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Volume 2, No. 2 (2008) 423-479

Background:
e Hilbert modular surfaces

X = (H x H)/T
[ = SLy(Ok), real quadratic field K = Q(v/d)

X has isolated singularities: link 3-dim solvmanifolds
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e 1970s: Hirzebruch conjecture: signature defects
o) = [ L =n(0)
X

n(0) = L(N, V,0)
Shimizu L-function (for a lattice A with action of units V' of K)
LN V,s)= > sign(N(w) N(u)|~®
pe(A{0})/v
norm N(u) = p /' product with Galois conjugate

e 1983: proved Atiyah—Donnelly-Singer using
Atiyah—Patodi—Singer index theorem for Dirac-type operator

Z&gn AT

A£0

(also higher rank totally real fields)
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Atiyah's question: (2007)

e Eta function 7(s) splits as L(A, V/,s) plus “stuff’ that does not
matter in the 1(0) calculation

e Does the arithmetic part of the eta function come from an
underlying noncommutative geometry?

e Is the 3-dimensional solvmanifold a “model up to homotopy" of
this noncommutative geometry?

Answer: Yes!
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Notation:

e K = Q(V/d) real quadratic field

aj K= R, i=1,2 real embeddings
o L C K lattice = lattice A C R?

L3 0 (ar(f),az(0)) C R

A = (a1, a2)(L)
o V = ¢ totally positive units preserving L

V={uveOgluLCL, aj(u) e RL}

(L = Ok = € = fundamental unit)
e Action of V on A (tot. pos. units N(e) = 1)

A = (aa(6), 02(0)) = (ear(0), € az(€)) = (eas(€), e az(0))
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The 3-dimensional solvmanifold

S\, V)=Ax .V
action of V on A by

6/

A = (8 0) € SLy(R)

S(R?,R) =R? xR
action of R on R? by

et(Xay) = (etxv eity)a et € SL2(R)

X. = S(A, V)\S(R?,R)
m(X) = S(A, V)
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Topology
Hi(Xe,Z) =N(1—A)NDZ

abelianization of 71(X¢) = S(A, V)

Surjective homomorphism (A, n) = (A mod (1 — A.)A, n), Kernel:
commutators

Poincaré duality

HY(X.,7Z) =7 HYX.,Z)="17
H3(X.,Z) =7 H?*(X.,Z) =7 @ Coker(1 — A,)

Ker(1 — Ac) = 0 and Coker(1 — A.) torsion
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Action: (equivalent formulation)

Basis {1,60} of ay(L) C R

O = (i Z) € SLy(2)

with e = a+ b, e = c + db
Fixed points 1/6 and 1/6’

Identifications
SN V) =172 x,. 7

(A, €)= (A1 = n+ méb, k)
(N, €)= (Mo = n+ mb', —k)
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Solvmanifold and universal family
H = hyperbolic plane, U = universal family

USH, 7 (r)=E;
elliptic curves, up to equivalence descends to
U/SLp(Z) — H/SLa(Z)
Galois conjugate 6, ¢’ for lattice A
Geodesic £y g = closed geodesic in H/SL(Z)
length(Zg.0') = loge

unit generating V acting on A

X = restriction of U /SLy(Z) to geodesic 17979/
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Noncommutative tori with real multiplication
VU = > yv
C*-algebra Ay
Morita equivalences (Connes, Rieffel)
Ag, > Ay, & g € SLQ(Z)

01 = gbh
Quadratic irrationalities: Q(#) real quadratic

dg € S1x(Z), gb =146

Self Morita equivalences

Manin: (2005) parallel to theory of elliptic curves with complex
multiplication
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Twisted group algebras
o [ finitely generated discrete group

o T xT — U1)
multiplier, 2-cocycle: o(v,1) = o(1,7) =1 and

(71, 72)o (1172, 73) = 0(71,7273) (72, 73)

e Hilbert space £2(I") left/right o-regular representations
LIF(Y) = f(y 1y )o(rr 1)
RIF(Y) = f(¥ e (v, 7)
(515, = 0(v. 7). RIRG = 0(r.7)RS,
left o-regular commutes with right -regular

e C(I', o) = twisted group ring, gen by RJ
C}(T',0) = norm closure, (reduced) twisted group C*-algebra
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NC tori as twisted group algebras
Ag = G (2,0)
a((n,m),(n',m")) = exp(=27i(£&xnm’ + &mn’))
with 0 =& — &
generators U = R(Uo,l) and V = R(Ul,o)
Uf(n,m) = e ™" f(n, m 4 1)
VF(n,m) = e 2™1m f(n 1, m)
uv =™ vu

Some freedom to choose &1, &
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Invariance under SLy(Z): cocycle o((n, m), (n’, m')) satisfies
a((n,m), (n',m')) = a((n, m)e, (n', m')p)

for all p € SLy(Z) iff
L=-&

= Set & = 0/2 =-&
og((n,m), (k,r)) = exp(mif(nr — mk))
= exp(mif(n,m) A (k,r))

for

(a,b) A (¢, d) = det <f_ Z)
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NC tori
Tai= C*(Z%00) = C* (A age—o)1)

)

Tr2 = CH(Z2 09) = C*(N op(g—p-1)

For elliptic curves: natural object E/Ok

For NC tori: V acts on Tp ; (automorphisms)

k( po o
Ve (R(n,m)) = R(n,m)go’g

U?(Rf) = Zé(x)
Crossed product Tp; x; V
Note: in NCG crossed product replaces quotient Ty/Aut(Ty)
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Twisted group algebra of S(A, V)
Given o((n, m), (k,r)) = exp(mif(nr — mk))

5‘(([1, m, k)7 (n,’ m,a k,)) = U((nv m)v (n/> m,)‘pé)

is a multiplier for S(A, V)

C*(A, o) x V = C*(S(A, V), 5)

R(&n,m,k) > R",77m)vf
Tav,i=Tp;i %V
Tavi = C*(72,00) o, & = C*(Z2 %, Z,5p) =
C*(N ogr—g)-1) ¥u, V. = C*(S(A, V), Gogor—0)-1)
Tava = (Z2 09/) Moy T = CH(Z2 %y, L, G)) =
C*(Nogror—0)-1) X, V' = C*(S(A, V), 59/ —0)-1)

Note: S(A, V) amenable: C}(S(A, V),5) = C

max

(5(A, V), 5)
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Homotopy quotient (Baum—Connes)
e A noncommutative C*-algebra (NC space)

e X topological space: is a homotopy quotient model of A if
(analytic) K-theory of A computed in terms of topological
K-theory of X, through a natural map (Kasparov assembly map)

Claim: X. = homotopy quotient model for C*(S(A, V), &)
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To check: K-theory computation for A = C*(A, o)
Ki(C*(S(A, V),5)) ZABN/(1— A)A
(Pimsner—Voiculescu six terms exact sequence)

1—ox

Ko(A)

lo

Ki(A x Z) <— Ki(A)

Ko(.A) — Ko(.A X Z)

Jo

1By Ki(A)

Twist: no effect on K-theory
Ki(C*(5(A, V), 6)) = Ki(C*(5(A, V)

use homotopy exp(—tmif(mn' — nm’)), t € [0,1]
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Kasparov assembly map isomorphism

LR

e KHX) = Ko(C*(S(A, V)

Ki(C*(S(A, V)

e

e KO(Xe)
(mapping torus, Thom isomorphism)
Kis1(C(Xo)) = Ki(C(T?) x4, Z)

7? x,_ 7 satisfies BC (Chabert-Echteroff)

Conclusion: Solvmanifold X is a model up to homotopy of NC
space Typ/Aut(Ty) (analog of E/Aut(E) for elliptic curves)
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So far topology: what about geometry?

An arithmetic quantum Hall effect ~

o discrete group [ acting on contractible space X w/ compact
quotient X = X/T

e base point xp € X, crystal charged ions ['xgp

= model electron-ion interactions

e Hamiltonian A 4V on [2(X) with T,A = AT, and V invariant
e Magnetic field: closed 2-form w w/ Y*w = w

e global magnetic potential w = dyx, hermitian connection
V =d — iy with V2 = jw

X—7'x =do,, ¢7(X)=/ X=X

X0

Dy (x) = oy (7X) — Dy ()
independent of x € X and (%) =0
o(7,7') = exp(—id,(7'x0))
multiplier o : T x ' — U(1)
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After turning on magnetic field, ordinary Laplacian not invariant
under magnetic translactions: magnetic potential modifies
connection V =d — iy

Magnetic Laplacian:
AX =V*V = (d —ix)"(d —ix)
now invariant under magnetic translations
TINAX = AXTY

T2F(x) = exp(id(x))F (7 1x)

Independent electron approximation: V effective potential invariant
under T$
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Discrete model: Hilbert space ¢2(T")
R= Z R, with Ry f(v)=f(yvi)
i=1

Laplacian = Agiser = r — R random walk operator
(r = # symm set if generators)

Harper operator
r
Mo =Y RS, RS eC(lo0)
i=1

AX

discr

:r_Hg'

magnetic Laplacian; potential V € C(I', o)
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Harper operators and noncommutative tori
He=U+U"+V+V*

(spectral theory: Hofstadter butterfly, rational/irrational )

For X. Harper operator: Hz = U+ U*+ V + V* + W 4+ W* with
U= R&),LO)' V= R("17070) and W = R(%,o,l)
Problem: band structure, gaps in the spectrum (detected by range
of the trace on K-theory)

U(T,0) = von Neumann alg: weak closure C(I', o)
Pe = 1(_00751(7'[0—7\/) S Z/f(r,O')

spectral projections of H, \ satisfy Pe € C}(I',0) when E in a
gap in the spectrum

= Counting of projections in C}(I', o)
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& count proj's mod equiv
[tr] : Ko(CF (T, 0))) = R
where 7(a) = (ad1, 61)¢2(ry on C7(I',0) and
tr=7@Tr:{PeC(Fo)®K)|P"=P, PP=P} >R
Estimate by: [tr](Ko(C}(T,0))) N[0, 1]
Compute via a (twisted) index theorem:

[tr](Ko(C*(S(A, V), 5))) = Z + 26(8' — 6) !
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Spectral flow: Ki(C(X.)) > [g]. g : Xc = GLn(C)

Blg) = g 'dg € Q*(X., gIn(C))

connections V,, = d + uB(g) on X, x CN = Chern-Simons form
(odd Chern character)

1
Ch(g) :==cs(d,d + p(g)) = /0 Tr(%(vu)evﬁ)du

> k!
_ 1)k 2k+1
Chle) = 31 gy )
Odd Fredholm module pairing w/ [g] € K3

(D, [g]) = SF(D,g " Dg)

Dirac operator = APS (mapping torus)

SF(9.g 'Pg) = —(2;,)2 / A(X.)Ch(g)

€
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Twisted index theorem:
range of trace on Ko(C*(S(A, V), d))

[tx] (s ]) = (%1)2 / Ae Ch(g)

€

He - Kl(XE) - KO(C*(S(A7 V),&))

twisted Kasparov isomorphism [g] € K1(X,)

we closed 2-form on X, of cocycle &:
2 cocycle: & = exp(27i()

K, (1) = = /R w

T 4w

w closed 2-form on T2 = R?/A flux
/ w=2mif(0 —6)7!
T2

parallelogram R = {0, A¥(n), \, A + Ak(n)}
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Sketch of proof:
P~ = projs on L-kernel of DD} and D;D,

DgPT =0 DzP” =0
0
Dy = — + D,
€ Ou *
on X. x [0,1] with D, = J, ® V
Ju=(1-u)d+ue'Pe. lg] € K(X)
P* have smooth kernels P*(x, y)
e 1P PE(yx, 7y) e ) = PE(x, )

= P*(x,x) is [ = S(A, V)-invariant
fr(PE) = / tPE((x, 1), (x, £)) dx dt,
X xSt

von Neumann trace, tr P%(x, x) ptwise trace

Ind;2(Dg) = tr(PT) — tr(P7)
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Set PE(x,y) = [ trPE((x, ), (v, 1)) dt

/ trP=((x, t), (x, t)) dx dt = / trPE(x, x)dx
Xex S?

€

projections P* in von Neumann algebra U(I", &)
(after compact perturbation)

Ind(r 3)(Dg) = [P*] = [P7] € Ko(C/(T, 7))
Twisted Kasparov map
pslg] = Ind(r 5)(Dg)
[2-index:

Ind;2(Dg) = tr(PT) —tr(P7) = tr(Indr 5)(Dg))
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2
Heat kernel e~ tP

0 7D D*D 0
= g i 2 _ g8
D <Dg 0 > with D < 0 DgDZ>

lim trs(e™ %) = tr(P) — tr(P™)
Ztry(e DY) = —trg(D%e ) = try([De ", D]) = 0

tr(P*) — tx(P7) = lim trg(e™ ") = lim tr,(e~*")

-1 ~ -1 A AWe
- o7 /X AT = /X A Cie),
Ch(V,) = tr(Beldtu8)) B = g~1dg,
Js: Ch(V) = Ch(g)
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Range computation:
3-manifold X

" 1 1
AX) = 1—ﬂP1(X)+" 1+we+2wé+~~

Ch(g) = ~ 5 TH(5(6)) + %ﬁ(mg» -

terms up to dim=3

(2717)2 /E <_61T1“(5(g)) Aw+ ;,Tf(ﬁ( )3)>

(untwisted odd Chern character

/ﬂ g)) Aw, € ZR(w)

R(w) = range of linear form

T, [g]— (271r)2—61/x Tr(B8(g)) Awe € R
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/ Chi(g) = 2mideg(g|c) € 2niZ
C
with Chy(g) = 2 Tr(8(g)) and C € Hy(X..Z)

1

27”/ Chi(g) A PD(C) € Z

PD(C) € H*(X.,Z) — H*(X.,R)
we = 2mi0(0 — 0) G, @ € H*(X.,7Z)
Be(v,w) = Al(n) A A,
for v = ((0,0), (A, k)) and w = ((0,0), (1, r))

2717)2/ Chi(g) N we

_ - -1
= 27”9(9 0) /PD(@() Chi(g)

= 0(0' — 0) " deg(glpp(z.)) € 0(¢' — 0)7'Z
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Dirac operator on X,
{dt, e*dx, e tdy} basis of cotangent bundle
of S(R?,R,¢) =R? xR

—o(dn 2 4 cletd) 2 4 c(etay) 2
Ix. = C(dt)at + c(e dx)(?x + c(e " "dy)

dy
¢ 0 ¢
Ix. = 8t00 + 8x01 + 8y02
9 —td 9
Ix. = ot € t@y ie 55
€ —t 8 + Ie _%

oj, for i =0, 1,2 Pauli matrices

Commutative spectral triple

(COO(XE)v LQ(Xev S)a @X&)
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Isospectral deformations (Connes—Landi)
Given (C>=(X), L%(X,S), @x) with T2 C Isom(X)

()= > w(fom)

n,mez
ar((fam)) = E7MEM) (£, ), V1 = (11,72) € T?
a(T) = U(T)TU(T)*, for T € B(H), T € T?,
U(r)i(x) = ¥(r71(x)) on H = L*(X, S)
U(7) = exp(2miTL) = exp(2mi(Ti L1 + m2L2))
w/ Ly and L; the infinitesimal generators
Algebra in B(H) gen by
e, (F) = Z T m)e 2 i(EnLat EomL)
e 6 (Fom)Ter & (i) = € 27O 0n(f, 1 ym(h,r)

= cocycle a((n, m), (k, r)) = exp(—27i(& nr + & mk))
NC Spectral triple (C®(X)g, &, L2(X, S), @x)
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Deforming X isospectrally
Fibration T2 — X. — S! torus action

U(T)d((x, ) t) = ¥((x + e'ri,y + e7'm2), 1)

preserves the metric dt? + efdx? + e~ tdy? = U(7)0x U(7)* = Ox.
Infinitesimal generators

2wl = eti, 2wl = eit2

Ox dy

U(T) = exp(27ri(7'1L1 + T2L2))

Ex((x,y), t) := e®™(®=(xy). )
eft(x,)/) = (G*tx, ety) and <(a, b),)\> = a)\; + b\,

u

M)\ A (Ly, L2)>

=u(\ L1, L) :=exp (iw
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Connes-Landi deformation C*°(X,),
subalg of B(L%(X,, S) gen by

mu(f) = ExZu(A, L1, L2)
& = u/2 = —£; twisted translations
m(RY) = ExZu(A, L1, L2)

m(R)m(RY) = oA m)m(RY4)
(A, n) = exp(2miug A A1)
for u=0and u=0"get Ty ;

= (C*(A,0), L3(X,,S), dx.)

Conclusion: metric (Dirac) on solvmanifold induces metric
(spectral triple) on NC space C*(A, o)
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Modify Dirac by unitary equivalences (after ADS)
e Fourier modes on the fibers

0
Dx ) = (*Uo +2mid101 + 2miN) P

r(RY s = €T,
[@x., m(Ry)] = (mo1 + n2o2) Ry

el =0rY\: on=prodo;, i =1,2, \; <0

~ 0 . .
UIx U = sign(N(A))(aao + 27i|A1|o1 + 27i| Az|o2)

UT(RIU™ = oxthx = Oxintnsy
e For \=AK(u) #0, p e Fy

|M1’ )

Z/Nf(UM/J/\)(t) = oaA(t — log IN(u )’1/2
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a: é(O) n Z é(u)

He(A{0})/V
Dx = U(0202) = ONU| () 2 stan()ek sign(z)e )

Unitarily equivalent: #(RJ) s = thxiy,
(1) = . 1/2
P Dar(uy = sign(N(p))IN(p)|*=

0 . . =
<|N(u)_1/2atao + 2miekoy + 2mie k02> Var(n)

= (1)
@ = Du Bu
Dy sy = sign(N())IN() [V D

. 0 . . -
B ¥ar(uy = <|/V(u)1/2at00 + 2mickoy + 2mie kaz) Vak(p)
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Foliations, transverse measures, differential operators

et 0
@f:<o et>

Fixed point (0,0), stable manifold axis (0, y), unstable manifold axis
(x,0)
(x,y) = (1 + 20,51+ %0), (s1,5) € R*/7Z?

Kronecker foliations
Ly = {51 + 529}, Ly = {51 + 529/}

operators eta% and e*ta% leaf-wise derivations

factors e' and et scaling of transverse measure
dp : ¢n,m — (n + m0) @Zjn,m
59’ . ¢n,m = (n + me,) wn,m

Do — (O =iy
0.0" = b + i0p 0
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Dg.p' o0 on complement of zero modes

Dooo= Y, Dhy

ne(A{0})/V

Dp o Yar(uy = (M1 + A202) Yy

adiabatic limit of
N 0 . .
Dx. Yy — (aoo + 2miA101 + 2wiAp02) P

Unitary equivalence

mp . _
Dy 0 ey = sign(N(1)) [N(u)[*? (o1 + € 5 02) 1 ae

bg,el = DgB@
DY P ax(y = sign(N()) IN(1)[*> P aey

By Dax(uy = (€501 + € ¥02) Y ar
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Lorentzian geometry

N(A) = Ao = (n+ mb)(n+ m§') & O = p§ — p?

wave operator D3 = O,

+
o= (3 %)= %)
A 2

O, N(A) 0
AL 0 N
On H = (2(N) @ £?(A\) with C*(A, ) acting diagonally, operator

Dey+ =Dyey+

= 2)

Bounded commutators:
[D, Rylex+ = o(A,n) ne epias

Z./2Z-grading

ny =m and n_ =
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Problems with spectral triples in Lorentzian geometry
e D not self-adjoint
e D has infinite multiplicities in the spectrum: noncompact

symmetry group V = €

Two issues:
e work over K = Q(v/d) instead of C

e use indefinite inner product spaces (Krein)
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Arithmetic Krein spaces
c : K — K Galois involution ¢ : x — x’
V a K-vector space, T : V — Vis c-linear if

T(av+ bw) = c(a)T(v) + c(b) T(w)
e Lorentzian pairing:
(,):VxV-=K

non-degenerate, c-linear in first variable, linear in the second

e K-Krein space: (V, (+,-)) with c-linear involution x : V — V

— (1) = c(-, k")

— For all v # 0 in V, the elements (kv, v) € K are totally positive
e Krein adjoint TT of K-linear T

(v, Tw) = (Tva7 w)
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e Associated real Hilbert spaces
Vri:=V ®i(K) R
two embeddings ¢; : K — R

11 ((kv, w) + (v, kw))
12 ((kv,w) + (v, kw))

(v,w) =

Nl= NI

e For K-linear operator T on K-Krein space V

Mi(T) := (Vi‘r))f:1 ti(Tv, Tv), i=1,2

Krein-bounded: M;(T) > —o0

(Note: need not be bounded in associated Hilbert space)
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Lorentzian K-spectral triples: (A, V, D)
— A involutive K-algebra
— YV a K-Krein space with action

7 A— Endg(V)

by Krein-bounded
M;(m(a)) > —o0

m(a*) = m(a)’
— Densely defined K-linear D with Dt = D
— Krein-bounded commutators C, := [D, 7(a)]

M;(C,) > —co, Vae A
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— d densely def K-linear U : V — V
(Uv,Uv) = (v,v), v € Dom(U)

Ur=U"'and U'DU=D
— Commutators G, y := [D, my(a)] Krein-bounded

M,’(Cay) > —o00, Vae A

nu(a) = Uln(a)U
— U unbounded U = U* in assoc Hilbert space
— p-summability

> " [(Uen, |D?|Uen)

’_5/2 <oo, Vs>p

e, = o.n.basis of complement of zero modes of |D?| on Hilbert
space
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Lorentzian K-spectral triple for real multiplication NC tori
o [K-Krein space Vp spanned by ey, A € A

(v,w) = Z c(ax)by
A

vV = Z)\ a) ey and w = Z)\ b)\e,\
e Action of group ring K[A]

R)\G'77 = €\t with M,’(R,\) > —0

In this case: bounded in assoc Hilbert space
e Twisted group ring w € K* with N(w) =ww’ =1
@w(A, ) = wmmArk)

A=(n+mb,n+ mb) and n = (r + k6, r + k')
K*-valued 2-cocycle @w on A

R)?R’ri]v = w(>‘7 W)R)Z\UJrn
twisted K(A, @)
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e Action of K(A,w) on V
RY en = w(n, A)exty

Krein-bounded M;(RY’) > —oo not-bounded in assoc Hilbert
e Preserves Lorentzian pairing

(R en; RY ec) = c(w(n, A))w(C; A)oy,c =

N(w(n, A))dn,c = (e, &)

e Lorentzian Dirac operator Dk

+
Dg rex+ = 0_ Dy e+ = 0 ¢ e+
ANET D 0 ) c(t) o)

Krein self-adjoint Dl = Dk
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e On associated real Hilbert spaces
(0 N (0 X
Dy = <)\2 0) and ¢(D,) = <)\1 0)
e Commutators Krein-bounded

@ 0 A
[D]K7 R)\ ]eﬂd: = w(nv )\) ()\2 01) Ex+n,+

([DK7 Rj\ﬂ]vv [DK7 R)i\ﬂ]v) = N()‘)(V7 V)

e Fundamental domain Fy in A
p(A) € Z unique s.t. A = Af(/\)(u), with u € Fy

eP(N) 0
Teen+ = ( 0 6_p(,\)) e+

Jert = ey JAE(W) = A K (), Ue=TdJ

PN
Uee)\,:l: = ( 0 Ep()‘)> e_]()\);t
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o Ul = U-t and (U.v, U.v) = (v, v). Symmetry
UIDg U, = Dx
e Krein-bounded commutators

M ([Dk, UIRT U]) > —o0

(UJ[IDK’ R;\Z]UEW UeT[DKv R)?]USV) = N(/\)(V7 V)

e Hilbert space adjoint U’ = U,

U:e)\d[ = (HUETK)e)\’:t = C(U:)E')\i

P CY R
= ( 0 Ep(,\)> ejn),+ = Ueern+

unbounded
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e Finite summability:

|D]%<|e>\,:|: = <|Ng)\)‘ ’N?)\)|> )+

e On complement of zero modes

Z [(Ueen ‘DH2§|Uee)\,i>‘is/2 =

A#0
Z(e2p()\) + 672p(/\))fs/2|N()\)‘75/2 —
A£0
Z(€2k + 6—2k)—s/2 Z ]N(,u)|_s/2
keZ ue(AN{0})/ VvV
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Eta function

np(s) == Zsign((Uen,D2 Uen)) ‘(Ue,,, |D2]Uen>}_s/2

Shimizu L-function
S S
nDK(s) = L (Aa V7 E) Ze (E)
L(A, V,s) Shimizu L-function and
26(5/2) — Z(e2k + 6—2k)—5/2

k€eZ

3-dim geometry adiabatic 47)9,9/
G, (5)=22(5/2) > INGu)| 2
nE(NN{0})/V
Eta vanishes: symmetry
Restriction LDZ(,, to positive modes of By

Mt (8) = LA V. /2)Z(5/2) = 1, (5)
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Residue:
L(A, V,0)

Ress—o 77[228,(5) " loge

Z(s):=> (e +e ) with T(s)Z(s) = /Ooo g.(t) 57 dt

k€EZ

g(t) = (Z e(f”“_”)f)
kEZ
g.(t) = —e 2t + 2h(t —2z:e—6 f(1- kf)
=St and  h(t) — he(et) Z
k=0 r=0

>

(1) = Iog(l/t +C— Z . 62_ )tr

I(s)Z.(s) double pole s =0, simple poles s € Z<o
1

Ress—0Z(s) = og <
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Conclusions

e The Shimuzu L-function L(A, V,s) arises as the n-function of a
spectral triple on C*(A, V,5) = C*(A\,0) x V obtained by
deforming the commutative spectral triple of the solvmanifold X,
turning the fiber T2 into NC tori Ty with real multiplication

e The induced spectral triple on Ty is the Wick rotation of a
Lorentzian geometry, where the modes of the wave operator are
norms in the real quadratic field

e the 3-dimensional solvmanifold is the homotopy quotient (in the
sense of Baum—Connes) of the NC space
To/Aut(Ty) = C*(A, V. 5)
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