand—Leray forms. We recall here
briefly some results on oscillatory integrals and their asymptotic expansion. We
refer the reader to §2, Vol.IT of [5] for more details. In general, an oscillatory
integral is an expression of the form

(4.1) I(a) = / @ p(z) dey - - day,

where f : R® — R and ¢ : R" — R are smooth functions and o € R is a real
parameter. It is well known that, if the phase f(z) is an analytic function in a
neighborhood of a critical point z, then (4.1) has an asymptotic development for
« — 0o given by a series

n—1
(42) I(0) ~ €060 373" 0y (6) " (loga),
u k=0
where v runs over a finite set of arithmetic progressions of negative rational numbers
depending only on the phase f(z), and the ay,, are distributions supported on the
critical points of the phase, cf. §2.6.1, Vol.II of [5].

It is also well known that the integral (4.1) can be reformulated in terms of
one-dimensional integrals using the Gelfand—Leray form

(4.3) I(a) :/Remt </X - (b(x)wf(x,t)) dt

where X;(R) C R is the level set X;(R) = {z € R : f(z) =t} and wy(z,t) is the
Gelfand—Leray form, that is, the unique (n — 1)-form on the level hypersurface X;
with the property that

(4.4) df Nwyi(z,t) =dxy A+ ANdxy,.

Notice that, as in the case of the forms (3.4), there is an ambiguity in the choice
of an (n — 1)-form satisfying (4.4), but the restriction to X; is unique so that the
Gelfand—Leray form on X; is well defined. Notice also that, up to throwing away
a set of measure zero, we can assume here that the integration is over the values
t € R such that the level set X} is a smooth hypersurface.

The Gelfand-Leray form wy(z,t) is often written in the notation

drxi N+ Ndxy,

It is given by the Poincaré residue
w w
4. = = Ly —.
( 6) df Rese—O f —
The Gelfand—Leray function is the associated function
(4.7) I = [ o(@)ws(a,b).
L,

For more details, see §2.6 and §2.7, Vol.IT [5].

We recall here a property of the Gelfand—Leray forms that will be useful in the
following, where we consider complex hypersurfaces X C A™ = C™, with defining
polynomial equation f = 0 and the hypersurface complement D(f) C A", such that
the restriction of f to the interior of the domain of integration ¥ C A™ takes values
in R%.
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Recall that the Leray coboundary of a k-chain o in X is a (k 4+ 1)-chain in
D(f) obtained by considering a tubular neighborhood of X in A", in the following
way. Since X is a hypersurface, the boundary of its tubular neighborhood is a
circle bundle over X. One considers the preimage of o under the projection map
as a chain in D(f). We denote the resulting chain by L£(c). It is called the Leray
coboundary of o (see [5] p.282). The Leray coboundary L£(o) is a cycle if ¢ is a
cycle, and if one changes o by a boundary then £(o) also changes by a boundary.

LEMMA 4.1. Let o, be a k-chain in X, = {t € A™|f(t) = €} and let L(o.)
be its Leray coboundary in D(f — €). Then, for a form o € QF that admits a
Gelfand—Leray form, one has

1 «
(4.8) — an-2 = / o,
270 J £(o(e)) F—€¢  Joo
where
(0%
(4.9) -—/ Q.
de Jo(e) o(€) df oo (e) df

PROOF. First let us show that if a has a Gelfand—Leray form then da also
does. We have a form «/df such that

#Adf

da=d(arn ) =-drna(5).

do (o
af df
is a Gelfand—Leray form for da.
Then we proceed to prove the first statement. One can write

Lt e)
211 L(o(€)) f — € 211 a(s) S — E’

where v 2 St is the boundary of a small disk centered at ¢ € C. This can then be
written as

R Wty WA T
- 2mi ~vJoe) S—E€ 21t )y oy S—€  2mi —

The last term can be made arbitrarily small, so one gets (4.8). To obtain (4.9)
notice that

Its differential gives

Thus, the form

1 d / o 1 o
271 de L(o(€)) f — € 211 L(o(€)) (f — 6)2

One then uses

to rewrite the above as

oo ()
2mi \Jeeny F =€ Jewey \f—¢
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1 dng 1 a
210 Jroey f—€ 2T Jraa(e)) f €
1 df A2 1 df N 5

2w Lio(e)) [ —€ 2mi Loy f—¢€’
where da/df is a Gelfand—Leray form such that

da
df N T da,
and a/df is a Gelfand—Leray form with the property that
@
df N — = a.
if A i «
This then gives by (4.8)
d / / da «
— a= — - —.
de o(e) o(e) df do(€) df
This completes the proof. (Il

4.2. Leray coboundary regularization and subtraction. The formula-
tion (2.68) of the parametric Feynman integrals, in the form of Proposition 2.9,
suggests a regularization procedure different from Dimensional Regularization, but
with the similar effect of replacing a divergent integral with a meromorphic function
to which the “minimal subtraction” procedure can be applied to remove the polar
part and extract a finite value.

Since the singularities arise where the domain of integration ¥ meets the hy-
persurface X = {f = 0}, with f as in (2.70), we can concentrate on only the part
of the integral that is supported near this intersection.

Let D.(X) denote a neighborhood of the hypersurface X in P"~! given by
level sets

(4.10) D (X) = Ugen: X,

where X, = {t|f(t) = s} and A¥ C C* is a small punctured disk of radius e > 0.
The boundary 9D.(X) is given by

(4.11) (9DE(X) = UsEBA:Xs-

It is a circle bundle over the generic fiber X, with projection 7. : 0D (X) — X..
Given a domain of integration X, we consider the intersection ¥ N D (X). This
is the region that contains the locus ¥ N X where the divergence in the Feynman
integral can occur. We let £.(X) denote the set

(4.12) L(D)=7m"HZNX,).

This enjoys the same properties of the Leray coboundary discussed above. In
particular, notice that £.(9%) = 9L(X).

We consider forms 7*(n) as in (2.69). To keep track explicitly of the order of
pole of such forms along the hypersurface X, we modify the notation and write

(4.13) (1) = 2

fm
with w and f as in (2.69).
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We then make the following proposal for a regularization method for the Feyn-
man integrals (2.68). We call it Leray regularization, because it is based on the use of
Leray coboundaries. (Notice that this procedure of regularization and subtraction
happens after having already removed the divergent I'-factor from the parametric
Feynman integrals and passing to residues. It is meant in fact to take care of the
remaining singularities that arise from the intersections of the hypersurface with
the domain of integration.)

DEFINITION 4.2. The Leray reqularized Feynman integral is obtained from (2.68)
by replacing the part

(4.14) / 7 (m) +/ af p ™)
9xND.(X) $ND.(X) f
of (2.68) with the integral
(4.15) / o) / af p ).
c.osy f—€ £.(%) f—e€

Thus, the Leray regularization introduced here consists of replacing the integral
over XN D (X) with an integral over L (3) ~ (¥NX,) x S, which avoids the locus
¥ N X where the divergence can occur by going around it along a circle of small
radius € > 0.

Using the result of Lemma 4.1, we can formulate (4.15) equivalently in the
following form.

LEMMA 4.3. The Leray regularization of the Feynman integral (2.68) can be
equivalently written in the form

_ 1 ! ™ (1hn)
v, = C(n,D,?) </aszF(x)c7T (nm)—l_/zmpe(x)u i n f )

2mi / T (Nm—1) / y )
TR L - Ty (0,
57 o, o, 7 )
with 7 (Nm) = A(w)/f™ as in (4.13) and Proposition 2.9.

PROOF. The result follows directly from Proposition 2.9 and Lemma 4.1 ap-
plied to (4.15). O

In (4.16) we use the notation D.(X)° to denote the complement of D.(X).
Notice how only the part of the integral (2.68) that is computed inside D.(X) is
replaced by (4.15) in the Leray regularization, while the part of the integral (2.68)
computed outside of D.(X) remains unchanged.

We now study the dependence on the parameter € > 0 of the Leray regularized
Feynman integral (4.15), that is, of the integral

L 7T*(’I’}m_1) *
(4.17) I := /azmxe i —I—/meeﬂ' (Mm)-

THEOREM 4.4. The function I, of (4.17) is infinitely differentiable in €. More-
over, it extends to a holomorphic function for e € A* C C, a small punctured disk,
with a pole of order at most m at e =0, with m as in (2.71).
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PRrOOF. To prove the differentiability of I., let us write

(4.18) A4mziémxw%m7

with 7*(n) as in (2.69). By Lemma 4.1 above, and the fact that dn*(n) = 0, we
obtain

d _ T (n)
2 Aeln) = /BEQXE T

where f is as in (2.70) and 7*(n)/df is the Gelfand-Leray form of 7*(n). Thus, we
can write

(4.19)

d
Ie = Ae(nm) - EAe(nmfl)-

Thus, to check the differentiability in the variable € to all orders of I, is equivalent
to checking that of A.. We define then T : Q™ — Q" by setting

o
4.2 T = fad
(4.20) @=d(5).
where a/df is a Gelfand-Leray form for a. In turn, the n-form Y(«) also has a
Gelfand—Leray form, which we denote by

(@) _4(#)
(4.21) d(a) = o = i
We then prove that, for k > 2,
d* k-1 (7 (n)
(4:22) ae e = Amﬂé (cﬁ>'
This follows by induction. In fact, we first see that
d? d (1)
e de Josox, df

which, applying Lemma 4.1 gives

Assuming then that

£L4:_/ M1<ﬁm»
det ™ OLNX. df

we obtain again by a direct application of Lemma 4.1
sk—1 (w*d;n)> )

d(

k+1 df

LA / N v )
YNX,

dek+177¢ df

= o ()

This proves differentiability to all orders.

Notice then that, while the expression (4.15) used in Definition 4.2 is, a priori,
only defined for € > 0, the equivalent expression given in the second line of (4.16)
and in (4.17) is clearly defined for any complex € € A* in a punctured disk around
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e = 0 of sufficiently small radius. It can then be seen that the expression (4.17) de-
pends holomorphically on the parameter € by the general argument on holomorphic
dependence on parameters given in Part I11, §10.2 of Vol.IT of [5].

Finally, to see that I, has a pole of order at most m at ¢ = 0, notice that the
form 7*(ny,) of (4.13) is given by A(w)/f™ and has a pole of order at most m

at X. This is evident in the two cases with n — D(e+1) >0orn— Dt <0. It

2 2
also holds in the intermediate case with n — w <0<n-— %, since we are
using the convention that, in the case of a hypersurface X defined by a polynomial
= 1132, a form A(w)/f™ has pole order m along X, even though on the

individual components it has order mn; and mns, respectively. (I

In particular, the result of Proposition 4.4 shows that we can use the Leray
regularization as an alternative to dimensional regularization to replace a divergent
Feynman integral by a meromorphic function of a complex variable € with a pole
at e = 0. It is then possible to proceed as in dimensional regularization and apply
“minimal subtraction”, namely subtract the polar part of the resulting Laurent
series in € and evaluate the remaining part at € = 0.

It is clear that this regularization method is subject to the same problems as di-
mensional regularization when it comes to considering Feynman integrals associated
to graphs that contain subdivergences. One can organize the hierarchy of subdi-
vergences using the Bogoliubov-Parasiuk preparation, as in the case of dimensional
regularization.

4.3. Birkhoff factorization and renormalization. Connes and Kreimer
[21] showed that the BPHZ renormalization procedure, in the DimReg+MS reg-
ularization scheme, can be understood conceptually as the Birkhoff factorization
of loops in the Lie group of complex points of the affine group scheme G dual to
a commutative Hopf algebra H generated by the Feynman diagrams of the given
physical theory. The Hopf algebra H, at the discrete combinatorial level, is the
commutative algebra generated by the one-particle-irreducible (1PI) graphs of the
theory, with the coproduct

(4.23) AM)=T®1+1aT+) yaT/y,

where the sum is over proper subgraphs v C I' satisfying a set of properties such
as being Feynman diagrams of the same theory (see for instance [23] for a detailed
discussion of the assumptions on the family of subgraphs involved in the coproduct).
The quotient I'/ denotes the graph obtained by contracting each component of ~
to a single vertex. It is sometimes denoted in the literature with the notation I'//~.
The Hopf algebra is graded by the number of internal lines of graphs.

After identifying loops v : A* — G(C), defined on an infinitesimal punctured
disk A* around z = 0, with elements ¢ € G(K) = Hom(H, K), where K is the field
of germs of meromorphic functions at z = 0, Connes and Kreimer showed that the
BPHZ formula for renormalization is the recursive formula

¢ (2) = =T(p(x) + 22 ¢ (2")p(2"))
O (x) = d(x) + o (2) + 2 o (2")p(2"),

with A(z) = 2@ 1+ 1@z + > ¢’ ®a”, and 2/, 2" of lower degree, and with T
the projection of a Laurent series onto its polar part. The original BPHZ formula

(4.24)
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is obtained by applying (4.24) to the element ¢ € Hom(H, K) that assigns to a
generator I' of H its unrenormalized Feynman integral U(I"). As shown in [21], the
formula (4.24) is the recursive formula that gives the Birkhoff factorization

(4.25) 7(2) = 7-(2) "1+ (2)

of the loop v into a part 4 that is holomorphic on A and a part v_ that is
holomorphic at co € P}(C), where one identifies v, with ¢, € Hom(H,O), with
O the algebra of germs of holomorphic functions at z = 0 and v_ with ¢_ €
Hom(H, Q) wth Q = C[z7] so that

(4.26) o= (9_058) by,

with S the antipode of H and * the product in the affine group scheme G, dual to
the coproduct of H.

The formulation in terms of Birkhoff factorization of loops with values in the
Lie group of complex points of the affine group scheme of diffeographisms is ap-
plied in [21] to the Dimensional Regularization of Feynman integrals. Namely, the
dimensionally regularized Feynman integrals U(T')(z) of (2.43) define an element
¢ € Hom(H, K), with H the Connes-Kreimer Hopf algebra of Feynman graphs of
the theory and K the field of germs of meromorphic functions at z = 0, given by
assigning as values on the generators of the Hopf algebra

(4.27) o) =UT) € K.

In the case of dimensional regularization of Feynman integrals, the fact that the
U(T')(z) define meromorphic functions is very delicate, see the discussion in §1.4
of [23], especially Lemma 1.7, Lemma 1.8, and Theorem 1.9. On the contrary, we
have seen that, using the Leray coboundary regularization introduced above, one
easily obtains meromorphic functions of the parameter e. We return to discuss the
analytic continuation to meromorphic functions of the dimensionally regularized
integrals via a different approach in §4.4 below.

By the results of §4.2 above, we can apply the same BPHZ renormalization
procedure to the Leray coboundary regularization introduced in Definition 4.3. We
thus consider the element ¢ € Hom(H, K) defined by assigning on generators

(4.28) ¢(T)(e) = U(T)e

defined as in (4.16). By Proposition 4.4, we know that U(I"). defines a germ of a
meromorphic function for € € A*, an infinitesimal punctured disk around e = 0,
hence it defines an element in K. We can then apply the Birkhoff factorization of
¢, as in (4.26). This provides the counterterms, in the form

(4.29) C(T)e = ¢ (T)(e),

which, as a function of €, is an element in Q, and the renormalized value of the
Feynman integral, given by the finite value at zero

(4.30) R(T) = ¢+(I')(0),

where ¢4 (I")(¢) defines an element in the ring of convergent power series O C K.
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4.4. Mellin transform and the DimReg integral. We now return to con-
sider the method of Dimensional Regularization and reinterpret it in terms of oscil-
latory integrals and mixed Hodge structures. As we recalled briefly in §4.1 above,
the oscillatory integrals used in the theory of singularities and mixed Hodge struc-
tures can be seen as Fourier transforms (4.3) of a Gelfand-Leray function (4.7).
One can also consider, instead of a Fourier transform, a Mellin transform of the
same Gelfand-Leray function. Since the Mellin and Fourier transforms determine
each other by well known formulae, the information obtained in this way is equiv-
alent. In the context of singularity theory, the Mellin transforms of Gelfand—Leray

functions and their relation to the oscillatory integral is discussed, for instance, in
Part 11, §7.2.1, of [5], Vol.IL.

It was already proved by Belkale and Brosnan in [9] that, in the case of log-
divergent graphs, the dimensionally regularized parametric Feynman integral can
be written as a local Igusa L-function. This was later generalized to the non-log-
divergent case in the work of Bogner and Weinzierl [16], [17], [18]. Our approach
here is closely related to these results, though we do not discuss in detail the explicit
relation. Moreover, we simplify the form of the integrals with respect to the case
considered by Bogner and Weinzierl, so that we do not have to perform the cutting
into sectors and blowups. We rely, in fact, on the formulation in terms of the
exponential of the rational function Vi (¢, p) and its expansion, and we analyze the
resulting terms individually. A more detailed analysis using the formulation of
Bogner-Weinzierl and Belkale-Brosnan is possible, but we do not consider it here.

In order to relate the dimensionally regularized parametric Feynman integral
to the oscillatory integrals and the Mellin transforms of Gelfand-Leray functions,
consider again the integrals of the form (2.43), or better, the similar integrals com-
puted after slicing with a k-plane Il¢ as in §3.5, so that the intersection Xt N Il
has isolated singularities.

As shown in Lemma 2.6, we can equivalently compute the dimensionally reg-
ularized Feynman integral (2.43) using the form (2.44). Thus, we first consider an
integral of the form

1.31) / e~ Vr(tp)
31 — W
( n TrOP

where H;‘ =1 NRY and we is as in (3.11). After expanding the exponential term
and using (2.31), we are reduced to considering integrals of the form

(4.32) /H Pr(t, p)’

—_— .
+(D¥z)/2 ¢
£ ¥r(t)

Thus, we concentrate here on integrals of the form

(433) Fr’g(z) = /\Iff X§ PIQQE,

with Q¢ is as in (3.4), and for some integer ¢ > 0. We have made here a sim-
ple change of coordinates on the complex variable z, whose meaning will become
apparent in a moment.

The function x¢ in (4.33) is the characteristic function of the domain of inte-
gration. In order to show that one can extract from these dimensionally regularized
Feynman integrals information on the singularities of the graph hypersurface Xr
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(through its slices Xt N II¢), it suffices to concentrate on the part of the domain
of integration that is close to the hypersurface Xr. Thus, we can include in the
function ¢ an additional cutoff of the integral that is supported in a neighborhood
of the intersection ¥¢ N Xr of the original domain of integration in II¢ with the
graph hypersurface.

In the following, for simplicity of notation, we just write (4.33) as

(434) Fp)g(z) = /\I/fw ag,
where
(435) Qe = Xe Pﬁ Qg.

LEMMA 4.5. The function (4.34) is the Mellin transform of the Gelfand-Leray
function

Q¢

4.36 Jr.e(e :/ =

(4.36) 0=/ %
with f = \IIF|H§'

PRrROOF. First observe that both functions ¥r(¢) and Pr(t,p) are real when

restricted to the domain ¥ C R”}, with Wp(¢) > 0 on the interior of this domain.
Thus, we can write the function Fr ¢(z) of (4.34) in the form

(4.37) Fre(z) = /OOO 5 (/X ‘;‘—Jf> ds.

Omne can then recognize that (4.37) is in fact the Mellin transform

(4.38) vag(z) = /OOO Szjng(s) dS,

for Jr ¢ as in (4.36), the corresponding Gelfand-Leray function. O

The identification of Fr ¢(z) with the Mellin transform (4.38) also provides an
answer to the problem of the analytic continuation to meromorphic functions in
the complex plane for functions of the form (4.33). This analytic continuation is
needed in order to justify our change of variables in z in passing from (4.32) to
(4.33), as well as the use of integrals of the form (4.33) to derive conclusions about
the original dimensionally regularized integrals (4.32). In fact, the existence of an
analytic continuation to meromorphic functions for the functions Fr¢(z) follows
from the existence of an asymptotic expansion for Gelfand-Leray functions of the
form

(4.39) J(s) = /X %, o = hywn,

with h a polynomial term and x a compactly supported smooth function, supported
near an isolated singularity of the hypersurface f = 0. The asymptotic expansion
is given by

n—1
(4.40) J(s) ~ Z Z ary s log(s)", s — 0T

AEE r=0
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with Z a discrete subset of R. The points A € = depend on the set of multiplicities
of an embedded resolution of the singularity, see Part II, §7 of [5] and [42]. This
implies the following result (¢f. [5]), for generic choice of the slicing Il and of the
external momenta.

COROLLARY 4.6. Suppose that the cutoff function x¢ in (4.35) is supported
in a small neighborhood of an isolated singularity of Xr N1lg. Then the function
Fre(z), defined as in (4.34) for R(z) > 0 sufficiently large, admits an analytic
continuation to a meromorphic function over the whole complex plane, with poles
at the discrete set of points z = —(A+1), with A € 2 as in (4.40), with the coefficient
of (z4+X+1)"0*Y in the Laurent series expansion given by (=1)"rla, x, with a, x
as in (4.40).

4.5. Dimensional regularization and mixed Hodge structures. We use
the results of the previous section relating the dimensional regularization of the
Feynman integrals to the Mellin transform of Gelfand—Leray functions, and the
results of §3.4 on the interpretation in terms of cohomology of the Milnor fiber,
to relate the dimensionally regularized Feynman integrals to limiting mixed Hodge
structures.

We assume here to be in the case of isolated singularities, possibly after replac-
ing the original Feynman integrals with their slices along planes Il of dimension
complementary to that of the singular locus of the hypersurface, as discussed in
§63.2 and 3.5 above.

The cohomological Milnor fibration has fiber over € given by the complex vector
space H*=1(F_, C), where the Milnor fiber F, of X¢ is homotopically a bouquet
of u spheres S*~! with k = dimIl¢ — 1 and with g the Milnor number of the
isolated singularity. A holomorphic k-form o = hwe/f™ determines a section of
the cohomological Milnor fibration by taking the classes

(4.41) {%

We then have the following results ([5], Vol.II §13). The asymptotic formula (4.40)
for the Gelfand—Leray functions implies that the function of € obtained by pairing
the section (4.41) with a locally constant section of the homological Milnor fibration
has an asymptotic expansion

(4.42) < {%} ,5> ~> a;—’f@ log(e)",

AT

F5:| € Hk_l(Fev(c)'

for € — 0, where §(¢) € Hy_1(F¢,Z). Moreover, there exist classes

(4.43) ne\(e) € H*1(F,,C)
such that the coefficients a, » of (4.42) are given by
(4.44) (n7a(e),0(€)) = arx.

Thus, one defines the “geometric section” associated to the holomorphic k-form a
as

(4.45) o(a) =Y n2\()
A

e* log(e)"
rl

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



442 MATILDE MARCOLLI

The order of the geometric section o(«) is defined as being the smallest A in the
discrete set = C R such that 75, # 0. One denotes it by A,. The principal part of
o(a) is then defined as

o log(e)*=t
(4.46) Omax () (€) == o (770’% 4+t ﬁnkl’)\”> )

where one knows that
(4~47) 773,)\ = NTU(()X,A,

where N is the nilpotent operator given by the logarithm of the unipotent mon-
odromy, given by

1
N=——1logT
21

with log 7 =" o, (=1)" (T —id)"/r.

The asymptotic mized Hodge structure on the fibers of the cohomological Milnor
fibration constructed by Varchenko ([43], [44]) has as the Hodge filtration the
subspaces F" C H*=1(F,,C) defined by

(4.48) F" = {Ja/df) | Aa <k —7—1}

and as weight filtration W, ¢ H*~!(F,, C) the filtration associated to the nilpotent
monodromy operator . This mixed Hodge structure has the same weight filtration
as the limiting mized Hodge structure constructed by Steenbrink ([38], [39]), but
the Hodge filtration is different, though the two agree on the graded pieces of the
weight filtration.

We now use a refined version of the results of §3.4, and in particular Corollary
3.5 for Feynman integrands as in (3.16). We show that, upon varying the choice
of the external momenta p and of the spacetime dimension D, the corresponding
Feynman integrands, in a neighborhood of an isolated singular point of X N Ilg,
determine a subspace of the cohomology H*~!(Fg, C) of the Milnor fiber of XtNIlg.
This inherits a Hodge and a weight filtration from the Milnor fiber cohomology
with its asymptotic mixed Hodge structure. We concentrate on the case where
k — D¢/2 < 0, so that we can consider, for fixed k, arbitrarily large values of
D eN.

PRroPOSITION 4.7. Consider Feynman integrals, sliced along a linear space 11¢
as in (3.14). We write the integrand in the form
hQe
4.49 e = 2k
( ) 3 fm
with
b — poktD/2
=7
(4.50) f=Up
m=—-k+D({+1)/2,
as in (3.24), with k — D¢/2 < 0. Upon varying the external momenta p in Pr(p,t)

and the spacetime dimension D € N, with k — D{/2 < 0, the forms a¢ as above
determine a subspace

HE1 —(F.,C)c HY(F., C),

Feynman
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of the fibers of the cohomological Milnor fibration, spanned by elements of the form
(4.49), where the polynomials h = hrp 4, are of the form

—k+De/2
(4.51) moy = [I Lo ] ter
i=1 egT;

where the T; are spanning trees and the L, (t) are the linear functions of (2.37).

PRroOOF. Consider the explicit expression (2.32) of the polynomial Pr(¢,p) as
a function of the external momenta, through the coefficients sc of (2.33). One
can see that, by varying arbitrarily the external momenta, subject to the global
conservation law (2.35), one can reduce to the simplest possible case, where all
external momenta are zero except for a pair of opposite momenta P,, = p =
—P,, associated to a pair of external edges attached to a pair of vertices vy, va.
In such a case, the polynomial Pr(t,p) becomes of the form (2.36). Thus, when
considering powers Pr(t, p)~*TP/2 for varying D, we obtain all polynomials of the
form (4.51). O

We denote by Hlﬁe}hman(Fsa C) the subspace of the cohomology H*~1(F.,C) of
the Milnor fiber spanned by the classes [a¢/df] with a¢ of the form (4.49), with
h of the form (4.51), considered modulo the ideal generated by the derivatives
of f = Wr and localized at an isolated singular point, i.e. viewed as elements in
the Milnor algebra M(f). The subspace HE !  (F,, C) inherits a Hodge and a

Feynman
weight filtration F'* N Hﬁ;,}lman and W, N Hﬁ;,}lman from the asymptotic mixed

Hodge structure of Varchenko on H*~!(F,,C). It is an interesting problem to see
whether the subspace Hp. ! recovers the full H*=1(F,, C) and if

Feynman

(F*NHF L — W,nHEL

Feynman> Feynman

still give a mixed Hodge structure, at least for some classes of graphs I'.

5. Regular and irregular singular connections

An important and still mysterious aspect of the motivic approach to Feynman
integrals and renormalization is the problem of reconciling the Riemann-Hilbert
correspondence of perturbative renormalization formulated by Connes—Marcolli in
[22] (see also [23]), which is based on equivalence classes of certain irreqular sin-
gular connections, with the setting of motives (especially mixed Tate motives) and
mixed Hodge structures, which are naturally related to regular singular connec-
tions. The irregular singular connections of [22] have values in the Lie algebra of
the Connes—Kreimer group of diffeographisms and are defined on a fibration over
a punctured disk with fiber the multiplicative group, respectively representing the
complex variable z of dimensional regularization and the energy scale p (or rather
(%) upon which the dimensionally regularized Feynman integrals depend. On the
other hand, in the case of hypersurfaces in projective spaces, the natural associated
regular singular connection is the Gauss—Manin connection on the cohomology of
the Milnor fiber and the Picard—Fuchs equation for the vanishing cycles. We sketch
here a relation between this regular singular connection and the irregular equisin-
gular connections of [22]. (To avoid any possible confusion, the reader should keep
in mind that the use of the term “equisingular” in [22] is not the same as the well
established use in singularity theory, as in [41] for instance.)
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5.1. Picard—Fuchs equation and Gauss—Manin connection. In the fol-
lowing we let

Wi .
5.1 — =1,...,
(5.1 FIREEE
be a basis for the vanishing cohomology bundle, written with the same notation we
used above for the Gelfand—-Leray form. Then the Gauss—Manin connection on the
vanishing cohomology bundle, which is defined by the integer cohomology lattice
in each real cohomology fiber, acts on the basis (5.1) by

where the p;;(s) are holomorphic away from s = 0 and have a pole at s = 0. The
Gauss—Manin connection is regular singular and its monodromy agrees with the
monodromy of the singularity (see [4], §2.3). Given a covariantly constant section
0(s) of the vanishing homology bundle, the function

(5.3) I(s) = (/5(3) 3—;,...,/5(5) ‘;_}>

is a solution of the regular-singular Picard-Fuchs equation

d

(5.4) -

I(S) = P(S)I(S), with P(S)ij = pij(s).

Similarly, suppose given a holomorphic n-form w and let w/df be the corre-
sponding Gelfand—Leray form, defining a section [w/df] of the vanishing cohomology
bundle. Let d1,...,d, be a basis of the vanishing homology, d;(s) € H,_1(Fs,Z).
Then the function

(5.5) I(s) = (/61(3) ;"—f,...,/é“(s) %)

satisfies a regular singular order ¢ differential equation
(5.6) 1) + pi(s)I 7D (s) + -+ pe(s)I(s) = 0,

where the order is bounded above by the multiplicity of the critical point (see
[5], §12.2.1). One refers to (5.6), or to the equivalent system of regular singular
homogeneous first order equations

(5.7) L 1(s) = P,
with
(5.8) Z,(s) = s" I (s),

as the Picard—Fuchs equation of w. For the relation between Picard—Fuchs equations
and mixed Hodge structures see §12 of [5] and [32].
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5.2. Flat equisingular connections. We first recall some properties of the
flat equisingular connections introduced in [22] (see also §1 of [23]). We denote
by G the affine group scheme dual to the commutative Hopf algebra of Feynman
diagrams, graded by loop number. We let g denote the Lie algebra g = Lie(G).
Let K denote the field of germs of meromorphic functions at z = 0. We also let
B denote a fibration over an infinitesimal disk A* with fiber the multiplicative
group G,, and we denote by P the principal G-bundle P = B x G. We consider
Lie(G)-valued flat connections w that are equisingular, i.e. they satisfy

e The connection satisfies w(z, \u) = A w(z,u), for A € G,,, with Y the
grading operator.

e Solutions of Dy = w have the property that their pullbacks o*(v) € G(K)
along any section o : A — B with fixed value o(0) have the same negative
piece of the Birkhoff factorization o*(7y)_.

The first condition and the flatness condition imply that the connection w(z, u)
can be written in the form

(5.9) wlz ) = ¥ (afz)) dz -+ ¥ (b(:)) 22,
where a(z) and b(z) are elements of g(K) satisfying the flatness condition
(5.10) % — Y (a) + [a,b] = 0.

Recall that the Lie bracket in the Lie algebra Lie(G) is obtained by assigning

(5.11) O, = Y To,I'— > T'oyT,

veV () v EV(TY)
where T o, IV denotes the graph obtained by inserting IV into I' at the vertex
v € V(T') and the sum is over all vertices where an insertion is possible.

The equisingularity condition, which determines the behavior of pullbacks of
solutions along sections of the fibration G,, — B — A, can be checked by writing
the equation Df = w in the more explicit form

d
(5.12) 7_1£ =a(z), and ~7'Y(y)=b(2).
z
When one interprets elements v € G(K) as algebra homomorphisms ¢ € Hom(H, K),
one can write the above equivalently in the form

(5.13) (qsoS)*fl—f:a, and  (¢oS)*Y(¢) =0,

where S is the antipode in H and % is the product dual to the coproduct in the
Hopf algebra. This means, on generators I' of H,

(5.14) <<¢os>®j_‘f,A(r)>:aF, and  ((¢08)® Y(6), AT)) = br,
where
AD)=T®1+1@T+)Y y&l/y

as in (4.23), with the sum over subdivergences, and the antipode is given inductively
by

(5.15) S(X)=-X-> S(X")X",
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for AX)=X®1+10X+> X' ® X", with X’ and X" of lower degree.

5.3. From regular to irregular singularities. We now show how to pro-
duce a flat connection of the desired form (5.9), with irregular singularities, starting
from the graph hypersuraces Xr, a consistent choice of slicing 1l¢, and the regular
singular Picard—Fuchs equation associated to the resulting isolated singularities of
XrnN Hg.

We begin by introducing a small modification of the Hopf algebra and coprod-
uct, which accounts for the fact of having to choose a slicing II¢. This is similar to
what happens when one enriches the discrete Hopf algebra by adding the data of
the external momenta.

Let Sr denote the manifold of planes Il¢ in A#% () with
dimII¢ < codim Sing(Xr).
We can write St as a disjoint union
codim Sing(Xr)

(5.16) Sr = U S

m=1

where Sr,, is the manifold of m-dimensional planes in A% EM) . We denote by
C>°(Sr) the space of test functions on Sp and by C°°(Sr) its dual space of distri-
butions.

LEMMA 5.1. Suppose given a subgraph v C I'. Then the choice of a distribution
o € Co°(Sr) induces distributions o, € C;°°(Sy) and or/y € CZ°(Sr/,).

Proor. Given v C I, neglecting external edges, we can realize the affine X,
as a hypersurface inside a linear subspace A#F(Y) ¢ A#E(I) and similarly for the
affine X/, seen as a hypersurface inside a linear subspace A#FET/Y) ¢ A#ED)
where we simply identify the edges of v or I'/ with a subset of the edges of the
original graph I'.

One then has a restriction map 7', : Sr 4, — Sy, where Sr, C Sr is the union
of the components Sr ,, of Sr with m < codim Sing(X),

codim Sing(X )

(517) Sl_‘,'y = U SF,m,

m=1

which is given by
(5.18) T, (Il¢) = I N A#ED),
This induces a map T, : C>(S,) — C>°(Sr) given by

(T (1)) e € Sy
(5.19) T, (f)(Ie) = .

0 otherwise.
In turn, this defines a map T, : C,°°(Sr) — C_ *°(S,), at the level of distributions,
by

(5.20) Ty(0)(f) = o(T5(f))-

The argument for I'/v is analogous. One sets 0., = T,(or) and op/, = Tt/ (or).
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We then enrich the original Hopf algebra H by adding the datum of the slicing
Il¢. We consider the commutative algebra

(5.21) H = Sym(C.*(S)),

where S = UrSr, endowed with the coproduct

(5.22) AT o) = (0,0) 1418 (T,0) + 3 (1.0,) @ (T/7,01/).
¥

LEMMA 5.2. The coproduct (5.22) is coassociative and His a Hopf algebra.

PROOF. The proof is analogous to the one given in [23], Theorem 1.27. ]

We then proceed as follows. We pass to the projective instead of affine formu-
lation and we fix a small neighborhood of an isolated singular point of Xt N Ilg,
for II¢ a linear space of dimension at most equal to the codimension of Sing(Xr).
Suppose given a holomorphic k-form a¢ on II¢. Then there exists an associated
regular singular Picard—Fuchs equation

(5.23) J&(S) + pl(S)Jggl)(S) + -+ pe(s)Jre(s) =0,

with the property that any solution Jr ¢(s) is a linear combination of the functions

Qg
(5.24) Jrei(s) Z/ —
¢ 5:(s) af
where d1,...,9, be a basis of locally constant sections of the homological Milnor
fibration, d;(s) € Hy_1(Fs,Z), and ag/df is the Gelfand-Leray form associated to
the holomorphic k-form a.

This depends on the choice of a singular point and can be localized in a small
neighborhood of the singular point in Xt N1le. In fact, introducing a cutoff x.
as in (4.33) that is supported near the singularities of X1 NIl amounts to adding
the expressions (5.24) for the different singular points. Thus, to simplify notations,
we can just assume to have a single expression Jr ¢(s) at a unique isolated critical
point.

We then have the following result, which constructs irregular singular connec-
tions as in §5.2 from solutions of the regular singular Picard-Fuchs equation.

THEOREM 5.3. Any solution Jr¢ of the regular singular Picard—Fuchs equa-
tion (5.23) determines a flat g(K)-valued connection w(z,u) of the form (5.9).
Moreover, if the k-form o¢ is given by PIQQE as in (4.35), then the connection is
equisingular.

PROOF. We consider the Mellin transform, as in (4.38)

(525) fpvg(z) = / s* Jp@(s) ds.

0
As in Corollary 4.6 (see §7 of [5]), the function Fr ¢(z) admits an analytic contin-
uation to meromorphic functions with poles at points z = —(A+ 1) with A € Zp¢

a discrete set in R of points related to the multiplicities of an embedded resolution
of the singular point of Xt N1I¢. We look at the function Fr ¢(z) in a small neigh-
borhood of a chosen point z = —D. It has an expansion as a Laurent series, with
apoleat z=—-Dif —D € Erg.
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After a change of variables on the complex coordinate z, so that we have z € A*,
a small neighborhood of z = 0, we define

(5.26) ¢u(T,0)(2) = p~* bi(D) 4 <]__F)£(_D + z)> 7

2

where we consider Fr ¢ as a function of £ to which we apply the distribution o.
More precisely, after identifying Fr ¢ with its Laurent series expansion, we apply o
to the coefficients seen as functions of £. This defines an algebra homomorphism
du € Hom(H, K), by assigning the values (5.26) on generators. Here x is the mass
scale as in §2.3 above. The homomorphism ¢ defined by (5.26) can be equivalently
described as a family of G(C)-valued loops 7, : A* — G(C), depending on the
mass scale . Here G denotes the affine group scheme dual to the commutative
Hopf algebra H. The dependence on p of (5.26) implies that ~,, satisfies the scaling

property
(527) 'Yet,u(z) = etz(’YM(Z)),

where 6, is the one-parameter family of automorphisms of H generated by the
grading, %Gthzo =Y. Then one sets

(5.28) a,(z) == (¢, 085) * %qﬁm and  by(2) := (¢p09) *Y(¢u),

where S and * are the antipode of #H and the product dual to the coproduct A
of (5.22). These define elements a,,, b, Q'(g(K)), which one can use to define a
connection w(z,u) of the form (5.9). More precisely, for u = e’, one has

1 d . d
Vo 1@% = 0i(vy IEV) =" (a(2)),

where we set u¥ = ¥ and then extend the resulting expression to u € G,,,(C) =

C*. Similarly, we get 7, 'Y (7,) = u” (b(2)). Thus, the connection w(z, u) defined in
this way satisfies by construction the first condition of the equisingularity property,
namely w(z, Au) = AYw(z,u), for all A\ € G,,. One can see that the connection is
flat since we have

dy; Nz
L)~ Yapzy) = D)

Y () + 95 (2) e (V (3(2)

Y (1) () 7 (@) (Y ()

_ d _ _ _
== A () ()Y ((2) = 3 ()Y () (2) = —[al2), b(2)).
The second condition of equisingularity is the property that, in the Birkhoff
factorization
Yu(z) = ’7/1,7(2)_1'711&(2)7
the negative part satisfies
d
@vm,(z) = 0.

By dimensional analysis on the counterterms, in the case of Dimensional Regu-
larization and Minimal Subtraction, it is possible to show (see [20] §5.8.1) that
the counterterms obtained by the BPHZ procedure applied to the Feynman in-
tegral U,(T')(z) of (2.49) and (2.48) do not depend on the mass parameter p.
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This means, as shown in [21] (see also Proposition 1.44 of [23]), that the Feyn-
man integrals U,(I')(z) define a G(C)-valued loop +,(z) with the property that
OuYpu,—(2) = 0. The integrals (5.25) considered here, in the case where ag is of the
form (4.35), correspond to slices along a linear space IlI¢ of the Feynman integrals
(2.49), localized by a cutoff x¢ near the singular points. The explicit dependence
on p in the integrals (3.31) is as in (5.26), which is unchanged with respect to that
of the original dimensionally regularized Feynman integrals (2.49). Thus, the same
argument of [20] §5.8.1 and Proposition 1.44 of [23] applies to this case to show
that 0,,7,,—(2) =0. O

6. Logarithmic motives, Dimensional Regularization, and motivic
sheaves

In this section we propose a candidate for a motivic formulation of dimensional
regularization. As we discussed already in §2.2 above, in physics dimensional regu-
larization is intended as a purely formal recipe that assigns a meaning to Gaussian
integrals in “complexified dimension” z € C by continuation to non-integer values
of the usual formula for integer dimensions

(6.1) /e_’\tzdzt = /2\T22,

Usually, in so doing, one does not attempt to give a geometric meaning to the
space of integration as a “space in complexified dimension z € C”. The question
of whether one can actually make sense of a geometry in complexified dimension
was considered in [23], from the point of view of noncommutative geometry, where
the usual notion of dimension of a space is replaced by the dimension spectrum,
which is a set of complex numbers. A geometric model for a space whose dimension
spectrum consists of a single point z € C* is given in §1.19.2 of [23], and it is shown
that the formula (6.1) can be recovered from the properties of the Dirac operator
on this space.

Here we also consider the question of giving geometric meaning to the complex-
ified dimension, but we try to construct a geometric model underlying the operation
of dimensional regularization using motives. We propose a candidate for a motive
describing the dimensional regularization of a given Feynman graph. This is defined
as an extension (in fact as a pro-motive) in the category of mixed motives, which
is obtained from the logarithmic extension of Tate motives and the motive of the
graph hypersurface. Just as in the case of noncommutative geometry, where the
operation of dimensional regularization is understood as a product of the ordinary
space in integer dimension by the “space of dimension z”, here we also find that the
dimensionally regularized Feynman integral is recovered by taking the product, in
a category of motivic sheaves, of the motive associated to the graph hypersurface
of a given Feynman graph by this pro-motive representing the “space of dimension
z”. It would be interesting to find a more explicit relation between this motivic
description of dimensional regularization and the one based on noncommutative
geometry.

6.1. Mixed Tate motives and the logarithmic extensions. We recall
briefly the definition of the logarithmic motives, as given in [6]. Let DM(G,,)
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be the Voevodsky category of mixed motives (motivic sheaves) over the multi-
plicative group G,,. We will assume that the base field K is a number field (in
fact, we can work over Q) so that the extensions considered here take place in
an abelian category of mixed Tate motives (cf. [2], [34]). Recall that the exten-
sions Exty m(x)(Q(0),Q(1)) of Tate motives are given by the Kummer motives

M =[Z % G,,] with u(1) = g € K*. This extension has period matrix of the form

(6.2) ( loiq z?m' )

When, instead of working with motives over the base field K, one works with
the relative setting of motivic sheaves over a base scheme S, instead of the Tate
motives Q(n) one considers the Tate sheaves Qg(n). These correspond to the
constant sheaf with the motive Q(n) over each point s € S. In the case where
S = G, there is a natural way to assemble the Kummer motives into a unique
extension in Ext1D M(G,,,L)(QGV," (0),Qg,, (1)). This is the Kummer extension

(6.3) Qg,, (1) = K = Qg,, (0) = Qg,, (1)[1],

where over the point s € G, one is taking the Kummer extension My = [Z = Gm)
with u(1) = s. Because of the logarithm function log(s) that appears in the period
matrix for this extension, the Kummer extension (6.3) is also referred to as the
logarithmic motive. We use the notation I = Log as in [6] to refer to this extension,
cf [7].

When working with Q-coefficients, so that one can include denominators in
the definition of projectors, one can then consider the logarithmic motives Log",
defined as in [6] by setting

(6.4) Log™ = Sym" (K),
where the symmetric powers of an object in DMg(G,,) are defined as
n 1 n
(6.5) Sym™(X) = > o(xm).
#En o

Recall that the polylogarithms appear naturally as period matrices for exten-
sions involving the symmetric powers Log™ = Sym"(K), in the form [12]

(6.6) 0 — Log" '(1) = L™ — Q(0) — 0,
where M (1) = M ® Q(1) and £! = Log. The mixed motive L™ has period matrix
1 0
6.7 n
( ) < MI(A) MLog"_l(l) >
with
(6.8) M = (~Lii(s), ~Lia(s), .., —Lin(s))7,

where 7 means transpose and where

Lij(s) = —log(l —s), and Li,(s)= / Lin—1(u) dgu,
0

equivalently defined (on the principal branch) using the power series

: s
Li,(s) = Z s
k
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and with
(6.9)
21 0 0 e 0
27ilog(s) (27i)? 0 - 0
-log”(s) 2 3
Mign1) = 2mi 55 (2mi) .log(s) (27i) 0
O.nS . ;)nfls . ;)71—25 ."IL
27m'lgn—!() (271'1)21 (gn—l)(! ) (271'1)3% <o (2m)

The period matrices for the motives Log™ correspond to the description of Log™
as extension of Q(0) by Log™ !(1), i.e. to the distinguished triangles in DM(G,,,)
of the form

(6.10) Log" '(1) — Log™ — Q(0) — Log" *(1)[1].
The motives Log™ form a projective system under the canonical maps
By : Log"*™ — Log"

given by the composition of the morphisms Sym” " (K) — Sym"(K) ® Sym™ (K),
as in [6], Lemma 4.35, given by the fact that Sym™*™(K) is canonically a direct
factor of Sym™(K) ® Sym™(K), and the map Sym™(K) — Q(0) of (6.10), in the
particular case m = 1. Let Log™ denote the pro-motive obtained as the projective
limit

(6.11) Log™ = lim Log".
iy

The analog of the period matrix (6.9) then becomes the infinite matrix
(6.12)

2 0 0 o0
2milog(s) (27i)? 0
2
2wl ) (27i)2 log(s) (2mi)?
Myog=(1) = : : :
2rilog”(5) (27ri)2—l°(g::)(f) (27ri)371°(g;l:;)(f) e (2mi)n

In other words, the mixed Hodge structure associated to the motives Log” is
the one that has as the weight filtration W_o; the range of multiplication by the
matrix My,en defined as in (6.9) on vectors in Q™ with the first k — 1 entries equal
to zero, while the Hodge filtration F~* is given by the range of multiplication of
M ogn on vectors of C™ with the entries from k& + 1 to n equal to zero [12].

Thus, in this Hodge realization, the H piece corresponds to the first column
of the matrix Mygn, where the k-th entry corresponds to the k-th graded piece
of the weight filtration. Let us consider the corresponding grading operator, that
multiplies the k-th entry by T%. One can then associate to the h%-piece of the Log™
motive the following formal expression that corresponds in the period matrix (6.12)
to the HY part in the MHS realization:

k
(6.13) QY log ,(S) Tk = Q- s7.
— K

k
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The formal expression (6.13) has in fact an interpretation in terms of periods.
This follows from a well known result (cf. e.g. [30], Lemma 2.10) expressing the
powers of the logarithm in terms of iterated integrals. For iterated integrals we use
the notation as in [30]

b
(6.14) ﬁoﬁou-o@:/ @/\.../\ds_".
a S S S a<s1<-<s,<b S1 Sn
We also denote by A, ,(n) the domain
(6.15) Aop(n) ={(s1,-.-,8n) |a<s1 <--- <5, <D}

LEMMA 6.1. The expression (6.13) is obtained as rational multiples of the pair-
mg

(6.16) sT::j[ n(T),
ALS(OO)
with Ay 5(00) = UpAy 5(n) and the form

(6.17) () = ST EL L B

S1 Sn
PRrROOF. The result follows from the basic identity (cf. [30], Lemma 2.10)

d ds, log(%
(6.18) / i/\.../\i:w
Aa,b(") S1 Sn n:

O

6.2. Motivic sheaves and graph hypersurfaces. Arapura constructed in
[3] a category of motivic sheaves over a base scheme S, modeled on Nori’s approach
to the construction of categories of mixed motives. We discuss briefly how a sim-
ilar formalism may be applied to the Feynman motives associated to the graph
hypersurfaces with the corresponding periods of the form (2.19).

The category of motivic sheaves constructed in [3] is based on Nori’s con-
struction of categories of motives via representations of graphs made of objects
and morphisms (cf. [19]). In Arapura’s case, one constructs a category of motivic
sheaves over a scheme S, by taking as vertices of the corresponding graph objects
of the form

(6.19) (f: X = 8,Y,i,w),

where f : X — S is a quasi-projective morphism, ¥ C X is a closed subvariety,
1 € N, and w € Z. One thinks of such an object as determining a motivic version
h%(X,Y)(w) of the local system given by the (Tate twisted) fiberwise cohomology
of the pair H5(X,Y;Q) = R f,jiQxy, where j = jx.y : X \Y < X is the open
inclusion, i.e. the sheaf defined by

U H'(fTHU), f7HU)NY;Q).

The edges are given by the geometric morphisms, i.e. morphisms of varieties over
S,
(6.20)

(fi: X1 = S Y 0,w) = (f : Xo = S, Yy = F(Y),i,w), with fyoF = fi;
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the connecting morphisms
(621) (f:X—-=8Yi+lw) = (fly:Y—=S2Ziw), for ZCY CX;
and the twisted projection morphisms

(622) (f: X xP' = SV xPUX x{0},i+2,w+1)—= (f: X = S,Y,i,w).

The product in the category of motivic sheaves of [3] is given by the fiber
product

(X = S,Y,i,w) x (X' = 8,Y",i', w) =

6.23
(6.23) (X xs X' 58 Y xs X' UX xg Y, i+i,w+uw).

This has the following effect on period computations.

LEMMA 6.2. Suppose then given ¥ C X and X' C X', defining relative homol-
ogy cycles for (X,Y) and (X', Y"), respectively. One then has, for the fiber product
(6.23), the period pairing

(6.24) [ m@nmioin = [wnrsio),

where f : X — S and f' : ¥ — S are the restrictions of the maps X — S and
X = S.

PROOF. First recall that, when integrating a differential form on a fiber prod-
uct, one has the formula

©2) [ m@arim) = [ wnmai = [ wns o,
XxgX' X X
which corresponds to the diagram

XXSXI

% N
X X’
S
Suppose then given ¥ C X such that X C Y and ¥’ ¢ X’ with 9X' C Y’. One
has

(6.26)

8(2stl):aEXSE/UEX,saE/CYXSX/UXXSY/,

so that 3 x g X’ defines a relative homology class in (X xg X', Y xg X’UX xgY’).
Given elements [w] € Hy(X,Y) and [n] € H5(X',Y"'), we then apply the formula
(6.25) to the integration on ¥ x ¢ ¥’ and obtain (6.24). O
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6.3. Logarithmic Feynman motives. Consider then the graph polynomial
Ur(s) = det(Mr(s)). By removing the set of zeros of ¥r, i.e. the graph hypersur-
face Xr, we can consider ¥ as a morphism
(6.27) Ur : A*Er X1 — Gy,

We can then consider the pullback of the logarithmic motive Log € DM(G,,)
by this morphism, as in the construction of the logarithmic specialization system
given in [6]. This gives a motive
(6.28) Logr := ¥ (Log) € DM(Ur),
where Up = A#Er X'F.

In fact, a more sophisticated approach would involve considering here the “log
complex” as in §9.2 of [35], ¢f. also §9.4 of [35], see also [29].

In the context of the category of motivic sheaves of Arapura recalled above, we
can define the Feynman motives as follows.

DEFINITION 6.3. The category of Feynman motivic sheaves, for a fixed scalar
quantum field theory, is the subcategory of the Arapura category of motivic sheaves
over G, spanned by the objects of the form

(6.29) (Tr - APPO) X = G, AN (AN Xp), #E(T) — 1, #E(T) — 1),
where I' ranges over the Feynman graphs of the given scalar field theory, and where

(6.30) A={teA*PD | Tt =0}

is the union of the coordinate hyperplanes.

The above correspond to the local systems
(6.31) HEY(A™ \ Xp, AN (AN X7),Q(n — 1)),
with n = #E;,:(T).
One can also include as part of the data the slicing by all possible k-dimensional

linear spaces Il C A#EM)  with k < codim Sing(Xr), as we did in our previous
discussions, and consider instead of the (6.29) objects of the form

(6.32)  (Wp|m, : e~ (Xr N1L) = Gy, (ANTL) ~ (AN Xp NI, k — 1,w).

REMARK 6.4. The reason for taking the cohomology (6.31) relative to the alge-
braic simplex A, that is, the union of the coordinate hyperplanes defined by (6.30), is
that, in this way, we can regard the topological simplex ¥ = {t e Rt | Y1 t; = 1}
as defining a homology cycle, since 0% C A.

6.4. Dimensional Regularization and motives. In these terms, the pro-
cedure of dimensional regularization can then be described as follows. Consider
again the logarithmic (pro-)motive, viewed itself as a motivic sheaf Xi oz — Gy,
over G,,,. One can then take the product of a Feynman motive

(Ur : A"~ Xp = G, AN (AN Xp), k—1,k—1),
or more generally one of the form (6.32), by the (pro-)motive

(6.33) (Xtog = Gm, A, 0,0),
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where A is such that the domain of integration A; ;(co) of the period computation
of Lemma 6.1 defines a cycle. The product is given by a fiber product as in (6.23),
namely

\IJF(LOgOO) = (An AN Xr) XG,, XLog°° D XLog"C
(6.34) l

n % v
A \XF

Gm

We then have the following interpretation of the dimensionally regularized
Feynman integrals.

PROPOSITION 6.5. The dimensionally reqularized Feynman integral Fr ¢(z) of
(4.34) are periods on the product, in the category of motivic sheaves enlarged to
include projective limits, of the Feynman motive (6.32) by the logarithmic pro-
motive Log™ seen as the motivic sheaf (6.33).

ProOOF. Consider the product (6.34), with the two projections
X © (H§ N (XF n HE)) XG,, XLogm — Hg N (Xp N Hg)
T, ¢ (Hg ~N (XF n Hg)) XGom XLog°° — XLogx-

and the form 7% (ag) A7} (n(T)), where ag is as in (4.35), and n(T) is the form on
X1oge that gives the period (6.16). The period computation of Lemma 6.1 gives

" log(Wr ()™,
(6.35) W ( / 77(T)> -/ o1y = 37 0B O gy,
A1,5(00) A1 v (1) (00) n n:
We then have, by (6.24),

/ 7 (ae) A L (0(T)) =
(2NILe) Xy, A1, wp (1) (00)

[ aentamim@) = [ whae
NI NI

This is the integral (4.34), up to replacing the formal variable T of (6.13) with the
complex DimReg variable z. ([l

The interpretation that emerges from this calculation is that performing the
dimensional regularization of a Feynman integral can be thought of as taking the
product in the category of motivic sheaves of the motive (motivic sheaf) of the graph
hypersurface by the projective limit of the logarithmic motives. The variable z €
Gy, that gives the complexified dimension of dimensional regularization corresponds
to the 1-parameter group generated by the grading operator associated to the weight
filtration of the logarithmic motives. The dimensionally regularized integral is then
a period of this product motive.
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6.5. Motivic zeta function and the DimReg integral. Kapranov intro-
duced a notion of motivic zeta function by defining

(6.36) Zx(T) = Sym"(X)T",
n>0

where the Sym"(X) can be regarded as objects in an abelian category of motives,
or as classes [Sym"(X)] in the corresponding Grothendieck ring. Kapranov proved
that, when X is the motive of a curve, then the zeta function is a rational function,
in the sense that, given a motivic measure p : Ko(M) — A, the zeta function
Zx ,(T) € A[[T]] is a rational function of T'. Later, Larsen and Lunts showed that
in general this is not true in the case of algebraic surfaces [33].

Here we consider the motivic zeta function of the pullback of the logarithmic
motive along the function ¥r as in (6.27). Namely, we consider the motivic zeta
function

(6.37) Zrogr(T) = Z Sym*" (Logp) T
n>0

An interesting question, which we do not address in the present paper, is
whether one can define a motivic lift of the Dimensional Regularization of the
Feynman integral associated to a Feynman graph I' using the motivic zeta function
(6.37). In other words, whether one can obtain the zeta function

(6.38) Zr(T) =

n>0

log" ¥
28 _ZLpn gl
n!

and the associated integrals

log" ¥p / T
6.39 / — e | T" = Ui
( ) Z n! 3 ST T &g

n>0 YNNIl

in a natural way from the motivic zeta function (6.37) of ¥§(Log). We hope to
return to this and related questions in following work.
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