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Real even spectral triples
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All previously discussed NCG particle physics models based on
datum of a real even spectral triple

(A, M, D, J,7)

possibly with additional R-symmetry for SUSY case
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Order one condition

e In particular very strong constraints on possible Dirac operators
come from imposing the order one condition

[[D,a],b°] =0

with p0 = Jp*J1

e natural question: what kind of models arise without the order
one condition?

e NCG particle physics models without order one condition give
GUT models: Pati—-Salam

e there are other significant examples of noncommutative spaces
without order one condition: quantum groups like SU,4(2)
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Order one condition as a symmetry breaking mechanism

- A.H. Chamseddine, A. Connes, M. Marcolli, Gravity and the
Standard Model with Neutrino Mixing, Adv. Theor. Math. Phys.,
Vol.11 (2007) 991-1090

e shown that imposing [[D, a], b°] = 0 breaks down the L/R
symmetry of the algebra C @ H; @ Hg @ M3(C) to the SM algebra
CoH® M3(C)

- A.Chamseddine, A.Connes, Why the Standard Model,
J.Geom.Phys. 58 (2008) 38-47

e shown that same argument applies with initial choice of algebra
H; & Hg & Mas(C)

order one condition breaks it down to C ® H & M3(C)
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Inner fluctuations without order one condition

e usual argument for conjugation of fluctuated Dirac operator Dy
by unitary U = hJuJ~! as gauge transformation

A AY = u[D, u*] + uAu*

only works if [JuJ™1, A] =0 for A = >_; 3[D, bj] which requires
order one condition

e without order one condition: general form of inner fluctuations

D'=D+An)+An + Ay

Awy = 3D, bj]

J
AN(l) = Z §j[D7 Bj]v éj = JajJ_l, Bj = ijJ_l
J
Ay =D 4lAw bl =D 4adlD, bil, b
J Jk
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Semigroup of inner perturbations

Pert(A) = {Z aj®bf” € ARA® : Z ajbj =1, Z aj®b}’p = Z bf@ajc-’p}
J Jj J J

e acting on Dirac operator D by

> a3 ®@b¥: DY aiDb;
j j

e semigroup structure implies that inner fluctuations of inner
fluctuations are still inner fluctuations, even without order one
condition
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Finite spectral triple without order one
e still assume order zero condition [a, b°] = 0 (bimodule)
o still assume KO-dimension = 6 (as for SM)

e these two requirements imply that center of the complexified

algebra
Z(Ac)=CaC

e dimension of the Hilbert space square of an integer =
Ac = M (C) @& M, (C)

e imposing a symplectic symmetry on first algebra gives k = 2a
and algebra M,(H)

e chirality operator on M,(H) requires a even

e realistic physical assumption k = 4

A=Hr®H; & M4((C)
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Gauge group

e inner automorphisms of algebra A: Pati—Salam type left-right
model

SU(2)R X SU(2)L X SU(4)

e SU(4) color group has lepton number as 4-th color
Fermions

e dimension of finite Hilbert space
384 =27 x 3

3 for generations, 2; and 2 for SU(2), and SU(2)g and
16 = 1+ 15 for SU(4), with further doubling for matter/antimatter
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SU(N) representations

e SU(N): Lie algebra N> — 1 dimensional, basis t,; there are N — 1
Casimir operators (center of the universal enveloping algebra) that
label irreducible representations

e SU(2): three dim Lie, o, (Pauli matrices), one Casimir operator
J? = 0,0,, eigenvalues j(j + 1) with j € 37, irreducible
representations labelled by p = 2j € Z,, dimension DP = p +1
(angular momentum)
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e SU(3): eight dim Lie, \; (Gell-Mann matrices), two Casimir
operators A\;\; and fopcAaApAc: irreducible representations labelled
by these with two quantum numbers p, g € Z., dimensions

D = (p+ 1)(q+1)(p+4+2)

D
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e SU(4): three Casimir operators and irreducible representations
parameterized by three quantum numbers p, g, r € Z,, dimensions

1
DPF = Sp+ (g +1)(p+a+2)(g+r+2)(p+g+r+3)

D000 — 1, p100 — p001 _ 4 pH010 — 8, D200 — po02 _ 1
DIt = 15
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Higgs fields

e assume that the unperturbed Dirac operator D satisfies order
one condition when restricted to the SM subalgebra
C & H & M3(C) (consistency with SM)

e then inner fluctuations in the vertical (NC) direction coming
from terms A(,) are composite, quadratic in those arising in the
terms A(l)

e then (with order one on SM algebra) Higgs in representations:
(2R, 2L7 1), (2R7 1L, 4) and (1R7 1L, 1+ 15)
(Marshak—Mohapatra model)

e otherwise would have additional fundamental Higgs fields
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Spectral action computation

e Dirac operator D of the finite spectral triple is a 384 x 384
matrix (written in an explicit tensor notation)

e Inner fluctuations computed (with order one on SM subalgebra)
e product geometry M x F of 4-dim spacetime and finite geometry
e Spectral action Tr(f(Da/N))

Tr(f(Da/N)) ZF4 A3

- ap Seeley deWitt coefficients of heat kernel
- Fi(u) = f(v) with u = v?: momenta Fy = 2f;, F, = 2h

(o) o0 o (o)
Fa :/ F(u)udu = 2/ f(v)vidv, F :/ F(u)du = 2/ f(v)vdv
0 0 0 0
and Fy = F(0) = fy with remaining terms

Fron = (=1)"F(0) = (-1)" (21 :) Moo
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Seeley-deWitt coefficients
e aj coefficient (volume, cosmological term)

L [ty
1 1,
= 1672 {4) (32) (3 fci .C.\/_
_% a_rlﬂ\/—

e ap coefficient: Einstein—Hilbert and Higgs terms
1 1
02 = 1o z/rfz\/—Tr E+6R

1 k cKa ek ya
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e a, coefficient: modified gravity terms, Yang—Mills terms, and
Higgs terms

e 1 4, - 1 =2 2 2 1 2 1 1 2
iy = 16”2]&.‘ £,/gTr (360 (5R*-2R., +2R:, )1+ 5 E* + 3RE+ Bﬂ’“’
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Higgs potential
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e also mass terms
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FIG. 1: The scalar potential in some of the Asj-directions, with all other fields at their SM-vevs
as in Equation (23). We have put &” = k® = 1 and k"% = k* = k? = 2. With these choices, the
Standard Model vacuum corresponds to Ay, = 913’2% =26} = 4 and all other fields are zero. At

this point the Hessian in the A-directions is nonnegative.
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FIG. 2: The scalar potential in the g-directions, after the ¥ and A-fields have acquired their

SM-vevs as in Equation (25). Again, we have put k* = k* = 1 and k"% = k* = k% =2,
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