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the Zermelo-Fraenkel axioms describe objects which they call
“sets”, but which we would not call sets but rather “trees with no
symmetries” (Vladimir Voevodsky)

the substance of mathematics resides not in Substance (as it is
made to seem when € is the irreducible predicate, with the
accompanying necessity of defining all concepts in terms of a rigid
elementhood relation) but in Form (as is clear when the guiding
notion is isomorphism-invariant structure, as defined, for example,
by universal mapping properties) (F. William Lawvere)
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Russell paradox
o define sets by properties: y = {x| P(x)}
take as property P(x) the formula x ¢ x
then consider set y = {x|x ¢ x}: isy € y?
if yes, theny ¢ y,ifnothen y ¢ ysoy € {x|x ¢ x} =y

Russell paradox (again it looks like the Epimenides paradox:
“this sentence is a lie")

answer: adding axiom there is no set x with x € x

@ in ZF theory: axiom of regularity:
Vx(x £0— 3y e x)(xnNy =10)

@ consequence: no sets contain themselves as elements: x set,
take {x} by regularity exists element (only x) with
x N {x} =0, so element x € {x} cannot be element x € x
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ZF set theory and the Russell paradox:

FOR WIIII}II S s

...but the actual problem is with € itself (membership)
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What is a set?  (heuristic discussion)
earlier view:
@ a “set” is a collection determined by the members it contains

@ ways of constructing new sets given other sets (unions,
intersections, power sets, pairing, etc)

@ members of a set are other sets (1) so in particular members
(elements) of a set have “inner structure” (they can themselves
have elements, etc)

@ so membership € is a relation on some “set of sets” (!)
modern view:
@ elements x € X of a set are not sets (rather maps x : {x} — X)

@ elements of X are not defined independently of X (so two sets
cannot share elements, unless they are subsets of some fixed set)

@ a set X is determined uniquely by its “extended elements” aka maps
f: Y — X from other sets Y (Yoneda)

@ constructing new sets (products, coproducts, etc): universal
properties
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Zermelo-Fraenkel theory of sets
o first-order language £ = {€} binary relation of membership €

@ 8 axioms of theory ZF; theory ZFC: augmented with C=the
“axiom of choice")

1. Axiom of Extensionality
VaVy(Vz(z ex <> z€y) > x=1y)
Sets are equal if they have the same elements.
2. Axiom of Pairing
VxVyIzVuw(w ez o (w=xVw =Yy))
For each x and y, {x, y} is a set.
3. Axiom Scheme of Separation
For every formula ¢ not containing the variable y, we have an axiom
VxIyVw(w € y © (w € x A ¢))
For each set x and property ¢, {w € x | ¢} is a set.
4. Axiom of Union
VxIyVw(w €y < Izz €x Aw € 7))
For every set x, | Jx (or |, ., z) is a set.
5. Axiom of Power Set
VxIyWw(w € y & Vz(z e w — z € x))
For every set x, P(x) is a set.

ZEX
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comments on this part of the axioms:
@ establishing membership as the way to determine sets

@ providing a basic operation of “set formation” via pairing
(sometimes also called “set theoretic merge”): not a union!
{x,y} has the sets x and y as its elements (the elements of x
and y are no longer elements of the resulting set)

@ establishing properties as a main way of constructing sets

@ forming unions of sets indexed by other sets
Y={]J Y%
xeX

e providing a construction for the “set of all subsets” P(x) of a
given set x (power set)

@ main set constructions: pairing, union, properties, power set
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6. Axiom of Infinity
Since 3x (x = x) is a valid sentence, there is a set. If x is a set then by Separation
there is a set {w € x| L} which has no elements; and this set is unique by
Extensionality. We denote this empty set by @. Also, for any set x we have a
set {x} = {x, x} by Pairing, and x U {x} = | J{x, {x}} using Pairing and Union.
With these notations, the axiom of Infinity is now

Ix@ex AVy(y € x = (y U{y} € x)).
Suppose x is such a set as postulated by the axiom of Infinity. Then @ € x; let us
write O for @. Then, also 0 U {0} € x; we write 1 for this set. Inductively, we write
n + 1 forn U {n}. We can prove that n has exactly n elements, and therefore, that

the set x “is infinite” in the sense that we can write down infinitely many elements
of x (which are pairwise distinct).

so ZF contains von Neumann construction of integers N
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7. Axiom Scheme of Replacement
For any formula ¢ which does not contain the variable y:

Va3abVce(¢p(a,c) < c =b) —
VxIyVv(v € x — Ju(m € y A ¢p(v, u)))

the first line says that ¢ defines an operation F on sets and the
axiom (“axiom scheme” as first-order logic does not quantify over
¢ so one axiom for each such ¢) is that for any such operation and
any set x one obtains a set {F(v)|v € x}

8. Axiom of Regularity
Vx(x #0 — Jy(y e x AVz=(z € y AZ €X)))
Every nonempty set x has an element that is disjoint from x.

So no “set of all sets” and no Russell paradox as (by axiom)
{x|x ¢ x} would have to be “set of all sets”
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ZFC = ZF augmented by the axiom of choice

@ abbreviations: write 3x € y¢ for Ix(x € y A ¢) and Vx € yo
for Ix(x € y — ¢)

e ordered pairs: (x, y) defined as {{x},{x,y}}

@ product: x X y ={(u,v)|u e xAv ey} (isaset: (u,v)
subset of P(x U y))

@ relation R subset of x x y, R is a function if
Vuex3dveyVwey((u,w) E R v=w)

@ there is a “set of all functions” from x to y, denote by y*
Axiom of Choice:

VxVyVf € y*[Vv € y3u € x((u,v) € f) —
dg ex’VveyVuex((v,u) € g — (u,v) € f)].

existence of a section for any f : x — y
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are the objects described by ZF axioms actually sets?
@ empty set ) = {v € x| L}, unique by Extensionality, OK

@ sets with one element: {x} for x any set (all these different
sets for different x)

{xy}} # {x} # {v}

@ but there is really only one set with one element (unique up to
unique isomorphism): one is simply relabeling that single
element with a different name...

@ the situation gets worse with larger sets: with two elements
how is {0,1} different from any {a, b} besides a name
change? in ZF the inner structure of a, b (and of 0 = ) and
1 ={0}) makes them actually different

@ why should elements of sets have an inner structure?

@ in the view of modern mathematics this makes them
something other than sets
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another view on ZF: they are not sets but rooted trees!

€ means “child of”

() = single root

@ pairing is binary tree Merge
N
X y - {X>y}

takes two rooted trees and appends the two roots to a
common root

@ Note: the trees are not planar

@ now for example {x} and {y} that should be indistinguishable
as sets are indeed different as trees

@ this pairing operation only produces binary branchings, unary
x — {x} produces non-branching vertices (important: this
unary operation exists in ZF because pairing {x, x} = {x})
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Important restriction: ZF only deals with
trees with NO SYMMETRIES!

@ because {x,x} = {x}

@ where by a symmetry in a rooted tree T we mean a non-leaf
node v such that the subtree T, C T rooted at v is of the
form

Tv = T//\T/
Example: first tree is not in ZF but second one is: obtained from
first by imposing relation {x,x} = {x}

0 |
000 0
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@ Union axiom of ZF creates roots with higher arity branching:

S

call B* the operation that joins a disjoint union of trees (forest)
Ty U---U Tk to a single root and B~ the inverse operation that
cuts a tree T under the root to make a forest.
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other ZF axioms
@ extensionality: identity of trees T = T’ verified recursively by
B~(T)=8B7(T)
@ separation in ZF is a pruning of trees operation: only keep
those branches of tree where property ¢ holds
@ power set axiom:

@ cut tree T below the roots (get a forest)
Bi(T)IFI TiU--- U Ty,
@ take all bi-partitions of F: pairs of F; = U;c;T; and
Fje = Ujese Ty forall JC{1,... k}
© apply B (L,B*(F)))
that's x — P(x) in tree-form

@ Regularity: the trees are indeed trees (no loops)

Note: union axiom allows for infinite branching (hence B~ can
produce forests with infinitely many components)
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axiom of infinity
@ recursive operation x — x U {x} written on trees as
T BY(B(T)UT)
Example:
{745, 14313 1

9,545
1% 4

& 145, 14,3471 1

@ axiom of infinity: construction of infinite tree by iteration
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But then what are sets?  (first heuristic discussion)
@ change of perspective on membership

e morphisms f : A — B (functions between sets) can be thought
of as “elements of the set B over the domain of variation A”
(like “elements of B that depend on parameters in A")

@ in particular if A= {x} (the set with one element - unique up
to unique isomorphism) then a function x : {x} — B is just
an element of B (so x : {x} — B replaces x € B)

@ elements are entirely “relational” (functions), and do not
exists on their own outside of B

@ cannot compare sets through their elements! only through
maps

@ when emphasis is on maps and relational notions, it means
the right mathematical framework is category theory
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@ example of relational ways of thinking of operations on sets:
intersection

e since different sets A, B cannot have the “same” elements (if
elements are maps), what is AN B? does not make sense
intrinsically

@ the only way maps x : {x} = Aand y : {x} — B can be
compared is if they both end up in the same place... after
composition of morphisms

@ given a diagram

A
le
JB

with ja: A— C and jg : B — C two injective maps, then one
can ask for completion of diagram that is optimal (i.e. a
solution to a universal property: the fibered product)

@ this is intersection of A and B as mapped inside C by ja, js

Matilde Marcolli From Sets to Categories



Categories  (a first look)
@ a category C consists of

@ a collection of objects Obj(C)
@ a collection of morphisms Home

@ with properties
e each morphism f has source and target objects X = s(f) and
Y = t(f) so morphisms subdivided into Home¢(X, Y)
e for each object X there is an identity morphism 1x
e composition h = g o f of morphisms f € Hom(X, Y) and
g € Hom(Y, Z)

o : Hom(X, Y) x Hom(Y, Z) — Hom(X, 2)

e composition is associative (fio i) ofz = fi0(fof3)
e units: fo 1S(f) = 1t(f) of =f

What about “collection” (classes)? don’t want to use set here,
though in many cases (small categories) these will be sets
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Quick note on proper classes:
@ how to treat Obj(C) when not a set? (e.g. Obj(Sets))

@ classes: notion of collection of objects sharing some common
properties

@ proper classes: classes that are not sets
@ idea: “class builder expressions” {x| ¢} with ¢ logical formula

e two formulae ¢, 1) define same class if equivalent ¢ <> ¢ (so
think of classes as equivalence classes of formulae)

@ in ZFC sets can be elements while proper classes cannot

@ in theories like ETCS classes represented by first-order
formulae with a free variable: a proper class is a formula that
cannot be represented by a set (an object of the category)
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@ another approach to proper classes: inaccessible cardinals
(cardinal number is an isomorphism class of sets, like
cardinality for finite sets)

@ very rough sketch of idea:

@ ‘“inaccessible cardinal” k: cardinal that is “regular” (any sum
of < k cardinals each < k is also < k, sum is cardinal of
disjoint union) “strong limit” (if A < & then 2* < k)

@ so ‘“inaccessible” because set theoretic constructions (union,

power-set) on lower cardinals does not reach

example Xy inaccessible from just finite sets

require also that inaccessible cardinals k is uncountable

universe Vi, = Ux<x V. union of all sets of cardinality < x

proper classes: subsets C C V,; that are not elements C € V,

existence of inaccessible cardinals is taken as a postulate
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Functors and Natural Transformations

e Functors F : C — C’, on objects O(C) 2 X — F(X) € O(C’), on
morphisms F(f) : F(X) — F(Y) (covariant; also contravariant)
with F(gof)=F(g)o F(f) and F(1x) =1y

e Natural Transformations: 7 : F — G, to every object a morphism
nx : F(X) = G(X) with ny o F(f) = G(f) o nx

Fx) 2% Fey)

| |

G(X) 57 G(V)
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common use example: finite directed graphs as functors

<

@ category 2 with two objects V/, E and two non-identity
morphisms s, t : E — V

e functor G : 2 — FinSets, sets Vi and Eg (vertices, edges)
and maps of sets sg, tg : Ec — V¢ source and target maps of
directed edges

@ natural transformation 7 : G — G’ is usual notion of map of
directed graphs

nv:Ve— Ve and ng:Eg— Eg
preserving incidence relations
nvosc=sg one and nyote=te onE
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some categorical notions for later use

@ monomorphism: morphism f : X — Y such that for every pair
g1,8:Z—X

(fogi=fom)= (g1 =g)

@ span (also called correspondence) between objects X, Y is a

pair of morphisms
Z
PZEN
X Y

@ jointly monic span (also called internal relation): span such
that for any pair hy,ho : W — Z if fohy = f o hy and
gohy =gohythen hy = hy
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how to compare categories

@ there is a notion of “isomorphism” C = C’: two functors
F:C —C" and G :C' — C that are inverses of each other

@ but: this notion if too strong, does not correctly reflect the
idea of two categories being “essentially the same”

@ better notion equivalence of categories: two functors
F:C— (" and G :C" — C and two invertible natural
transformations £ : Fo G —id¢ and n: Go F — ider

e category C and Sk(C) skeleton (subcategory) with objects a
representative for each isomorphism classes of objects of C
(Axiom of Choice), inclusion Sk(C) C C full subcategory
(Homgyc) (X, Y) = Home(X, Y)) and essentially surjective
(each object in C is isomorphic to an object in Sk(C))

e C is equivalent to its skeleton Sk(C)
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Elementary Theory of the Category of Sets (ETCS)

@ How to use categories for axiomatic set theory without ending
up with some circular definition?

o Lawvere's ETCS is a modern alternative to ZFC
o first step: we want a Theory of Categories T(Cat)

e language Lcat = {®, R} with unary function symbols s, t € ®
and a ternary relation c ¢ R

e terms f, g,... (morphisms) with s(f), t(f) here meaning the
identity morphisms 14(r), 14(r) that corresponds to the objects

s(f), t(f)

@ relation models composition
c(f,g,h) standsfor h=fog

@ Note: instead of objects and morphisms, just use morphisms
(keep track of objects through their identity morphisms):
object term: term e such that e = s(e), e = t(e)
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e axioms of T(Cat):

1. = (ss(f) = s(f) = ts(f) A @t(f) = t(f) = st(f)).

2. ¢(f, 8, W) = (s(f) = t(g) At(f) = t(h) A 5(g) = s(h)

3. 5(f) = 1@ - Ae(f, 8, h)

4. (Identity laws) F c(f,s(f), f) A c@t(f), f. )

5. (Associativity) (c(f, g, j) A c(g, h, k)) F (c(j, h, m) < c(f, k, m))

@ second step: refining the theory T(Cat) to a theory of finitely
complete categories T(Lex) (over same language Lcat)
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@ axioms of T(Lex): same as axioms of T(Cat) with two
additional axioms
@ existence of terminal object
@ existence of pullbacks

1. 3,(1 =s) A (V4(f = s(f) = 3lg: (s(g) = f A t(g) = 1))
2. (Pullbacks exist) Define p(f,g, h,k) to be the conjunction of the formulas

Fje(fh, ) Acg k, 1)

@je(f, 1, J) Ae(g k', j)) = (A (elh, i, h') A ek, i, k"))

Then
t(f) = t(g) = 3,3kp(f. 8 h. k)
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existence of pullback: universal property

A W
m
3h

)(XLY _— X
k'

F
Y — 7

3

given morphisms f : X — Z and g : Y — Z there is an object X X7 Y
(fibered product) with morphisms h: X xz Y — X and

k: X xzY =Y, with f o h= g o k such that for any object A and
morphisms ' : A— X and k' : A— Y with f o i’ = g o k’ there is a
unique i : A — X Xz Y that makes the diagram commutative

optimal with respect to these diagrams
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@ third step: extend to a Theory of Elementary Topoi T(Top)

e extend language Lcat = {s, t; ¢} with three additional unary
symbols

ﬁTop = {57 t, 'Dv )\7[); C}

e symbol P used to provide a notion of power set
e symbols p and A used to build a relation (between a set and its
power set) replacing the notion of “membership” for sets

e formula M(f,g) in the language Lcat that expresses the
property that f, g are a jointly monic span

S(f) = S(g) A (Vh,i,j,k(c(f9 h’ ]) A C(f’ i’ ]) A C(g9 h" k) A C(g9 i9 k)) = h= l)
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@ axioms of the theory T(Top) of elementary topoi

@ thereis P(f: X — Y) = P(Y) an object (depending only on
t(f)) and a span (A(f), p(f)) between P(Y) and Y:

= (P(f) = P(t(f)) = t(P(f)) = t(M(F))) A (t(p(F)) = t(F))

Q@ M(X(F), p(f)) (i.e. they form a jointly monic span)
© universal property of power objects P(X)

M(f,g) = 3'h 3k p(h, A(f), g, k) A c(p(f), k, )

What are this universal property and these axioms saying?

they are supposed to capture the “set-like” nature of the objects of
this category, how so?
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unraveling the topos axioms

@ the concept of “being a set” here boils down to the possibility
of forming an associated power set

o all other axioms and properties for T(Cat) and T (Lex) are
shared by many other kinds of objects that are not sets

@ what is “set-like” is just these additional axioms of T(Top)

key observation: membership as correspondence

@ in the usual way of thinking about a set, membership € can
be seen as a correspondence between a set X and its power
set P(X)

EX)={(a,S)|a€ S} € X x P(X)

/ TP(X)

aeX S e P(X)
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@ what are the properties that characterize this
membership-correspondence?

EX)={(a,S)|ae S} C X xP(X)

@ consider any correspondence R C A x B (or more generally

R — Ax B)
R
N
A B

@ R determines a characteristic map xg : B — P(A)
Xr:b— {ac Al(ab) € R}

incaseof RCAx B
e for more general case (f,g): R > Ax B

xr(b) ={a e A|(a,b) = (f(r),g(r)) for some r € R}
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universal property of power set:

there is a bijection between correspondences R C A x B and
maps B — P(A)

@ R+ xr works for arbitrary span R, but reverse direction
X : B— P(A) to R with x = xg requires more restrictive
correspondences (because xg only depend on image
(f,g)(R) C Ax B not on R itself.

@ so need some injectivity assumption for the span defining R to
reconstruct R from the map x : B — P(A) as
R, ={(a,b) e Ax Bla€ x(b)}

correspondence R C A x B is pullback of the membership cor-
respondence £(A) along 14 X xgr with xg : B — P(A) the
characteristic map xg : B — P(A) representing R
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\\

Z(A\%A

1 k=(XR " J/JYA)
(X)

“ " notation for square that is a pullback diagram

R = Bxpa€(A) = {(b,(a,5)) | xr(b) = S} = {(a, b) | a € xr(b)}
k:(a,b) € R (a,xr(b)) € E(A)
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meaning of topos axioms

@ power object P(f : X — Y) = P(Y) comes with a
“membership correspondence”

E(y,r)

y (F)

Y P(Y)

@ jointly monic span means can think of £(Y, ) as
(p(F), A(F)) - E(Y, ) = Y x P(Y)
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© universal property of power object: given another M(f, g)
meaning any correspondence (f,g) : R < A x B there is a
unique h = xg : B — P(A) such that R is obtained as
pullback of the membership correspondence £(A, f) by
diagram

s s

' kz%ﬁ)
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Lawvere's ETCS
e define theory T(ETCS)
@ language Lgrcs extend Ltop, with constant symbols: N, 0,0

@ axioms: same axioms as T (Top) with additional:

1. (Well-pointedness: equality of maps x — y is detected by points 1 — x)
() =s@ALf) =t@) FVu(s(h) =1At(h) =s(f) > feh=geh)=> f=¢g
2. (Axiom of Choice: every epi f admits a section i)
(Y, n(t(f) = (@) =s(W) At(g) = t(h) Ago f =ho f)= g=h) F 3(s() = (f) At()) = s(f) A foi =1(f))
3. (Zero and successor)
F5(0) = 1A t0) =N = s(0) = t(0)
4. (Recursion: existence)
s(N =1A1(f) =s5(g) = t(®) F 3 (s(h) =NAth) = t(f) A f =hoOAhoo =goh)
5. (Recursion: uniqueness)

$(N)=N=s@At(f)=t(g)Afo0=go0Afooc=goo)-f=g
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comments on ETCS axioms

e NNS (natural number system): zero and successor and
recursion

whenever X isaset,ae X,andr: X — X,
there is a unique function z: N — X such that
z(0) = a and z(s(n)) = r(z(n)) for all n € N.

1—O>N—S>N

11 x x
\] Y

1 T>X ‘1‘>X

this expresses the general property that given a € X and

f : X — X one can form the sequence {f"(a)} of iterates
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@ well-pointedness: “points” versus “generalized points”

O —— 5] e &Y

St X R R 1 X

generalized points pick out certain kinds of “shapes” in a
given X

@ in general (depending on what kinds of objects one is dealing
with) one might expect that shapes more general than points
may be needed to determine X completely (e.g. loops that
carry global information about the topology of X)

@ “points” in the strict sense x : {x} — X carry only very local
information about X so well-pointedness is the statement that
the kind of objects being considered only require this kind of
local information to be determined

e it's OK if we want objects with no structure (sets) not OK if
objects have structure involving more global conditions
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Remark on ZFC vs ETCS: ETCS does not have an analog of the
“Axiom Scheme of Replacement” of ZFC
role of the Axiom of Choice

@ every surjection f : X — Y has a section s : Y — X with
fos= ]_y

what role does it play?
@ a topos determines a logic
@ this logic is intuitionistic
@ assuming the axiom of choice implies the excluded middle

e Radu Diaconescu, Axiom of Choice and complementation,
Proceedings AMS, 51 (1975) N.1, 176-178

@ so it forces the logic of the topos to be classical
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Topoi and Subobject classifier

for Sets

@ subsets A C X correspond to functions x4 : X — {0,1}
(truth values) detecting if x € X belongs to A or not
(characteristic function of A)

e call 2 ={0,1} the truth values object

@ xa: X — 2 fits in commutative diagram

A !

1
Ja TJ{
X —2

XA

with | : A — 1 unique morphism to terminal object and
T :1— 2 the true value and j4 : A —= X
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@ the diagram is a pullback: consider diagram

A
\\
W\ () —=1
bl
X 2

f

square diagram is the pullback; commutativity of outer
diagram gives that x € A has f(x) = 1 so A C f~1(1), and if
f = xa then exactly A= f~1(1) and map k = 14
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@ characteristic functions x4 give isomorphism
P(X) ~ 2X = Hom(X, 2)

A€ P(X)— xa€2X

@ so 2 is a subobject classifier: the datum 2 together with
T : 1 — 2 determine the assignment of y4 to a subobject
A C X and this realizes P(X) (that classifies subobjects of X)
as the set Hom(X, 2).

@ all power sets are realized as sets of morphisms to a fixed
truth-value object 2
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for a more general topos T
@ generalize this to a topos T (that need not be Sets)

@ need an object Q of T that plays the role of the set {0,1} of
truth values

@ need a point T : 1 — Q (with 1 the terminal object of T), a
point of Q that represent “true”
@  should have the property that every monomorphism
Ja: A= X in T (think of these as “subobjects” of X) fits in
a pullback diagram
A 1
ok

.0
XJA

the monomorphism j4 is the pullback of T : 1 — Q along the

characteristic morphism x;,

H

@ such object Q (together with T : 1 — Q) is called a subobject
classifier
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suppose in T there is an object A of sentences of the
language L1op (meaning there is an identification of sentences
with morphisms a.: 1 — A)
then a truth valuation is a morphism v : A — Q and v
satisfies a sentence «

vE

if (in Sets: v(a) = T(1)) have diagram

N

A Q

@ « tautology if satisfies by all valuations v : A — Q

o ( has operations A, V, =, = induced through v from those in

Lop (truth tables: effect of logical operations on truth
values)

w(a) =v(-a), v(a)Av(B):=v(aApB), etc
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@ what happens when the subobject classifier €2 is not
2 ={0,1} (a different kind of truth values): what kind of
logic does this correspond to?

the subobject classifier is a Heyting algebra object

what this gives for Sets with Q = 2

@ —:2 — 2 is characteristic function y of subset
A= {0} C {0,1} because sends 0 to 1 and 1 to 0; can also
identify {0} < {0,1} with morphism L:1 — {0,1} sending 1
to the point 0

@ truth table for A shows it is characteristic function x4 of
subset A= {(1,1)} C2x2

A0
0
1
1

>—AOQ>—‘O
([T T

~o oo

A(
A(
A(L,
AL,

morphism (T, T): 1 — 2 x 2 mapping 1 to element (1, 1)



@ case of V: truth table identifies with characteristic function of
the subset U = {(0,1),(1,0),(1,1)} C 2 x 2; expressible in
categorical terms as the pullback

U—-—1
]
2x2Y 52
@ oder < has same truth table as =
<,=: (0,0)—1, (0,1)—1, (1,0)—0, (1,1)—1
pullback diagram: characteristic function of set
{<}:=1{(0,0),(0,1),(1,1)}
{<}——1
b
2x2=2 52

e {<} also described as an equalizer
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equalizer: given two morphisms f, g : A = B, object E with
monomorphism i : E — A such that f o i = g o i and optimal:
for any other h: C — A with f o h = g o h exists unique
k:C— Ewithiou=h

£

E%A:B

o]

C

set {<} ={(0,0),(0,1),(1,1)} is equalizer of morphisms
A:2x2—2andm:2x2— 2 (projection on first factor),
because it's the subset on which these agree: on complement

(1,0) have 1 A0 =0 # m1(1,0) =1
in general define partial order < as equalizer of A and m;

i A
<Lax0=0

™
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useful facts about topoi

Epi-mono decomposition
@ In any topos T every morphism f : X — Y factors uniquely
(up to isomorphism) f = mo e as an epimorphism e : X — Z
followed by a monomorphism m: Z — Y
other properties: (follow from the topos axioms)

@ a topos 7 has all finite limits (from having pullbacks and a
terminal object)

@ hence it has equalizers

@ 7 also has all finite colimits (more subtle: using finite limits
and power-objects)

@ hence T also has an initial object 0 (in the case of Sets 0 = ()
and has coproduct (disjoint union for Sets) and coequalizers
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coequalizer
@ morphisms f,g : X — Y, object @ and epimorphism
qg:Y — Q with gof = qgog, optimal: for any other
g Y — Q with g of =q og thereis a unique u: Q — Q'
with commutative diagram

! .
X?Y%Q

|
|
P | u

Ql

topoi are extensive categories
@ coproducts “interact well’ with pullbacks
@ meaning, in a diagram

o

the two squares are pullbacks iff the top row is a coproduct
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revisit case of V: 2 x 2 — 2 in Sets:

@ because have coproduct LU have commutative diagram

1x2~2 2112 2~2x1

2x2

with induced map ((T,12)U (12, T)):2U2 -2 x 2
@ this map has epi-mono factorization

9o (112)802,T)) ((T,12)U(12, T ))

\/

in Sets e is map to image and m is inclusion of image, and
image U here is set with V = xy

U= {(Oa 1)7 (17 0)7 (1a 1)}
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also revisit = : 2 — 2 in Sets:

@ as seen, there is a false-value morphism L: 1 — 2 with (for
Q2=2)

@ this can also be characterized as the arrow that makes this a

pullback diagram
0 1
| b
1 Q

i.e. in Q = 2 image of L is complement of image of T
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@ in case of Sets, the subobject classifier 2 is in fact a Boolean
algebra with these (<, A, V,—, L, T) (just the basic Boolean
semiring B = {0, 1} interpreted in this categorical way)

what happens in a general topos 7?7 (7,<,A,V, L, T) Heyting
@ now (2 is not a set, just an object of T
o N:Q xQ — Qis the morphism that makes this diagram a

pullback
) S |
(T,T)I l‘l’
QxQ——=AQ.

@ < is the equalizer of A and first projection m1 : Q x Q — Q

i A
<= OAx02=0Q

™
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o V:Q xQ — Qisthe morphism that makes this diagram a
pullback

where the object U is the epi-mono factorization of the map
from coproduct to product

T id), (id, T
Qi (T 60

N,

U.
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@ the 0 and 1 elements of the Heyting algebra are the
morphisms 1:1 — Qand T : 1 — Q where T is the
subobject-classifier morphism (true-value) and L is the
characteristic function of the initial object

@ by sub-object classifier universal property: for any
monomorphism m: A < X in T there is a characteristic
morphism xp, such that pullback:

A— 1

| b
X=mm 9

@ in particular apply to unique morphism from initial to terminal
0 — 1 to define L: 1 — Q as characteristic morphism

1 = Q
Matilde Marcolli From Sets to Categories
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@ then the intuitionistic implication ?: Q x Q — Q of this

Heyting algebra given by the characterictic morphism of the <
equalizer

r T |

|

QxQ—>0Q,

@ the intuitionistic negation pl Q — Q of this Heyting algebra

given by the characteristic morphism
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@ the topos 7 is Boolean if 707 = 1, so € is a Boolean

algebra

@ in general Q is a Heyting algebra not Boolean, so in general a
topos logic is intuitionistic not classical

in ETCS: also assume Axiom of Choice
@ AoC: every epimorphism has a section

@ complemented subobject: m: A < X monomorphism in T
such that 3 A€ object and monomorphism n: A¢ — X
disjoint from m, namely pullback:

0
|
A

L)

)i:

C

[
m
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@ AoC implies all subobjects are complemented (Diaconescu)
@ take a monomorphism m: A — X

@ i1,ip : X — X 4+ X maps to coproduct, and coequalizer

iiom
A= (X4+X) S Q= X+aX
ihom
(in Sets: two copies of X glued together along A)

@ by AoC epimorphism p: X + X — @ has a section
s:Q = X+ Xwithpos=1g

@ topoi are extensive categories implies subobjects of coproducts
are coproducts

@ so use section s to decompose Q = Q1 + Q2 with
Q1 =s"1(X+0)and @ =510+ X)
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@ then take commutative diagram

A m X
m ijl
X——=X+4X

P2
@ take compositions of section s with j; = poi; and jo =poi
monomorphisms
Soj1
X X+aX=01+Q

SOj2

@ same reason (extensive category) X subobject of Q; + Q>
splits (in two ways)

X=B1+C with By =7} (@), C=ji(Q)
X=B4+C with By :jg_l(Ql), G :jg_l(Qz)



@ then get decomposition A = A; + A

A e

L

32+C27>Q1+Qz

Al —— B A —— (4

i ih i ih

By —— @ G—— @
P i

@ inSets Ay = BiNByand Ay = GG N G with A= A + As
o complement AA=B1NG+B,NG
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What are examples of topoi 7 that are not Sets?

@ presheaf category of a small category C: category of functors
Fun(C°, Sets) (used, in many settings, including as a model
of quantum theory)

@ topology: sheaves of sets on a topological space (with
Q(U) ={V openset |V C U}

@ algebraic geometry: étale topos of a scheme (also a category
of sheaves)

@ topos of trees (programming language semantics)

all these behave “like sets” and have their (intuitionistic) logics
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presheaves on a topological space

Definition
Let X be a topological space. A presheaf % on X consists of the data:
(i) for every open subset U of X, a set #(U) and
(i) for every inclusion V C U of open subsets of X, a function
pu,v : F(U) — F(V) subject to the conditions
¢ py,u is the identity map #(U) — #(U) and
* if WC V CU are three open subsets, then py, w = py wopy, v-
The maps py v are called restriction maps, and we sometimes write s|y
instead of py v(8), if s € F(U).
A morphism of presheaves &# — ¢ on a topological space X is a

collection of maps % (U) — ¢(U) which is compatible with respect to
restriction maps.

idea: think of F(U) as a “set of functions” on U and py v as
“restriction of functions” from U to V C U
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sheaves on topological spaces

Definition
A sheaf # on a topological space X is a presheaf on X satisfying the
additional conditions
(i) if Uis an open set, if {V; | i € I} is an open covering of U, and if
s,t € #(U) are elements such that s|y, = t|y, for all i, then s =t;
(i) if Uis an open set, if {V; | i € I} is an open covering of U, and if we
have elements s; € # (V) for each J, with the property that for each
i,j € 1, silvny, = Sjlvinv,, then there is an element s € #(U)
(necessarily unique by (i)) such that s|y, = s; for each i.
A morphism of sheaves is defined as a morphism of the underlying
presheaves.

@ idea: think of presheaves as “local data” assigned at open
sets, with no consistency over “patching together” overlapping
open sets, and sheaves as those local data that patch
consistency and can define “global data” on the underlying X
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versions for categories
@ C a small category
@ presheaf on C is a function P : C°° — Sets
e Fun(C°,Set) also written as [C°P, Sets] is the category of
presheaves on C
@ morphisms are natural transformations of functors

idea: a presheaf over C is a family of sets parameterized by the
objects of C that change according to the morphisms in C, so one
can think of it as “a set that evolves according to C"

in order to pass to sheaves, on a category, need a notion analogous
to open coverings of a topological space, and matching conditions
for presheaves data: this is done through the notion of
Grothendieck topology on a category
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sieves: an abstract notion of open covering in categories

Definition

* Given a category ¥ and an object ¢ € Ob(%), a presieve P in
% on cis a collection of arrows in ¥ with codomain c.

+ Given a category ¥ and an object ¢ € Ob(%), asieve Sin ¢
on c is a collection of arrows in ¥ with codomain ¢ such that

feS=foges$S

whenever this composition makes sense.

« We say that a sieve S is generated by a presieve P on an
object c if it is the smallest sieve containing it, that is if it is the
collection of arrows to ¢ which factor through an arrow in P.

If Sis a sieve on cand h: d — cis any arrow to ¢, then
h(S):={g | cod(g) =d, hog € S}

is a sieve on d.

Matilde Marcolli From Sets to Categories



@ topos [CP, Sets] of presheaves on a small category C

@ terminal object 1 the constant functor that maps every object
c € C to the set {x} and every morphism to 1;,,

@ sieves in C on ¢ form a poset with minimal (empy) and
maximal (all morphisms with target c) sieves

@ the subobject classifier Q is the presheaf Q(c) = Sieves(c) the
set of sieves on ¢ € Obj(C)

@ the true value T : 1 — Q has 1. : {x} — Sieves(c) that
selects the maximal sieve (of all morphisms to ¢)

@ now there are intermediate truth values between false (the
empty sieve) and true (the maximal sieve)
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@ topos Sh(X) of sheaves on a topological space X

e terminal object 1 is the sheaf with 1(U) = {x} for each open
set U

@ the subobject classifier 2 if given by the sheaf that assigns to
an open set U C € the set

QU)={V CU|V open }

of all open subsets of U

@ truth morphism T :1 — Q has Ty : 1(U) — Q(U) given by
Tu(*) =U

@ interpretation as truth values: the truth value assigns open set
over which true

@ the characteristic function x,, : F — Q of a monomorphism
m: G — F is given by xm y : F(U) — Q(U) assigning to
x € F(U) the open set xm y(x) given by the union of all the
open sets V' C U such that the restriction x|y € G(V)
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for more general categories sieves and Grothendieck topologies
@ sieves (which generalize the idea of an open covering) are used
to define topologies on categories (Grothendieck topologies)

Definition
+ A Grothendieck topology on a category ¥ is a function J
which assigns to each object ¢ of ¥ a collection J(c) of
sieves on c¢ in such a way that
(i) (maximality axiom) the maximal sieve M = {f | cod(f) =c} is
in J(c);
(if) (stability axiom) if S € J(¢), then f*(S) € J(d) for any arrow
f:d—c;
(iii) (transitivity axiom) if S € J(¢) and R is any sieve on ¢ such that
f*(R)e J(d) forall f:d— cin S, then Re J(c).
The sieves S which belong to J(c) for some object ¢ of € are
said to be J-covering.

+ Asite is a pair (¢,J) where ¥ is a small category and J is a
Grothendieck topology on %
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Definition
+ A presheaf on a (small) category ¥ is a functor P : €°P — Set.

* Let P: ¥°P — Set be a presheaf on ¥ and S be a sieve on an
object c of %.

A matching family for S of elements of P is a function which
assigns to each arrow f: d — ¢ in S an element x; € P(d) in
such a way that

P(g)(Xt) = Xfog forallg:e—d.

An amalgamation for such a family is a single element
X € P(c) such that

P(f)(x)=x; forall finS.

not all presheaves are sheaves: there can be matching families
(compatible local determinations) that do not extend by
amalgamation to a single global object
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Grothendieck topoi, categories of sheaves on a site

* Given a site (¢,J), a presheaf on ¥ is a J-sheaf if every
matching family for any J-covering sieve on any object of ¥
has a unique amalgamation.

+ The category Sh(¥%,J) of sheaves on the site (%, J) is the full
subcategory of [¢°P, Set] on the presheaves which are
J-sheaves.

» A Grothendieck topos is any category equivalent to the
category of sheaves on a site.
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