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ABSTRACT. In this article we develop a broad generalization of the classical
Bost-Connes system, where roots of unit are replaced by an algebraic datum
consisting of an abelian group and a semi-group of endomorphisms. Examples
include roots of unit, Weil restriction, algebraic numbers, Weil numbers, CM
fields, germs, completion of Weil numbers, etc. Making use of the Tannakian
formalism, we categorify these algebraic data. For example, the categorifica-
tion of roots of unit is given by a limit of orbit categories of Tate motives
while the categorification of Weil numbers is given by Grothendieck’s cate-
gory of numerical motives over a finite field. To some of these algebraic data
(e.g. roots of unity, algebraic numbers, Weil numbers, etc), we associate also
a quantum statistical mechanical system with several remarkable properties,
which generalize those of the classical Bost—Connes system. The associated
partition function, low temperature Gibbs states, and Galois action on zero-
temperature states are then studied in detail. For example, we show that in
the particular case of the Weil numbers the partition function and the low
temperature Gibbs states can be described as series of polylogarithms.
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Bost-Connes systems. Let Q/Z be the abelian group of roots of unit. In [2], Bost

and Connes introduced the group algebra Q[Q/Z], the algebra endomorphisms

(1.1)

QQ/zZ] — Q[Q/Z) s+—ns neN,

and also the Q-linear additive maps

(1.2)

QIQ/Z) — QIQ/Z] 5+ ¥ ypyeys’ nEN.
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The (continuous) action of the absolute Galois group Gal(Q/Q) on Q/Z extends to
Q[Q/Z]) making (1.1)-(1.2) Gal(Q/Q)-equivariant. The above piece of structure is
very important since it encodes all the arithmetic information about roots of unit.
Making use of it, Bost and Connes constructed in loc. cit. a quantum statistical
mechanical (=QSM) system (Ag,z,0¢) with the following remarkable properties:

(i) The partition function Z(3) agrees with the Riemman zeta function.
(ii) The low temperature Gibbs states are given by polylogarithms evaluated
at roots of unit. R
(iii) The group Gal(Q/Q)2> ~ Z* acts by symmetries on the QSM-system. This
action induces an action on the set of low temperature Gibbs states and
on their zero temperature limits (=ground states), where it recovers the
Galois action on Q?P.

The foundational article [2] was the starting point in the study of the Riemann zeta
function via noncommutative geometry tools, see [4, 5, 6, 8]. The main goal of this
article is to extend the above technology from Q/Z to other interesting arithmetic
settings such as the Weil numbers, for example.

Statement of results. Let k be a field of characteristic zero, G := Gal(k/k), &
an abelian group equipped with a continuous G-action, and o, : ¥ — X,n € N,
G-equivariant homomorphisms such that oy, = o, o0 o,,,. We denote by a(n) the
cardinality of the kernel of o,,. Out of these data, we can construct the k-algebra
k[3], the k-algebra endomorphisms

(1.3) o, kY] — k[X] s—on(s) neN,

and also the k-linear additive maps (defined only when «(n) is finite)
(1.4) pn i k[En] — k[E] s—= 300, s=ss nEN,

here ¥, stands for the image of o,,. The G-action on ¥ extends to k[X] making
(1.3)-(1.4) G-equivariant. In the particular case where k = Q, ¥ = Q/Z, and o,, is
multiplication of n, we recover the original construction of Bost-Connes. Other ex-
amples include Weil restriction, algebraic numbers, Weil numbers, CM fields, germs,
completion of Weil numbers, etc; consult §2. Making use of the G-action, we can
also consider the k-algebras k[~]¢ and k[X]“. They carry canonical Hopf structures
and consequently give rise to affine group k-schemes Spec(k[X]%) and Spec(k[X]%).
Our first main result, which summarizes the content of §3, is the following:
Theorem 1.5 (Categorification). (i) The affine group k-scheme Spec(k[%]%)
agrees with the Galois group of the neutral Tannakian category Vect’%(k)
of pairs (V, D, cx, VS), where V' is a finite dimensional k-vector space and
DBcs V° an appropriate S-grading of V :=V @ k; see Definition 3.1.

(ii) The k-algebra endomorphisms o, : k[S]¢ — k[X]¢ are induced from k-
linear additive symmetric monoidal functors on : Vect& (k) — Vect& (k).
Similarly, the k-linear additive maps p, : k[X,]9 — k[X]9 are induced
from k-linear additive functors py : Vectlgn(k:) — Vect& (k).

(iii) Items (i)-(#) hold mutatis mutandis with k[X]¢ replaced by k[X]C and
Vecth (k) replaced by the subcategory Vect® (k) of pairs (V, @D,cx V?), where
D.cx V? is an appropriate B-grading of V'; see Definition 3.4.
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(iv) When % admits a G-equivariant embedding into E , VectS (k) is equivalent
to the neutral Tannakian category Autk (k) of pairs (V,®), where V is a
finite dimensional k-vector space and ® : V. 5 V a G-equivariant diago-
nalizable automorphism whose eigenvalues belong to . Moreover, when o,
is given by multiplication by n, the functor on, Tesp. pn, reduces to the

Frobenius, resp. Verschiebung, endofunctor of Autg(k'),

Remark 1.6. When the G-action on ¥ is trivial (e.g. k = k), we have k[X]% =
k[X]¢ = k[X]. In this case, Vectg(k:) = Vect® (k) reduces to the category Vects (k)
of 3-graded k-vector spaces. Similarly, Autg(k) reduces to the category Autys (k)
of diagonalizable automorphisms ® : V= V whose eigenvalues belong to .

Intuitively speaking, Theorem 1.5 provides two simple “models” of the Tan-
nakian categorification of the k-algebras k[X]%, k[X]%, k[X] and of the maps (1.3)-
(1.4). This categorification is often related to the theory of (pure) motives. For
example, in the original case of Bost and Connes, the category Vectg,z(Q) can be
described as the limit lim,>; Tate(Q)g/-gq(n) of orbit categories of Tate motives;
see Proposition 3.22. More interestingly, in the case where 3 is the abelian group
of Weil numbers W(q), Vectw(q) (Q) agrees with the category of numerical motives

over [F, with Q-coefficients; see Theorem 3.32.
Our second main result, which summarizes the content of §4, is the following:

Theorem 1.7 (QSM-systems). Assume that k C C. Given a pair (£, 0y,) as above

and an appropriate set of G-equivariant embeddings Embo(E,@X) (see Definition
4.25), we construct a QSM-system (A(s, 5, ), 0t) with the remarkable properties:

(i) Given an embedding v € Emby(2,Q ), let N,(X) := {|u(s)| such that € X}
be the associated countable multiplicative subgroup of Rf_. When N, (%)
is the union of finitely (resp. infinitely) many geometric progressions, the
choice of a semi-group homomorphism g : N — Ri allows us to describe
the partition functor Z(B) of the QSM-system as follows

Do Y ™) (resp. Y g(n) P((Ba(n)),

n<leN,(Z)n=>1 n>1

where ¢ stands for the Riemann zeta function. The left (resp. right) hand
side series converges for all > By (resp. [ > max{fo,3/2}), where By
denotes the exponent of convergence of > g(n)=".

(ii) The low temperature Gibbs states g (), evaluated at s € ¥ with N,(s) =
1, are given by the following expressions:

270 Y Do) ™Pgm) (resp. Z(B)7H ) uls)"¢(nB)g(n) 7).

n<1lEN,(X)n>1 n>1

(iii) The group Z(Gx) (see Definition 4.49) acts on the set of low temperature
Gibbs states and on their ground states, where it agrees with the Galois
Z(Gyx)-action on (X).

In the particular case where k = Q, ¥ = Q/Z, o, is multiplication by n, and
g(n) = n, we have Z(Gyx) = Gal(Q/Q) and the remarkable properties (i)-(iii) of
Theorem 1.7 reduce to those of the classical Bost-Connes system. Therefore, the
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QSM-system of Theorem 1.7 greatly generalizes the original one of Bost-Connes.
Here are some examples (which summarize the content of §5):

Ezample 1.8 (Algebraic numbers). When k£ = Q, ¥ = Q”, and o, is raising
to the n'" power, the choice of an appropriate set of G-equivariant embeddings

Embo(@x,@x) gives rise to a QSM-system (A(@x o)
erties: (i) the partition function Z(B) is given by 3, -, g(n)=P¢(Ba(n)); (i) the

,0¢) with the following prop-

low temperature Gibbs states, evaluated at s € @X with |s| = 1, are given by

(5) = 2onz1 1(s)™¢(Bn)g(n)=? .
PB.e anl ¢(Bn)g(n)=P '

(iii) the group Z(Gy) is trivial.

Ezample 1.9 (Weil numbers of weight zero). Let ¢ = p” be a prime power. When
k = Q, X is the group of Weil numbers of weight zero Wy(q), and o, is raising
to the n'™ power, the choice of an appropriate set of G-equivariant embeddings
Embo(Wo(q),@X) gives rise to a QSM-system (A, (q),0,), 0t) With the following
properties (which are very similar to those of the classical Bost-Connes system): (i)
the partition function Z(3) is given by >, <, g(n)~?. When g(n) = n, it reduces
to the Riemann zeta function; (i) the low temperature Gibbs states, evaluated at
s € Wy(q), are given by
_ Lig(e(s)) |

Poul®) = ey

(iii) the group Z (Gwe(q)) acts on the set of low temperature Gibbs states and on
their ground states, where it agrees with the Galois Z(Gwo(q))—action on t(Wh(q)).
Ezample 1.10 (Weil numbers). When k£ = Q, ¥ is the group of Weil numbers W(q),
and o, is raising to the n*® power, the choice of an appropriate set of G-equivariant
embeddings Embo(W(q), Q) gives rise to a QSM-system (Aow(q),0n)> 0¢) With the
following properties: (i) the partition function Z(f) is given by a series of polyloga-
rithm functions 3°, 5, Lig(¢g~%#/2); (ii) the low temperature Gibbs states, evaluated
at s € Wy(q), are given by

05.4(5) = 2k>0 Lig(e(s)g~"P/?) )
o Zkzo Liﬁ(q_kﬁp) ’

(iii) the group Z (Gyw(q)) acts on the set of low temperature Gibbs states and on
their ground states, where it agrees with the Galois Z(Gyy(q))-action on t(Wpy(q)).

Finally, in §6 we outline the construction of “diagonal” QSM-systems associated
to Weil restriction and completion. The details will appear in a forthcoming article.

Notation 1.11. Throughout the article k£ will be a field of characteristic zero. We
will denote by G its absolute Galois group Gal(k/k). Unless stated differently, all
tensor products will be taken over k.

2. BosT-CONNES SYSTEMS

In this section we introduce the general notion of an abstract/concrete Bost-
Connes system and describe several examples. Given a set S, we denote by P(S5)
the set of subsets of S and by P(S)™ the set of subsets of S with cardinality n € N.
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Definition 2.1. An abstract Bost-Connes datum (X, oy,) consists of:

(i) An abelian group ¥ equipped with a G-action G — Aut(X). We assume
that the G-action is continuous, i.e. that ¥ = |J; Z¢(*/D where | runs
through the finite Galois field extensions of k contained in k.

(ii) Group homomorphisms o, : ¥ — ¥,n € N. We assume that o, is G-
equivariant and that o, = o, o o,, for every n,m € N.

Notation 2.2. Let us write a(n) for the cardinality of the kernel of o,,.

Definition 2.3. An abstract Bost-Connes datum (X, 0,,) is called concrete if a(n)
is finite for every n € N and the assignment o : N = N, n — «(n), is a non-trivial
multiplicative semi-group homomorphism, i.e. a(nm) = a(n) - a(m).

By definition, every concrete Bost-Connes datum is also an abstract Bost-Connes
datum. The converse is false; see Examples 2.16-2.17, 2.21-2.24, and 2.28 below.

Notation 2.4. Let X, be the image of o, and p,, : ¥,, — P(X) the map that sends
an element of ¥, to its pre-image under o,. Note that ¥, is a subgroup of ¥ which
is stable under the G-action, that p,, is G-equivariant (the G-action on ¥ extends
to a G-action on P(X)), and that we have the following composition:

P&;)

¥, 25 P(R) P(E) s {s}.

Definition 2.5. Let (3,0,) be an abstract Bost-Connes datum. The associated
abstract Bost-Connes system consists of the following data:

(i) The k-algebra k[X]¢. B B
(ii) The k-algebra homomorphisms o, : k[X]¢ — k[X]%, s > 0, (s).
(iii) The k-linear additive maps (defined only when «(n) is finite)

Pn k[2,)¢ = k[x)¢ S Z s
Slepn(s)
In §3 we will categorify the abstract Bost-Connes systems.

Definition 2.6. Let (X,0,) be a concrete Bost-Connes system. The associated
concrete Bost-Connes system consists of the following data:

(i) The k-algebra k[X] equipped with the induced G-action.
(ii) The G-equivariant k-algebra homomorphisms o, : k[X] = k[X], s — 0,(s).
(iii) The G-equivariant k-linear additive maps

Pn : k[En] — E[X] s Z s
s'€pn(s)

In §4 we will associate to every concrete Bost-Connes system a quantum statis-
tical mechanical system.

Remark 2.7. Let (3,0,) be a concrete Bost-Connes datum with trivial G-action.
Since k[X]¢ = k[Y], the associated abstract and concrete Bost-Connes systems agree.

We now describe several examples of abstract/concrete Bost-Connes systems.
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Example 1 - Original Bost-Connes system. Let &k := Q, ¥ := Q/Z equipped
with the G-action induced by the identification of Q/Z with the roots of unit in
Q”, and o, the homomorphism n - — : Q/Z — Q/Z. This defines a concrete Bost-
Connes datum. The associated concrete Bost-Connes system agrees with the one
introduced originally by Bost and Connes in [2]; consult [9] for its reformulation. If
we forget about the G-action, then the associated abstract=concrete Bost-Connes
system is the arithmetic subalgebra of the Bost-Connes algebra; see [9]. More
generally, k = Q can be replaced by any subfield of Q.

Example 2 - Weil restriction. Let k := R, ¥ := Q/Z x Q/Z equipped with
the switch Z/2-action, and o, the homomorphism (n-—,n-—): Q/Z x Q/Z —
Q/Z x Q/Z. In this case, a(n) = n?. This defines a concrete Bost-Connes datum.
The associated abstract Bost-Connes system is morally speaking the Weil restriction
along C/R of the arithmetic subalgebra of the Bost-Connes algebra; see §3.

Example 3 - Algebraic numbers. Let £ := Q, ¥ := @X equipped with the

canonical G-action, and o,, the homomorphism (—)" : @X — @X. This defines a
concrete Bost-Connes datum. The associated abstract/concrete Bost-Connes sys-
tem contains the one of Example 1. More generally, &k = Q can be replaced by any
subfield of Q.

Example 4 - Weil numbers.
Definition 2.8. Let ¢ = p" be a prime power. An algebraic number 7 is called a

Weil g-number of weight m € Z if the following holds:

(i) For every embedding o : Q[r] < C we have |o(7)| = ¢= .
(ii) There exists an integer s such that ¢°7 is an algebraic integer.

Let Wi, (q) be the set of Weil g-number of weight m and W(q) := {U,,cz Wm(9)-

Note that W (g) and W(q) are subgroups of Q and that W,,(g) is stable under
the canonical Gal(Q/Q)-action.
Proposition 2.9. The following holds:
(i) The group homomorphism (=)™ : Wy(q) = Wo(q) is surjective.

(ii) We have the following group isomorphism

(2.10) W(g) — Wolg) xZ  m( w()),

_T

lo(m)|”
where w(m) stands for the weight of .

(iii) Under (2.10), the Gal(Q/Q)-action on W(q) identifies with

_J (y(m),m) if 7 € Ker(Gal(Q/Q) — Gal(Q[y/q]/Q))
v((m,m)) = { (/(y—l)mv(ﬂ),m) othevrwise. v

(iv) Under (2.10), the homomorphism (=)™ : W(q) — W(q) identifies with
Wo(q) X Z — Wy(q) X Z (mym) = (7", nm).
Remark 2.11. Note that when ¢ is a even power of p, we have v((m,m)) = (y(mw), m).

Proof. (i) Given m € Wy(q), we need to show that {/7 also belongs to Wy(q).
Condition (i) of Definition 2.8 is clear. Condition (ii) follows from the equality
¢* YT = q" - ¢~ Y7 and from the fact that ¢" and ¢+ {/7 are algebraic integers.
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(ii) The inverse of (2.10) is given by the group homomorphism
Wo(q) X Z — W(q) (m,m) = mq'% .

(iii) Let (m,m) € Wy(q) x Z. The action of v € Gal(Q/Q) on 7¢% is given by
v(7q%) = y(7)y(g%) € W(q). When v belongs to the kernel of the homomorphism
Gal(Q/Q) - Gal(Q[,/q]/Q), we have v(¢?) = ¢ . Otherwise, we have v(¢%) =
(—1)™q% . The proof follows now from the above isomorphism (2.10).

(iv) The proof is by now clear. O

Ezample 2.12. Let k := Q, ¥ := Wy(¢) equipped with the canonical G-action,
and o, the homomorphism (—)" : Wy(¢) — Wh(q). Thanks to Lemma 2.9(i), we
have ¥, = Wy(q). This defines a concrete Bost-Connes datum. The associated
abstract/concrete Bost-Connes system is contained in the one of Example 3 and
contains the one of Example 1. More generally, kK = Q can be replaced by any
subfield of Q.

Ezample 2.13. Let k := Q, ¥ := W(q) equipped with the canonical G-action, and
oy, the homomorphism (—)™ : W(q) — W(q). Thanks to Lemma 2.9(iv), we have
Yn = Umez Wam(q). This defines a concrete Bost-Connes datum. The associated
abstract /concrete Bost-Connes system is contained in the one of Example 3 and
contains the one of Example 2.12. More generally, £k = QQ can be replaced by any
subfield of Q.

Example 5 - CM fields. Let L C Q be a CM field which is Galois over Q. We
denote by ‘B its set of places and by |[-||,,p € B, the normalized valuations.

Definition 2.14. Let W (q) be the subset of those Weil g-numbers 7 of weight m
such that 7 € L and |||, € ¢ for every p € P.

Note that W¢(¢) and WE(q) := U, ez Wi (q) are subgroups of Wy(q) and W(q),
respectively, and that WZ (¢) is stable under the canonical Gal(Q/Q)-action.

Remark 2.15. When /g € L, items (ii)-(iv) of Proposition 2.9 hold mutatis mu-
tandis with W(q) and Wy(q) replaced by WL (q) and W (q), respectively.

Ezample 2.16. Let k := Q, ¥ := W{(q) equipped with the canonical G-action, and
op, the homomorphism (—)" : WE(q) — WE(q). This defines an abstract Bost-
Connes datum which is not concrete! Since the field extension L/Q is finite, it
contains solely a finite number of roots of unit. Therefore, there exists a natural
number N > 0 such that a(N) = «(N?), which implies that the assignment
a : N — N is not a semi-group homomorphism. The associated abstract Bost-
Connes system is contained in the one of Example 2.12. More generally, k£ can be
replaced by any subfield of Q.

Ezample 2.17. Let k := Q, ¥ := W!(q) equipped with the canonical G-action,
and o, the homomorphism (—)" : W¥(q) — WZX(q). Similarly to Example 2.16,
this defines an abstract Bost-Connes datum which is not concrete. The associated
abstract Bost-Connes system is contained in the one of Example 2.13 and contains
the one of Example 2.16. More generally, k can be replaced by any subfield of Q.

Example 6 - Germs. When r|r’ we have the group homomorphism

’

(2.18) W' — W) T T
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Definition 2.19. Let W(p>) be the colimit colim,. W(p"). Note that W(p™) comes
equipped with an induced Gal(Q/Q)-action.

Proposition 2.20. The following holds:
(i) The above homomorphism (2.18) sends Wy, (p") to Wy (p""). Consequently,
we obtain the abelian group Wy (p>) := colim, Wy(p").
(ii) Given a CM field L C Q which is Galois over Q, the above homomorphism
(2.18) sends WE(p") to WE(p™). Consequently, the obtain the abelian
groups WE(p*°) := colim, W} (p") and W*(p>°) := colim, WL (p").
(i) The group homomorphism (=)™ : W(p>) — W(p™) is surjective.
(iv) The group homomorphism (=)™ is also injective.
Proof. (i) Let m be a Weil p"-number of weight m. Making use of the equalities

rm r’m

lo(m ™) = lo(m)| ™ = (p=)7 =p—",

we conclude that 7% satisfies condition (i) of Definition 2.8(i) (with ¢ = p"’).

Condition (i) follows from the equality (p” )% = ({/(p")*7)" and from the fact
that (p")*w is an algebraic integer.

(ii) The proof follows automatically from the equality H?TTT/ lp = |7l ,;7 .

(iii) Every element of W(p>°) can be represented by a pair (7, r) with 7 € W(p")
and r € N, and two pairs (7, r), (7', r") represent the same element of W(p>°) if and
only if 77N = 7'"N for some N € N. Therefore, ({/7,7)" = (m,7).

(iv) Note that (m,7)" = (1,1) if and only if 7V = 1 for some N € N. Given
another pair (7/,7’) such that 7N =1 for some N’ € N, the equality 7' NN =
7/™NN" — 1 allows us to conclude that (m,r) = (7’,7'). This achieves the proof. [J

Ezample 2.21. Let k := Q, ¥ := Wy(p™°) equipped with the induced G-action,
and o, the homomorphism (=)™ : Wy(p>°) — Wh(p>°). Thanks to Lemma 2.20,
we have X,, = Wy(p™) and a(n) = 1 for every n € N. Therefore, this defines an
abstract Bost-Connes datum and consequently an abstract Bost-Connes system. It
is not a concrete Bost—Connes system, because a(n) = 1 is the trivial semi-group
homomorphism. More generally, k = Q can be replaced by any subfield of Q.

Ezample 2.22. Let k := Q, 3 := W(p>°) equipped with the induced G-action, and
oy the homomorphism (=)™ : W(p>) — W(p>°). Thanks to Lemma 2.20, we have
Y = W(p>) and a(n) = 1 for every n € N. Therefore, this defines an abstract
Bost-Connes datum that is not concrete. The associated abstract Bost—Connes

system contains the one of Example 2.21. More generally, ¥ = Q can be replaced
by any subfield of Q.

Ezample 2.23. Let k := Q, ¥ := W{(p™) equipped with the induced G-action,
and o, the homomorphism (—)" : WF(p>®) — WE(p>°). Thanks to Lemma 2.20,
we have a(n) = 1 for every n € N. Therefore, this defines an abstract Bost-
Connes datum that is not concrete. The associated abstract Bost—Connes system
is contained in the one of Example 2.21.

Ezample 2.24. Let k := Q, ¥ := WL (p>) equipped with the induced G-action, and
o, the homomorphism (—)" : WE(p>=) — WL (p>). Similarly to Example 2.21,
this defines an abstract Bost-Connes datum that is not concrete. The associated
abstract Bost-Connes system is contained in the one of Example 2.22 and contains
the one of Example 2.23.
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Example 7 - Completion. Let W(q) be the limit of the following diagram:

> W) fgrirz1 = W(Q) Jgr=1 = -+ > WI(@) [gz=1 > W(4) Jg=1 -
Note that W(q) comes equipped with an induced Gal(Q/Q)-action.

Proposition 2.25. (i) We have a group isomorphism W(q) ~Wpy(q) xQ/27Z.
(ii) Under (i), the Gal(Q/Q)-action on W(q) identifies with

((m,m)) = (y(m), m) if v € Ker(Gal(Q/Q) - Gal(Q[,/q)/Q))
T (=)™~ (7),m)  otherwise ’

where |m| stands for the parity of m € Q/27Z.
(iii) Under (i), the group homomorphism (=)™ : W(q) — W\(q) identifies with

((=)"n- =) : Wolg) x Q/2Z — Wo(q) x Q/2Z.

Proof. Note that (2.10) induces to an isomorphism between W(q)/;n=1 and the
product Wy(q) x Z/2n. The proof of item (i) follows from the fact that Q/2Z ~
lim,>1Z/2n. In what concerns the proof of item (ii), resp. item (iii), it follows
from the combination of item (i) with Lemma 2.9(ii), resp. Lemma 2.9(iv). O

Example 2.26. Let k := Q, 3 := W(q) equipped with the induced G-action, and
0, the homomorphism (—)" : W(g) — W(q). In this case, a(n) = n2. Thanks
to Lemma 2.25(iii), we have ,, = Wy(q) x nQ/2Z. This defines a concrete Bost-
Connes datum and consequently an abstract/concrete Bost-Connes system. More
generally, k = Q can be replaced by any subfield of Q.

Let L C Q be a CM-field which is Galois over Q. As above, we can define the
abelian group W(q) := lim,>1 W% (q) /;n=1 equipped with the Gal(Q/Q)-action.

Remark 2.27. When ,/q € L, Remark 2.15 allow us to conclude that Proposition
2.25 holds mutatis mutandis with Wy(q) and W(q) replaced by W¥(g) and WE (9)-

Ezample 2.28. Let k := Q, & := WL(q) equipped with the induced G-action, and
o, the homomorphism (—)" : WE(q) — WE(g). Similarly to Example 2.24, this
defined an abstract Bost-Connes datum which is not concrete. More generally,
k = Q can be replaced by any subfield of Q.

3. CATEGORIFICATION

In this section we categorify the abstract Bost-Connes systems. Given an ab-
stract Bost-Connes datum (X, 0,,), we start by categorifying the k-algebra k[X]¢.
Note that k[X]% becomes an Hopf k-algebra when we set A(s) := s ® s, €(s) := 1,
and inv(s) := s~ ! for every s € ¥. As explained in [16, XIV Thm. 5.3], the as-
signment ¥ — Spec(k[2]%) gives rise to a contravariant equivalence between the
category of abelian groups equipped with a continuos G-action and the category of
affine group k-schemes of multiplicative type.

Definition 3.1. Let Vectg(k) be the category of pairs (V, D,y V°), where V is a

finite dimensional k-vector space and @, .y, Visa Y-gradingon V :=V @ k. We
assume that VPY(S) =V for every s € ¥ and v € G, where 7V° stands for the

k-vector space obtained from v’ by restriction of scalars along the automorphism

v~! : k 5 k. The morphisms are the k-linear maps f : V — V' such that
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f:V — V' preserves the Y-grading. The tensor product of k-vector spaces and of
Y-graded k-vector spaces gives rise to a symmetric monoidal structure on Vectg (k).

Theorem 3.2. The following holds:

(i) The k-linear category Vectg(k) is neutral Tannakian. A fiber functor is
given by the forgetful functor w : Vecth (k) — Vect (k).
(ii) The category Vects (k) is semi-simple. Moreover, the isomorphism classes

of simple objects are in one-to-one correspondence with the G-orbits of X.
(iii) There is an isomorphism of affine group k-schemes Aut® (w) ~ Spec(k[X]%).

Proof. Since Spec(k[%]%) is an affine group k-scheme of multiplicative type, its
group of characters identifies with ¥ equipped with the G-action; see [16, Thm. 5.3].
Consequently, items (i) and (iii) follow from [12, §2.32]. In what concerns item (ii),
it follows from [16, Thm. 5.10]. O

Remark 3.3. When the G-action G — Aut(X) is trivial, we have k[X]¢ = k[¥] and
Vect® (k) reduces to the category Vects (k) of finite dimensional S-graded k-vector
spaces. In this case, the simple objects Sy, s" € ¥, are given by Sy := (k, P, k°)
where k° = k when s = 5.

Definition 3.4. Let Vect® (k) be the full subcategory of Vects (k) consisting of the
pairs (V, @, s, V*), where @, 5, V* is a S-grading of V such that V() = V* for
every s € ¥ and v € G. Note that Vect® (k) is a neutral Tannakian subcategory of
Vect (k). A fiber functor is given by the forgetful functor w : Vect® (k) — Vect(k).

Proposition 3.5. We have an isomorphism Aut®(w) =~ Spec(k[2]%).

Proof. Note first that Vect® (k) naturally identifies with the neutral Tannakian
category Vecty ¢ (k). Therefore, making use of Theorem 3.2 and of Remark 3.3, we
conclude that Aut®(w) ~ Spec(k[X/G]). The proof follows now from the canonical
isomorphism of Hopf k-algebras k[X]% = k[2/G]. O

Remark 3.6. By combining Theorem 3.2 with Proposition 3.5, we observe that the
inclusion of Hopf k-algebras k[X]¢ < E[X], or equivalently the quotient of affine
group k-schemes Spec(k[X]%) — Spec(ﬁ[Z]G)7 is induced by the inclusion of neutral

Tannakian categories Vects, (k) C Vects (k).

Theorem 3.2 provides a Tannakian categorification of the k-algebra k[¥]¢, as
well of its canonical Hopf structure. The Tannakian categorification of the Hopf
k-algebra homomorphism oy, : k[%]¢ — k[X]¢ is provided by the following k-linear
additive symmetric monoidal functor (note that the direct sum is finite):

_ _ —s'
0n : Vecth (k) — Vecth (k) on(V):=V Un(V)S :: Docp. sV s,
- - 0 otherwise .

Theorem 3.7. The following holds:
(i) We have natural equalities 0nm = 0n 0 Om and w0 oy = w.
(ii) The morphism of Hopf k-algebras oy : k[X]¢ — k[S]|¢, corresponding to
on ¢ Spec(k[X]Y) — Spec(k[X]Y), agrees with oy,.
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Proof. (i) Since o,(V) := V, equality w o 0y = w is clear. In what concerns
Onm = On © Om, it follows from the assumption oy, = 0y, © 04, see Definition 2.1.

(ii) By base-change along k/k, it suffices to show that the following morphisms

s—=on (s
(s)

(3.8) n@FRE kS oy kY] B[S

agree. Thanks to Lemma 3.9 below, o0, ® k can be replaced by the morphism
induced by the functor o, : Vects (k) — Vects (k). Given an arbitrary k-algebra A,
let us then describe the induced group homomorphisms
on(R)* : Aut®(w)(A) = Hom(3, A*) — Hom(X, A¥) = Aut®(w)(A)
0," : Hom(k[X], A) = Hom(2, A*) — Hom(X, A*) = Hom(k[X], A) .

As explained in Remark 3.3, there is a one-to-one correspondence s — S be-
tween elements of 3 and simple objects of Vects (k). Making use of the equality
on(Ss) = So,(s), we hence conclude that the homomorphism o, (R)* is given by
pre-composition with o, : ¥ — ¥. The group homomorphism ¢,* is also given by

pre-composition with o,. Since the k-algebra A is arbitrary, this implies that the
above morphisms (3.8) agree, and so the proof is finished. O

Lemma 3.9. The above morphism @@E agrees with the one induced by the functor
on : Vects (k) — Vects (k).

Proof. Consider the following commutative diagram

Vects (k) = Vecty, (k) —— Vect (k)

i .
Vectg(k) “on Vectg(k‘) —> Vect(k),

UV, Buex V) == (V,@,ex V). On one hand, Aut®(w @ k) ~ Aut®(w)y =~
Spec(k[X]%)z. On the other hand, since the affine group k-scheme Spec(k[X]¢)
is of multiplicative type, ¥ induces an isomorphism Spec(k[X]) ~ Spec(k[X]%)z.

Consequently, we obtain the following commutative square

Spec(k[¥ L Spec(k[3])
Spec(k[Z ————— Spec(k[X]%)%.
This achieves the proof. ([

Remark 3.10. Since the functor oy, restricts to the category Vect’%(k:), the Tan-
nakian categorification of the Hopf k-algebra homomorphism oy, : k[X]¢ — k[X]¢
is also provided by oy.

The k-linear additive map p, : k[Z,]9 — k[X]¢ does not preserve the algebra
structure. Consequently, it does not admit a Tannakian categorification. Neverthe-
less, we have the following k-linear additive functor (defined when «(n) is finite):

Pn Vectgn (k) — Vectg(k‘) pa(V) = @?:(?) Vv pl(V) — 7
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Recall that o, 0 p, = a(n) - Id. The following result categorifies this equality:

Proposition 3.11. We have a natural equality on © pn = %™,

Proof. The proof follows automatically from the definition of o, and pp. O

Remark 3.12. Similarly to oy, the functor p, restricts to the category Vectg(k).

Automorphisms, Frobenius, and Verschiebung. Let (3,0,) be an abstract

Bost-Connes datum. Assume that we have a G-equivariant embedding ¥ — 5
and that o, : ¥ — X is given by s — s™. These conditions are verified by Examples
1 and 3-6 in §2.

Definition 3.13. Let Auty(k) be the category of pairs (V,®), where V is a finite
dimensional k-vector space and ® : V =5 V a G-equivariant diagonalizable auto-
morphism whose eigenvalues belong to X. The morphisms (V,®) — (V' ®’) are
the k-linear homomorphisms f : V' — V’ such that fo® = & o f. The tensor

product of vector spaces gives rise to a symmetric monoidal structure on Autg(k).

Remark 3.14. When The G-action G — Aut(X) is trivial, the embedding ¥ < & -

factors through k* C k. Consequently, Autg (k) reduces to the category Auts (k)
of pairs (V,®), where V is a finite dimensional k-vector space and ® : V 5 V a
diagonalizable automorphism whose eigenvalues belong to X.

Note that Autg(k) comes equipped with the forgetful functor (V,®) — V to
finite dimensional k-vector spaces. We have also a “Frobenius” functor

(3.15) Auth (k) — Auth (k) (V,®) = (V,®")
and a “Verschiebung” functor
(3.16) Auth (k) — Auth (k) (V,®) = (VI V,,(®)),
where
0 0 @
Id 0
(3.17) V(@)= |
0 -~ 0 Id 0

Theorem 3.18. The following holds:

(i) There is an equivalence of neutral Tannakian categories Auts, (k) and Vect (k).
(ii) Under equivalence (i), the above functor (3.15) corresponds to oy.
(iii) Assume that the G-action G — Aut(X) is trivial (e.g. k = k). Under
equivalence (i), the functor (3.16) corresponds to pr.

Proof. (i) Consider the following additive symmetric monoidal functor

W : Auth (k) — Vecth (k) (V,®) = (V,@DV),
sEX
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where V” stands for the eigenspace of ® associated to the eigenvector s € 3. Note

that since ® is G-equivariant, we have VY(S) =V" for every s € ¥ and v € G. The
(quasi-)inverse of 1 is given by the following additive symmetric monoidal functor

p: Vecth(k) — Auth (k) (V.EDV") = (V, ),
seEX

where ® stands for diagonal automorphism whose restriction to Vs given by mul-
tiplication by s. The proof follows now from the fact that ¢ and ¢ are compatible
with the forgetful functors to finite dimensional k-vector spaces.

(ii) Given an object (V,®) of Aut(k), we claim that o, (¥(V,®)) =~ (V,d").
Note that the eigenspace of @™ associated to s € ¥ can be expressed as a direct
sum, indexed by the elements s’ such that (s")™ = s, of the different eigenspaces

of ® associated to the elements of s’. Therefore, since o, (s") = (s')", our claim
follows from the definition of on. This achieves the proof.
(iii) Given an object (V, @, .5, V*) of Vects(k), note that
) s BBy (s'—) s
(319 ¢leaV.PVN= (VD D VTS D DV
s€EX SEX s'€pp(s) SEX s'€pp(s)

Note also that we have the following equality

(3.20) P(V.ERV*) = (V, Pv: = P Vs> .

seX seEX seEX

Thanks to Lemma 3.21 below, we observe that the “Verschiebung” of the pair (3.20)
is isomorphic in Autyx (k) to the pair (3.19). This achieves the proof. O

Lemma 3.21. The following holds:
(i) Given k-linear automorphisms ® and ®', we have a canonical isomorphism
between V., (D) @ V,(®') and V,(® & P’).

(ii) Given a k-linear automorphism V 3V, s € kX, we have an isomorphism

between Vy,(s-—) and the automorphism @ ¢, 5V B (g) D5 V-

Proof. (i) Let V', resp. V', be the source (= target) of @, resp. of ®'. The searched
isomorphism is given by the permutation V" @ V' ~ (V ¢ V)%,

(ii) The characteristic polynomial p(A) of V(s- —) is given by A —s = 0. There-
fore, the proof follows from the diagonalization of this latter automorphism. O

Relation with Motives. In this subsection we relate the categorification of some
of our examples of abstract Bost-Connes systems with the theory of motives.
Example 1 makes use of the notion of orbit categories. Let (C,®,1) be a k-linear,
additive, rigid symmetric monoidal category and O € C a ®-invertible object. The
associated orbit category C/_go has the same objects as C and morphisms

Home/ ,,(a,b) := @ Home (a,b® O®7) .
i€Z
Given objects a, b, c and morphisms

f={fi}ticz € @ Home (a,b® (9®i) g ={gitiez € GaHomc(b7 c® 0%
= i€Z



14 MATILDE MARCOLLI AND GONCALO TABUADA

the i'*"-component of gof is given by Y, ((gir—; ® O®%) o f;). The canonical functor
7:C=>Clgo a—a f—=ft={fi}icz,

where fo = f and f; = 0 for i # 0, is endowed with an isomorphism 70(-®0) = 1
and is 2-universal among all such functors; see [17, §7]. By construction, C/ go is
k-linear and additive. Moreover, as proved in [17, Lem. 7.3], CLgo inherits from
C a rigid symmetric monoidal structure making the functor 7 symmetric monoidal.

Example 1 - Original Bost-Connes system. Let us first forget about the G-
action. Thanks to Theorem 3.2, we obtain the affine group k-scheme Spec(k[Q/Z])
and the neutral Tannakian category Vectg,z(k). Under the assignment ¥
Spec(k[Y]), Z/n corresponds to the affine group k-scheme p,, of n*® roots of unit.
Therefore, making use of Q/Z ~ lim,,>1Z/n, we conclude that

Spec(k[Q/Z]) ~ colim,>1Spec(k[Z/n]) ~ colim,>1pn =~ G tors -

Recall from [1, §4.1.5] the construction of the category of Tate motives Tate(k)y
with k-coefficients. This is a neutral Tannakian category which comes equipped
with ®-invertible objects k(n),n € Z.

Proposition 3.22. There is an equivalence of neutral Tannakian categories
VeCtQ/Z(k) ~ limnleate(k)k/,(@k(n) .

Proof. Thanks to the isomorphism Q/Z =~ lim,>1Z/n, we have an induced equiva-
lence of neutral Tannakian categories Vectq,z (k) ~ lim,,>1 Vectz/, (k). Hence, it is
enough to construct an equivalence between Tate(k)r/gr(n) and Vectz,, (k). The
category Tate(k) identifies with Vectz (k). Under such identification, the objects
k(n) correspond to the simple objects S, ; see Remark 3.3. Therefore, we obtain a
symmetric monoidal equivalence between Tate(k)r/gkn) and Vectz(k)/ gs,. In
order to conclude the proof, it suffices then to construct a symmetric monoidal
equivalence between Vectz(k)/ gs, and Vectzy (k).

Let o : Z — Z/n be the projection homomorphism and p : Z/n — P(Z) the
map that sends an element of Z/n to its pre-image under o. Under such notations,
consider the following k-linear additive symmetric monoidal functor

a : Vectz (k) — Vectzn (k) o(V):=V (V)" := @ Ve
s Epn(s)

Clearly, o sends the simple object S, to the ®-unit of Vecty, (k). Consequently,
by the universal property of orbit categories, we obtain an induced functor

(3.23) Vectz (k) ~os, — Vectzn (k).

Since ¢ is k-linear, additive, symmetric monoidal, and essentially surjective, (3.23)
is also k-linear, additive, symmetric monoidal, and essentially surjective. Let us now
show that (3.23) is moreover fully-faithful. The homomorphisms in Vectz(k)/ gs,,
from (V, @, V?) to (V',@,c, V'®) are given by

(3.24) B P Hom (Ve Vi)

i€Z sEL
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On the other hand, the homomorphisms in Vectz, (k) from o(V,P
a(V', @,z V'®) can be written as

(3.25) P P Hmy v,
SEL/n s ,s" Epn(s)

The above functor (3.23) identifies (3.24) with (3.25), and it is therefore fully-
faithful. This achieves the proof. U

scz V?) to

When we consider the G-action, Theorem 3.2 furnish us the affine group k-scheme
Spec(Q[Q/Z]%2Q/k)) and the neutral Tannakian category Vect% /Z(k). Note that
this affine group k-scheme is a twisted form of G, tors. Definition 3.4 and Propo-

sition 3.5 furnish us also the quotient affine group k-scheme Spec(k[Q/Z]%*(@/2))
and the neutral Tannakian subcategory Vectg 2.(k).

Example 2 - Weil restriction. Thanks to Theorem 3.2, we obtain the following
affine group R-scheme and neutral Tannakian category:

Spec(C[Q/Z x Q/Z]*?) VeCt%/ZxQ/Z(R) :

Under the assignment ¥ — Spec(C[X]%/2), Z/n x Z/n equipped with the switch
7./ 2-action, corresponds to the Weil restriction Rescr(tn). Therefore, making use
of the isomorphism Q/Z x Q/Z ~ lim,>1(Z/n x Z/n), we conclude that

(3.26) Spec(C[Q/Z x Q/Z]Z/2) ~ colim,>1Resc /g (tin) ~ Resc/r(Gm,tors) -

Recall from [11, §2.1] that the category of real Hodge structures Hod(R) is defined
as Vecty, ,(R). The associated affine group R-scheme is Resc /r(Gm). Moreover,
the closed immersion Resc/r(Gm,tors) = Resc/r(Gyy) is induced by the functor

Hod(R) = Vecty, 5 (R) — Vectg 5, qz(R) -

Remark 3.27. As in Example 1, we have also the quotient affine group R-scheme
Spec(R[Q/Z x Q/Z])%/?) and the neutral Tannakian subcategory Vectg/ZXQ/Z(R).

Examples 4,5 - Weil numbers and CM fields. Thanks to Theorem 3.2, we
obtain the affine group k-schemes

(3.28) Spec(@W(@)]“ @) Spec(@W(g)] @)
(3.29) Spec(@WE ())%@M)  Spec(@W* ()] @/H)
as well as the neutral Tannakian categories

(3.30) Veetyy, o) (k) Vectdy, (k) Vect‘%é(q)(k) Vectyy,r, () (k).

Wo(q)
Recall from [15, §1] the construction of the (semi-simple) Tannakian categories of
numerical motives over F, with k-coefficients:
(3.31) Moto(Fy)r  Mot(F,)x Motd (Fy)x  Moth(F,)y .

The under-script 0 stands for numerical motives of weight zero and the upper-script
L for numerical motives whose Frobenius numbers belong to W% (q).
Theorem 3.32. (Milne [15, §2]) Assuming the Tate conjecture, the following holds:

(i) The above Tannakian categories (3.31) admit Q-valued fiber functors. The
associated affine group k-schemes agree with (3.28)-(3.29).
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(ii) In the particular case where k = Q, the Tannakian categories (3.31) become
neutral and moreover equivalent to (3.30).

Example 6 - Germs. The preceding Examples 4 and 5 hold mutatis mutandis
with W(q) (and all its variants) replaced by W(p*>°) and F, replaced by F),.

4. QUANTUM STATISTICAL MECHANICS

In this section we associate to certain Bost-Connes data (see Notation 4.2 below)
a quantum statistical mechanical system (=QSM-system). In what follows, k C C.

Definition 4.1. A quantum statistical mechanical system (A, o) consists of:

(i) Observables: a separable C*-algebra A and a family R, : A — B(H,) of
representations of A in the algebra of bounded operators B(H,) on separa-
ble Hilbert spaces H,.

(ii) Time evolution and Hamiltonian: a continuous 1-parameter family of
automorphisms ¢ : R — Aut(A),t — o,. We assume that the representa-
tions R, are covariant, i.e. that there exists linear operators H, on H, such
that, for every ¢t € R and a € A, the following equality holds:

R,(01(a)) = " R, (a)e~
We assume moreover the following:

(iii) Partition function: there exists a real number 3, > 0 such that for every
B > B, the operator e #H is a trace class operator. The associated con-
vergent function Z,(8) := Tr(e ) < oo is called the partition function.

(iv) Symmetries: there exists a G-action G — Aut(A),y — 7,, which is

compatible with the time evolution in the sense that oy o 7., = 7, 0 0y for
every v € G and t € R.

Definition 4.1 is more restrictive than the classical one [3, 8] since we require
that e #H: is a trace class operator for > 0 and also that the group G acts
by automorphisms (as opposed to the more general actions by endomorphisms
considered in [9]). These extra assumptions ensure the existence of interesting
partition functions and are satisfied by the classical Bost-Connes QSM-system.

Notation 4.2. In what follows, (3,0,) is a concrete Bost-Connes datum; see Defi-

nition 2.3. We assume that all the G-equivariant embeddings ¢ : ¥ — @X, ie. G-
equivariant injective group homomorphisms, contain the roots of unit. This holds

in Examples 1,3,4 of §2. Let Emb(Z,@X) be the set of G-equivariant embeddings.
Proposition 4.3. Up to pre-composition with automorphism of 3, the homomor-
phisms o, : ¥ — X, n € N, are of the form o,(s) = s,

Proof. Consider the induced homomorphism 7, = to g, 0:t™! : ¢(X) — «(X). Since
t(X) contains the group of roots of unit (which is abstractly isomorphic to Q/Z) and
Hom(Q/Z,@X) = Hom(Q/Z,Q/Z) ~ 7, the induced homomorphism 7,, restricts to
(4.4) M Q/Z— Q/Z ("

with u, € 7. Now, recall that 7= X1 U X5, where X := NZX = Umenm 7% and
Xy = Up{u € Z|u? = 0}; the union is over the prime numbers and u = (u(?))
are the coordinates of u in the decomposition Z = Hp Zyp. If u, € Z*, then

(4.4) is an isomorphism. This implies that a(n) = 1. If w, € mZ C Xy, with
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m > 1, then the kernel of (4.4) consists of the roots of unit of order m. This
implies that a(n) = m. If w, € X, then there exists a prime number p such
that the kernel of (4.4) contains all the roots of unit whose order is a power of
p. This implies that a(n) = co. Since by assumption, (3,0,,) is a concrete Bost-
Connes system, we hence conclude that u, € NZ. Thus, we can write u, as a
product u, = a,(n)v,(n). The semi-group property o, = o0, o o, implies that
Upm = UpUmy, and consequently that «, (nm) - v,(nm) = a,(n)a, (m)v,(n)v,(m). We
obtain in this way two semi-group homomorphisms o, : N - N and v, : N — 7x.
Now, consider the following homomorphisms

: ) (n)
L(s)—u(s
() _(Q

1(8)e(s) e ()
T, () (D) o u(x) T (.

The assignment n + &, , :== "1 0T, o¢ gives rise to a semi-group automorphism of
¥, and we have the equalities ¢(0,(s)) = Y, (e(5))*(™ = 0, ,(¢(&,.(5))). Therefore,
it remains only to show that «,(n) = a(n) is independent of «. This follows from
the equalities o, (n) = #Ker(o, ,,) = #."'Ker(o,,,) = #Ker(o,,) = a(n). O

Remark 4.5. The automorphisms &, ,, of X, introduced in the proof of Proposition
4.3, do not play any significant role in our construction. In what follows, we will
therefore restrict ourselves to the case where o, (s) = s*(").

Corollary 4.6. For every . € Emb(E,@X) and s € ¥y, we have the equality:

a(n) 0 otherwise .

alm)
1 Z U(s)2(m) = { t(s)=@  when a(n)|a(m)
s’ €pn(s)

Proof. The proof follows automatically from the fact that o, (s) = s*(™); note that

when a(n) f a(m), we have 3°_ ¢, 1(s)2(m) = Q. 0

Definition 4.7. Given an embedding ¢ € Emb(E,@X), consider the homomorphism
N, : ¥ —RY s u(s)],

where | - | is the absolute value of complex numbers; we are implicitly using a fixed

embedding @X C C. Note that N,(X) is a countable multiplicative subgroup of Ri.

Given 1 € Emb(X,Q”), consider the injective group homomorphism
Y —U(1) xR} s (0.(s),N,(s)),

v(s)
[e(

s)|
(4.8) LX) =5 S, x N(D) 1(s) — (0,(s),N,(9)),

where Yo, := 0,(X). Note that the above isomorphism (4.8) generalizes (2.10). In
the latter case, the group decomposition is independent of the embedding .

where 6,(s) := It clearly gives rise to the following group decomposition

Corollary 4.9. Given an element s € %, the following conditions are equivalent:
(i) s belongs to the domain of p,, with #p,(s) = a(n).

(ii) % admits an a(n)®-root in Lo, and N,(s) = n*") for some n € N,().

Proof. The proof follows automatically from the above group isomorphism (4.8)
and from the fact that +(3) contains roots of unity of all orders; the injectivity of
¢ then implies that s has as many a(n)™ roots in ¥. O
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The following result will be used in §4.4.

Lemma 4.10. The group N,(X) C R} can always be decomposed into a union of
countably many geometric progressions N,(X) = |J,~, AZ.

Proof. The group N,(X) is countable. Therefore, it is at most countably generated.
Let {\}.en be a set of generators. Without loss of generality, we can assume that
Ar > 1 for every r > 1. Hence, we conclude that N,(X) = U, AZ. O

We now construct the QSM-system (A(s ,,),0¢) associated to (X, 0y,).

4.1. Observables. We start by introducing two auxiliary k-algebras. The first
one, denoted by B(s,,,), is a generalization of the Bost-Connes algebra [2]. The
second one, denoted by BEE o)’ is an extension of a subalgebra' of the first one

by the multiplicative group. Making use of B(s ), resp. of B and of

(3,0n,t)?
an embedding ¢ € Emb(E,@X), we then construct the C*-algebra A(s ), resp.
Al(z,an,b)» of observables of the QSM-system associated to (3, oy,).

Definition 4.11. Let B(x ;) be the k-algebra generated by the elements s € > and
by the partial isometries p,, @, n € N. Besides the relations between the elements
of the abelian group ¥, we impose that py,t, = tnm and

ity = it when  (a(m),a(n)) = 1

1 /

hen s € &
4.12 ot = | 3w Zvepnn S W n
(412) Hnslin { 0 otherwise

[k Bty = finfly,  Hpfnbn e = Hyfhn -
Finally, let us write B(x ,, c) for the C-algebra By 5,) ® C.

Remark 4.13. (i) Unlike the original case [2], we do not require that g p,, = 1.
When this holds, B ,,,) reduces to the semi-group crossed product k[3]xN
where the semi-group action of N is given by n +— (s +— pupsuk).

(ii) The k-algebra of Definition 2.6 embeds in By ,,) as the subalgebra gener-
ated by the elements s € ¥. Moreover, by acting trivially on u, and p,
the G-action on k[Y] extends to Bx ).

Definition 4.14. Let BEE’%) be the k-algebra defined similarly to By ,,,) but with
additional generators W (A), A € k*, and additional relations:
W) =WAOW () WA H=wn!

W(N)s = sWQA) WNpn = WX 2 W) = W) pr .

The new generators W(\) are called the weight operators. Finally, let us write
B . c) for the C-algebra By, @i C.

Remark 4.15. The introduction of the weight operators is motivated by the need
to obtain a time evolution whose partition function is convergent for 8 > 0; see
§4.2 below. In the particular cases where N,(¥) = {1}, such as in the original
Bost-Connes datum, the weight operators are not necessary and we can work solely
with the k-algebra Bz ,)-

LThis subalgebra depends on the choice of an embedding ¢ : ¥ — @X.
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Notation 4.16. Let H be the Hilbert space ¢?(N) equipped with the canonical or-
thonormal basis {€, }nen. We write V for the k-vector space spanned by the €,’s.
Note that the C-vector space V¢ :=V ®, C is dense in H.

(i) Let H, be the Hilbert space ¢?(«(N)) equipped with the orthonormal basis
{€a(n) fnen. We write V, for the k-vector space spanned by the €,(,)’s and
Va,c for the C-vector space V, ®j, C.

(ii) Given ¢ € Emb(Z,@X), let H, be the Hilbert space ¢?(N,(X)) equipped
with the orthonormal basis {e,},en,(x). As above, we write V, for the
k-vector space spanned by the €,’s and V, ¢ for the C-vector space V, ®;, C.

(iii) Let Hq,, be the tensor product H, @ H, = *(a(N) x N,(X)) and V., c
the tensor product V,.c ® V, c. We write ’Hg,“ resp. VQS,L,(C7 for the Hilbert
subspace of H,,,, resp. C-linear subspace of V, , ¢, spanned by the elements
€a(n),y With 7 < 1. Under these notations, we obtain the splittings Ha,, =

< —_ =< >
H&,L D H;,L and VQ’L,C - Ya,.,C & Va,L,(C'

In the case where N,(¥) = [J,>; AZ is a union of infinitely many geometric
progressions we will consider also the following Hilbert space; see Lemma 4.28.

Notation 4.17. Given an embedding ¢ € Emb(Z,@X) and 7 > 1, let HS, be the
Hilbert subspace of ¢*(N,(X)) spanned by the orthonormal vectors €, such that
In] < Landn = \¥ for some k € Z<o. In the same vein, let H5, be the Hilbert space
2(a(N)) ® &1 HZ, equipped with the standard orthonormal basis {ea(n),,\’:r}
indexed by r > 1,a(n) € o(N) and k, € Z<o.

Proposition 4.18. Given an embedding 1 € Emb(E,@X), the assignments

RL(S) €a(n),n = L(s)a(n) €a(n),N,(s)n
€a(mn whenn = £2(m)
(4.19) Bulpim) agmn = {0( " otheerisef
RL(W</\)) €a(n),n = )‘a(n)ea(n),n

define a representation R, of the k-algebra BZE,an) (and hence of the C-algebra
BZE,an,C)) on the C-vector space Vo, c.

Remark 4.20. By forgetting the action of the weight operators, Proposition 4.18
gives rise to an action of B(g ;) (and hence of B(x 5, c)) on Vo, c-

Proof. We need to verify that the operators R,(s), R,(ttm), R,(W (X)) satisfy the
relations of Definitions 4.11 and 4.14. Clearly, R,(s1s2) = R,(s1)R,(s2). Similarly,
R, (pn)R.(m) = R,(ttnm). From the above definitions (4.19), we observe that
operators R,(uk,) = R,(tm)* are given as follows:

€ a(m) when a(m)|a(n) in a(N)

. odn) po(m)
RL(Mm)ea(n)m = { OQ(M) ! otherwise
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Hence, we have the following identifications:

* R,(pn)€ atr) apmy Whena(m)|a(r)
Ri(pn)Ru(pim)€a(ryn = { T Sy ™)

0 otherwise

€atnry . When a(m)]a(r)and no(m = g

= a(m)
0 otherwise.

On the other hand, we have

. R, (1)) ea(nry,c whenn= ¢ forsome ¢ € N,(X)
Bulkm) Buln)agryn = { 0 e otherwise

(m) >

€atnr) ca(m) whenn = ¢*(") and a(m)|a(nr)
0 otherwise .

When (a(n),a(m)) = 1, we have a(m)|a(nr) < a(m)|a(r). Moreover, condition
n = ¢ becomes equivalently n®(") = ¢*("™)  Therefore, by setting & = (™),
we conclude from above that R, (un)R, (1) = R.(13,) R, (phn) when (a(m), a(n)) =
1. In what concerns the operator R, (p, ttm ), it corresponds to the projection onto
the subspace of V,,, c spanned by the basis elements €,y , such that n admits an
a(m)™ root in N,(X). Similarly, R, (mps,) is the projection onto the subspace of
Va,.,c spanned by the basis elements €,y , such that a(m)|a(n). Let us now show
the following equality:

N 1
RL(,LLm)RL(S)RL(p’m)ea(n),n = a<m) Z RL(Sl)ea(n),n .
s'€pm(s)
The left-hand side identifies with
(421) L(S)a(n)/a(m) Ea(n))NL(S)l/a(m)n

when a(m)|a(n) in a(N) and |¢(s)| has an a(m)*™ root in N,(¥). Otherwise, it is
zero. In what concerns the right-hand side, it identifies with

> U™ eamy N (s -

s'€pm(s)

(4.22) D)

Making use of Corollary 4.6 (and Corollary 4.9), we hence conclude that (4.22)
agrees with (4.21). In what regards the generators W(\), we clearly have
R (W(Aik2)) = R(W(M))R.(W(X2)),  R(WA™)) =R (W)

and also the following equalities:

R(WA)R.(8)eam)y = R(S)R(W(N))eawn)n
R(WO))R.(tm)eatmym = Rulpm) Re(W )™ )eatn)
R (i) (W (N)ea(my.g = R(WA) )R, (1) eam.n -

This achieves the proof. O

Definition 4.23. Given an embedding ¢ € Emb(E,@X), let us denote by BEE onit)
the k-subalgebra of BEE o) generated by the elements s € ¥ with N,(s) < 1,
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by the weight operators W(\) with |[A\| < 1, and also by the partial isometries
sty € N. We write BEZM“L’C) for the associated C-algebra BEZ,UmL) ® C.

Proposition 4.24. (i) When N,(¥) = {1}, the C-algebra Bs ., c) acts by
bounded operators on the Hilbert space H,.
(ii) In general, the representation R, of Proposition 4.18 extends to a represen-
tation R, of the C-algebra BEE70n,L,C) by bounded operators on ’HEW

Proof. When N,(X) = {1}, we have |R,(s)|| < sup, |t(s)*™)| = 1 for every
s € X. Therefore, item (i) follows from this estimate, together with the fact that
IR, ()] = 1. In what concerns item (ii), the action of Proposition 4.18 extends to
an action of BZE’%’L’C) on V, ,c. We claim that this action factors through me(c:

(a) If n <1 and N,(s) <1, then N,(s)n < 1.

(b) If n<landn= € then ¢ < 1.

(¢) The weight operators R,(WW(A)), A € k*, do not alter 7.
The above items (a)-(c) imply our claim, i.e. that the operators R, (s) with N, (s) <
1, R,(un) and R, (W (X)) preserve Voi,cc- Now, since B(s, , , ¢y only contains el-
ements s € ¥ with N,(s) < 1, |R,(s)| < sup, N,(s)*™ < 1. Clearly, we have
also ||R,(un)|| < 1. In what concerns the weight operators, since |A] < 1, we have
|R.(W(N)| < sup,, |A|*(™ < 1. This implies that the action of BEZM”LQ on V«ib,«:
extends to an action on ’HgL by bounded operators. ]

Definition 4.25. A pair ((Sn,0m), Emby(2,Q 7)), consisting of a concrete Bost—
Connes datum and of a subset Embo(E,@X) C Emb(Z,@X) is called good if the
algebras BEEJH,L,C) are independent of the embedding ¢ € Embo(E,@X). The pair
is called very good if both the algebras BEE’%_’LVC) as well as the Hilbert spaces HEM

are independent of the embedding ¢. The representations R, may still depend on
the choice of the embedding ¢. Consult §5 for several examples.

Definition 4.26. (i) The C*-algebra A(s,,) is defined as the completion of
B(s,s,,c) in the norm ||al| := SUD, ¢ (5,37 |R.(a)l|B2,)-
(ii) When the Bost-Connes datum (3, 0,) is good, the C*-algebra A’(Z’an) is
defined as the completion of BEEyﬂmC) in the following norm

lal ;=" sup  [[R.(a)

. s,y -
L€Emb(X,Q7)

Remark 4.27. When N, (X) = {1}, we have a family of representations R, of A(x )

on B(H,) indexed by embeddings ¢ € Emb(X,Q ). In general, for a good Bost-
Connes datum, we have a family of representations R, of Afs, , | on B(HS,).

In the case where N,(X) = [J,»; AZ is a union of infinitely many geometric
progressions, we have the following analogue of Proposition 4.18 (and hence of
Remark 4.27); recall from Notation 4.17 the definition of the Hilbert space ’HE o
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Proposition 4.28. The representatwn R, of the algebra -A(z o) O B(HS ) extend
as follows to a representation on B(HS ) (let N.(s) =11, A2n(®) ):

Rb(s)ea(n))\;ﬁr = L(s)o‘(")e

a(n)’)\ir+a7'(3) )
€ kr/a(m)  When a(m)|k,
— a(nm),Ay
Rb(um)ga(")’)‘]’fr ’ { 0 otherwise
RL(W()\))GQ(n),)\fT = )\a(n)ea(n),)\fr .
Proof. The proof is similar to the one of Proposition 4.18. O

4.2. Time evolution and Hamiltonian. The constructions in this subsection
depend on the choice of an auxiliary semi-group homomorphism g : N — RY. We

assume always that the pair (£, 0,), Embo(2, Q7)) is good.

Proposition 4.29. Given ¢ € Embo(Z,@X), the following assignments
oi(s) = WN.(s) s oulun) = g(n)itpn ae(WON) = W(N)

define a continuous 1-parameter family of automorphisms o : R — Aut(A’(E’Jn)).

Proof. We need to verify that o;(ab) = o¢(a)oi(b) and opyp(a) = or(op(a)) for
every t,t' € R and a,b € ‘A/(z on)- The latter equality is clear, since oi(op(s)) =
W(N,(s))" ") s and oy (o (pn)) = g(n) @) p,. Let us focus then in the first
equality. Since N, is a group homomorphism, we have

o¢(5180) = W(N,(5182)) 5180 = 0¢(51)04(52) .

Similarly, since g is a semi-group homomorphism, we have

ot (pntim) = 0t(finm) = 9(0M)" iy = o4 (1n) ot (i) -

zt*

The action on p is then given by o:(p) = g(n) " u. Note that it is compatible
with all the relations between p, and p. In what concerns the weight operators,
we clearly have the equality o,(W (M)W (A2)) = o¢(W(A1))or(W(A2)). In order
to conclude the proof, it remains then to verify the relations of Definitions 4.11
and 4.14. We will focus ourselves in (4.12) and leave the simple verification of the
remaining relations to the reader. On one hand, we have:

M) = oo Y ol

s'€pn(s)

I
=
=
N

Q
’5 —
%\

Z
= W) Z
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On the other hand, we have:

ot (pn)ot(s)oe(pir,) g W (N, (5)) s g(n) ="

= W(N.(s))"" My sy,
. 1
— N —it/a(n) - 1
W( L(S)) CY(TL) Z S,
s'€pn(s)

where the last equality follows from the relations .A’(E on) between the generators
W(A) and p,. This achieves the proof. O

Let : € Emb(2,Q ") be an embedding and R, : Als o) = B(H3,) the associated
representation of Proposition 4.24. Consider the following linear operator:
H,: ’HiL — ’Hib €a(n),n —r (—a(n)log(n) +log(g(n)))eawm),y -
Proposition 4.30. For everyt € R and a € Azz,an,w we have the equality:
(4.31) R.(0¢(a)) = ™ R, (a)e™ ",

Proof. Clearly, it suffices to verify the above equality (4.31) in the case where a is
a generator of A’( In what concerns the generators s € X, we have:

R,(01(s))eatnym = R(W(N.(s) Zt)RL(S)‘Soc(n),n
= R,(W(N.()™")e()*™ ea(m) v, (s
= N(s)7"M ()™ e N, (510
= "IN, (s) 7 M g(n) o (s)* M) g (n) T eq (), N, (510
My (s) MM g(n) ey N, (s)n
_ GitH RL(S)nita(n)g(n)fitea(n)m
= "R (s)e”"Meyn)

For the generators pi,,, m € N, the left-hand side of (4.31) identifies with

€,0n)"

W )~
W )~

R

i M) e inm when n = ¢o(m)
o) eatmn = 5 Bl )eag = | 0" hen 1 = ¢

On the other hand, the right-hand side identifies with

eitH. RL(Mm)e_itH‘ o)y = eitH. R, (Mm)nim(n)g(n)—itea(nm
(when n = ¢ otherwise) = eitHLUim(n)g(”)*itea(nm)vﬁ
_ g—itoz(nm)g(nm)itnitoc(n)g(n)—itea(nm)’g

= 9(m)" ea(um) -
Finally, in what concerns the generators W(A), A € k*, we have:
R(WA))eamyn = A Peamyy = 07" Wgn) AW n e g(n) = ey
= et pam)pita(n) gt
= R, W )" g(n)eam.
= "R (WA)e eniny-
This achieves the proof. O
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Remark 4.32. By combining Propositions 4.29-4.30 with §4.1, we hence obtain
the QSM-system (A(y, , ) 0¢) associated to (3,0,) (and to an embedding ¢ €

Emb(X,Q7)). In the next two subsections we prove that this QSM-system sat-
isfies the extra assumptions (iii)-(iv) of Definition 4.1.

4.3. Partition function: finite union of geometric progressions. Recall from
§4.2 that g : N — R is an auxiliary semi-group homomorphism. Let us denote by
Bo the exponent of convergence of the series 3, )51 9(n )8,

In this subsection we assume that for every embeddlng L€ Emb(Z,@X)7 the
countable multiplicative subgroup N,(X) of R} is a finite union of geometric pro-
gressions N, (X) = Uinquj, with ¢, ; > 1.

Proposition 4.33. The partition function Z,(8) is computed by the series:
(4.34) Yo > 1)’
N<1EN(2) a(n)>1

Moreover, for every 8 > Py, the above series (4.34) is convergent. Consequently,
e PH. s trace class operator.

Proof. By construction, the operator H, is diagonal in the basis €y (), of ”HE’L
Hence, the associated partition function agrees with the following series

Z,(8)="Tr(e ) = 3" 3" Aeamm e Meamm)

N<1EN,(X) a(n) 21

Z Z e~ B(—a(n)log(n)+log(g(n)))

N<1EN,(X) a(n)>1

Z Z na(n)ﬂ

N<1EN, (D) a(n)>1

Under the above assumption on N,(X), the sum (4.34) can be re-written as

(4.35) y ZZq*’m” - > Z = M)ﬁ g(n)~"

a(n)>13j=1k>0 a(n)>1j=1 I -

Let jmax (resp. Jjmin) be the index j that realize the maximum (resp. minimum)

above. Since 1 — JO;,(Z()B >1—gq,; whena(n)>1and1-g, Jm(z)ﬁ < 1, we have
M M M
9(n) P iy S9) e and g(n) 55 2 9(n) M.
1— _?‘(")ﬂ 1-— q e 1— —a(n)B
[/7.]],[134)( L max L).j[llill

This implies that (4.35) is bounded above and below by series whose convergence
and divergence depends only on the series > a(n)>1 g(n)~P. As a consequence, the
above series (4.34) converges for every 8 > Sy and diverges for every 8 < fy. This
concludes the proof. O

4.4. Partition function: infinite union of geometric progressions. In Propo-
sition 4.33 we have only treated the convergence of the partition function Z(f5) in
the case where the group N,(X) C RY has the form N,(X) = U}L,¢%;, for some
q..; > 1. Here we treat the case of infinitely many progressions.

In order to control the convergence properties of the partition function, it is
useful to introduce another choice of a homomorphism, in addition to the choice of
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g : N = RX. We modify the time evolution by introducing an additional auxiliary
choice of a group homomorphism h : N,(X) — RZ.

Proposition 4.36. Given homomorphisms g : N — RY and h: N,(X) — R, the
following assignments

ar(s) = W((N.()™"s  ou(pm) = g(m) " pm  oe(W(N) = W(N)
defines a 1-parameter family of automorphisms o : R — AUt(Al(z,an))-

Proof. The proof is similar to the one of Proposition 4.29. O

Proposition 4.37. The Hamiltonian implementing the time evolution of Proposi-
tion 4.36 in the representation of Lemma 4.28 is given by

H, eqm, Nk = (—a(n)klog(h(A,)) + log(g(n))) €a(n),\k-

Proof. The proof is analogous to the one of Proposition 4.30; instead of #S, and

gL
€a(n),n, We use the Hilbert space Ha,L and its standard orthonormal basis €a(n) \Er

see Notation 4.17.

All the above constructions work with an arbitrary homomorphism h . Let us
now focus on the following example:

Ezample 4.38. Recall that {\,},>1 is a set of generators of N,(X). Let h: N,(X) —
Ri be the homomorphism defined as h(\;) := p,, where {p,},>1 stands for an
enumeration of the prime numbers (for example the natural one in increasing order).

Recall that §y denotes the exponent of convergence of the series Za(n)Zl g(n)=?

Theorem 4.39. When h is as in Example 4.38, the partition function Z,(B) is
computed by the following series:

(4.40) > 9(n)P¢(Ba(n).
a(n)>1
Moreover, for every 8 > max{By,3/2}, the series (4.40) is convergent. Conse-

quently, e PHe (where H, is as in Proposition (4.37)) is a trace class operator.

Proof. Since the operator H, (hence also e~#H+) is diagonal on the orthonormal
basis € (n) AET of 7—[57” we have the following equality

28) = Te(e ) = 3 gy AT T h(a,) e
a(n)>1 T k.>0

where the negative sign in the exponent of h(\,) comes from the fact that we are
writing the sum over k. > 0 instead of k, < 0. For each fixed r € N, we can
compute the following series

Z A_k a(n)B _ OF
k>0 1= h()‘ )t
as the sum of a geometric series. For the particular choice of h(A,) = p;, this is

equal to (1 — pr_a(")ﬁ)_l

(4.41) > gn)™? H pemBy=

a(n)>1

. Thus, we can rewrite the trace as
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where the product is over the prime numbers. The Euler product converges to the
Riemann zeta function, [], (1 —p~%)~t =((s). Therefore, we can rewrite (4.41) as

(4.42) > 9(n) F(Ba(n)).
a(n)>1

In order to understand the convergence of this series, we need to estimate the
behavior of the values ((Ba(n)) of the Riemann zeta function. When s is real and
2(s — 1) > 1, we can use the estimate

C(S):En_szl—i-g n_3<1+/ood—x:1—;<l.
- 5 x° 2(s—1) —
n>1 n>2

Hence, for 2(Sa(n)—1) > 1, the terms {(Ba(n)) are all bounded above by ((Sa(n)) <
1. This gives rise to the following inequality:

> o) FcBam) < Y gn)
a(n)>1 a(n)>1

Since a(n) > 1 for all n € N, the condition 2(Sa(n) — 1) > 1 is satisfied for all
n € Nif 2(8 — 1) > 1 is satisfied, that is, if 5 > 3/2. We hence conclude that the
above series (4.42) converges for every § > max{f, 3/2}. O

Remark 4.43. Unlike Proposition 4.33, we are only using an estimate from above.
Therefore, we can conclude only that e=##: is trace class for 8 > max{f,3/2}.

4.5. Symmetries. Given an embedding ¢ € Emb(E,@X), consider the (sub)group
G, :={y€ G|N,(v(s)) = N,(s), Vse £} C G.
Notation 4.44. Let G be the intersection of the subgroups G, with ¢+ € Emby (X, @X ).
Proposition 4.45. The following assignments
s (8)  pn = W(A) = W(A)
define an action of G on the k-algebra B(s, 5,y and of G, on the k-algebra BEZ’U”)L).

Proof. Tt follows automatically from the definition of B(x, ;) and Béio”M in terms
of generators and relations; see Definitions 4.11 and 4.23. Note that in the case of
the k-algebra BEZ,O’»,“L) we need to restrict to the subgroup G, C G to ensure that
s+ 7y(s) preserves the subset {s € ¥ | N,(s) < 1}. O

Proposition 4.46. The actions of Proposition 4./5 extend to actions
(4.47) 7:G = Aut(Ais,,) and T:G, = Aut(As,, ) -

These actions are compatible with the time evolution in the sense that o071y = 7,00}
for every v € G (orvy € G,) and t € R.

Proof. Since (¥, 0,) is a Bost-Connes datum, the group G acts continuously on .
Therefore, the G-action of Proposition 4.45 extends first to the C-algebra B(x ., )
and then to the C*-algebras A(s ). Similarly, the G,-action extends first to
B(s . .c) and then to A, . . We obtain in this way the above actions (4.47).
The compatibility with the time evolution is given by the following equalities:

a1(Ty(kn)) = e(in) = g(n) " pin = g(0) "7y () = 7 (0u (1)) -
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Similarly, we have 7, (a,(W (X)) = o4(7(W(X))). Note also that when v € G,, we
have moreover the following equalities:

01(73(5)) = W(N.(7(5)) "7 (5) = 7 (W (No(s))"")7y(5) = 75 (04(5)) -

This achieves the proof. (Il

4.6. Gibbs states. Recall from [3, Vol. I §2.3.3] that a state on a unital C*-algebra
A is a continuous linear functional ¢ : A — C that is normalized, i.e. ¢(1) = 1, and
satisfied the positivity condition, i.e. ¢(a*a) > 0 for all a € A. An equilibrium state
of a quantum statistical mechanical system (A, o¢) is a state ¢ that is invariant with
respect to the time evolution, p(oi(a)) = ¢(a), for all t € R and a € A; consult
[3, Vol. 1T §5.3] for further details. If the QSM-system (A, o;) has a representation
R, on a Hilbert space H, with a Hamiltonian H, for which the partition function
Z(B) = Tr(e~PH:) is convergent for all 3 > j3,, then we can define a special class of
equilibrium states, namely the Gibbs states at inverse temperature 3:

r(R,(a)e PH:
(4.48) wg,.(a) = %.

Definition 4.49. Let ® : G — Aut(X) be the G-action on ¥ and Gy the quotient
G/Ker(®). We denote by ms; : G — Gy the quotient map, by Z(Gx) the center of
Gy, and by Z(Gy) the preimage 75" (Z(Gyx)) C G.

Ezample 4.50. In the case where ¥ = Q/Z, we have Gy = G*® = Z(Gy). In
contrast, when 3 = @X, we have Gy, = G and (by the Neukirsch-Uchida theorem)
Z(G) ={1}.

Recall from Notation 4.44 the definition of the group Gy. Let G o be its image
under the quotient map 7y : G — Gy and Gy ¢ the pre-image ng(Z(Gg) NGs0).
Lemma 4.51. Given a good pair (3, 0,), Embo(X,Q")) in the sense of Definition
4.25, the Go-action 7 : Gy — Aut(BEZ on)) induces a Gx o-action R, — R,y on
the set {R.} of representations R, : B(y, , \ — B(HS).

Proof. The condition that ¢ oy is still a G-equivariant embedding implies that the
image of v € GGy in the quotient Gy commutes with all elements of Gy. Therefore,
it belongs to the center and hence to the intersection Z(Gx)NGxs . We now verify
on the generators of Bis, ,  that R, (7y(a)) = R.o(a). For s € X we have

R, (7(5))€a(n).n = UV(8)* ™ eaim). N, (+(s)n = Rioy(5)ea(m).n-

In the remaining cases, since the action of R,(u,) does not depend on ¢ and p,
is fixed by G, we have R,(7y(pn)) = R,(ttn) = Rioy(itn). Similarly, we have
R.(m(W(A))) = R(W(A)) = Rioy (W(N)). U

Proposition 4.52. Given a good paz’rN((E,an),Embo(E,@X)), the Go-action T :
Go — AUt(BEE,UH)) induces a pullback Gx -action

P8 Ty (PB0) = 98,00 Ty = Pp0y

on the set of Gibbs states at a fized inverse temperature 3.
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Proof. Let (A, o0¢) be a quantum statistical mechanical system. It is well-known
(see [3]) that an action 7 : G — Aut(A) by automorphisms which verifies o, 07, =
Ty 0 0y, (for all v € Gy and ¢ € R) induces a pullback action on the set of Gibbs
states of (A, o) at a fixed inverse temperature f:

P > Ty (PB) 1= B O Ty
For elements in égp we have:

Tr(R, (7 (a)) e PH: Tr(R,0r (a) e P
g, 0 Ty(a) = ( Tsr(e(_;;) ) _ ( Tr(e(—;H,,) ) — g0 (a).

Therefore, the proof follows now from Lemma 4.51. (]

Recall from [9] that the ground states (or zero temperature equilibrium states) of
a quantum statistical mechanical system are defined as weak limits when 8 — oo of
the Gibbs states at inverse temperature 8. Concretely, voo,(a) := limg_,o0 s, (a).
These are given by traces of projections onto the Kernel of the Hamiltonian H,.

The following result rephrases in our setting the “fabulous states” property of the
Bost—Connes system (as formulated in [9]), namely the intertwining of symmetries
of the quantum statistical mechanical system and Galois symmetries.

Proposition 4.53. Given a good pair ((32, Jn),Embo(E,@X)), there is an induced
ég’o-action Poo,e F* Poo,oy 0N the ground states. In the particular case where
N,(X) = {1}, the ground states take values voo,.(s) = t(s) on the generators s € X
of the algebra of observables. Moreover, this action recovers the Galois action of
the subgroup Z(Gs) C G on ().

Proof. Recall from §4.2 that the Hamiltonian H, is given by
H.eo(n),y = (—a(n)log(n) +log(g(n)))ea(n).y -

Its kernel is one-dimensional and it is spanned by the vector €; ;. Thus, the ground
state ¢, is given by the projection onto the kernel H,, that is, by
Poou(@) = (e1,1, Ru(a) €1,1).

When we evaluate it on a generator s € ¥ we obtain

<61,17RL(8)61,1> = L(8)<€1,1751,N,,(s)>.
This is zero unless N,(s) = 1, in which case it is equal to ¢(s). Note that in the
case where N,(2) = {1}, we have Gy = G. Hence, G5 = Z(Gx). By the G-
equivariance of the embedding ¢, this implies that the Z(Gy)-action is given by

1(7(s)) = v(1(s)), i.e. by the restriction to the subgroup Z(Gy) of the Galois action
of G on «(¥). This achieves the proof. O

4.7. Bost-Connes data with trivial a. Let (X, 0,) be an abstract Bost-Connes
datum for which the semi-group homomorphism « is trivial, ie. a(n) = 1 for
every n € N. By Definition 2.1, (X, 0,) is not a concrete Bost-Connes datum.
Nevertheless, we explain here how we can still construct a partial QSM-system.

Lemma 4.54. When N, (X) = {1}, the algebra B = Bz ., ) is isomorphic to the
group crossed product algebra k[X] x Q.
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Proof. When a(n) = 1 for every n € N, p,, and o, are inverse of each other. In
particular, they are automorphisms of k[X]. The relation (4.12) hence implies that
unpy = 1. Consequently, the u,’s are not just isometries but rather unitaries, with
wh=pt = M1 /n, implementing the action of Qi on k[X]. Making use of them, we
then obtain an isomorphism between B = By, ) and k[X] x Q7. O

Thanks to Lemma 4.54, the operators u’s are invertible. Therefore, the Hilbert
space representations of B = B(x ) need to be modified accordingly. There is a
unique natural way to proceed: the action of the semi-group N on the Hilbert space
£2(N) is just the regular representation. In the case where the semi-group is replaced
by the group it generates, we correspondingly consider the regular representation
of the group. In our case, this means the action of Q% on the Hilbert space 2(QX)
is given by multiplication on its basis elements.

Lemma 4.55. Assume that No(X) = {1}. Given an embedding v € Emb(Z,@X),
the assignments R (m)e, = v(m)" €, and R (us)e, 1= €sr, with m € ¥ and s,7 €
QX define a representation of B(s, 5, ) = k[X] x Q on the Hilbert space (*(QX).

Proof. The crossed product relation is satisfied since R (ps)Ry(m)Ry(ps)*er =
v(m)"/%€¢,.. The remaining arguments are analogous to the semi-group case dis-
cussed in Proposition 4.18. (Il

The C*-algebra completion of Bx 4, is the crossed product A(s ) = C*(X)
QZ. The time evolution discussed in §4.2 extends naturally as follows:

Lemma 4.56. The choice of a semi-group homomorphism g : N — R determines
a time evolution on the C*-algebra A(s, 5,y = C*(X) x Q.

Proof. Note that g extends uniquely to a group homomorphism g : Q¥ — RX.
Therefore, it suffices to set oy(pir) := g(r)*p, for every r € Q¥ and oy(m) := 7 for
every m € X. (]

Remark 4.57. The time evolution of Lemma 4.56 is the natural generalization of
the one of Proposition 4.29. However, it is clear that the resulting “partial QSM-
system” Q = (C*(X) x Q% 0¢) does not have a convergent partition function Z(3)
for B> 0, neither low-temperature Gibbs states.

5. EXAMPLES OF QSM-SYSTEMS

In this section we describe in detail the QSM-systems associated to our examples
of concrete Bost-Connes data (as in Notation 4.2).

Example 1: Original Bost—Connes system. Let k£ = Q. Recall from §2 the
definition of the concrete Bost-Connes datum (Q/Z, 0,,). What follows is standard
and can be found in the foundational article of Bost and Connes [2]; consult also [8,
§3]. The only novelty is that in the construction of the time evolution we consider
more general choices of the auxiliary semi-group homomorphism g : N — R%.

Lemma 5.1. For every embedding v € Emb(@/Z,@X), the countable multiplicative
subgroup N,(Q/Z) of R is equal to {1}.
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Proof. As explained in proof of Proposition 4.3, Hom(Q/Z, @X) = Hom(Q/Z,Q/7Z).
Therefore, t(Q/Z) is contained in the subgroup of roots of unit of Q”. This implies
that N,(s) = |u(s)] =1 for every s € Q/Z. O

The Q-algebra B(g,z.o,) agrees with the cross product Q[Q/Z] x N, where the
semi-group action of N on Q[Q/Z] is given by n — (s — > ¢, (5 s'). On the
other hand, since N,(Q/Z) = {1}, the Q-algebra BEQ/Z,UH) is not necessary for the
construction of the QSM-system.

Note that since a(n) = n and N,(Q/Z) = {1}, the Hilbert spaces X5, are all
equal to H := [?(N). Similarly, all the C-vector spaces VE,L are equal to V := V.

Let + € Emb(@/Z,@X) ~ 7%. The representation R, of B(g/z.,) on V is
given by R,(s)(€,) = t(s)"€n, and R,(tm)(€n) = €mn. Following Proposition 4.24,
this representation extends to a representation R, of the C-algebra B(q,z,..,.c) =
Cl]Q/Z] x N by bounded operators on H. The C*-algebra A(q/z,.,) identifies then
with the closure C*(Q/Z) x N of C[Q/Z] x N inside the C*-algebra of bounded
operators B(H).

Let g : N = R be the standard embedding of N into R} . The associated time

evolution is given by o¢(s) = s and oy(u,) = n*pu,, and the associated Hamiltonian
H := H, : I*(N) — [?(N) by ¢, ~ log(n)e,. Consequently, the partition function
Z(3) agrees with the Riemann zeta function ((8) = >, o, n=".
Remark 5.2. Since N is the free commutative semi-group generated by the prime
numbers, every semi-group homomorphism g : N — R is determined by its values
Ap == g(p) at the prime numbers p. Therefore, we can write the partition function
as an Euler product:

Z2B) =3 gm) P =T > 9 =TJ1 -1, .
n>1 p k>0 P

The first equality is obtained using the primary decomposition of n € N and the fact
that g is a semi-group homomorphism, and the second equality follows by summing
the resulting geometric series.

Example 5.3. Let ¢ be a prime power. Given an algebraic variety X defined over
Z, let A\, = #X,(F,) where X, stands for the reduction of X modulo p. The
corresponding semi-group homomorphism g gives then rise to the partition function

Zx(B) = H(l - #Xp(Fq)_B)_l :

The absolute Galois group Gal(Q/Q) acts on Q/Z through the quotient group

Gal(@ab/(@) ~ 7. This action of Z* extends to Q[Q/Z] xN and to the C*-algebra
C*(Q/Z) x N as in Propositions 4.45 and 4.46.

Let By > 0 be the exponent of convergence of the series Z(8) = 3_, -, g(n)=P.
For B > By, e PH: is a trace class operator and we have Gibbs states of the form
_ Tr(R,(a)e PHr)
p.p(a) = T Tr(eFHE
Lemma 5.4. We have the following computation

0 when a = spu, i), n #m

#up(a) = { Z(B) 7 Sor 5, ¢i0s5)" g(n) P when a = 3, ¢;5; € Q[Q/Z).
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Proof. On an additive basis of A(g/z,s,), given by monomials of the form s, u;,,
we have ¢, g(spumps) = Z(B)71Y, (e, R (sumps)e PHre,) = 0 when n # m.
Therefore, the proof follows from the fact that ¢, g(s) = Z(8)71 >, <, t(s)" g(n)=#
for every s € Q/Z. N O
Remark 5.5. When g(n) = n, we have ¢, s(s) = C(B8) 'Lig(c(s)), where ¢(3)
is the Riemann zeta function and Lig(t(s)) the evaluation at roots of unit of a
polylogarithm function.

Lemma 5.6. The ground states are given by ¢, o(s) = u(s). Moreover, the G-
action by automorphisms of A/z,0,) agrees with the Galois G-action on 1(Q/Z).
Proof. When 8 — oo the Gibbs states converge weakly to ground states of the form
©1.00(8) = (€1, R.(s)e PHier) = 1(s). The action of G := Gal(Q/Q) on C*(Q/Z) xN
factors through the abelianization Gab.~Hence, using the terminology of Definition
4.49, we have Z(Gyx) = Gy = G and Z(Gx) = G. Thanks to Proposition 4.53, G
acts then on the Gibbs states by v : ¢, 3 = ¢.04,3, and the induced action on the
limits ¢, o0 (8) F Proy,00(5) agrees with the Galois action on +(Q/Z). O

Example 3: Algebraic numbers. Let k = Q. Recall from §2 the definition of the
concrete Bost-Connes datum (@X ,0n). We consider a fixed embedding Q" ccx.

Definition 5.7. Let @2 ={s e Q" I1s| <1}, 8 :={|s||s € Q" } and S<={ls||s €
@;} Note that S is a multiplicative subgroup of R} and S< a subset of SN (0, 1].

Remark 5.8. The subgroup S C R is a union of infinitely many geometric progres-
sions. Therefore, in the construction of the QSM-system, we will use the Hilbert
space HZS ; see Notation 4.17.

a,L?

Let Embs(@X ,@X) be the set of embeddings {¢ € Emb(@X ,@X) |NL(@X) =S}
and L(@X)S .= {s € Q7| N,(s) < 1}. In what follows we consider the following
subset of G-equivariant embeddings:

(5.9) Emby(Q, Q) := {t € Emb(@", Q") |(Q2) = «(@")<}-
Lemma 5.10. We have an inclusion Embo(@x,@x) - Embs(@x,@x).

Proof. Note that every embedding © € Embo(Q ™, Q") maps the set {s € Q" | |s| <
1} isomorphically to the set {s € Q" | N,(s) < 1}. Consequently, N, (@;) surjects
onto S<. This implies that N,(Q@") surjects onto S since any element of Ss :=
S\ S< is the absolute value |[s71| = |s|~! of some s € @; Therefore, if the
absolute values N,(s) = [c(s)], with s € @;, fill up the set S<, N,(s™!) fill up the

complementary subset Ss.. We hence conclude that N, (@X) surjects onto S. (]

The Q-algebra B(@x o) is generated by the elements s € @X and by the partial
symmetries fi,, 1y, n € N, as in Definition 4.11. Similarly, the Q-algebra BE@X )

is generated by s, i, p and by the weight operators W(\), A € Q*; see Definition
4.14. Given ¢ € Emby (@X,@X), we obtain a representation R, of BE@X on the

20n)
Hilbert space 'HE,L of Notation 4.17.
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Lemma 5.11. For every embedding v € Embg(@x,@x), we have R, (pk ) = 1.

Proof. The operator R, (p)1i,) is the projection onto the subspace spanned by the
vectors €, , such that n = " for some § € NL(@X). Given an embedding ¢ €
Embs(Q”,Q), we have N,(Q”) = S. This implies that for every n € N,(Q") we
have n = |s| for some s € Q. Hence, we can always find an n'® root in S by taking

th

¢ = |s1/"| for some n'® root of s in Q. In conclusion, R, (1} jn) = 1. O

Remark 5.12. Lemma 5.11 implies that if « € Embg (@X7@X)7 we can then work

with the algebra BE@X | with the additional relation pu, = 1.

Lemma 5.13. The pair ((@X,Jn),Embg(@x,@x)) is a very good concrete Bost—
Connes datum, in the sense of Definition 4.25.

Proof. Recall from the proof of Lemma 5.10 that for every ¢ € Embo(@x,@x),
have N,(Q") N (0,1] = S<. Hence, the Hilbert space Hs, of Notation 4.17 is

aL
independent of «. Moreover, ¢ maps isomorphically the set @; to L(@X)S. Now,
recall that the algebra Bz@x ) and its C*-completion .A’(@X have generators
30n b

s € L(@X)g. The isomorphisms L(@X)S ~ @2 induce isomorphisms between the
algebras for different choices of ¢. Therefore, we can conclude that the algebras are
also independent of «. O

,0nsL)

Notation 5.14. We write HS for the Hilbert space HS  with o = id. Note that

aL

thanks to Lemma 5.13, HS is independent of ¢. Similarly, we write A’(@X ) for
1U7l

the C*-algebra acting by bounded operators on H< through the representations
R,, with . € Embo(@x,@x).

Given a semi-group homomorphism g : N — R and the homomorphism h :

N, (@X) — RX, A\ — py, we obtain a time evolution oy on AE@X as in Proposition

1On)
4.36, with a Hamiltonian as in Proposition 4.37, and a partition function as in

Theorem 4.39. This gives rise to the following result:
Proposition 5.15. Let 1(Q )y := {s € Q" | N,(s) =1}. When g(n) =n, and for
all B > 3/2, the Gibbs states evaluated on elements s € L(@X)l are given by the
following convergent series (Z(B) := 3, -, ¢((Bn) n=h):
(5.16) up(s)=Z(B)7 Y uls)" ((Bn)n "

n>1
Proof. The partition function of the QSM-system was obtained in Theorem 4.39.
Its trace Tr(R,(s)e A1) identifies with

S eyt Rils)e e, 1) = 37 u(s) g0) PR (e k€ yprreni)

where the sum is taken over the elements of the orthonormal basis. The inner
products vanish unless a,(s) = 0 for all r, i.e. unless N,(s) = 1. In the case

N,(s) =1, for the choice of h : NL(@X) — R, A\p — py, we obtain

Do u) g)PTIY hO) T =Y us) gm) P [ - )
r ky p

n n
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The product over r reflects the fact that the Hilbert space HS is a tensor product
over r; see Theorem 4.39. (]

In contrast with the original Bost—Connes case, the following result shows that

the “fabulous states” property is not satisfied! Intuitively speaking, @X is “too
large” to give rise to a well behaved Bost—Connes system.

Proposition 5.17. In the limit § — oo the ground states take values ¢, o0 (s) = t(s)

on all s € L(@X)l. The G-action on @X induces the trivial action on the values of
the ground states.

Proof. In the limit 5 — oo, the Gibbs states ¢, g converge weakly to the ground
states ¢, o, which are given by the projection onto the kernel €; ; of the Hamil-
tonian. The basis element €; ; is given by the vector €, ® ®T €,k with n =1 and

k. = 0 for all r, so that n = [[, A¥» = 1. Thus, we have

_ t(s) when N,(s) =1
Oroo(8) = (€11, Ri(s)e PHep ) = (1,1, L(8)er N, (s)) = { 0( ) when NLEsg £1.

The absolute Galois group G = Gal(Q/Q) acts on Q. In this case Gx. = G, hence
we have Z(Gyx) = {1}, see Example 4.50. Thus, the group Z(G)NGy is also trivial,
hence the induced action on Gibbs states is trivial. O

Remark 5.18. It is also possible to construct a Bost—-Connes type QSM-system for

@X in a different way: using the logarithmic height function as a specialization of
a more general construction for toric varieties; see [13, §4].

Example 4 - Weil numbers of weight zero. Let £k = Q. Recall from Example
2.12 the definition of the concrete Bost-Connes datum (Wy(q), o).

Let us denote by ¢¢ the fixed embedding W(q) C @X, which restricts to an em-

bedding Wy(q) C Q" of the Weil numbers of weight zero. Let Gyyg) and Gy, (q)
be the quotients, as in Definition 4.49, of the G-action on W(q) and Wy(q), re-
spectively. Thanks to Proposition 2.9(iii), the G-action on W(q) preserves weights.
Therefore, Gy (q) = G, (q)-

In what follows, we consider the following subset of G-equivariant embeddings
x =
Embo(Wo(q), Q") = Z(Gy(q)) - to, where 7y - 19 := 190 7.

Lemma 5.19. For every embedding ¢ € Embo(Wo(q),QX), the countable multi-
plicative subgroup N,(Wy(q)) of R is equal to {1}.

Proof. Thanks to Proposition 2.9(iii), the G-action on W(q) preserves weights.
Therefore, for every s € Wy(q), we have N, o~ (s) = N,(y(s)) = ¢*O) = qv(®) =
N, (s)=1. O

Lemma 5.20. The Q-algebra By, (q),0,,) agrees with the cross product QWo(q)]
N, where the semi-group action of N on QWVo(q)] is given by n— (s = 3 .c, () 5')-

Proof. The two algebras have the same sets of generators and relations. In fact, the
crossed product algebra QWy(q)] x N is generated by the elements s € Wy(q) and
by isometries p,, for the generators p of the semi-group N, and their adjoints u,
with the semi-group action implemented by s > 1, sp;. The py, satisty the relations
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Pphp = Hpprs Hpptp = 1, and py, gy = ppps, for p # p’. The subalgebra generated
by the u, and py is clearly isomorphic to the subalgebra of By, (q),s,) generated
by the p, and pj,, by writing u, as a product of u,’s according to the primary
decomposition of n. The subalgebras Q[Wy(q)] of Bow,(g),0,) and QWo(q)] x N
also match, and the semi-group action ju,spu;, = > ¢ pon(s) s’ gives the remaining
relation of B, (q),0,)- O

Remark 5.21. Since N,(Wo(q)) = {1}, the Q-algebra B, () , | is not necessary
for the construction of the QSM-system.

Note that since a(n) = n and N,(Wy(q)) = {1}, the Hilbert spaces M5, are
all equal to H := [?(N). Similarly, all the C-vector spaces V§,

Ve. Given ¢ € Embo(Wo(q),@X), the representation R, of B, (q),0,) o0 V is
given by R,(s)(€) = t(s)"e, and R,(ftm)(€n) = €mn. Following Proposition 4.24,
this representation extends to a representation R, of the k-algebra B, (q),0,.,c) =
CWo(q)] » N by bounded operators on H. The C*-algebra A, (q),0,) identifies
then with the closure C*(Wh(q)) x N of C[Wy(q)] x N inside the C*-algebra of
bounded operators B(H).

We construct the time evolution as in the case of the original Bost—Connes sys-
tem. Let g : N — R} be the standard embedding of N into R. The associated
time evolution is given by o(s) = s and o4(u,) = n'*u,, and the associated Hamil-
tonian H := H, : [*(N) — [?(N) by €, ~ log(n)e,. Consequently, the partition
function Z(3) agrees with the Riemann zeta function ¢(8) = >, -, n~?. The series
converges for g > 1. B

The absolute Galois group G = Gal(Q/Q) acts on Wy(q) through the quotient

Gw(q)- This action extends to QWy(q)] ¥ N and to the C*-algebra C*(Wy(q)) » N
as in Propositions 4.45 and 4.46.

, are equal V :=

Proposition 5.22. With the time evolution determined by g(n) = n, the low tem-
perature (B > 1) Gibbs states of the quantum statistical mechanical system for the
concrete datum (Wo(q),on) are polylogarithms evaluated at numbers m € Wy(q),
normalized by the Riemann zeta function. The action of the Galois group G as
symmetries of the system induces an action of the subgroup Z(Gyy(q)) on the zero

temperature Gibbs states, which agrees with the restriction to Z(Gyy(q)) of the Ga-
lois action on t(Wo(q)).

Proof. For g(n) = n, the Hamiltonian is H ¢, = log(n) €, with partition function
the Riemann zeta function, as in the original Bost—Connes case. The low temper-
ature Gibbs states, evaluated on s € Wy(q), are of the form

Droory,8(8) = C(ﬁ)_l Z ’YS;)” _ Llﬁ(((’;()s))

For f — oo the weak limits of these Gibbs states define the zero temperature
ground states. These are given by the projection onto the kernel of the Hamiltonian.
Evaluated on elements s € Wy(q), they give

Pryor.o0(s) = (€1, Ry(m)e Hey) = 7(s).

The action of G' by automorphisms of the algebra determines an induced action of
Z(Gyy(q)) on the ground states states, as in Proposition 4.52. O
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Example 4 - Weil numbers. Let £ = Q. Recall from Example 2.13 the definition
of the concrete Bost-Connes datum (W(q), 0,,). As in the preceding Example, we

will make use of the notations Gyyq), to, and Embo(W(q),@X) = Z(Gw(q)) ‘L.

Lemma 5.23. For every embedding . € Embo(W(q),@X), the countable multi-
plicative subgroup N,(W(q)) of R is equal to {q"|r € £}.

Proof. Thanks to Proposition 2.9(iii), the G-action on W(q) preserves weights.
Therefore, for every s € Wy(g), we have N, o, (s) = N,(y(s)) = ¢v0) = ¢gw(),
This implies that N,,.,(W(q)) = N,,(W(q)) = qzZ. 0

Remark 5.24. Note that the semi-group N,(W(q)) C R is given by a single geo-
metric progression generated by the element ¢'/2.

The Q-algebra Byy(g),0,) is generated by the elements s € W(q) and by the
partial symmetries g, pr,n € N, as in Definition 4.11. Similarly, the Q-algebra
BEW(q),an) is generated by s, un,, u and by the weight operators W(A), A € W(q);
see Definition 4.14.

Lemma 5.25. The pair (W(q),o,), Embo(W(q), Q")) is a very good concrete
Bost-Connes datum, in the sense of Definition 4.25.

Proof. Since a(n) = n and N,(W(q)) is independent of ¢, the Hilbert spaces H=

a,L)
resp. the C-linear subspaces V(i o, are all equal to the Hilbert subspace HS of H =
P(N)®I*({q" |7 € £}), resp. to the C-linear subspace V= of V := Vc®V, ¢, spanned
by the elements €, , with » < 0. Moreover, since by Proposition 2.9(iii) the G-
action on W(q) preserves weights, the set {s € W(q) | N,(s) < 1} is independent of

the embedding ¢ € Embo(W(q), Q). As a consequence, the Q-algebra B W@
and its C*-completion A’(W(q)

Tnyt)

o) AT independent of .

Notation 5.26. Let A/(W(q) on) be the resulting C*-algebra acting on the Hilbert

X

space H< through the representations R,, with ¢« € Emby(W(q),Q").

Remark 5.27. Let ¢+ € Embo(W(q),@X). In contrast with the case of algebraic
numbers, the operator R, (1} p,) is not the identity but rather the projection onto
the subspace spanned by the vectors ¢, ,r/2 such that n|r.

Given a semi-group homomorphism g : N — R, we obtain the time evolution
ou(m) = W(w(m) 7 ouliin) = g(n)itpn a(W(N) = W(N),
where w() stands for the weight of 7. This gives rise to the Hamiltonian
H:=H, :HS — H= €n,qr — 1og(g™""g(n))en ¢

and consequently to the partition function

(5.28) Z(8) = Te(e ) =3 37 " Pgln) .

nez TSOE%

We denote by 3y the exponent of convergence of the series ) g(n)=2.



36 MATILDE MARCOLLI AND GONCALO TABUADA

Proposition 5.29. The partition function (5.28) is computed by the series
-8B
(5.30) }: 9(n)
n>1
which converges for > By and diverges for 8 < By. In the case where g(n) = n,
(5.30) can be written as the series of polylogaritms Z(B) =3}~ Li/g(qfkg).

Proof. The first claim follows directly from Proposition 4.33 (with a single geometric
progression with generator ¢'/2). Concretely, we have:

PO B ETORED I SRS O RED Drr

WEZTSOG% n>1k>0 n>1

-8

g(n
1—q ng

with the estimate

1—q "7 1-q°2

We now assume that g(n) = n. For 8 > Sy = 1, and after exchanging the order of
summation, the above series can be re-written as

> St = S il
E>0n>1 k>0
O

Lemma 5.31. When g(n) = n, for 8 > 1, the Gibbs states, evaluated on elements
s € W(q) are zero for weight w(s) # 0, while for s € Wy(q) they are given by

2 k>0 Lig(u(s)q /2
Zk>0 Lig(q=kA/2)

Proof. The partition function is provided by Theorem 5.29. Thus, we just need to
compute the trace

TI‘(RL(S)eiﬁHL) = ZZ q—k/2, )eiﬁHLEn,q—k/ﬁ

(5.32) pup(s) =

n>1k>0
= Z Z _k”ﬁ/2 ( ) g <€n7q*k/2,€n7qfk/2+w(s)>
n>1k>0
— Dons1 2 k>0 U8)" g *8/2 g(n)=# when w(s) =0
0 when w(s) # 0.

This implies that ¢, g(s) = 0 when w(s) # 0. For s € Wy(q), and after exchanging
the order of summation, the above expression can be re-written as follows:

DD )T =Y Lig(u(s)g )
k>0n>1 k>0
As a consequence, we obtain the above equality (5.32):
o0 5(5) = Tr(R,(s)e #H:) B Zkzo Liﬁ(b(s)qfkﬁﬂ)
e Z(B) ko Lig(g kA7)




BC-SYSTEMS, CATEGORIFICATION, QSM-SYSTEMS, AND WEIL NUMBERS 37

Recall that the absolute Galois group G = Gal(Q/Q) acts on W(q) through the
quotient Gy (q). This action extends to BEW(q),an) and to the C*-algebra AEW(q),
as in Propositions 4.45 and 4.46.

O'n)

Proposition 5.33. In the limit § — oo the ground states are given by

_f u«(s) when w(s)=0
Proo(s) = { 0 when w(s) # 0.

The G-action on W(q) induces an action of the subgroup Z(Gw(q)) C G on the
ground states, which agrees with the Galois action on the values | Wo(q)).

Proof. The ground states are given by projections onto the kernel of the Hamilton-
ian H,. Therefore, we obtain the following equalities:

el6) = (1 1) = ) ey = { 4 e 1081 =

The G-action by automorphisms of the algebra AZW(q),an) induces an action of
Z(Gw(q)) C G on the Gibbs states and on the ground states by ¢, 3 — ©.0v,3-
This follows from the fact that for every « € Embo(W(q), Q") and v € Z(Gw(y)),

we have Loy € Embo(W(q),@x). This action on ground states agrees with the
Galois action on the values, since ¢,0y,00(5) = t(7(5)) = 7(¢(s)), by G-equivariance
of the embeddings. O

Examples 5 and 6 of §2 are only abstract Bost—Connes data. Example 5 is
not a concrete datum because « is not a semi-group homomorphism. The case
of Germs in Example 6 is also not a concrete datum, because alpha is the trivial
homomorphism a(n) = 1. Moreover, we do not have an embedding of Wy (p*°)

in @X, so even the partial construction for a(n) = 1 discussed in §4.7 does not

apply. The case of the completion Wt (¢) in Example 7 of §2 is also not a concrete
Bost—Connes datum. We consider the remaining cases in §6.

6. WEIL RESTRICTION AND COMPLETION

The concrete Bost-Connes data of Examples 2 (=Weil restriction) and 7 (=Com-
pletion) do not satisfy the assumption of Notation 4.2. Nevertheless, we explain
briefly in this section how they still give rise to QSM-systems. The key idea is
to consider them as “diagonal subsystems” of larger QSM-systems. The latter are
related to the higher rank Bost-Connes systems introduced in [14, 13]. We only
give an outline of the constructions. The details, along with a general treatment of
“high rank Bost-Connes data”, will appear in a forthcoming article.

Example 2: Weil restriction. Let £ = R. Recall from §2 the definition of the
concrete Bost-Connes datum (Q/Z x Q/Z, 0,,). In this case, a(n) = n?.

We now construct a large QSM-system (which is not associated to a Bost-Connes
datum) and an involution on it. The QSM-system associated to (Q/Z x Q/Z,0,)
will be defined as a subsystem. Given a pair (n,m) € N2, let On,m be the ho-
momorphism (n - —m-—) : Q/Z x Q/Z — Q/Z x Q/Z and p,, ., the associ-
ated map Q/Z x Q/Z — P(Q/Z) x P(Q/Z) that sends an element (s1, s2) to its
pre-image under o, . Let B(s,, ) be the R-algebra generated by the elements
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(s1,82) € Q/Z x Q/Z and by the isometries fi m, (s, ,, With (n,m) € N?. We
assume that i m ik, = fnk,mi, that M:,mﬂn,m =1, and

:U’%mlu‘;;,l = Mz,zﬂn,m when (n7 k) = (m’ l) =1

N 1
,U/n,m(sh SQ)Mn,m = % Z (S;_a S/2> :
(51,55)€pn,m(s1,52)
Remark 6.1. Intuitively speaking, the R-algebra B(s,, ) is a “higher rank” gen-
eralization of the one of Definition 4.11, where the semi-group homomorphism « is
now given by N?> — N, (n,m) ~ nm. The generalizations include the higher rank

Bost-Connes algebras [14, 13] and will be discussed in a future work.
We have isomorphisms of R-algebras

(6.2) Bs.o,.) = RIQ/ZI®* x N = Bg/z,0,) Ok B/z,0m)

where B(g/z,0,,) = RIQ/Z] x N is the R-algebra of the original Bost—Connes system.
We have a Z/2-action on (6.2) which switches the two copies of B(g/z,s,,). Consider
the Hilbert space £%(N x N) equipped with the standard orthonormal basis {€, 1 }.
Via the identification between €,2 and €, ,, the Hilbert space ¢*(a(N)) can be
regarded as a subspace of £2(Nx N). Given an embedding v = (uq,us) € Z* X Z* =

Emb(Q/Z, Q") x Emb(Q/Z,Q"), the assignments

R(tnm)eny = €nkmi  Ru(51,80)en, = u1(s1)F ua(se) ery

define a representation R, of the R-algebra B(s ,, .y on £>(N?). The C*-completion
A=onm) of Bs,o,.,.) @r C is isomorphic to C*(Q/7)®? x N2, This is a particular
case of a higher rank Bost—Connes algebra [14]. Given a semi-group homomor-
phism § : N x N — R, the assignments o4(s1,52) := (s1,52) and o¢(tin,m) =
G(n, m)" iy define a time evolution on A 4, ).

We now construct the QSM-system associated to (Q/Z x Q/Z,0,). Let us
write B(g/zxq/z,0,) for the subalgebra of Bq/zxq/z,0,.,) generated by the ele-
ments (s1,$2) € Q/Z x Q/Z and by the isometries g, ,, with n € N. Under
the representations R,, B(g/zxq/z,0,) preserves the subspace £%(a(N)) C (2(N?).
Therefore, the C*-completion A(q,zxq/z,0,) of B/zx0/z,0,) ®r C can be identi-
fied with C*(Q/Z x Q/Z) x N, with the semi-group action given by

(51,8 = talsnsih, = — S (shsh).

(81,85)€pn,n(s1,82)

Note that the assignments (s1, s2) — (S2,51) and fy 5 = fin,n define a Z/2-action
by automorphisms of A zxq/z,0,)- Let § : N?2 — RY be a semi-group homo-
morphism of the form g(n,m) = g(n)g(m), with ¢ : N — RZ a semi-group
homomorphism. The time evolution determined by § preserves the C*-algebra
A(/zxQ/2,0,)- Moreover, the Hamiltonian generating the restriction of the time
evolution to A(q/zx,z,0.,), i the representations R, on the Hilbert space £2(a(N))
is given by He,, n, = 21og(g(n)) €n.n. Hence, the partition function Z(5) agrees with
>on g(n)~2#. Finally, the Z/2-action on A/zxQ/2,0,,) 18 compatible with the time
evolution.
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Example 7: Completion. Let £ = Q. Recall from Example 2.26 the definition
of the concrete Bost-Connes datum (W(q), 0,,). In this case, a(n) = n2. As proved
in Proposition 2.25, we have a natural identification

W(@),04) = Wo(q), 04) x (Q/2Z,0,) .

o~

The QSM-system associated to (W(q),0,,) will be obtained as a subsystem.

Let Bow,(q)xQ/2Z,0.,) D€ the Q-algebra generated by the elements s = (7,7) €
Wo(q) x Q/2Z and by the isometries fi,, ,, with (n,m) € N2, We assume that
Hnm Pkl = HUnk,ml, that ,u:z,m:un,m =1, and that

fin,m it = M ihnm  When  (n,k) = (m, 1) =1

N 1
:u’n,m(ﬂ—7 T)/‘Ln,m = Z (5» 7"/) .
nm
(&m,mr’)=(m,r)
The Q-algebra By, (q)xQ/2z,0,.,,) identifies with the semi-group crossed product
QWo(q)xQ/2Z]xN2. As in the preceding example, the Hilbert spaces ¢?(a(N)) can

be regarded as a subspace of £2(N?). Now, consider the following set of embeddings
(6.3)  Embo(Wo(q) x Q/2Z, Q" x Q") = Z(Gw(y)) - to x Emb(Q/2Z,Q/Z),

where Z(Gy(g) - to C Emb(Wy(q), Q") is defined as in §5. Given an embedding
t= (1o o,u) € (6.3), the assignments

ku(r)lew

RL(Mn,m)Ek,l ‘= €nk,ml RL(7T7T)€k,l = LO('Y(T(-))
defines a representation R, of the Q-algebra By, (q)x0/22,0, ) O1 ??(N?). The C*-
completion A, (¢)xQ/2Z,0n.m) OF Bowe(q)xQ/2Z,0.,) @@ C can be identified with
C*(Wo(q) x Q/2Z) x N2, The choice of § : N> — R* determines a time evolution
on Ao, (q)xQ/2Z,0n.m)s With 0t (fm n) = G(m,n) i and oy(m,7) = (7,7).

We now construct the QSM-system associated to (Wy(q) x Q/2Z,0,). Let
Bwy(q)xQ/22,0,) be the subalgebra of By, (q)xq/2z,5,.,,) generated by the elements
s = (m,r) € Wo(q) x Q/2Z and by the isometries g, ,. Under the represen-
tations R,, Bw,(q)x0/22,0,) Preserves the subspace ?(a(N)) C £?(N?). There-
fore, the C*-completion A(w,(g)x0/22,0,) can be identified with the C*-algebra
C*(Wo(q) x Q/2Z) x N, with the semi-group acting diagonally by

N 1
(ﬂ-a T) = .U’n,n(ﬂ'7 T):un,n = ﬁ Z (5, T/) .
(e nr)=(.r)

Let g : N — R be a semi-group homomorphism of the form g(n,m) := g(n)g(m),
with g : N — R} a semi-group homomorphism. The time evolution determined
by g preserves the C*-algebra Ay, (q)xQ/22,0,,)- Moreover, the Hamiltonian imple-
menting it in the representation R, on ¢?(«(N)) is given by He,, ,, = 2log(g(n))énn-
Hence, the partition function Z(3) agrees with >_, g(n)~2°. In the particular case
where g(n) = n the Gibbs states are of the following form:

0p.(m,7) = Li?ﬁ(bo((é(g)))ﬂ(r))_

The group E(Gw(q)) acts by automorphisms of the algebras B, (q)x0/22,0,.,,) and
AWo(9)xQ/2Z,0n ). This action preserves the subalgebras By, (q)x0/22,0,) and
AW (q)x0Q/22,0,,) and induces an action on the set of representations by R, — R,on.
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Finally, the action on the subalgebras is compatible with the time evolution and
agrees with the Galois action on the values of ground states at elements s = (7, r) €

Wol(g) x Q/2Z.
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