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1. Introduction

This paper consists of variations upon a theme, that of limiting modular symbols

introduced in [17]. We show that, on level sets of the Lyapunov exponent for the shift
map T of the continued fraction expansion, the limiting modular symbol can be
computed as a Birkhoff average. We show that the limiting modular symbols vanish
almost everywhere on T-invariant subsets for which a corresponding transfer
operator has a good spectral theory, thus improving the weak convergence result
proved in [17]. We also show that, even when the limiting modular symbol vanishes,
it is possible to construct interesting non-trivial homology classes on modular curves
that are associated to non-closed geodesics. These classes are related to
‘‘automorphic series’’, defined in terms of successive denominators of continued
fraction expansion, and their integral averages are related to certain Mellin
transforms of modular forms of weight two considered in [17]. We discuss some
variants of the Selberg zeta function that sum over certain classes of closed geodesics,
and their relation to Fredholm determinants of transfer operators. Finally, we argue
that one can use T-invariant subsets to enrich the picture of non-commutative
geometry at the boundary of modular curves presented in [17].

2. Modular symbols and geodesics

Consider the classical compactification of modular curves obtained by adding

cusp points G\P1ðQÞ: Given two points a; bAH,P1ðQÞ; a real homology class
fa; bgGAH1ðXG;RÞ is defined by integrating the lifts by f :H-XG of differentials of
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the first kind on XG along the geodesic arc connecting a and b;

Z
fa;bgG

o :¼
Z b

a
fno:

The modular symbols fa; bgG satisfy the additivity and invariance properties

fa; bgG þ fb; ggG ¼ fa; ggG

and

fga; gbgG ¼ fa; bgG

for all gAG:
Because of additivity, it is sufficient to consider modular symbols of the form

f0; ag with aAQ;

f0; agG ¼ �
Xn

k¼1

fgkð0Þ; gkðiNÞgG;

where a has continued fraction expansion a ¼ ½a0;y; an	; and

gk ¼
pk�1ðaÞ pkðaÞ
qk�1ðaÞ qkðaÞ

 !
;

with pk=qk the successive approximations, and pn=qn ¼ a:
In [17] it was argued that one can interpret the whole P1ðRÞ with the action of G as

a compactification of XG; and a corresponding generalization of modular symbols
was introduced, using infinite geodesics in the upper half-plane H; which end at an

irrational point in P1ðRÞ:
Let gb be an infinite geodesic in H with one end at iN and the other end at

bAR\Q: Let xAgb be a fixed base point, t be the geodesic arc length, and yðtÞ be the

point along gb at a distance t from x; towards the end b: Let fx; yðtÞgG denote the

homology class in XG determined by the image of the geodesic arc /x; yðtÞS in H:
The limiting modular symbol is defined as

ff* ; bggG :¼ lim
1

t
fx; yðtÞgGAH1ðXG;RÞ; ð2:1Þ

whenever such limit exists. Limit (2.1) is independent of the choice of the initial point
x as well as of the choice of the geodesic in H ending at b; as discussed in [17]. We use
the notation ff* ; bggG as introduced in [17], where * in the first argument indicates

the independence on the choice of x; and the double brackets indicate the fact that
the homology class is computed as a limit.
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2.1. Shift

We shall study the limiting modular symbols using properties of the dynamical
system given by a generalization of the shift of the continued fraction expansion. For
a modular curve

XG ¼ PGLð2;ZÞ\ðH
 PÞ;

where P ¼ PGLð2;ZÞ=G; we consider the shift map

T : ½0; 1	 
 P-½0; 1	 
 P;

Tðb; tÞ ¼ 1

b
� 1

b

� �
;

�½1=b	 1

1 0

 !
t

 !
: ð2:2Þ

2.2. Lyapunov spectrum

Recall that the Lyapunov exponent of a map T : ½0; 1	-½0; 1	 is defined as

lðbÞ :¼ lim
n-N

1

n
log jðTnÞ0ðbÞj ¼ lim

n-N

1

n
log

Yn�1

k¼0

jT 0ðTkbÞj: ð2:3Þ

The function lðbÞ is T-invariant. Moreover, in the case of the classical continued
fraction shift Tb ¼ 1=b� ½1=b	 on ½0; 1	; the Lyapunov exponent is given by

lðbÞ ¼ 2 lim
n-N

1

n
log qnðbÞ; ð2:4Þ

with qnðbÞ the successive denominators of the continued fraction expansion. In
particular, the Khintchine–Lévy theorem [12] shows that, for almost all b’s, limit
(2.4) is equal to 2C; with

C ¼ p2

12 log 2
: ð2:5Þ

The Lyapunov spectrum is introduced (cf. [21]) by decomposing the unit interval in
level sets of the Lyapunov exponent lðbÞ of (2.3). Let Lc ¼ fbA½0; 1	 j lðbÞ ¼ cARg:
These sets provide a T-invariant decomposition of the unit interval,

½0; 1	 ¼
[
cAR

Lc,fbA½0; 1	 j lðbÞ does not existg:

These level sets are uncountable dense T-invariant subsets of ½0; 1	; of varying
Hausdorff dimension [21]. The Lyapunov spectrum measures how the Hausdorff
dimension varies, as a function hðcÞ ¼ dimHðLcÞ:
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If G is a finite index subgroup of PGLð2;ZÞ (or PSLð2;ZÞ) and P is the coset space,

we have XG ¼ G\H: We denote by XG the classical compactification by cusp points

XG ¼ G\ðH,P1ðQÞÞ ¼ PGLð2;ZÞ\ððH,P1ðQÞÞ 
 PÞ

and we consider the relative homology H1ðXG; cusps;RÞ:
We introduce a function j :P-H1ðXG; cusps;RÞ of the form

jðsÞ ¼ fgð0Þ; gðiNÞgG; ð2:6Þ

where gAPGLð2;ZÞ (or PSLð2;ZÞ) is a representative of the coset sAP: We can
easily generalize the result [16, Section 2.3], where the following is proved for the
level set LC ; with C as in (2.5).

Theorem 2.1. For a fixed cAR; and for all bALc; the limiting modular symbol (2.1) is

computed by the limit

lim
n-N

1

cn

Xn

k¼1

j3Tkðt0Þ; ð2:7Þ

where T : ½0; 1	 
 P-½0; 1	 
 P is the shift map (2.2), and t0AP is the base point.

Proof. Without loss of generality, we can consider the geodesic gb in H with one end

at iN and the other at b: Following the argument given in [17, Section 2.3], we
estimate the geodesic distance tB� log Iy þ Oð1Þ; as yðtÞ-b: (Here Iy denotes the
imaginary part.) Moreover, if yn is the intersection of gb and the geodesic with ends

at pn�1ðbÞ=qn�1ðbÞ and pnðbÞ=qnðbÞ; then we can estimate

1

2qnqnþ1
oIyno

1

2qnqn�1
:

Moreover, notice that the matrix g�1
k ðbÞ; with

gkðbÞ ¼
pk�1ðbÞ pkðbÞ
qk�1ðbÞ qkðbÞ

 !
;

acts on points ðb; tÞA½0; 1	 
 P as the kth power of the shift map T of (2.2). Thus, for
jðt0Þ ¼ f0; iNgG; we obtain

jðTkt0Þ ¼ fg�1
k ðbÞð0Þ; g�1

k ðbÞðiNÞgG ¼ pk�1ðbÞ
qk�1ðbÞ

;
pkðbÞ
qkðbÞ

	 

G

:
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Finally, we can replace the path /x0; ynS with the union of arcs

/x0; y0S,/y0; p0=q0S,
[n
k¼1

/pk�1=qk�1; pk=qkS,/pn=qn; ynS

representing the same homology class in H1ð %XG;ZÞ: &

2.3. Exceptional set

There is a set of bA½0; 1	 of Hausdorff dimension equal to one, where the
Lyapunov exponent does not exist [21, Theorem 3]. On this exceptional set,
the limiting modular symbols cannot be expressed as limit (2.7) and the
corresponding geodesic spends increasingly long time winding around different
closed geodesics.

2.4. Periodic continued fractions

A special case of limiting modular symbols is when the endpoint b is a quadratic
irrationality. In this case, b has eventually periodic continued fraction expansion,
hence it is a fixed point of some hyperbolic element in G:

Recall that primitive closed geodesics in XG are parameterized by periodic points

of the shift map T of (2.2), Tcðb; tÞ ¼ ðb; tÞ:

Lemma 2.2. Consider a geodesic gb in H with an endpoint at b: Assume that b has

eventually periodic continued fraction expansion. Then the limiting modular symbol is

given by

ff* ; bggG ¼
Pc

k¼1 fg�1
k ðbÞ  gð0Þ; g�1

k ðbÞ  gðiNÞgG

lðbÞc : ð2:8Þ

Proof. Consider a geodesic gb in H with an endpoint at b: Without loss of generality,

we may assume the other endpoint is at iN: There is a lift gb 
 ftg to H
 P; such

that Tcðb; tÞ ¼ ðb; tÞ; for a minimal non-negative integer c:
For a quadratic irrationality b the limit lðbÞ ¼ 2 limn-N logðqnðbÞÞ=n exists and

belongs to the interval ½2 logðð1 þ
ffiffiffi
5

p
Þ=2Þ;NÞ; cf. [21, Section 4]. Thus, we can apply

Theorem 2.1 and obtain (2.8), where

fg�1
k ðbÞgð0Þ; g�1

k ðbÞgðiNÞgG

is the homology class in %XG of the geodesic

p
pk�1ðbÞ
qk�1ðbÞ

;
pkðbÞ
qkðbÞ

 �

 fg�1

k ðbÞtg
� �

: &
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In [17] a different but equivalent expression for the limiting modular symbol for
quadratic irrationalities is obtained, of the form

ff* ; aþg ggG ¼ f0; gð0ÞgG

lðgÞ ; ð2:9Þ

where f0; gð0ÞgG is the homology class of the image in XG of the geodesic arc

/x0; gx0S; and a7g are the pair of attractive and repelling fixed points of an

hyperbolic element gAG; with 0oL7
g o1 the respective eigenvalues, and lðgÞ ¼

logL�
g is the length of the closed geodesic in XG obtained from the geodesic in H

with ends at a7g :

3. Transfer and Gauss–Kuzmin operators

We now treat the case of more general T-invariant subsets of ½0; 1	 
 P: It is often
possible to recast the dynamical properties of a map like our shift (2.2) in terms of
the functional analytic properties of certain transfer operators.

Definition 3.1. Let EC½0; 1	 
 P be a T-invariant subset. The Ruelle transfer
operator is defined as

ðRhf Þðb; tÞ ¼
X

ða;uÞAT�1ðb;tÞ
expðhða; uÞÞf ða; uÞ:

We only consider the case where the function h is of the form hðb; tÞ ¼ �s log jT 0ðbÞj;
depending on a parameter s:

When the function h is continuous on E; the Ruelle operator acts on the space of
continuous functions CðEÞ:

For a T-invariant subset EC½0; 1	 
 P of Hausdorff dimension dE ; we also define

a generalized Gauss–Kuzmin operator, acting on L1ðE;HdE Þ; which is the dual of

composition with T acting on LNðE;HdE Þ; where HdE is the corresponding
Hausdorff measure [23].

Definition 3.2. Let EC½0; 1	 
 P be a T-invariant subset of Hausdorff dimension dE :

The Gauss–Kuzmin (or Perron-Frobenius) operator L on L1ðE; dHdE Þ is defined as
the dual of the Koopman operator

KT : LNðE; dHdE Þ-LNðE; dHdE Þ;

ðKT f Þðx; tÞ ¼ f ðTðx; tÞÞ;
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that is, L satisfies Z
E

ðLf Þh dHdE ¼
Z

E

f ðKT hÞ dHdE ð3:1Þ

for all f in L1ðE; dHdE Þ and all h in LNðE; dHdE Þ:

Let NECN be the set

NE :¼ k :
1

k þ 1
;
1

k

� �

 P

� �
-Ea|

	 

: ð3:2Þ

Remark 3.1. The operator L defined by (3.1) is given by

ðLf Þðb; tÞ ¼
X

kANE

1

ðbþ kÞ2dE
f

1

bþ k
;

0 1

1 k

 !
 t

 !
: ð3:3Þ

In this case, we can consider a one-parameter family of deformed Gauss–Kuzmin
operators

ðLs;Ef Þðb; tÞ ¼
X

kANE

1

ðbþ kÞs f
1

bþ k
;

0 1

1 k

 !
 t

 !
: ð3:4Þ

With this notation, the operator L of (3.3) is L ¼ L2dE ;E :

Remark 3.2. If the invariant set is of the form E ¼ B 
 P with B defined by B ¼
fbA½0; 1	 : aiANg; for b ¼ ½a1;y; an;y	; and NCN a given subset, then we have
Rh ¼ L2s;E ; for h ¼ �s log jT 0j:

In general, these two operators differ. The Ruelle transfer operator tends to carry
more information on the dynamics of T ; while the Gauss–Kuzmin operator tends to
have better functional analytic properties. The last remark describes the optimal
case.

3.1. Spectral theory

We are especially interested in the cases where the Gauss–Kuzmin operator has a
good spectral theory.

Definition 3.3. We say that a T-invariant set EC½0; 1	 
 P has good spectral theory
(GST) if the following conditions are satisfied:
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1. There is a real Banach space V with the property that, for each fAV; the

restriction f jE lies in L1ðE; dHdE Þ; and the restrictions satisfy

ff jE j fAVg ¼ L1ðE; dHdE Þ:

2. The operator Ls;E acting on V is compact for all s in I some interval.

3. There exists a cone KCV of functions positive at points of E; and an element u in
the interior of K ; such that Ls;E is u-positive, namely for all non-trivial fAK there

exists k40 and real a; b40 such that

aupLk
s;E fpbu;

where the order is defined by fpg iff g � fAK :
4. For s ¼ 2dE the spectral radius of L2dE ;E is one,

rðL2dE ;EÞ ¼ 1:

The techniques developed by Mayer [18] then imply that the following properties
are satisfied.

Proposition 3.3. Let E be a T-invariant set with GST. Then for all sAI ; ls ¼ rðLs;EÞ
is a simple eigenvalue of Ls;E ; and the unique (normalized) eigenfunction satisfying

Ls;Ehs ¼ lshs is in the cone K : There exists a unique T-invariant measure on E; which

is absolutely continuous with respect to the Hausdorff measure dHdE ; with density the

normalized eigenfunction h2dE
:

Let Ln

s;E be the adjoint operator acting on the dual Banach space. There is a unique

eigenfunctional cs satisfying Ln

s;Ecs ¼ lscs: For any fAV; we have

lim
n-N

l�n
s Ln

s;Ef ¼ csðf Þhs; ð3:5Þ

with the eigenfunctional c2dE
given by f/

R
E

f dHdE : The iterates Lk
2dE ;E

f ; for fAV;

converge to the invariant density h2dE
; at a rate of the order of OðqnÞ; where q is the

spectral margin: jljoqls for all points lals in the spectrum of Ls;E : Thus, for any

fAV we have

lim
n-N

1

n

Xn

k¼1

ðLkf Þðb; tÞ ¼ h2dE
ðb; tÞ 

Z
E

f dHdE : ð3:6Þ

In particular, given any function F in LNðE; dHdE Þ; we haveZ
E

1

n

Xn

k¼1

FðTkðb; tÞÞf ðb; tÞ dHdE ðb; tÞ-
Z

E

Fh2dE
dHdE

� �

Z

E

f dHdE

� �
ð3:7Þ

for any test function fAL1ðE; dHdE Þ:
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3.2. Generalized Gauss problem

Let E ¼ B 
 P be a T-invariant subset of ½0; 1	 with GST.
Let t0AP be a base point, and let mnðb; tÞ be defined as

mnðx; tÞ :¼ HdBðfaAB j xnðaÞpx and g�1
n ðaÞ  t0 ¼ tgÞ: ð3:8Þ

Lemma 3.4. Measures (3.8) satisfy the recursive relation

mnþ1ðx; tÞ ¼
XN
k¼1

mn

1

k
;

0 1

1 k

 !
 t

 !
� mn

1

x þ k
;

0 1

1 k

 !
 t

 ! !

and the densities satisfy

m0
nþ1ðx; tÞ ¼ ðL2dE ;Em0

nÞðx; tÞ:

The measures mnðx; tÞ converge to the unique T-invariant measure

mðx; tÞ :¼
Z

E

h2dE
ðx; tÞ dHdE ðx; tÞ

at a rate OðqnÞ for some 0oqo1: In this case, the density satisfies

h2dE
ðx; tÞ ¼ 1

jPj h2dB
ðxÞ;

where h2dB
is the top eigenfunction for the Gauss–Kuzmin operator L2dB

on B:

The proof of this lemma is a straightforward generalization of the proof of
Theorem 0.1.2 of [17].

4. Variation operator

We introduce another operator, which gives the variation of the Gauss–Kuzmin

operator along the one-parameter family, As;E :¼ d
dsLs;E : This can be written in the

form

ðAs;Ef Þðb; tÞ ¼
X

kANE

logðbþ kÞ
ðbþ kÞs f

1

bþ k
;

0 1

1 k

 !
 t

 !
; ð4:1Þ

with NECN defined as in (3.2).
We have the following result.
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Lemma 4.1. Let E be a T-invariant set with GST, and let ls be the top eigenvalue of

the Gauss–Kuzmin operator Ls;E acting on V; and let hs be the corresponding unique

(normalized) eigenfunction

Ls;Ehs ¼ lshs: ð4:2Þ

Then we have Z
E

ðA2dE ;Eh2dE
Þ dHdE ¼ l0sjs¼2dE

; ð4:3Þ

with the operator As;E as in (4.1), and with l0s ¼ d
ds ls:

Proof. We differentiate the eigenvalue equation (4.2) with respect to s; and evaluate
at s ¼ 2dE : This gives

A2dE ;Eh2dE
þL2dE ;Eh0

2dE
¼ l02dE

h2dE
þ h0

2dE
; ð4:4Þ

where we used l2dE
¼ 1; and we set

h0
2dE

¼ d

ds
hsjs¼2dE

:

Notice that Z
E

ðh0
2dE

�L2dE ;Eh0
2dE

Þ dHdE ¼ 0;

hence the result follows by integrating both sides of (4.4). &

Now we return to the computation of limiting modular symbols (2.1). The
following result complements the result of Theorem 2.1.

Theorem 4.2. Let E ¼ B 
 P be a T-invariant subset of ½0; 1	 
 P with GST. Then, for

HdB-almost every bAB; the Lyapunov exponent satisfies

lðbÞ ¼ 2l02dB
; ð4:5Þ

hence the limiting modular symbol (2.1) is given by

lim
n-N

1

2l02dB
n

Xn

k¼1

jðTkt0Þ; ð4:6Þ

where j is defined as in (2.6).

Proof. Identification (4.5) can be proved using a strong law of large numbers,
cf. [11,22]. We compute expectations. For b ¼ ½a1; a2;y; an�1; an þ xn	;
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we have

1

x1?xn

¼ qnþ1 1 þ xnþ2qn

qnþ1

� �
;

with qn the successive denominators satisfying qnþ1 ¼ anþ1qn þ qn�1: We can write

�1

n þ 1

Xnþ1

k¼1

logðxnÞ ¼
1

n þ 1
log qnþ1 þ

1

n þ 1
log 1 þ xnþ2qn

qnþ1

� �
:

Thus, we can estimate the asymptotic behavior of logðqnÞ=n by the behavior of the
average on the left-hand side, as n-N: By the convergence of the measures mn; we

have
R

B
logðxnðbÞÞ dHdðbÞ ¼

R
B
logðxÞh2dðxÞð1 þ OðqnÞÞ dHdðxÞ: Here h2d is the

normalized eigenfunction of the Gauss–Kuzmin operator on B; and dE ¼ dB ¼ d:
Moreover, we have

R
B
logðxÞh2dðxÞ dHdðxÞ ¼

R
B
ðL2d;BFÞðxÞ dHdðxÞ; for FðxÞ :¼

logðxÞh2dðxÞ: Note that by (4.1) we also have L2d;BF ¼ �A2d;Bh2d; hence we obtain

Z
B

logðxnðbÞÞ dHdðbÞ ¼ �
Z

B

ðA2d;Bh2dÞðxÞð1 þ OðqnÞÞ dHdðxÞ

¼ � l02dð1 þ OðqnÞÞ:

Thus, we have expectation

�
Z

B

Xnþ1

k¼1

logðxnðbÞÞ dHdðbÞ ¼ ðn þ 1Þl02d þ Oð1Þ:

The variances can be computed as

D2
Xnþ1

k¼1

logðxnðbÞÞ
 !

:¼
Z

B

Xnþ1

k¼1

logðxnðbÞÞ
 !2

dHdðbÞ � ðl02dÞ
2

and this is estimated by evaluating

Z
B

logðxkðbÞÞ logðxkþjðbÞÞ dHdðbÞ ¼
Z

B

logðxÞ logðyÞ dmðx; yÞ;

with dmðx; yÞ the distribution for the measure of fxkðbÞpx and xkþjðbÞpyg: By

replacing xk with a truncation at some large N; xn
k ¼ ½akþ1; akþ2;y; akþN 	; it is

possible to ensure that dmðx; yÞ ¼ dmkðxÞ dmkþjðyÞð1 þ OðqjÞÞ: The argument then

follows as in the proof of the classical Khintchine–Levy theorem [22]. &
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5. Vanishing results

In this section, we generalize the weak vanishing result of [17], and improve the
convergence in average to convergence almost everywhere.

5.1. Weak convergence

The result of Proposition 3.3 implies the following vanishing in the average for
limiting modular symbols.

Lemma 5.1. Let E ¼ B 
 P be a T-invariant set with GST. Then, for all test functions

fAL1ðE; dHdE Þ; we have

lim
t-N

1

t

Z
E

fx0; yðtÞg  f dHdE ¼ 0: ð5:1Þ

Proof. The proof is analogous to Lemma 2.3.1 of [17]. We write the limiting
modular symbol as

lim
n-N

1

2l02dn

Xn

k¼1

jðTktÞ:

Moreover, we haveZ
B
P

1

n

Xn

k¼1

j3Tkf dHdE ¼
Z

B
P

1

n

Xn

k¼1

ðLkf Þj dHdE :

By (3.7), this converges toZ
B
P

jh2dE
dHdE

� � Z
B
P

f dHdE

� �
;

where h2dE
¼ h2dB

=jPj: This gives

1

jPj
X
sAP

jðsÞ
 ! Z

B
P

f dHdE

� �
:

Arguing as in [17, Lemma 2.3.1] we see that
P

sAP jðsÞ ¼ 0; hence the result

follows. &

5.2. Strong convergence

Now we show that, using a strong law of large numbers it is possible to improve

the weak convergence of Theorem 5.1 to convergence HdE -almost everywhere in E:
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Theorem 5.2. Let E ¼ B 
 P be a T-invariant subset of ½0; 1	 
 P; with GST. Then,

for HdE -almost every bAE we have ff* ; bgg ¼ 0:

Proof. Here we treat jk ¼ jðTkt0Þ as random variables, and prove that we can
apply the strong law of large numbers. The argument is similar to the one used in the
proof of Theorem 4.2. The result of Theorem 5.1 implies that the expectation E ¼
EðjkÞ is zero. We evaluate deviations,

D2 ¼
Z

E

Xn

k¼1

jðTkt0Þ
�����

�����
2

dHdE :

Here we write jjkj
2 for the pairing jjkj

2 ¼ /jk;jkS; with respect to any positive

definite inner product on H1ð %XG; cusps;RÞ:

/jðsÞ;jðtÞS :¼ fgð0Þ; gðiNÞgG�fhð0Þ; hðiNÞgG;

with s ¼ gG; t ¼ hG; and � the intersection product, cf. [20].
When writing

Xn

k¼1

Z
jjkj

2 þ
Xn

k¼1

Xn�k

j¼1

Z
/jk;jkþjS;

we want to estimate the differenceZ
/jk;jkþjS�

Z
jk;

Z
jkþj

 �
: ð5:2Þ

Let Pðg�1
k ðbÞ  t0 ¼ tÞ be the probability that g�1

k ðbÞ  t0 ¼ t; that is

Pðg�1
k ðbÞ  t0 ¼ tÞ ¼

Z
B

dmkðx; tÞ dHdBðxÞ ¼ mkð1; tÞ

for mnðx; tÞ defined as in (3.8). We can write (5.2) asX
sAP

X
tAP

/jðsÞ;jðtÞS ðPðg�1
k ðbÞ  t0 ¼ s and g�1

kþjðbÞ  t0 ¼ tÞ;

� Pðg�1
k ðbÞ  t0 ¼ sÞ  Pðg�1

kþjðbÞ  t0 ¼ tÞÞ:

It is then enough to show that these are sufficiently well approximated by weakly
dependent events, namely that we have

Pðg�1
k ðbÞ  t0 ¼ s and g�1

kþjðbÞ  t0 ¼ tÞ

¼ Pðg�1
k ðbÞ  t0 ¼ sÞ  Pðg�1

kþjðbÞ  t0 ¼ tÞð1 þ OðqjÞÞ:
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By the result of Lemma 3.4, we know that the measures mnðx; tÞ converge to
the limit T-invariant measure mðx; tÞ at a rate OðqnÞ: However, the
probability distributions of xkðbÞ and xkþjðbÞ do not satisfy the weak dependence

condition

mðx; yÞ ¼ mnðxÞmnþjðyÞð1 þ OðqjÞÞ:

However, by proceeding as in the proof of Theorem 4.2, we consider a truncation at

some large N; xn
k ¼ ½akþ1; akþ2;y; akþN 	; so that the probabilities

mn

nðx; tÞ ¼ H2dðfaA½0; 1	 j xn

kðaÞpx and g�1
k ðaÞ  t0 ¼ tgÞ

satisfy the weak dependence condition. This gives the desired result for the

probabilities Pðg�1
k ðbÞ  t0 ¼ s and g�1

kþjðbÞ  t0 ¼ tÞ: &

6. Examples

We discuss some examples of invariant sets with GST that are relevant to the
boundary geometry of modular curves.

6.1. Generalized Gauss–Kuzmin operator

This is the case analyzed in [17]. In this case, the function space V is the real
Banach space VðD
 PÞ of functions holomorphic on each sheet of D
 P and

continuous to the boundary, real at the real points of each sheet, with D ¼
fzAC j jz � 1jo3

2
g: The space is endowed with the supremum norm. The generalized

Gauss–Kuzmin operator acts on this space V; for s41
2
: An additional hypothesis on

the subgroup GCPGLð2;ZÞ is needed, namely the transitivity condition that the
coset space P contains no proper invariant subset under the action of the semigroup
Red ¼

S
nX1 RednCGLð2;ZÞ; with

Redn ¼
0 1

1 a1

 !
?

0 1

1 an

 !
j a1;y; anX1; aiAZ

( )
: ð6:1Þ

This ensures that ½0; 1	 
 P has GST. In this case, the T-invariant measure on ½0; 1	 

P is given by

mðb; tÞ ¼ 1

jPj log 2
logð1 þ bÞ; ð6:2Þ

where ðð1 þ bÞ log 2Þ�1 is the invariant density of the classical Gauss problem for the
shift Tb ¼ 1=b� ½1=b	: Thus, in this case we obtain an improvement on the weak
convergence result of [17].
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Corollary 6.1. Assume that RedðtÞ ¼ P for each tAP: Then the limiting modular

symbol satisfies ff* ; bggG ¼ limt-N
1
tfx0; yðtÞgG ¼ 0; for almost all bA½0; 1	:

6.2. Continued fractions Cantor sets

There is a family of Cantor sets associated to the continued fraction expansion of
numbers in ½0; 1	; namely the sets EN given by the numbers aA½0; 1	; a ¼
½a1; a2;y; ac;y	; with all aipN: These sets have Hausdorff dimensions which tend
to one as N-N according to the asymptotic formula [10]

dN :¼ dimHðENÞ ¼ 1 � 6

p2N
� 72 log N

p4N2
þ Oð1=N2Þ:

As before, let G be a finite index subgroup of PGLð2;ZÞ; and P be the coset space.
There is an action of the shift map T restricted to the space EN 
 P; where EN is one
of the Cantor sets as above.

The Gauss–Kuzmin operator is of the form

ðLs;Nf Þðb; tÞ ¼
XN

k¼1

1

ðbþ kÞs f
1

bþ k
;

0 1

1 k

 !
 t

 !
; ð6:3Þ

acting on the Banach space B defined in [17, Section 1.1].
In the case G ¼ PGLð2;ZÞ the properties of this operator were studied by Hensley

in [9,10], where, using a functional analytic setup similar to Babenko’s [1], it is shown
that for s ¼ 2dN ; there is a unique eigenfunction fNðbÞ of L2dN ;N ; with eigenvalue

l ¼ 1; which gives the density of an invariant measure.
Following Hensley, we can consider the truncated Gauss–Kuzmin operators Ls;N

as perturbations of the Gauss–Kuzmin operator Ls on ½0; 1	:

Proposition 6.2. Under the assumption RedðtÞ ¼ P for each tAP; and for sufficiently

large NXN0; there exists a unique eigenfunction fNðb; tÞ of the operator LdN ;N of

(6.3), with eigenvalue l ¼ 1: This satisfies

fNðb; tÞ ¼ 1

jPj fNðbÞ; ð6:4Þ

where fNðbÞ is the unique normalized eigenfunction of the truncated Gauss–Kuzmin

operator of [9,10], for s ¼ 2dN ; and P ¼ f1g:

Proof. The assumption RedðtÞ ¼ P for each tAP ensures that the Gauss–Kuzmin
operator Ls; for the shift on ½0; 1	 
 P has GST for s41=2:

For large N; we consider the operator Ls;N as a perturbation of Ls: We estimate

the operator norm of Ts;N ¼ Ls �Ls;N : We have

Ts;Nf ðx; tÞ ¼
XN

k¼Nþ1

k�s 1

ðx=k þ 1Þs f
1

x þ k
;

0 1

1 k

 !
ðtÞ

 !
;
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hence

jjTs;Nf jjp
XN

k¼Nþ1

k�Z 1

ð1 þ x=kÞs f
1

x þ k
;

0 1

1 k

 !
ðtÞ

 !�����
�����

�����
�����

p
C

NZ jjf jj

for s complex with real part RðsÞ ¼ Z41
2
:

One can then apply the Crandall–Rabinowitz bifurcation Lemma [4] (cf. [10, Lemma
7]), which guarantees the existence of a d40; such that, for jjTs;N jjod; there is a unique

rs;NAC; with jrs;N jod; for which Ls � ðls þ rs;NÞI is singular. The map Ts;N/rs;N is

analytic, in the sense specified in [4,10]. Moreover, there exists a unique fs;N satisfying

ðLs þ Ts;NÞfs;N ¼ ðls þ rs;NÞfs;N

and the map Ts;N/fs;N is also analytic. By uniqueness, the eigenfunction for s ¼
2dN is therefore of the form fNðb; tÞ ¼ fNðbÞ=jPj; with fNðbÞ the unique normalized
eigenfunction of the truncated Gauss–Kuzmin operator of Hensley. &

The eigenfunction fNðb; tÞ of the truncated Gauss–Kuzmin operator defines the
density of a T-invariant measure on EN 
 P absolutely continuous with respect to

the dN -dimensional Hausdorff measure dHdN :
We then obtain the following vanishing result.

Lemma 6.3. Consider infinite geodesics in the upper half-plane with an end at iN and

the other end at a point of EN : For sufficiently large NXN0; the limiting modular

symbol satisfies

ff* ; bggG ¼ lim
n

1

2l02dN
n

Xn

k¼1

jðgkðbÞ�1
t0Þ ¼ 0:

Note that the constant N0 provided by the Crandall–Rabinowitz bifurcation
lemma is independent of GCPGLð2;ZÞ:

7. Intersection numbers

In the classical theory of the modular symbols of [14,20] (cf. also [8,19])
cohomology classes obtained from cusp forms are evaluated against relative
homology classes given by modular symbols, and the corresponding intersection
are interpreted in terms of special values of L-functions associated to the
automorphic forms which determine the cohomology class. In this and the next
section, we seek to extend this viewpoint to the theory of limiting modular symbols.
We first recall the setting of [20], which provides a convenient setting for computing
intersection numbers with limiting modular symbols. We consider finite index
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subgroups GCPSLð2;ZÞ: The arguments given for PGLð2;ZÞ adapt with minor
modifications, cf. [13,17].

Let I and R; be the elliptic points on the modular curve XG; namely the image

under the quotient map f :H-XG of the PSLð2;ZÞ orbits of i and r ¼ e2pi=3;

respectively. With the notation of [20], we set HB
A :¼ H1ðXG\A;B;ZÞ: The modular

symbols fgð0Þ; gðiNÞg; for gGAP; define classes in Hcusps: For s and t the

generators of PSLð2;ZÞ with s2 ¼ 1 and t3 ¼ 1; we set PI ¼ /sS\P and PR ¼
/tS\P: There is an isomorphism ZjPjDHR

cusps,I : Given the exact sequences

0-Hcusps -
i0

HR
cusps -

pR
ZjPRj-Z-0

and

0-ZjPI j-HR
cusps,I -

pI
HR

cusps-0;

the image pIðx̃ÞAHR
cusps of an element x̃ ¼

P
sAP lss in ZjPjDHR

cusps,I represents an

element xAHcusps iff the image pRðpIðx̃ÞÞ ¼ 0 in ZjPRj: As proved in [20], for s ¼
gGAP; the intersection pairing � : Hcusps 
 Hcusps-Z gives

fgð0Þ; gðiNÞg�x ¼ ls � lss:

We define the function Dx :P-R by

DxðsÞ ¼ ls � lss; ð7:1Þ

where x is given as above.
We list some examples of results involving intersection numbers that easily follow

from the general results of the previous section.

Example 7.1. For a fixed xAHcusps; represented by a linear combination x̃ ¼P
sAP lss in ZjPj satisfying pRðpI ðx̃ÞÞ ¼ 0 in ZjPRj; the asymptotic intersection

number

ff* ; bgg�x :¼ lim
t-N

1

t
fx0; yðtÞg�x ð7:2Þ

is computed by the limit

lim
n-N

1

lðbÞn
Xn

k¼1

Dxðg�1
k ðbÞ  t0Þ; ð7:3Þ

where lðbÞ is the Lyapunov exponent. Let E be a T-invariant set with GST. For HdE

almost all bAE; sequence (7.3) converges to

1

ljPj
X
sAP

DxðsÞ � 0:

In the following example, we consider a cusp form F on H; obtained as the

pullback F ¼ jnðoÞ=dz under the quotient map j :H-XG; and intersection

numbers DoðsÞ ¼
R gsðiNÞ

gsð0Þ FðzÞ dz; with gsG ¼ sAP:
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Example 7.2. Let F be a cusp form on H; and let b be a number in ½0; 1	 with
eventually periodic continued fraction expansion with period of length c: Then we
have

lim
t-N

1

t

Z yðtÞ

x0

FðzÞ dz ¼ 1

lðbÞc
Xc
k¼1

Z pkðbÞ
qkðbÞ

pk�1ðbÞ
qk�1ðbÞ

FðzÞ dz

¼ 1

lðgÞ

Z gð0Þ

0

FðzÞ dz: ð7:4Þ

Here F is a cusp form, FðzÞ dz ¼ jnðoÞ; with o representing the dual of the class x:
The integral homology class f0; gð0ÞgG is determined by the periodic geodesic with

b ¼ aþg ; gAG; and with lðgÞ ¼ logL�
g :

The following example follows by arguing as in [14, Theorem 3.5].

Example 7.3. Let G ¼ G0ðNÞ with N prime, and let F ¼ jnðoÞ=dz be an
eigenfunction for the Hecke operators Tm; for ðm;NÞ ¼ 1; with rational eigenvalues
cm; and let b be a quadratic irrationality with period of length c in the continued
fraction. Then we obtain

lim
t-N

Z yðTÞ

x0

FðzÞ dz ¼ 1

ðsðmÞ � cmÞlðbÞc
X
djm

X
fb mod dg

Z
gm;b;d ðbÞ

FðzÞ dz;

with sðmÞ ¼
P

djm d; and for infinitely many m with ðm;NÞ ¼ 1;

gm;b;dðbÞ :¼
Xc
k¼1

pkðbÞ
qkðbÞ

;
m

d2
 pkðbÞ
qkðbÞ

þ b

d

	 

G0ðNÞ

AH1ðXG0ðNÞ;ZÞ:

Example 7.4. Let E be a T-invariant set with GST. For gAPSLð2;ZÞ; consider the
factor Uðg; zÞ of the form

Uðg; zÞ ¼ 1

ðcz þ dÞ2
for g ¼

a b

c d

 !

and set *FðzÞ :¼
P

tAP DoðtÞUðg�1
t ; zÞFðg�1

t zÞ: This satisfies

lim
n-N

1

n

Xn

k¼1

ðDoðg�1
k ðbÞ  t0ÞÞ2-

1

jPj

Z iN

0

*FðzÞ dz ¼ 1

jPj
X
sAP

DoðsÞ2

for HdE -almost all bAE: For instance, for some G ¼ G0ðNÞ with N prime, the value
of this limit can be computed from the tables at the end of [14].
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8. Automorphic series on the boundary

In [17] it was proved that cusp forms of weight two for congruence subgroups (or
rather their Mellin transforms) can be obtained by integrating along the real axis
certain ‘‘automorphic series’’ defined in terms of continued fractions and modular
symbols.

In particular, the following identity was proved: for RðtÞ40;

Z 1

0

db
XN
n¼0

qnþ1ðbÞ þ qnðbÞ
qnþ1ðbÞ1þt

Z
f0; qnðbÞ

qnþ1ðbÞg
o

¼ zð1 þ tÞ
zð2 þ tÞ �

L
ðNÞ
o ð2 þ tÞ

zðNÞð2 þ tÞ2

" # Z iN

0

FðzÞ dz; ð8:1Þ

where the cusp form F ¼ jnðoÞ=dz is an eigenform for all Hecke operators, L
ðNÞ
o is

its Mellin transform with omitted Euler N-factor, zðsÞ is Riemann’s zeta, with

corresponding zðNÞ with N prime. Various generalizations of this average are also
discussed in [17]. The main point in considering such averages is in order to recast the
theory of modular forms in the upper half-plane in terms of some function theory on

the ‘‘invisible boundary’’ P1ðRÞ of XG:
The general type of functions considered in [17, Section 2] is of the form

cðf ; bÞ ¼
XN
k¼1

f ðqkðbÞ; qk�1ðbÞÞ ð8:2Þ

for f a complex-valued function defined on pairs of coprime integers ðq; q0Þ with
qXq0

X1 and with f ðq; q0Þ ¼ Oðq�eÞ for some e40: The identity

Z 1

0

db cðf ; bÞ ¼
X

qXq0X1
ðq;q0Þ¼1

f ðq; q0Þ
qðq þ q0Þ;

which is used in [17] to prove (8.1) and various generalizations, is a result of Lévy
[12]. In the viewpoint of [17], the summing over pairs of successive denominators is
what replaces modularity, when ‘‘pushed to the boundary’’. This correspondence
between Dirichlet series related to modular forms of weight two and integral
averages of such ‘‘automorphic series’’ on the ‘‘invisible part’’ of the boundary of XG

can be related to the physical principle of holography, or Maldacena correspon-
dence. This viewpoint is described in [16].

In [17] only averages
R
½0;1	 cðf ; bÞ db were considered, and their relations to

modular forms. Here we discuss the pointwise behavior, and prove that it is possible
to use such expressions to construct non-trivial homology classes associated to a
geodesic with ‘‘generic’’ endpoint in ½0; 1	; and a function f in this Lévy class. We
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shall only discuss the example of identity (8.1), but similar arguments hold for the
other functions considered in [17].

Theorem 8.1. Consider the function

f ðq; q0Þ ¼ q þ q0

q1þt

Z
f0;q

0

q
gG0ðNÞ

o: ð8:3Þ

Let cðf ; bÞ be the corresponding function as in (8.2). We can estimate

cðf ; bÞB
XN
n¼1

e�ð5þ2tÞnlðbÞ
Xn

k¼1

Doðg�1
k ðbÞ  t0Þ:

Thus, if E be a T-invariant subset with GST, and with 0ol02dE
oN; the series defining

cðf ;bÞ converges absolutely, for HdE -almost all bAE:

Proof. We can estimate

qnðbÞ þ qnþ1ðbÞ
qnþ1ðbÞ1þt

Be�ð5þ2tÞnlðbÞ;

with lðbÞ ¼ 2 limn-N logðqnÞ=n: Moreover, by Eq. (2) of [14, Section 1], we can
write

0;
b

a

	 

¼
Xn

k¼�1

bk�1

ak�1
;
bk

ak

	 

¼
Xn

k¼�1

fg�1
k ðb=aÞð0Þ; g�1

k ðb=aÞðiNÞg;

where bk=ak are the successive convergents of the continued fraction expansion of
the rational number b=a ¼ bn=an:

Recall that, in terms of continued fractions, we can write the rational numbers

qnðbÞ
qnþ1ðbÞ

¼ ½an; an�1;y; a1	;

where

b ¼ ½a1; a2;y; an�1; an; anþ1;y	:

Since the successive denominators qn; viewed as polynomials

qnðbÞ ¼ Qnða1;y; anÞ

satisfy

Qnða1;y; anÞ ¼ Qnðan;y; a1Þ;
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we have, for xnðbÞ :¼ qnðbÞ=qnþ1ðbÞ;

g�1
k ðxnðbÞÞ ¼ g�1

k ðbÞ

for kpn: Hence, the estimate on cðf ; bÞ follows. Then arguing as in Theorem 5.2 we
obtain

Xn

k¼1

Doðg�1
k ðbÞ  t0Þ

�����
�����BoðlðbÞnÞ;

hence the series converges absolutely. &

In fact, this proves a stronger result, namely that we can construct this way non-
trivial homology classes depending on the point b and on the function f :

Theorem 8.2. Let E be a T-invariant subset of ½0; 1	 
 PG0ðNÞ with GST, and with

0ol02dE
oN: Then, for HdE -almost all bAE; and for RðtÞ40; the limit

Cðf ; bÞ :¼
XN
n¼1

qnþ1ðbÞ þ qnðbÞ
qnþ1ðbÞ1þt

0;
qnðbÞ

qnþ1ðbÞ

	 

G0ðNÞ

ð8:4Þ

defines a class Cðf ; bÞ in H1ðXG0ðNÞ;RÞ: The function cðf ; bÞ; for f as in (8.3), can be

written as

cðf ; bÞ ¼
Z

Cðf ;bÞ
o:

Proof. For G ¼ G0ðNÞ with N prime, we have

XN
n¼1

qnþ1ðbÞ þ qnðbÞ
qnþ1ðbÞ1þt

0;
qnðbÞ

qnþ1ðbÞ

	 

G

B
XN
n¼1

e�ð5þ2tÞnlðbÞ
Xn

k¼1

fg�1
k ðbÞð0Þ; g�1

k ðbÞðiNÞgG:

Then the same argument used in Theorem 8.1 proves the result. &

The average
R
½0;1	 db

R
Cðf ;bÞ o satisfies (8.1). It would be interesting to know if

averages
R

E
dHdE ðbÞ

R
Cðf ;bÞ o over other T-invariant subsets also carry number

theoretic significance.
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9. Selberg zeta

The Selberg zeta function of a modular curve XG; for G a finite index subgroup of
PGLð2;ZÞ; can be recovered from the Fredholm determinant of the generalized
Gauss–Kuzmin operator, namely

detðI �L2sÞ ¼ ZGðsÞ ð9:1Þ

for sAC with RðsÞ41
2
: The result holds for GCPSLð2;ZÞ with L2s replaced by L2

2s;

see [3,17] for the general case, and [13] for the case G ¼ PSLð2;ZÞ or PGLð2;ZÞ:
We investigate possible generalizations of this identity when only geodesics with

ends on some smaller T-invariant subset are considered.
Given a T-invariant subset EC½0; 1	 
 P; we can define

ZG;EðsÞ :¼
Y

gAPrimE

YN
m¼0

ð1 � e�ðsþmÞlengthðgÞÞ; ð9:2Þ

where PrimE is the set of primitive closed geodesics in XG that lift to geodesics in
H
 P with ends at points of E: Note that, in general, little is known about the
properties of such zeta functions. For instance, whether they still have a
meromorphic continuation or if there is a trace formula relating (9.2) to the
spectrum of the Laplacian on some suitable space of functions.

Regarding the relation of (9.2) to the Gauss–Kuzmin operator, the following
result is a simple generalization of the results of [17,18]. It applies, for instance, to
Hensley’s Cantor sets of continued fractions EN 
 P:

Proposition 9.1. Let E be a T-invariant subset of ½0; 1	 
 P with GST, which is of the

form E ¼ B 
 P; with

B ¼ fbA½0; 1	 : aiANg ð9:3Þ

for some NCN: We have a trace formula

detðI �L2s;EÞ ¼ ZG;EðsÞ; ð9:4Þ

where L2s;E ¼ Rh is the Ruelle transfer operator, with s ¼ 2sAC; RðsÞ41
2
; h ¼

�s log jT 0j; and the right-hand side is defined as in (9.2).

Proof. We denote by ps;k the operator

ðps;kf Þðb; tÞ ¼ 1

ðbþ kÞs f
1

bþ k
;

0 1

1 k

 !
 t

 !
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for sAC; RðsÞ41: We can write (3.4) as the operator

Ls;Ef ¼
X
kAN

ps;kf : ð9:5Þ

The same argument of [18] shows that this is a nuclear operator of order zero in
the sense of [7] on a complex Banach space of holomorphic functions defined on a
domain D
 P containing E; for RðsÞ41: Thus, we have

�log detðI �Ls;EÞ ¼
XN
c¼1

TrLc
s;E

c
¼ Tr

XN
c¼1

1

c

X
kAN

ps;k

 !c
0
@

1
A

¼Tr
X

gARedE

1

cðgÞ psðgÞ
 !

¼
X

gAHypE

1

kðgÞ wsðgÞtg;

where psðgÞ ¼
QcðgÞ

j¼1 ps;aj
; and

RedE :¼ gARed g ¼
YcðgÞ
j¼1

0 1

1 aj

 !����� aiAN

( )
:

Here we denote by HypE a set or representatives of the conjugacy classes
of hyperbolic matrices in GLð2;ZÞ which contain reduced representatives in RedE ;
and

w2sðgÞ ¼
NðgÞ�s

1 � detðgÞNðgÞ�1

for

NðgÞ ¼ TrðgÞ þ DðgÞ1=2

2

 !2

and DðgÞ ¼ TrðgÞ2 � 4 detðgÞ; and tg is defined as tg :¼ #ftAP : g  t ¼ tg:
The argument now follows the lines of [13]. Under the hypotheses on E; (9.2) is of

the form

ZG;EðsÞ :¼
Y

gAPrimE

YN
m¼0

detð1 � detðgÞm
NðgÞ�ðsþmÞrPðgÞÞ; ð9:6Þ
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where rPðgÞ is the action of g on P; and PrimE is the set of primitive hyperbolic

elements, g ¼ hkðgÞ; gAHypE : We write (9.6) as

X
gAPrimE

XN
m¼0

Tr
XN
k¼1

1

k
detðgÞmk

NðgÞ�ðsþmÞkrPðgkÞ

¼
X

gAPrimE

XN
k¼1

1

k

NðgÞ�kstgk

1 � detðgkÞNðgÞ�k
¼

X
gAHypE

1

kðgÞ wsðgÞtg;

where TrðrPðgÞÞ ¼ tg: The argument underlying the passage from summing over

PrimE to the summing over HypE is exactly as in [13], by observing that if a
conjugacy class in Hyp contains a representative in RedE ; then all the cðgÞ=kðgÞ
representatives in Red are also in RedE : Thus, we obtain

�log detðI �Ls;EÞ ¼ �log ZG;E : &

It is easy to see where this argument breaks down when less strong assumptions
are made on the invariant set E: For instance, for a T-invariant subset E ¼ B 
 P;
we can consider the sets RedE;c ¼ fgARedc : ½a1;y; ac	ABg: Even assuming that all

the corresponding operators psðgÞ are of trace class, we no longer have the

identification of the term
P

gARedE;c
psðgÞ with ð

P
n ps;nÞc; hence we can no longer

identify Trð
P

N

c¼1
1
c

P
gARedE;c

psðgÞÞ with the Fredholm determinant of a Gauss–

Kuzmin operator. Many interesting examples of invariant subsets, such as level sets
of the Lyapunov exponent, do not satisfy the assumptions of Proposition 9.1.
However, in certain cases, it is still possible to identify (9.2) with a Fredholm
determinant, albeit for a different Gauss–Kuzmin operator.

9.1. Example: minimal Lyapunov exponent

The minimal value attained by the Lyapunov exponent at periodic points of the
shift T on ½0; 1	 is given by

c0 ¼ 2 log
1 þ

ffiffiffi
5

p

2

� �
:

Let Lc0
be the level set of the Lyapunov exponent Lc0

¼ fbA½0; 1	 : lðbÞ ¼ c0g:

Proposition 9.2. Consider the dense T-invariant subset of Lc0

 PC½0; 1	 
 P: The

zeta function (9.2), with GeodE the set of primitive closed geodesics in XG which lift to

geodesics in H with end in Lc0
satisfies

detðI �L2s;E1
PÞ ¼ ZG;Lc0

PðsÞ;
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for sAC; RðsÞ41=2; where Ls;E1
P is the transfer operator associated to the Hensley

Cantor set EN 
 P for N ¼ 1:

Proof. The level set Lc0
of the Lyapunov exponent consists of all bA½0; 1	 whose

continued fraction expansion has a proportion of 1’s which tends asymptotically to
100%, cf. [21]. Thus, Lc0

is an uncountable dense subset of ½0; 1	: The only eventually

periodic points in Lc0
are numbers with partial quotients in the continued fraction

expansion eventually equal to 1: Thus, we have

�log ZG;Lc0

PðsÞ ¼ Tr

XN
c¼1

1

c

X
gARedLc0


P;c

psðgÞ

0
@

1
A ¼

XN
c¼1

1

c
TrLc

2s;E1

for

ðL2s;E1
f Þðb; tÞ ¼ 1

ðbþ 1Þ2s
f

1

bþ 1
;

0 1

1 1

 !
 t

 !
: &

A case which is especially of interest, in relation to Manin’s theory of real
multiplication [15], and which also does not fit into the assumptions of Proposition
9.1, is the case of geodesics in H with ends at quadratic irrationalities in a real

quadratic field Qð
ffiffiffi
d

p
Þ: One can separate out the Selberg zeta function into

contributions of different real quadratic fields and seek for corresponding Gauss–
Kuzmin operators. We shall return to this in future work.

10. Cn-Algebras

In [17] we proved that there is a canonical identification between Manin’s
presentation of the homology H1ðXG; cusps;ZÞ via the modular complex [14] and an
exact sequence extracted from the Pimsner–Voiculescu six term exact sequence for

the K-theory of the crossed product Cn-algebra CðP1ðRÞ 
 PÞsPSLð2;ZÞ: In
particular, there is an isomorphism

H1ðXG; cusps;ZÞDKerðaÞ;

where

a : K0ðCðP1ðRÞ 
 PÞÞ-K0ðCðP1ðRÞ 
 PÞsZ=2Þ

"K0ðCðP1ðRÞ 
 PÞsZ=3Þ

is the map in the Pimsner–Voiculescu six-term exact sequence. Under this
isomorphism, and via the six-term exact sequence, we recover modular symbols as
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elements of K0ðCðP1ðRÞ 
 PÞsPSLð2;ZÞÞ; by

fgð0Þ; gðiNÞgG2ds � dsðsÞ;

with gG ¼ sAP; s the generator of Z=2 in PSLð2;ZÞ ¼ Z=2*Z=3; and ds is the

projector in CðP1ðRÞ 
 PÞ given by the function equal to one on the sheet P1ðRÞ 

fsg and zero elsewhere.

We now show how, over a T-invariant subsets of ½0; 1	 
 P; it is also possible to
recover a relation between the classical modular symbols and non-commutative
geometry at the boundary of modular curves.

Consider a T-invariant set E ¼ B 
 P; where B is defined by a condition on the
digits (9.3), for NCN: Such sets are totally disconnected compact T-invariant
subsets of ½0; 1	 
 P: Let CðE;ZÞ be the space of continuous functions from E to the

integers. We denote by CðE;ZÞT the invariants CðE;ZÞT ¼ ffACðE;ZÞ j f � f 3T ¼
0g; and by CðE;ZÞT the co-invariants CðE;ZÞT ¼ CðE;ZÞ=BðE;ZÞ; with the set of

co-boundaries BðE;ZÞ :¼ ff � f 3T j fACðE;ZÞg: We again find the classical
modular symbols represented as a difference of projectors in CðEÞ; that is, as an
element of K0ðCðEÞÞ: for gG ¼ sAP we have

fgð0Þ; gðiNÞgG ¼ jðsÞ2ds � dss:

In this setting, we also have elements of K0ðCðEÞÞ

Pkðb; sÞ ¼ dg�1
k
ðbÞs � dg�1

k
ðbÞss2fg�1

k ðbÞ  gð0Þ; g�1
k ðbÞ  gðiNÞgG

¼jðTk  sÞ: ð10:1Þ

We recall the following result (see e.g. [2]), which gives a version of the Pimsner–
Voiculescu exact sequence in this setting.

Proposition 10.1. Let E be a totally disconnected compact Hausdorff space. There is

an identification K0ðCðEÞÞDCðE;ZÞ; while K1ðCðEÞÞ ¼ 0: Moreover, there is an

exact sequence

0-CðE;ZÞT-K0ðCðEÞÞ -
I�T

*
K0ðCðEÞÞ-CðE;ZÞT-0:

The set of coinvariants is a unital preordered group, ðCðE;ZÞT ;CðE;ZÞþT ; ½1	Þ:

The preorder structure is given by specifying the positive cone CðE;ZÞþT and an

order unit, namely an element uACðE;ZÞþT such that, for all ½f 	ACðE;ZÞT there

exists a nAZ; nX1; such that nu � ½f 	ACðE;ZÞþT : Here we set:

CðE;ZÞþT :¼ f½f 	ACðE;ZÞT j (f0ACðE;ZÞ; ½f0	 ¼ ½f 	; f0X0g;

with order unit u ¼ ½1	; the class of the constant function on E:
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Corollary 10.2. The classical modular symbols correspond to elements in CðE;ZÞT :
Moreover, for all kX0; the elements Pkðb; sÞ of K0ðCðEÞÞ defined in (10.1) represent

the same class in CðE;ZÞT of the modular symbol fgð0Þ; gðiNÞgG for gG ¼ sAP:

Proof. This is a direct consequence of Proposition 10.1. In fact, for P0 ¼ ds � dss; we

have P0 � Pn ¼ I � T
*
ð
Pn�1

k¼0 PkÞ: &

The preordered groups for T-invariant E defined by (9.3) give a collection of
invariants describing some features of the non-commutative geometry at the
boundary of the modular curve XG: The arithmetic relevance of these invariants
remains to be understood. The structure of these preordered groups can be studied
through traces.

10.1. Invariant measures and traces

Recall that a trace on a unital preordered group ðCðE;ZÞT ;CðE;ZÞþT ; ½u	Þ; where

E is a totally disconnected compact Hausdorff space invariant under T ; is a positive
homomorphism t : CðE;ZÞT-R; where positive means that it sends the cone

CðE;ZÞþT to RX0; which moreover satisfies tðuÞ ¼ 1: Normalized Borel T-invariant

measures on E define traces by integration,

tð½f 	Þ ¼
Z

E

f dm:

Thus, if the invariant set E has GST, so that we can prove the existence of an
invariant measure, we have an associated trace on CðE;ZÞT

f/

Z
E

fh2dE ;E dHdE :

10.2. Cuntz–Krieger algebras

Consider a T-invariant set E ¼ B 
 P; where B is defined by condition (9.3), with
NCN a finite subset. Then we can further enrich the picture of the non-
commutative geometry at the boundary of the modular curve XG; by considering a

Cn-algebra associated to the dynamics of the shift T on E; in the form of a Cuntz–
Krieger algebra OAE

for a matrix AE ; see [5,6].

Example 10.3. In the case of the Hensley Cantor sets, the shift T on EN is a full one-

sided shift on N symbols. For P ¼ f1g; the associated Cn-algebra is the classical
Cuntz algebra ON : In general, we consider the Markov partition given by

AN :¼ fðði; tÞ; ðj; sÞÞ j Ui;tCTðUj;sÞg;
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where i; jAf1;y;Ng; and s; tAP; with sets Ui;t ¼ Ui 
 ftg; where UiCEN are the

clopen subsets where the local inverses of T are defined,

Uj ¼
1

j þ 1
;
1

j

� �
-EN :

The condition Ui;tCTðUj;sÞ corresponds to

0 1

1 j

 !
 t ¼ s:

The Markov partition determines a corresponding Np 
 Np matrix AN ; for p ¼ jPj;
with entries ðANÞis;jt ¼ 1 if Ui;tCTðUj;sÞ and zero otherwise. We obtain a Cuntz–

Krieger algebra OAN
:

There are numerical invariants that can be extracted from the non-commutative
geometry of such Cuntz–Krieger algebras, and our hope is to show that some of
these recover part of the rich arithmetic structure of modular curves.

Acknowledgments

Conversations with Yuri Manin were a great source of inspiration. I thank Dieter
Mayer for useful comments.

References

[1] K.I. Babenko, On a problem of Gauss, Dokl. Akad. Nauk SSSR 238 (5) (1978) 1021–1024.

[2] M. Boyle, D. Handelman, Orbit equivalence, flow equivalence, and ordered cohomology, Israel J.

Math. 95 (1996) 169–210.

[3] C.H. Chang, D. Mayer, Thermodynamic formalism and Selberg’s zeta function for modular groups,

Regul. Chaotic Dyn. 5 (3) (2000) 281–312.

[4] M.G. Crandall, P.H. Rabinowitz, Bifurcation, perturbation of simple eigenvalues and linearized

stability, Arch. Rational Mech. Anal. 52 (1973) 161–180.

[5] J. Cuntz, A class of C�-algebras and topological Markov chains II: reducible chains and the Ext-

functor for C�-algebras, Invent. Math. 63 (1981) 25–40.

[6] J. Cuntz, W. Krieger, A class of C�-algebras and topological Markov chains, Invent. Math. 56 (1980)

251–268.

[7] A. Grothendieck, Produits tensoriels topologiques et espaces nucléaires, Mem. Amer. Math. Soc. 16
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