
HOMEWORK N.4

MA109A: FALL 2017

(1) Let C be the middle-third Cantor set.
• Construct a bijective map from C to the interval [0, 1].
• Consider both C and [0, 1] inside R with the Euclidean topology, endowed with the

induced topology: can the bijection be constructed so that it is (a) continuous? (b)
open? (c) a homeomorphism?
• Take the set {0, 1} with the discrete topology and form the infinite product X =∏

n∈N{0, 1} = {0, 1}N, with the product topology T . Show that

d(x, y) = sup
n∈N

2−n|xn − yn|

is a metric on (X, T ).
• Show that C is homeomorphic to X.

(2) In R2 with the standard Euclidean topology consider the equivalence relation (x, y) ∼ (x+
n, y +m) for all (n,m) ∈ Z2.
• Describe the space Q = R2/ ∼ with the quotient topology.
• In R2 consider a straight line `α = {(x, y) | y = αx}, with γα the image of `α in Q.

Show that `α is closed in R2 and describe when γα is closed in Q.
• In Q consider the relation [x, y] ∼ [x+t, y+αt], for t ∈ R: show that it is an equivalence

relation and give a condition on α such that the quotient topological spaceQ/ ∼ satisfies
the T1 separation axiom.

(3) Consider the set X ⊂ R2 consisting of the union

X = {(1, 0)} ∪
⋃
n≥1

Ln

with Ln the segment from (0, 0) to (1, 1
n ), as in the figure. Show that X is connected but

not path connected.

(4) Let X be a union of an infinite set Y and two one-point sets {x1} and {x2}. Consider the
topology T on X generated by P(Y ) (all subsets of Y ) together with any set containing
either x1 or x2 and all but finitely many points of Y . Show that:
• X is compact,
• X is T1 but not T2,
• X is totally disconnected.
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