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Semirings S =(S5,®,®,0g,10)
@ set S with an addition @ and a multiplication ®

e (S,®) is a commutative monoid: associative, commutative
operation with unit Og

xey)oz=xo(y®z), x®y=ydx, xB0g=0pSx=x
@ note that addition does not have an inverse (there is no ©)
e (S5,®) is a monoid
(xOy)oz=x0(y02), x0lg=1pOx=x

@ Note: it may or may not be a commutative semiring

@ multiplication distributes over addition
xO(yoz)=(x0y)®(x0z)
(yoz)ox=(yox)®(z0x)

*] O@QX:XQO@:O@

@ semirings are good as targets of evaluations

@ smallest semiring is Boolean semiring B
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Boolean semiring
e B Boolean semiring B = ({0,1}, max,-,0,1)
@ addition is @ = max and usual multiplication ® = -
0060=0,0p1=100=1and1pl=1
0000=001=100=0and1e1=1
e think of {0,1} as truth values False and True

°

can interpret semiring operations & = max and ® = - as
@=max=V=0R and ©=-=A=AND
@ truth table
AND OR
INPUT INPUT
OUTPUT QUTPUT

A B A B

0 0 0 0 0 0
1 0 0 1 0 1
0 1 0 0 1 1
1 1 1 1 1 1
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Propositions

@ ‘“statements that are either true or false”
what does this mean?

o specified alphabet 2( and the set Wy := U,Ws(, of strings
W =aj...a,in a; € A of arbitrary length n

@ asubset S € Wy with a map 7: S — B that assigns to a
string w € S (a statement) its truth value.

@ alphabet 2l consists of two subsets: propositional variables
represented by letters x, y, p,q... and logical connectives
(with specific symbols) and words formed by combinations of
propositional variables and connectives are propositional
formulae

@ propositional variables also called atomic formulae or atomic
propositions
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connectives: examples

connective symbol
not (negation) -
and (conjunction) A
or (disjunction) \Y
implies (implication) =
iff (equivalence) &
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Example: implication (=) is a binary connective (two arguments:
p = q) that is non-symmetric.

@ if pis true then p = q is true iff g is true

e if pis false then p = q is “vacuously” true

P QP=Q
T\T| T
T F| F
F|\T| T
F|\F| T

Note: unlike the intuition about “implication”, p = g is not a
causal relation between p and g

but it does mean ruling out the possibility that g is false when p is
true (as the intuition suggests)
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@ the set S consists of particular strings with specified
combination rules between atomic propositions Py, P>... and
logical connectives C/" and (balanced) bracketing, so that
examples like

¢ = C2(P1, C3(Pa, Ps, Ps))

are strings in S (formulae or propositions)

@ connectives C;" are viewed as functions that input
(non-necessarily atomic) formulas in S™ and output other
formulas in 8™ with m inputs and n outputs
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well formed formulae (WFF)
@ every propositional variable p is a WFF
Q if X is a WFF, then =X is also a WFF
@ if X, Y are WFF, then (X VY),(XAY),(X=Y),(X<&Y)
are also WFF

so the WFFs form a subset Sywyrr C S involving only the
connectives -, V, A\, =, &

Boolean formula: a formula ¢ € S that only involves the
connectives =, A,V (NOT, AND, OR)
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support of a WFF
@ set of propositional variables occurring in the formula

@ example:

supp(((p A q) = (-rVp))) = {p, ¢}

(N J

-~
A

o supp(p) = {p}
e supp(# X) = supp(X)

e supp(A* B) = supp(A) U supp(B) for « one of the binary
connectives =, V, A\, =, &
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Boolean valuations
v a valuation mapping propositional variables to truth values,
v(p) € {0,1}: extended to formulae by

o v(—=X)=1-r(X)

o V(X AY)=v(X)(Y)

oy XVY)=1—-(1-v(X))(1—-r(Y))

o v X=Y)=v(-XVY)=1-v(X)(1-v(Y))
o v X< Y)=v(X)v(Y)+(1-v(X)(1-v(Y))

if supp(X) = {p1,...,pn} then v(X) depends only on the v(g;):
another valuation p with u(q;) = v(q;) would also have

w(X) = v(X)

because writing X as a WFF in the p; and the connectives

-, V, A\, =, <, replace everywhere g; with v(g;) then evaluate
(from left to right) at the values v(g;) (according to truth table)
each unary/binary Boolean function defined by a connective (—b,
aAb,aVb, a= b, a< b, with a, b € B), get value of v(X) € B
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@ a valuation v models a WFF A if v(A) =1 (write v = A)
o viEAIfr(A)=0

vE-AiffviEA
viE(AAB)iffvEAandv =B
vE(AVB)iffviEAorvEB
v = (A= B)iff either v = Aorelse v = B
vE(Ae B)iff wEAandv = B)or (v = A and v [~ B)

A =tautology: for every valuation v have v(A) =1

A =satisfiable: for some valuation v have v(A) = 1 (has at
least one model)

otherwise unsatisfiable or contradictory
S set of WFFs, then v =S if v(A)=1forall Ac S

S has a model if 3v with v |= S (i.e. S is satisfiable, or
“simultaneously satisfiable™)
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logical implication
@ subset S € Sywrr and X € Swrr
o S logically implies X (written S = X) if Vv with v = S also
viEX (e ifv(Y)=1forall Y €S then v(X) =1)
for S =10 the = X =0 | X means X is a tautology
modus ponens: {A;A= B} =B
SE(A=B)iff SU{A} B
logical equivalence: X =Y iff X =Y and Y = X (i.e. if
X < Y is a tautology)

it is an equivalence relation on S\yrr

cancellation of double negation: X = ==X
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De Morgan laws

Q@ (AANB)=(-AV-B)
Q@ (AvB)=(-AA-B)

e verify for p, g variables

~(pAq)=(-pV—q) and —(pVq)=(-pA—q)

by same table of truth values as functions f : {0,1}? — {0,1}

@ X € Swer with propositional variables g1, ..., g, and
Yi,..., Yn € Swrr

e if X is a tautology then so is the formula obtained by
replacing each g; by Y; (because evaluates true for any T/F
value of the g; so for any truth output of the Y;)

o this suggests: equivalence classes of Syer under logical
equivalence = in terms of Boolean functions (truth tables)
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Boolean functions f: {0,1}" — {0,1}

@ Example: the operations & = V and ® = A of the Boolean
semiring B are an example of binary Boolean functions: inputs
are pairs (x,y) € {0,1}? and output value by truth table

e Example: Boolean functions f : {0,1}2 — {0, 1} there are 16
possible functions

input| (T, T) (T,F) (F,T) (F,F)
it
2
2
2

HEEHEEHdA A8
R e N R
HEHEAEHETS SR E A
HHEHAEAAd A"

2
flﬁ
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@ can reduce Boolean functions to compositions of simple
2-input functions (logic gates)
@ Example: some of the 2-input functions (logic gates)
2-input logic gates
Input Output
A | B AND NAND OR NOR XOR XNOR | IMPLY

o/0| O 1 0 1 0 1 1
o1 0 1 1 0 1 0 1
110/ 0 1 1 0 1 0 0
101 1 0 1 0 0 1 1
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Example: Boolean function x(A, B, C) of arity n =3

mput
(T, T,T) |
(T, T,F)
(T,F,T)
(T,F,F)
(F,T,T)
(F,T,F)
(F,F,T)
(F,F,F)

mmqmmm»—]q‘*

can equivalently be written as
*(A,B,C)=(AABAC)V(AANBA-C)V(-AANBA-C)

involving only the connectives —, V, A
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Boolean functions and Boolean formulae

@ Boolean function f : {0,1}" — {0,1} organize as a truth

table: input/output
(x1,...xn) € {0,1}" — f(x1,...,xs) € {0,1}

@ Boolean functions
A:{0,1}2 = {0,1}, v:{0,1}*> - {0,1}, —:{0,1} — {0,1}
(truth tables of connectives A, V, )

e algorithm for writing f : {0,1}” — {0,1} as a composition of

the A, V,— Boolean functions:

© Ir = f1(1) C {0,1}"
@ for each a € Z7 take the function 7, : {0,1}" — {0, 1}

fa(x1, .oy Xn) = /\ Xj A /\ —X;
JEIT,a i€JF
JT)aZ{jE {1,...,n}|aj:1} JF7a: {JE {1,...,n}|aj:O}
© then have the Boolean function

\/ fa(X1y ooy Xn) = F(X1,. ..y Xn)
aclr
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Boolean Functions and Circuits

@ by previous argument can write Boolean functions
f:{0,1}" — {0,1} as compositions of the unary and binary
Boolean functions =, A, V

@ realize each Boolean function as a circuit: a directed graph
with vertices decorated by operations with inputs incoming
edges and output single outgoing edge (single valued
functions)

@ all vertices have either one or two inputs and are decorated by
an operation that is either = or A or Vv

@ each such operation represented by a logical gate

Logic Gate Symbol OCR Notation
AND :Dx AAB
oR :Dx AvB
NOT A «Dofx ~A
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other logic gates (obtainable from —, A,V but with own notation)

NAND :Dx ~(AAB)
NOR :Dx ~(AVB)
XOR :jD_X AvB

XNOR :j)D—X ~(AvB)

@ XOR (exclusive OR): AXORB = (AV B) A—=(AA B)
e XNOR = NOT XOR
@ implication A = B gate

P-q
1 p P+q=p —q
1

5 q

1

(A= B) = (BV —A)

= k=1 -]
= OO &
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circuits: examples

ABCXYZQ
Q 0000110
0010110
0101000
0111011
1001111
1011111
1101000
1111011
ABCXYQ
000110
001110
010010
011001
100010
101010
110010
1110001
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Other complete sets of gates
e {—,A} and {—,V} are complete sets
@ to see can reduce from {—, A, V} to just {—, A} use De
Morgan's law
XVY ==(=XA=Y)
similar for reducing to {—,V}
@ or can use {—, =}, also complete because

XVY=-X=Y

@ example not complete: {—, <} because there binary
f:{0,1}? — {0,1} truth table of X(p, q) with only -, <
gates has values satisfying

X(1,1) + X(0,0) 4+ X(1,0) + X(0,1) = 0 € Z/2Z

@ true for X = p or X = g; true for X = =Y if true for Y, true
for X = (A< B) if true for A and B (check by truth table),
so inductively true

@ so cannot get X = p A g because sum is 1
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NAND gate
in fact can generate Boolean functions as circuits with a single
gate NAND

A | B | Output
NAND ol o 1
— ) 1 0 1
— 0 1 1
1|1 0

~X =X NAND X XVY = (X NAND X)NAND (Y NAND Y)

NOT A—[Do—o
o DD

A
OR Q
B
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truth-function analysis of propositional logic

@ BF = set of Boolean functions, 7: § — BF

@ T assigns n-ary truth functions fx : {0,1}" — {0,1} to n-ary
propositional connectives C" = (' (truth table)

e given a formula X € S that has n inputs (formula variables)
pi and 7(X) = fx : {0,1}" — {0, 1} the associated truth
value function

@ X is a classical propositional validity if it evaluates to 1 (T
true) for every possible assignment of Boolean values to the
atomic propositional variables (tautology)

@ X is classically satisfiable if it evaluates to 1 (T true) for some
assignment (satisfiable)

© X is classically unsatisfiable otherwise (it evaluates O(F) on all
assignments, contradictory)

@ X is a classical propositional consequence of Y if on every
assignment of Boolean values to the variables of X and X
where Y evaluates as 1(T) X cannot evaluate as 0(F) ()

@ X is a classical propositional equivalent of Y if X and Y
evaluate 1(T) on the same assignments of values to the atoms
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Connectives and Boolean formulae

@ connective C, with n inputs, specified via its truth table

(p1,--.pn) €{T,F}" = Ca(p1,...,pn) €E{T,F}

@ algorithm for realizing C, as a Boolean formula: apply
algorithm that associates to the truth table seen as a Boolean
function fc, : {T,F}" — {T, F} an expression that uses only
compositions of Boolean functions =, A, V

@ seen as truth table of a Boolean formula

@ then realization of Boolean functions via a complete set of
gates becomes logical equivalence of formulae X € S to
formulae in Syrr or ito Boolean formulae or to those
generated by a chosen complete set of connectives

e for example: realizing as Boolean formula (reformulation of
algorithm described for Boolean functions in terms of logical
connectives)
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Connectives as Boolean formulae

algorithm for realizing C,, as a Boolean formula

@ to each row k € Zr C {1,...,2"} of the truth table of C, for
which the output is T =true, assign a Boolean formula of the

form
Bo= A mn N -m
JEIT K i€JF k
with J7 , C {1,..., n} the set of p; that are valued T in the
k-th row of the truth table and Jg , = {1,...,n} ~ Jr  the

set of those that are valued F

@ then combine the Boolean formula By associated to the rows
of the truth table into a single formula

B=\/ B

kEIT
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Boolean algebras (B, <,A,V,—) or (B,A,V,—,0,1)
(complemented distributive lattice)
@ partially ordered set (B, <):
reflexivity a < a; anti-symmetry: if a < b and b < a then a = b;
transitivity: if a< band b<cthena<c
@ two associative and commutative operations, A and V
@ if a1 < as and by < by then a1V b1 < a» V by and
aaANb <aA b
@ idempotent: aAa=aand aVa=a
@ absorption law: aV (aAb)=aand aA(aVb)=a
e distributivity: aA (bV )= (aAb)V(aAc)and
avV(bAnc)=(avb)A(aVc)
@ least element 0 and greatest element 1 with aVv 0 = a and
avVl=1l] andan0=0andaAl=a
@ complement: —a with aV—-a=1and aA—-a=0
@ also satisfy De Morgan law

—aA—-b=-=(aVb) —aV-b=-(aAb)
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Boolean algebra structure

avibve=(@vbve arn(brc)y=(@anrb)rc associativity
avb=bva anb=bna commutativity
av(anb)=a an(avb)=a absorption
av0=a anl=a identity

avbaro)y=(avb)a(@ave) anbvc)=(@nab)v(anac) distributivity

av—a=1 an—a=0 complements
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Concrete Boolean algebras: set theoretic operations

@ a given set X’ and a subset B C 2% (where 2% power set, set
of all subsets of X') such that B is closed under union,
intersection, complement, containing X’ and ()

o for instance B = 2%
@ then taking, for A,B € B

AANB:=ANB AVB:=AUB -A=A=X\A
@ and partial order on BB by inclusion A< B:=ACB
e0=0and1=2X
@ satisfies all properties of Boolean algebra

semantics: all logical gates and circuits acquire set-theoretic
interpretation
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Syntax and Semantics for Propositional Logic

Propositional logic

Syntax Semantics

formula

[ E— models

Inference

rules

Matilde Marcolli Propositional Logic



Semantics of Propositional Logic

e already seen that valuations v : {p1, p2,...} = {0,1}
assigning truth values to propositional variables give an
assignment of truth values to propositions X € &

v:S—=DB

o with v 1(1)={XeS|vEX}and v(X)=v(Y) for X =Y
@ the Boolean semiring B is an example of a Boolean algebra

@ a valuation v : § — B “interprets” propositions in B (as true
or false)

@ more generally Boolean algebras provide semantics for
propositional logic: key idea:

@ equivalence classes of propositions §/= under the logical
equivalence relation (different syntax same semantics) form a
Boolean algebra

@ Boolean homomorphisms §/= — B to a Boolean algebra are a
choice of semantics

© in particular truth valuesby v: S/= — B
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Propositional Logics

@ syntax of propositional logic: symbols (variables and
connectives) and rules for well formed expressions

@ semantics: assignment of “meaning” to propositions
(including logical implications)

@ deduction function: mapping X € S to “set of consequences”
of X (varying possible deduction functions)

@ a propositional logic: Prop(I,©) with I in syntax and © in
semantics

o M= {p1,p2,...} (propositional variables, atoms of syntax)

@ connectves: assume —, A,V (but can use other complete set)

© C S a set of formulae: a theory
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e Example: with M = {p1, p2,...} one can take
© = {-p; V-pk|j # k}

so this expresses a rule that at most one of the propositional
variables (atoms) can be assigned value “true”

@ the formulae in © are equations constraining valuations v

@ v :S — B from valuation is a ©-truth function if:

o v = 0O: for any X € © have v(X) =1 (solve the equations)
v(—=X) = —w(X) (where -0 =1 and =1 =0 in B)
v(V,ez Xa) = 1if 3a € T with v(X;) = 1 and v(\/,.7 X;) =0
otherwise

o U(N,ez Xa) =1ifv(X;)=1,VaeT and v(A,.; X:) =0
otherwise

o these three properties: v compatible with truth table of =, A,V
(ok if build v from valuation on atoms via these truth tables)

@ when © = () just arbitrary truth functions v : S — B
(arbitrary valuations) with no constraints
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@ aset S C S is O-satisfiable iff S U © is satisfiable
(v ESUO)
@ SEo X: aset S C S O-logically-implies X € S iff
SUB EX
@ O-logical-equivalence: X =¢ Y if X Eg Y and Y ¢ X
@ O-logical-equivalence compatible with connectives: if X =g Y
and A=g B then - X ==Y and XVA=g YV B and
X NA=g Y A B (valuations v's are)

@ so connectives pass to the quotient by the equivalence relation
5/=o
e O-truth functions also pass to quotient v : S/=, — B

@ set of equivalence classes
Lo=S/= L=S§/=

depend on set I of atoms Lg(IM)
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clauses (some terminology)
e literal= a propositional variable (atom) p or its negation —p
notation: write ¢ for literal and ¢ := —/
clause= a formula ¢1 VvV ---V £,
positive clause p; V - -+ V p, (no —p involved)

empty clause: symbol [J (and symbol T = =)

e 6 6 o o

complete set of connectives {—,V}: every X e Pis X =g Y
for some Y = a1 V.-V a, with a; clauses (conjunction of
clauses)

@ X C Y: clause X subsumes clause Y if 3¢; literals,

Y=XV{LV---Vi,
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deduction function
@ power set P(S) = 2° (set of all subsets)
@ C/ set of clauses
e deduction function: D : P(CL) — P(CY)

@ notation: S C C/ set of clauses, then for X € D(S) write
Stp X, X D-deduced from S

resolvent

@ p €Il atom
Rp:ClxCl—CY

Ro(XV p,YV=p)=XVY

with Rp(p, YV —p) =Y and Rp(X V p,—p) = X and
Rp(pv —p) =0
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©-resolution deduction function

Ro : P(CL) — P(CY)
for S C C/ the image Ro(S) is constructed inductively by
QO SUO CRe(S)

Q if A,B € Ro(S) and X = R,(A, B) for some p € I1 then
X e T\’,@(S)

R =TRe=p
always have © C Rg(S)

Equivalent description of Rg(S)

e X € Ro(S) iff 3 sequence Xi,...,Xm = X such that each X;
is either in X U © or 3j, k < i such that X; = R,(Xj, Xk)

@ such a sequence Xi,..., X, = X is a Ro-deduction of X
from S (or a Re-derivation of X from S)
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Deduction vs Logical Implication

@ both describe a “something follows from something” relation,
but depend on different data

@ deduction function is a “syntactic approach” while logical
implication is a “semantic approach”

@ deduction function D is strongly ©-sound if for all S C C/ and

any X € C/
if Skp X then S|g X

@ a weaker notion of soundness: D is refutation ©-sound if for
all S cCe
if SFpO then SO

e example Dp(S) = S U {p} is refutation sound not strongly
sound: if S Fp, O then OinS so X |= 0, but if S = {q} with

q# pthen Skp, pbut S = p
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@ deduction function D is strongly ©-complete if for all S C C¢
and any X € C/

if S)ZQX then Stp X
@ deduction function D is refutation ©-complete if for all S C C/

if S0 then Skp X

e Main interesting case: the ©-resolution deduction function Rg is
both strongly ©-sound and refutation ©-complete

@ case of © = () is a result of Robinson (1955) and also follows
from a result og Quine (1955)

e other © reducible to © = (): for soundness S gz X is
SUO kg X and R is sound so S U O = X; for refutation
completeness if SU®O = [ then SU© Fx O which is
Skre X
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Lindenbaum algebra of a theory ©  Boolean algebra

£@ = (E@ = 8/597\/7/\7_'7':'7—'—)

Boolean homomorphism

f:(B,V,A,—,0,1) = (B V AN, - 01)

map of sets f : B — B’ with

f(anb)=f(a) N f(b); f(aV b)="f(a)V f(b),
f(-a) =—'f(a); f(0)=0; f(1) =1

@ Boolean isomorphism if f : B — B’ is bijection

e 3 and B’ Boolean algebras: BoolHom(B, B') set of all Boolean
homomorphisms f : B — B’
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©-truth functions and Boolean homomorphisms

@ O©F = set of ©-truth functions
e map BH : ©F — BoolHom(Le, B)

BH(v)([X]e) := v(X)

for [X]e € Lo =S5/=,
@ Claim: the map BH is a bijection

o BH well defined: if X =g Y then for v € ©F have
v(X) =v(Y)

e BH(v) is Boolean homomorphism because seen that
v:S — B exchanges A,V,— on S with A,V,—on B

e bijection: BH has an inverse obtained by assigning to Boolean
homomorphism g : £ — B the function v4(X) := g([X]e)
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©-truth functions and Boolean atoms
@ Boolean algebra (B,V,A,—,0,1) (or equivalently
(B,<,V,A, 7))
@ Boolean atom a € B, a # 0:
if x < athen eitherx=aorx=0
@ set of Boolean atoms: BAtm(B)
o examples in B = 2% = P(X) power set,
BAtm(P(X)) = {S = {x} | x € X'} (singleton sets are
atoms); in Boolean semiring B = {0,1} set BAtm(B) = {1}
e BAtm(£g) Boolean atoms of the Lindenbaum algebra
@ Note: these Boolean atoms not same as propositional atoms

@ Stone representation (finite case): B finite Boolean algebra
and Boolean algebra P(BAtm(B5))

hg : B — P(BAtm(B))
hg(x) = {a € BAtm(B) |a <p x}

this map is a Boolean isomorphism
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Characteristic function B finite Boolean algebra
X : BAtm(B) — BoolHom(B,B)

1 aSBX
0 otherwise

@00 ={

e x(a) is indeed a Boolean homomorphism: enough to show — and
V preserved (complete set):
e x(a)(xVy)=1liffa<xVyiffa<xora<y (for atom iff
x(a)(x) = 1 or x(a)(y) = 1) iff x(a)(x) V x(a)(y) = 1
o x(a)(—x) =1iff a < —x iff a £ x (for an atom a, for any x
either a < x or a < —x but not both) iff =(x(a)(x)) =1
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characteristic function  is a bijection
e injectivity
e if x(a)(x) = x(b)(x) for all x € B then a < x iff b < x
@ in particular for x = b get b < b (reflexivity of <) and a < b
@ for x = a also get b < a: anti-symmetry of < gives a= b
e surjectivity
e f € BoolHom(B,B) take f~1(1) and (assuming B is finite)

a= /\ X
xef—1(1)

® also a=\/pcp.(s) b and f(a) = Vpepy(a)f(b) =1
@ so there is at least one b’ € hg(a) with f(b’') =1, so

b e f1(1)and a < b
© also b’ < Vipepy(a)b = aso b’ < a: anti-symmetry a = b’
@ so a Boolean atom
e also f(x) = 1iff x € f~1(1) iff a < x iff x(a)(x) =1 so

x(a) =f



e consequence: if f € BoolHom(B,B) has f(a) =1 for
a € BAtm(B) then f = x(a)

e i.e. for any f € BoolHom(B, B) there is a unique atom
ac f1(1) (and f = x(a))

©-truth functions and atoms of the Lindenbaum Boolean algebra
@ assume [1 finite set so get finite Boolean algebra £g(IM)

@ O-truth functions, already know ©F = BoolHom(£Lg,B) so
can also identify with BAtm(£g) via isomorphism

X : BAtm(£o) -+ OF

x(Xle)(Y) =1 iff X|=e Y
and x([X]e)(Y) = 0 otherwise
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Proof systems for Propositional Logic

Axioms Hypotheses

LS

Rules of
inference

- =

Theory (deducible formulae)
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Hilbert Proof System

@ another formulation of deduction (instead of deduction
functions on clauses D : P(C¢) — P(C¥)

o formal language in alphabet:
Q(: {_‘7:>7)7(7P17p27--~7Pn7-~-}
e using {—,=-} complete set, so that

AANB =—(A= -B), AvVB=(-A= B)

A& B=-((A= B)= —~(B=A))

@ a set of three logical axioms (tautologies) Mendelson's version
QO A= (B=A)
Q@ A= B=0)=(A=B)= (A= ()
Q (B=-A)=((-B=A)=B))

e inference rule: {A,A=- B} = B modus ponens

A A= B
B
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formal proof fromS SEF A

@ set of formulae S (set of strings in the formal language)
o formal proof from S in the Hilbert Proof System is
e a string A; of formulae A1, Ay,... A, = A
e each A; is either a logical axiom, or an element of S, or the
result of applying modus ponens (for some j, k < i)

A, Ak
A;

o equivalently if 3j, k < i with Ay = (Aj = Aj)

Example S ={(A= B),A= (B= (), A}

1. A=(B=0) (in S)

2. (A= B=0C)=(A=B)=(A=0C))) (axiom (ii))

3. (A=B)=(A=20) (MP from 1, 2)
4. A=B (in S)

5. A=C (MP from 3, 4)
6. A (in S)

7. C (MP from 5, 6)
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production rules and deduction tree

@ view a formal proof from S as a generative system that uses
modus ponens as “production rule”
@ deduction can then be written as a tree

;»B/(A\:ss):» (A= C)

/\

=(B=C) A=B=0C))=(A=B)= (A= ()
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Soundness of the Hilbert Proof System

if SFA then SEA

@ S=Aholds if Ac S orif Ais a logical axiom (since
tautology)

oifSEAand SE (A= B)then SEB

@ so if S+ A at each step of the chain Ay,..., A, = A get
SEAsoSEA
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Completeness of the Hilbert Proof System (hard part)
if SEEA then SKA

Steps
@ Deduction theorem: if SU{A} + B then S+ (A= B)
@ Formal consistency: if S formally consistent then S satisfiable

© Extend formally consistent to complete sets of formulae
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Deduction Theorem  induction on proofs of B from S U {A}
if SU{A}FB then St (A= B)

Basis.

(i) B is a logical axiom. Then clearly S - B. But B = (A = B)
is a logical axiom, thus S - B = (A = B), so, by modus ponens,
SFA= B.

(i) Bisin SU{A}. There are two subcases:

(a) Bisin S. Then again S+ B and the proof is completed as in (i).

(b) B=A. Then - A = A by example 1.11.4, so S+ A = A, which
is the same as S+ A= B

Induction step. We assume that we have shown that S+ A = (B = C)
and S+ A = B, and want to show that S - A = C. Now ((4A = (B =
C)) = (A= B) = (A= (C)) is a logical axiom, so

SEF(A=B=0C)= (A= B)=(A=0)),
and then, by MP applied twice, we have

SFA=C.
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Formal Consistency

@ S is formally inconsistent if S+ A and S+ —A for some
formula A

e formally consistent otherwise

e if SU{A} formally inconsistent then S F —A (proof by
contradiction)

o if SU{A} F =B then SU{B} F —A (proof by contraposition)
o if S formally consistent then S satisfiable

Complete set S of formulae

o S complete if for any formula A either Ac Sor-Ac S
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Extend formally consistent to complete: set of formulae S that is
formally consistent, find S complete with S C S

o enumerate all WFF: A1, Ax, Az, ... Ay, ...

@ 5o =S, and recursively

S SnU{Ant1}  if SpU{An+1} is formally consistent
1= s,u {—Apt+1} otherwise

@ note that if S formally consistent, for any formula A at least
one of SU{A} and SU {—A} is also formally consistent: if
both inconsistent then (proof by contradiction) S + A and
(since SE B for B € S) then S+ B for all Be SU{A}, but
S U{A} also inconsistent so S inconsistent

e S =U,S, is complete and still formally consistent
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o for S formally consistent and complete define a valuation
with 17(,0;) =1if p; €S and I7(p,') =0if -p; €S

o this implies 7(A) = 1 iff the formula A€ S

@ in particular 7(A) = 1 for any formula A € S so S is satisfiable

@ so formal consistency implies satisfiability

Completeness follows from formal consistency implying satisfiability
e start with S |= A: this implies that S U {—A} is not satisfiable

@ then by “formal consistency implies satisfiability” S U {—A} is
is inconsistent

@ proof by contradiction: S+ ——A hence S+ A
@ so get completeness: if S = A then S+ A
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Quick Digression: Propositional Logic and Human Language

@ the formulation of propositional logic influenced the modeling
of human languages

@ syntax of human language is based on phrases and sentences
that can be seen as “similar” to the well formed formulae of
propositional logic

@ the theory of formal languages describes rules for generating
“well formed formulae” in language

@ connectives in propositional logic and their composition show
that there is more structure than just strings of symbols, a
hierarchical structure (rooted trees with (n+ 1)-ary nodes
that are C, connectives with n inputs and one output)

@ similarly in syntax of human language there are hierarchical
structures formed by trees (production rules in the formal
languages approach to syntax)
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@ analogy between language and propositional logic also
suggests a modeling of the different roles of syntax and
semantics and an “interface” between them

@ there is an algebraic structure of syntax (formal languages in
this earlier formulation) and some algebraic structure
(e.g. semirings) on the semantics side and a mapping from
syntax to semantics

@ this viewpoint naturally presents a “syntax-first” model of
languages, based on the autonomy of syntax from semantics

@ these are some of the key modeling assumptions of modern
linguistics

@ Noam Chomsky, The Logical Structure of Linguistic Theory,
1955 (published Plenum, 1975): first extensive modeling of
syntax of human languages as a mathematical /computational
structure
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Godel Compactness of Propositional Logic

@ motivation for the notion of compactness: consider for
example set S C Sywer

S ={p1,p2,p3,~(p1 A p2 A p3)}

every proper subset of S is simultaneously satisfiable (there is
an assignment v of {0,1} values to the p;1, p2, p» variables
that makes all formulae X in the subset evaluate to v(X) =1,
but S itself is not simultaneously satisfiable since if
v(p1) = v(p2) = v(p3) =1 then v(—=(p1 A p2 A p3)) =0

@ what happens with an infinite set S C Swrr ?

@ how does simultaneously satisfiability of S relate to
simultaneously satisfiability of its finite subsets?
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Godel compactness theorem

if each finite subset of S is simultaneously satisfiable then S is
simultaneously satisfiable

(note if S finite then all finite subsets includes S so statement becomes
tautological)
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logical implication is finitely determined (equivalent form of
compactness)
=

@ suppose S = X with S C Swrr an infinite set

o if every F U {=X} with F C S finite is simultaneously
satisfiable, by compactness also S U {—=X} is simultaneously
satisfiable: this contradicts S |= X

@ so dF C S finite with F U {=X} not simultaneously
satisfiable: no assignment v of truth values to variables that
evaluates all formulae in F to 1 and X to 0

@ so F =X so compactness implies finitely determined

e if S not satisfiable S |= [0 and by finite determination 3F C S
finite with F =0 so F is not satisfiable

@ S non-satisfiable implies some finite subset of S is
non-satisfiable equivalent to all finite sunsets satisfiable
implies S satisfiable, so compactness
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argument for compactness:

@ assuming all finite subsets are satisfiable so each finite F C S
has a choice v¢ of values of the variable with vg(X) =1 for
all X € F: want to construct from these vg a v that makes all
of S simultaneously satisfiable

@ choose an enumeration of the set Syyrr of well formed
formulae so any S C Syer has an induced enumeration, so
have S = {Xl,X27X3, ce ,Xn, .. }

@ also choose an enumeration of Il = {p1, p2, ...} so that there
is a sequence ky < ko < k3 < --- < k, < --- so that the
variables that X,, depends on are contained in the set
{prs- s P, }

@ use a result on trees (Konig lemma) and branching to
assemble the v, = vix, . x,} into a single v =S
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Konig lemma:
every infinite rooted tree T (#V/(T) = co) with finite valencies
(deg(v) < o0, Vv € V(T)) has an infinite path (also called an
“infinite branch” of T): sequence vy, v1,..., Vv,... of vertices vy
root, d(vo, Vot1) = d(vo, vn) + 1, and {vpt1, vn} = O(e) edge
e € E(T) (i.e. vpt1 child of v,)

@ T, C T: induced subtree containing v and all descendants

@ “pigeon hole principle”: of S infinite set and S = S5 U--- U Sk
then at least one S; is infinite

{vo,1,..., ok} children of root vertex vy

V(T) = {w} UV(Tw,)U---UV(Ty,)}

Jki with #V(Ty,, ) = oo: take vi = vo

continue same way with children of v; etc

get sequence as above where at each n one has #V/(T,,) = oo
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build a tree for compactness
@ choose a root vertex vg

e consider all the assignments 11 = (a1,...,ak) € IF’;1 of truth
values to the pi, ..., py, variables that satisfies X;

@ take the set of these 11 as the children vertices of 1
@ below each such vy there are all the assignments

k
vy = (31,.. .,akl,akl+1,...,ak2) S F22

that satisfy X, and that agree with 4 in the first k;
coordinates

@ proceed in this way: get an infinite tree
@ by Konig lemma: there is an infinite branching

V1,V2, V3, .. Up...
k

o these have vp11 = (Vn, aky41s- - -5 dkyr) € F"H

@ so taking v = (a1, ap,a3,...,an,...) gives a valuation

v(pk) = ax that satisfies all the Xj

@ so S is satisfiable
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Infinite branching from Godel Compactness

@ T an infinite rooted tree, root vy, finite valences of vertices
(finite branching), assign to each vertex v a variable p,
@ consider the set S C Syer that has as elements the formulae

Q py
@ p, = —p, for v # u at same level, or with v level n (path of
length n from vy to v) and u level n+ 1 not a child of v
(immediately below v)
© p,V---Vpy, for {vi,..., vy} the set of vertices at level n
@ First: any finite subset F of S is satisfiable
e since F finite there is some large N s.t. all variables involved in
formulae in F are in levels n < N
e choose one vertex vy at level N: this determines a path from
the root vy to vy
o take valuation vy(p,) = 1 iff v is on the path v, ..., vy
e this valuation vy satisfies all the formulae of the three forms
above that are in F sovy E F
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Second: using compactness, S is simultaneously satisfiable
so there is a valuation v for which v = §

take set of vertices V, = {v e V(T)|v(p,) =1}

Claim: V,, forms a path from vy with a single vertex v, at
each level n and v,41 child of v,

@ since v |= S we have:

o vo € Ssov(p,)=1hence vy €V,
e also v(py, V---V py, ) =150 at least one vertex v at level n

has v(p,) =1
e but also v(p, = —p;) =1 for all the other p; at level n so all
those have v(p;) = 0: only one vertex at level nin V,,
@ suppose vertex v,.1 in V, is not a child of vertex v,, then
pv, = —Pv,., € S so we have v(p,,) =1, v(py,,,) =1 and also
v(py, = —Ppv,.,) = 1 which is not possible
@ Note that compactness also follows from completeness of the
Hilbert Proof System because S+ A implies (by form of
derivations) that there is some finite F C S with F - A and
also by completeness S |= A gives S - A and by soundness
F = A gives F = A (finitely determined)
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Other forms of Propositional Logic

e intuitionistic logic (also known as Brouwer logic or
constructive logic)

@ intermediate logics (between intuitionistic and classical logic)

o Modal logics
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Intuitionistic Propositional Logic
@ also known as constructive logic or Brouwer's logic

o differs from classical propositional logic in two main properties
© cancellation of double negation

@ law of the excluded middle

“ANA=1

@ both are satisfied in classical propositional logic but not in
intuitionistic logic
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Some facts about Intuitionistic versus Classical Propositional Logic

@ Intuitionistic propositional logic does not have a finite
truth-table interpretation

@ there are infinitely many distinct axiomatic systems between
intuitionistic and classical logic (intermediate logics)

@ Intuitionistic propositional logic is effectively decidable: finite
constructive process producing proof of a formula or
disproving by deducing a contradiction from it

@ each proof of a propositional formula is considered a valid
“propositional value”

@ Heyting's “propositions-as-sets” idea: propositional formulae
are (possibly infiinite) sets of their proofs
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Heyting Algebras (also known as Brouwer lattices)
@ Boolean algebras provide semantics for classical propositional
logic
@ Heyting Algebras provide semantics for intuitionistic
propositional logic
@ Heyting Algebras structure:
o (H,<,A,V,0,1) same properties
e instead of A — B = -AV B of classical logic have relative
pseudo-complement

C = ¢(A, B) greatest element satisfying AN C < B

then define
A ? B :=¢(A,B)

e instead of complement — as in Boolean have
pseudocomplement

S A=ye(A) = A= 0=1(A,0)
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@ binary operation A ? B characterized by property that
(ANC) < B equivalentto C < (A =2 B)

@ so A < B equivalentto 1 < (A r B)

@ meaning that A ? B is the weakest proposition for which
modus ponens inference rule is sound

@ also gives 1 < (0 2 A) (any proposition A is implied by a
contradiction 0)

@ negation 7 A=A ? 0 meaning that 7 A is the proposition

that “assuming A would lead to a contradiction”
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o definition of 7 A implies no contradiction principle
AAN—-A=0
T

@ but unlike Boolean case where this is equivalent (by
complement) to excluded middle AV —A =1 in Heytling
algebras this is not true

@ it also follows from definition of ; A that
A<—=-A
T7T
@ but ; ; A < A does not work

@ so do not have cancellation of double negation
@ no proofs by contradiction “reductio ad absurdum™: in
classical logic (mA — 0) — A, but in intuitionistic logic since
don’t have == A < A also don't have == A — A which
71 I7 I

means don't have (; A =2 0) =2 A (only constructive proofs,

constructive mathematics)
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Boolean and Heyting algebras
o element A € H Heyting algebra is regular if A=

always true but for some elements it is)
@ elements A, B € H are complements of each other if

AANB=0 and AVvB=1

o A € H is complemented if it has a complement B: then this is
unique and must be B = 7 A

@ if Ais complemented then so is 7 A and they are
complements

@ but A may be not-complemented and 7 A may be

complemented (with complement e A different from A

@ Boolean algebra is a Heyting algebra where every A is regular

@ equivalently Boolean algebra is a Heyting algebra where every
A is complemented

@ Boolean algebra is a Heyting algebra with excluded middle
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What happens to De Morgan laws in Intuitionistic Logic?
@ usual De Morgan laws in classical logic:
Q@ —(AV B) =(—AA—B) or equivalently tautologies

-(AVB)—= (-AA-B) and (-AA-B)— —(AVB)
Q@ —~(AAB) = (—AV —B) or equivalently tautologies
ﬂ(A/\B)—) (—\A\/—\B) and (—\A\/—\B)—>—\(A/\B)

@ instead of this completely symmetric form of De Morgan laws
in intuitionistic logic only have

© still have the same: tautologies

(A\/B);)(;A/\;B) and (EA/\;B)? (A\/B)

- -
T z

@ but only have one of the other pair

(;A \Y ;B) ? ;(A A B)
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Topological spaces

A topological space is a pair (X, 7), where X is a set and
7 C P(X) such that

e X, JgerT,
@ 7 is closed under finite intersections,

@ 7 is closed under arbitrary unions.

Elements of 7 are called open sets.
Complements of open sets are called closed sets.

An open set containing x € X is called an open neighbourhood
of x.
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Topological spaces: Interior and Closure

The interior of a set A C X is the largest open set contained in A
and is denoted by Int(A).

That is, Int(A) = | J{U e 7: U C A}

The closure of A is the least closed set containing A and is
denoted by CI(A).

That is, Cl(A) = (\{F: X\ F € 7,A C F}.
It is easy to check that Cl(A) = X \ Int(X \ A).
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Topological semantics of intuitionistic logic

Let (X, ) be a topological space.
An intuitionistic valuation is a map V : Prop — 7.

We extend it to all formulas by the following inductive

definition:
L] =2, [l = V(p)
e Ayl =[]l N [¥] e vyl =[e]lu[¥]

[ = 4] = Int((X\ [¢]) U [¥]) [~e] = Ine(X\ [])

Intuitionistic Propositional Logic is sound and complete with
respect to topological semantics
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lack of excluded middle: topological example
Let V(p) = (0, 00).

-

0
L
R

[pv-p]#R

This is a topological refutation of the law of excluded middle.
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weaker De Morgan law: topological example
@ same example with R: take A = (0,00) and B = (—00,0)

@ have
;(A N B) = Int(0°) = Int(R) =R

@ but have

;AU;B = Int[0, co)UInt(—o0, 0] = (0, co0)U(—00,0) = R~ {0}

@ so (;A U ;B) 7 ;(A N B) gives Int({0} UR) = R OK if
tautology
-(ANB -“AU-B)=R K
obutI( N )?(I UI) ~ {0} not O

@ while both

~(AUB) = (mAN=B) =R and (-=AN-B) — =(AUB) =R
A A A A T T A
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Hilbert-type proof system for Intuitionistic Propositional Logic
@ again only inference rule is modus ponens
@ cannot use {;, ?} as not complete set, also cannot reduce A,

V' (because no elimination of double negation)
@ can use {—,A,V,0} or {=,A,V, o}
z z z

o for formulae written with {?, A, V,0} axioms

A— (B— A)
(A-(B—-C) = (A= B)—(A—-0))
(AANB)— A

(ANB)— B

A— (B— (AAB))

A— (AV B)

B — (AV B)
(A—-C)—»(B—C)—=((AvB)— ()
1—=A

o for formulae written with {?,/\,\/, ;} replace last axiom with
(A—--A)—>-A and -A—(A—B)



intermediate logics

CPC
LC=IPC+(p—>q)V(q—Dp)
Godel-Dummett calculus
KC = IPC+ (-p V ——p)
weak law of excluded middle
IPC
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Propositional Modal Logic
@ logic of necessity and possibility
@ two additional unary connectives: <} = possible and
[J =necessary
@ usual assumptions about these operators (tautologies)

OWA—-=B)—(OA—=0B) TheK axiom
O AB)< (OAAOB)

(O A—=A) TheT axiom
A—=QA)
(OA—=0A) (A—=0OOA) TheB axiom

(OA—-DO0OA) TheS4axiom {QA—=0OQA) TheS5 axiom
@OA—=0A) ©OA—-0OA)

o well formed formulae (WFF):
© propositional variables p
Q if X is WFF then =X, &X and OX are WFF
Q if o, S WFF then a A S5, aV B3, a = 3 (also written a — 53)
are WFF
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interpretation of modality: Kripke's many worlds semantics

@ tempting to think of % and [J as some way of incorporating
quantifiers (possible as 3, necessary as V), but it's not quite
that interpretation: for example what about (<> “it is possible
that it is possible” ? weaker than" it is possible”?

o [P as"P true in all worlds” and & P as “P true in some
world” but difficult to assess relation between <> P and $ P

@ introduce a notion of accessibility relation: { P as “P true in
some world accessible from this one”

@ [P true in this world iff ¥V worlds accessible from this P true
in that world

@ { P true in this world if 3 world accessible from this where P
true

@ transitivity of accessibility relation gives OO P < O P
tautology

@ what other properties of accessibility? symmetric? reflexive?
(different logical systems, each with its tautologies/theorems)
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Setting for Kripke's many worlds semantics
° S‘I/HV%C} set of modal well formed formulae
@ Set W (possible worlds)
@ binary relation R C W x W (accessibility)
e the pair (W, R) is called a frame
@ binary relation IF C W x Sied called forcing

e for ' € W the forcing I satisfies rules

For all propositional variables P, either I' IF P or I [ —P.

If o is a wif, then T' I —« if and only if T Iff .

If o and S are wils, then T IF (e vV ) if and only if ' IF c or T IF 3.
If @ and 8 are wifs, then T' IF (@ A 3) if and only if ' IF o and T I 3.
If o and B are wils, then I' I (¢ = ) if and only f T' f ac or T' IF 3.
I'IF O« only if for every A € W, TRA implies that A I- .

T'IF Qa only if there exists a A € W such that TRA and A I+ P.

e model: data (W, R,IF) propositional modal model

o Note: except last two same as classical logic (and only involve
one world), only last two involve many worlds and accessibility
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complete set of connectives (gates)
e complete set for classical logic (like {#, A} or NAND gate
@ together with [J
@ the other modal connective <> is obtained as =[O —

@ because { P is false in a world means false in every accessible
world so =P would be true in every accessible world so [J-P
true, so - P =0-P so $ P =-0-P

@ no standard “gate symbol” for [

@ let's just invent one...

together with NAND

but this gate has to look into all the accessible worlds to act
unlike Boolean gates
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Modal systems
e fix a given model (W, R,IF)
o a WFF a € 84 is valid in (W, R,IF) if T I- o for all T € W

o a € Sl is valid in the frame (W, R) if valid in every model
(W, R,IF) based on the frame (W, R)

e L a collection of frames (W, R)

o o € Sl is L-valid if valid in all frames (W, R) in L

@ collections L of frames are usually chosen on the basis of
fixing some properties of the accessibility relation R

@ simplest class is “no restriction on the relation R": this is
called system K

@ another class is “R is serial” (called system D): for every
world I € W there is at least one A € W that is accessible
from I (written TRA)
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Tl-i—_____D

1

Logic Frame Conditions

K no conditions

D serial?

T reflexive

B reflexive, symmetric

K4  transitive

S4  reflexive, transitive

S5  reflexive, symmetric, transitive
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Proof Systems

@ logical axioms (tautologies) basic axioms for the K system
© 3 logical axioms of the classical case
Q O(A= B) = (UA = 0OB) (called “schema K")

e inference rules: pairs (S,a) with S C St and o € Siet
@ modus ponens (as for classical case): pairs ({o,a = 5}, 5)
@ necessitation: pairs ({a}, O«)

@ when considering another Modal System (adding conditions

on the accessibility relation R) also adding axioms

Name Scheme
D OP — OP
T OP — P
4 P = JOP
B P = 0O0OP

the T system is also called M sometimes (reflexivity of R)
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54=M4 S5 =M5
=MBS
=M4B5
n . =Mds
D4, MB =M4B
D4s =D4B
=D4B5S
405 =DBS
n D DB
4
K4 KBS=K4B5
B K45 =K4B
K KsS
K KB
gxwm Axiom Condition on Frames Ris...
ame
(D) OA—CA Ju wRu Serial
™) ODA—A wWRw Reflexive
(@) DA—D0O0A (WRv&vVRu) = wRu Transitive
(B) A—=OCA wRv = VRw Symmetric
’) ©OA—=00A  (WRv&wRu) = vRu Euclidean
(CD) ©A—=DA (WRv&wRu) = v=u Unique
(0M) O(@A—A) wRv = VRv Shift Reflexive
(C4) OODA—DA wRv = Ju(wRu&uRv) Dense

© ©OA =+ 0CA wRv&wRx = Ju(vRu&xRu) Convergent
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Derived rules: rules of inference that are deduced from the axioms
and the basic rules of inference

Example
@ Derived rule of regularity: ({X = Y},0X = 0OY)

X=Y Occurs somewhere in the proof

OX =Y) Necessitation on the previous

OX =Y)= (X = 0Y) | Axiom K

0X =0y Modus Ponens on the previous two lines

formal proofs (theorems) in the proof system

@ a proof is a finite sequence As, ..., Ay of formulae, each
either an axiom or obtained from earlier terms of the sequence
by applying the rules of inference

@ the final element Ay of such a sequence is a theorem in the
proof system
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e Example: O(AAY) = (OX ADQY) is a theorem with proof

1 XAY)=X Tautology

2 OXAY)=0OXx Regularity on 1
3 (XANY)=Y Tautology

4 OXAY)=0Y Regularity on 3
5 [OXAY)=0X]=

{OXAY) = 0Y] =

OX AY) = (OX A0OY)]} | Tautology
6 OXAY)=0Y]=

B(X AY)= (OX AOY)] | Modus Ponens, 2, 5
7 OXAY)= (OX AOY) Modus Ponens, 4, 6
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Soundness and Completeness: we can ask for Modal Proof
Systems the same questions about soundness and completeness
that we discussed for the Hilbert Proof System of classical logic

K-system is sound: if X has a proof from K-axioms then X is
K-valid
@ rules of inference are valid

@ modus ponens: assume X and X = Y are K-valid (for any
given model based on an unrestricted frame (W, R) and for all
e W, have I'IF X and T IF (X = Y)), then since
I (X = Y) have either 'l X or 'l Y, and also know
I'lF X so also I I Y, this for arbitrary world, model, frame so
Y is K-valid

@ necessitation: assume X is K-valid (for any model, frame,
world I IF X) if there is A € W with TRA then also A I+ X
since for every world, so X true in every accessible world hence
00X is K-valid
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@ axioms are valid

@ for the 3 classical tautologies follows as in soundness of Hilbert
Proof System

@ schema K: showing (A = B) = (A = OB) true in all
worlds for all frames. If (A = B) true in I world then for
FRA have A IF (A= B) and want to show (A = OB) true
in I namely either CJA not true in I or OB true in ['. If OA
true in T then for TRA have A I A, but know A IF (A= B)
so B true in A so OB true in I, so getting that in any I either
O(A = B) is false or A = OB true.

How about soundness for other Modal Proof Systems? (more
axioms to check soundness of)
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typical systems usually considered for modal logic:

Logic Added Axioms

D D

T T

K4 4

B T,B
S4 T4
S5 T,4,B

o all these Modal Proof Systems are sound (for each of them
use soundness of K-system and check that each additional
axiom is valid)
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as in classical more difficult part to prove is completeness
K-system is complete: if X is K-valid then there is a proof of X in
the K-system

@ same idea as for Hilbert Proof System: make completeness
follow from consistency (need to prove consistency)

o set S={Xi,...,Xn} C SIed is L-consistent for a Modal
Proof System L if

Xp Ao A Xy =L

is not provable in I, where L stands for any P A =P statement
@ if S infinite: L-consistent if all finite subsets LL-consistent
@ S is maximally L-consistent if IL-consistent and if S’ D S is
L-consistent then S' =S
@ canonical model for L: (W, R,IF) with

@ W = set of all maximally L-consistent subsets of Sm2%
@ TRA iff for every OX in I have X true in A
@ for P propositional variable I'l- P iff P € T
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Steps of proof

@ every L-consistent set S can be extended to a maximally
LL-consistent S* O S

Q if aset {-0B,0A;,...,0Ap,...} is L-consistent then
{=B,A,...,An,...} also is
© in canonical model (W, R,IF) for I world ' € W and
a € S{}ff,’_—‘}_— have
Nr-a iff ael

@ then prove completeness by showing that if X has no proof in
the K-system the set {=X} is consistent (cannot derive X so
also cannot derive X A =X), then extend this set to a
maximally consistent set X* (for which must have X ¢ X*),
so X not true in X* so not K-valid
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Step N.1: every LL-consistent set S can be extended to a maximally
LL-consistent 5* 2 S
@ enumerate all WFF: Xp, X1,...,X,,... and construct
sequence of sets

SpU{Xnt1} if SpU{Xp41} consistent
Sn otherwise

S=S5, 5n+1:{

@ each S, consistent and S, C Sp41

@ take S* =S5, US;1U---US,--- show maximally consistent
(L-consistent and any S’ O §* L-consistent is S’ = §*)

@ S5* is L-consistent: assume not, so there is some
(ALA--NAR) =L

@ can't have all these A; in same S, as each S,, consistent, but
finitely many so in some suff large S, (contradiction)

@ S5* maximal: suppose not, so there is some consistent
extension of S* so some formula X; with $* U {X;} 2 S* and
L-consistent, but so X; ¢ S; so S;_1 U {X;} not consistent
(contradiction)
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Step N.2: if [ = {=0B,0A;,...,0Ap, ...} is L-consistent then
{-B,A,...,An,...} also
@ assume [ inconsistent with IL: there is some finite A C I with
AxeaX =1

@ any extension of inconsistent set is inconsistent, so can
assume A contains =B and write (up to relabeling others) as
A={-BA,..., A}

@ then proceed as

(FBANA1NAs.. NAp) = L Assumed

(AiANAAN . NAR) = (-B=1) ((X AY) = Z) is the same
as X = (Y = 2)

(AiNAN..NA,) =B (X = 1) is equivalent to X

O((A1 ANAz A ... AN Ap) = B) Necessitation

O(A; ANAA ... NA,) = 0B Schema K

(0A; ANOAZ A .. ADA,) = 0B Theorem 2.9

(OA; AOA; A .. AOA,) = (OB = 1) | X = L is equivalent to X

(F-OBAOA; AOA A ADA,) = L (X AY) = Z) is the same
as X = (Y = 2)

@ so {—B,A1,...,Ap,...} has an inconsistent finite subset so
inconsistent
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Step N.3: from I I P iff P € " for propositional variables to I' IF «
iff « € T for WFF
@ OK for atoms: inductively on connectives
@ negation: a = —y and assuming ' IF v iff vy € T.
o If [l =y then v ¢ I, but ' max consistent so =y € T.
o if =y €T, with I consistent then v ¢ I but then I IF =y by
ind hypothesis
@ modalities: a = [,
e assuming Oy € I and A accessible from I, then A Ik~ (but A
arbitrary with TRA) so Oy true in T
o assume [y ¢ ' (max consistent so =y € I'); take set of all
WFF DX(), DXl, . know that if {_\D’y, |:|)<07 |:|)<17 .. }
consistent then also {—v, Xp, Xi, ...}, extend to max
consistent A so that for P € I have P € A: inductively
Al P, and TRA so if / true in A have [y not true in [
o AND: o =y A d with ~,6 true iff in [

e assume [ IF v A J then both v, must be true so v,d € '
e assume 7,6 € [ then Tl vy and I 4, so also have I' IF v A §
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Completeness of other Modal Proof Systems
e all D, T,K4,B,54,S55 are complete

@ to show completeness of system L, use proof of completeness
of K-system and in addition just need to prove that the frame
(W, R) of the canonical model for L is in the class L. (then
same proof adapts)

@ axioms for these LL are based on properties of R (seriality,
reflexivity, transitivity, symmetry, etc) so need to show R of
the canonical model of IL has these properties

e Example: D (seriality) for every I' € W there is some A € W
with TRA; axiom OP = $P = —-[O0-P

o for I € W have (OP = —-0O-P) €T. If no A € W with TRA
for Q prop variable 0@ vacuously true (no accessible worlds in
which to check) but then =0=Q is true in I by axiom D; I is
max consistent so [J—Q false in [ (there must be accessible A
where A I =Q), contradiction

@ Other cases with other axioms are similar
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Topological Semantics of S4 Modal Logic

@ 54 Modal Logic (T and 4 axioms: reflexive and transitive
accessibility relation R

T UP = P
4 UpP = 0P

o (W,R,IF) a Kripke model, where R is reflexive and transitive

o for v € SIOd set
[of]] ={TeW :TIa}

R(F) :={A € W : TRA}

so that
[Ba]] ={r e W : R(T') C [[a]]}

[Gall ={T € W : R(T) N [[a]] # 0}
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Topological model
e (X,) topological space, v : SB2t — P(X)

@ topological semantics of modal formulas:

[L] =2, Ip] = v(p)
le Ayl = [l N[¥] le vyl = [l U]
[l =X\ [¢] [O¢] = Int[y]

Since ¢ = -y, we have [¢¢] = Cl[¢].
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@ topological properties of Interior and Closure correspond to
properties of modalities with $4 axioms

C(o)=2 0L+ L
CI(AUB) =CI(A)UCI(B) | O(pV q) + OpV Oq
A CClA) p—Op
CI(CI(A)) C CI(A) O0p — Op
Int(X) = X OT o T
Int(ANB) = Int(A) NInt(B) | O(p A q) > Op Alq
Int(A) CA Op—p
Int(A) C Int(Int(A)) Op — OOp
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Relation between topological semantics of Intuitionistic logic and
of Modal 54 logic

Godel translation

There is a celebrated Godel translation from IPC to S4 defined
as follows:

e Tr(p) = Up,

o Tr(p Ay) =Tr(p) ATr(y),

o Tr(p V) =Tr(p) VTr(y),

o Tr(p — ¢) = O(Tr(p) — Tr(¢)).

This translation is full and faithful, i.e.

IPCF ¢ iff S4+ Tr(p)
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Polyhedral Semantics: another modal companion of Intuitionistic
Propositional Logic (from Nick Bezhanishvili)

@ Polyhedra: Boolean combinations (unions, intersections) of
convex hulls of finite sets of points in a Euclidean space

@ need not be themselves convex or connected

@ can be arbitrary dimension (no fixed ambient space)

®: &
-

@ set Sub(P) of subpolyhedra of a fixed polyhedron P forms a
Boolean algebra

e set Op(P) of open subpolyhedra of a fixed polyhedron P
forms a Heyting algebra

@ what about Modal?
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Polyhedral valuation
@ fix a polyhedron P
@ valuation V : Prop — Sub(P) for classical well formed
formulae
@ extends to modal formulae by

V(@¢) = nt(V(e)) and  V($¢) = CL(V(9))
e P = ¢ (P validates/models ¢) if V(¢) = P under any
valuation: ¢ is valid in Sub(P)
@ lower dimensional boundary strata in polyhedra:
A, B € Sub(P), if AN B =( and A C CI(B) then
dim(A) < dim(B)
@ can define boundary as 9A = CI(A) N C1(A°)
@ so get that Grzegorczyk axiom (Grz)

OOA—-D0A) - A) — A

holds in polyhedral semantics
@ Modal system with axioms S4 plus Grz
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Godel embedding

@ Intuitionistic Propositional Logic embeds faithfully in Modal
S4 plus Grz with same Godel embedding

° Tr(p) = Up,

o Tr(p Ay) =Tr(p) ATr(v),

o Tr(p V) =Tr(p) VTr(y),

o Tr(p = o) =U(Tr(p) = Tr(¥)).
Then

A
Vv

IPCF o iff S84+ Tr(yp)
IPCF ¢ iff S4.Grz + Tr(p)
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Applications of Intuitionistic and Modal Logic
Intuitionistic Logic
e functional programming: formulae (propositions) correspond
to data types, proofs of formulae correspond to programs of
that type
e functional languages (Haskell, Coq, Agda)
@ Lean is also based on intuitionistic logic

Modal Logic

@ program verification: reasoning about correctness of computer
programs and verification of discrete-state systems

@ [JA meaning A holds after all possible executions

@ linear-time temporal logic (LTL): modal [J, { as “always” or
“eventually”

@ propositional dynamic logic (PDL): programs composed from
‘atomic’ building blocks

e ¢ — [ as input/output behavior of a program: if ¢ holds
before the execution of the program them ) holds afterwards
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