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Packed Swiss Cheese Cosmology

@ P Apollonian packing of 3-spheres radii
{apk :neNk=1,...,6-5"1}

e iterative construction of packing: at n-th step 6 - 5”1 spheres
S3  are added

an,k
@ spacetime that are isotropic but not homogeneous
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@ two possible choices of associated Robertson—-Walker metrics
@ round scaling (of full 4-dim spacetime)

dsp . = ay , (dt* + a(t)* do?), neNk=1,...,6-5"!
@ non-round scaling (of spatial sections only)
ds,z,,k:dt2+a(t)2af,,kd02, neNk=1,...,6-5"!
@ D, \ resulting Dirac operators on R x Sg’n’k

e entire (multifractal) spacetime R x P

@ spectral triple for R x P: A subalgebra of Co(R x P), Hilbert
space H = @p Hnk With Hp i = L2(53n,k,S) and Dirac

5n1

D = Dgryp —@@ Dk

neN k=1
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Mellin Transform and Zeta Functions

e meromorphic function ¢(z) with poles at S C C, Laurent
series expansion at a pole zy € S

$(2) = Y clz - 2)

—N<k

@ singular element at zp € S
S(¢,20) = Y. clz—2)

—N<k<0

@ singular expansion of ¢
Se(2) =>_S(¢,2)
zeS

@ Example: for the Gamma function

—1k 1
r(z)xz( k!) z+k

k>0
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@ Mellin transform
6(2) = M(F)(z) = /Ooo f(r)yr*tdr

@ relation between asymptotic expansion at u — 0 of a function
f(u) and singular expansion of its Mellin transform

¢(2) = M(f)(2)

@ small time asymptotic expansion
ka
f(u) ~uso+ Z Ca ko U™ log(u)
a€S ke

e coefficients ¢, x, determined by singular expansion of Mellin
transform

(—1)ke ko !
M(F)(2) = Smr)(2) = Caka To o oV katT
@)= 3 ot s

@ index k, ranges over terms in singular element of
¢(z) = M(f)(z) at z = «, up to order of pole at «

Matilde Marcolli



Example: Packing of 4-Spheres

e round S* is a Robertson—Walker metric dt? + a(t)>do? with
a(t) =sint (0 < t < 7) and do? round metric on S3

e spectrum of Dirac operator on SP~! radius r > 0

D-1
Spec(Dgp-1) = {)\gi =+rt (2 —|—€> | e Z+}

multiplicities

my4 = 2[D2_1]<€—;D>.

@ zeta function of Dirac operator
¢p(s) = Tr(|Dss| ) mem\ r* (¢(s—3)—=¢(s—1))

¢(s) Riemann zeta function
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o fractal string zeta function (z(s) = =, a5, of Apollonian
packing P of Sg’n’k with radii sequence £ = {ap «}

@ resulting Dirac operator Dp on associated packing of
4-spheres (each 3-sphere equator in a fixed hyperplane of a
corresponding 4-sphere)

@ zeta function of Dirac Dp factors as product of zetas

on(5) = TH(IDp| %) = 3 Sa8(C(s = 3) — (5 - 1)

n,k

= C(5)CDgs (5)
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@ Mellin transform relation between the zeta function of the
Dirac operator and the heat-kernel of the Dirac Laplacian

_ 1 > _ _
TI'(’D'P’ S) = |'(5/2)/0 Tr(e tD%)ts/2 ldt

@ use to compute spectral action leading terms from zeta
function: Tr(f(Dp/N)) ~

f(O)CDp(O)+f—2A2<£2( ) /\4C»C + Z CDS4 )RU
ceS(L)
@ S(L) set of poles of fractal string zeta (. (s) residues

Rs = Ress—(r(5)

@ (r(2) and (. (4) replace radii r> and r* for a single sphere S*:
zeta regularization of 3 a2, and 3, af
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Example: Lower Dimensional Apollonian Ford Circles

e Ford circles: tangent to the real line at points (k/n,0) with
centers at points (k/n,1/(2n?))
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@ number of circles of radius r, = (2n?)~! is number of integers
1 < k < n coprime to n: multiplicity m(r,) given by Euler
totient function

m(rn) = ‘10(”)7
1
p(n) = "H(l - ;)

product over the distinct prime numbers dividing n

@ Dirichlet series generating function of the Euler totient

function (n)
w(n
Dy(s) = Z s

n>1
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o fractal string zeta function
Ce(s) =Y ¢(n)(2n*) 5 =273 () n™%* = 27°D,(2s)
n>1 n>1

o using p(p¥) = p¥ — p*?

1-p
—k
1+Z<'0 ° ]__plfs

—S

@ using Euler product formula

((s=1)
¢(s)

@ so fractal string zeta function of Ford circles

s C(25 B 1)
2 )

Matilde Marcolli

Dy(s) =

Ce(s) =



@ build a packing of 4-spheres over the Ford circles: collection
of 2-spheres with Ford circles as equators in a given
hyperplane, then same as equators of a collection of 3-spheres
and then of 4-spheres

@ for the resulting packing of 4-spheres spectral action

11 f 3 2
Tr(f(Dp/N) ~ 135 f(0)+7:2/\+4547€(4 ) fz/\2+47127§8(7) fal*
KLy ((—k—3) = ((—k—1) 4
* 3 k-1 "
keN

277 cos(blog2) R
+ Z f%(zg) r(f)s cos(blog A)A
o=a+ib

o over nontrivial zeros of ((2s) with
r(f)o = Jo° f(u)u®"t cos(bu) du and
Zy = (C(0 =3) = ¢(0 —1))¢(20 - 1)
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General Case R x P with round scaling a?hk(dt2 + a(t)?do?)

® R = {ra} sequence of r, € R so that (r(z) =>_,r,~
converges for $(z) > C for some C >0
e function f(7) with small time asymptotics

f(r) ~ Z eyt
N

@ associated series

gr(r) = f(ra7)
n
@ then small time asymptotic expansion of gg(7)

8R(T) ~r—0+ ZCNCR(—N)7N+ Z RRro M(f)(0) 777
N o€S(CR)

with S((r) poles of (r(z)

RRo = Res;—;(r(2)
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Sketch of proof:
@ write associated series as

7~ D el = 3 ol
N,n N
@ Mellin transform M(g fo YrZ~tdT gives

) / S en a1y = Cr(z) M(F)(2)
n 0 N

@ asymptotic expansion of gg(7) from Mellin transform
M(gr)(z) singular expansion

i+ 3 BMO0

zZ—0
ceS(¢Rr) ceS(M(F))

e and from small time asymptotics of f(7) know
Sme)(z) = XN: TN
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Feynman—Kac formula on R x P

@ on each R x Sj’nk decompose Dirac D, , using operators

2
-2
Himnk = =2, 4 + Vinnk(t)

(m+3) 3 /
Vink = =) —ank- t

as in Chamseddine—Connes

@ Feynman—Kac formula

2 42 2
2 — = (g2 +anVimnk)
e T Hmnk(t t)y=e nk " (t,t)

1
ank
— 2\;;?T/exp(—7'2/o Vi (t + V2

T a(u))du)Dla]
k

an
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@ Poisson summation to replace sum
> u(m)e T Hnok (1)
m

with multiplicities p(m) with the integral

/ fr nk(x)dx

—0o0

1 I P . |

with U and V as in single sphere case

D ulm)e" e (1,1) =

V2
/ an,k (e:j (—a,,,kal/2 +2a3 kU73/2 +a; kV2U5/2)> Dla]
T ' 7
1 e% 2 1—1/2 4 —3/2 211—-5/2
= [ S s U 4 ViU | la)
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@ same Taylor expansion method

e4U ur Vf _ 7_2(r+€) Z M 2(r+0) C(r L) _M
M=0

with C,f/;’e) as in single sphere case dt? + a(t)?do?
@ resulting expansion

1

s
1
4

c\<

1/2+34 (2u—3/2+\/2U 5/2))) _

MW

<c<M5m> c&—mﬁ(-mzwz

<
Il

0

LIS G0 (Mt ay

M=0

N =
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@ Feynman—Kac formula for the whole R x P

DD u{m)e ek (1, 1) =

nk m

= _ 1 1, (- _1)2,
Z 7_2M 4C£(72M+4)/ <2C2(M3/2,0) + Z(C2(M5_/22,2) . CQ(M]-_/220))> D[a]
M=0

with only the term %Céf‘o’/z’o) when M =0

@ obtained as a series

ge(r) =Y f(a,;m)

_ 1 - 1, _
()~ 2t [ (G L2 - €2 ) Dl
M
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Result: Spectral Action on Multifractal Robertson—Walker R x P

Te(F(D/N)) ~

1 |
S Wt oo [ (GO AT - ) ) o
+3es, F(0) fy ~Res,—oCc - A
nw =4 —2M, set of poles Sy of (, Mellin transform (z) = M(f)(z) of
f(7) = Tr(exp(—72D?)) with Dirac on R x S* with dt? + a(t)2do?
Conclusion: presence of fractality detected by two types of effects

© zeta regularization of coefficients (. (4 — 2M) in terms A*—2M
(including effective gravitational and cosmological constant in
top terms)

@ additional terms from non-real poles of order A" (and log
periodic) with 3 < Ro = dimy P < 4 between cosmological
and Einstein—Hilbert term

Matilde Marcolli



Multifractal Robertson—-Walker with non-round scaling
dt?> + a2, a(t)?do?

e rescaling ds? = dt? + a° - a(t)? do? with a > 0 gives
U a?2Uand VisalV

@ this gives rescaling

> _ 1 & _
Z C( 5/2,2) le/’ 1/2,0))71\/172+§ Z 3 C,f/, 3/2,0) ~M—4
I\/I:

@ expect presence of zeta regularized coefficients (£(3), (z(1)

@ to see this use a Mellin transform with respect to the
“multiplicity variable” x in f5(x)
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Kummer confluent hypergeometric function
e notation: al” :=a(a+1)---(a+n—1)and a® =1
o Kummer confluent hypergeometric function defined by series

[e.9]

a(mgn
1F1 a b, t Z o
n=0 m

o

@ solution of the Kummer equation

d*f

df
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Mellin transform and hypergeometric function

@ Mellin transform in the x-variable of the function

() = () = (2 = 3)e U

given by
2 1 —x2U—xV 1 —(z+3)/2
M((X *Z)e )(Z):éU X
2 2
12 (% z 1V z+2 1 V
(U FQULAG 50 ) T 221A (5 5 )
z4+1 z74+1 3 V2 743 3 V2
+VIEURCES= 5 )21 A5 0)

@ similar expression for transform of
(2 _ 1y —xPU+xV
for(x) == (x"— 3)e
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multiplicity integral

/_C: fo(x) dx = /OOO f—(x) dx+/0Oo £ (x) dx

( ) (X ) —x2U+xV

multiplicity integral as special vaIue at z =1 of Mellin

/ T R0 dx = M(f_)(@) et + M(f1)(2)] e

—00

@ Mellin transform M(f; _)(z) + M(f;+)(2)

1 V2 z 1 V2
= =5 (2 ULF(E 22 F(1+ 2,2,
;U QUAG 5. 35) — 22RO+ 3.5 75))
@ value atzzl
1 z 1 V2 z 1 V?
_ = y—(1+3) - 2
( 4U ( )(U1F1(2 5 4U) 221F1(1+2’2’4U))) |2=

eyj \f( ~1/2 4 gy=3/2 4 V2U—5/2)
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Effect of scaling

@ notation:

V2
Hy(r,z) = U721 (z/2): Fl( A, 4u)

z 2
H(r,z) = Hip(r,2) = U 2T (2/2)1 Fl(2 ; XU)
He(r,z) = U2¢p(2)T(2/2) 1 Fu(, = L

o multiplicity integral with scaling dt? + a2, a(t)?do?
M(fsnk,-)(2) + M(fs k4 )(2) =
1
—g @k U” : r( 1F(5,

+aPUTET(1+ 2) 1F(1+
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e multiplicity integral over the full sphere packing R x P

fP,s(X) — (X - ) Z —x2a kU xa_1 %
@ as value of Mellin transform
| o) e = Mo ()t + M 2o

fpss = (2 —1/4)3, cexp(—x?a, 7 U+ xa,} V)
@ Mellin transforms

M(Fp )(2) + Mo 1)(2) = g el 2) + Helr, 2 +2)

e this shows one gets zeta regularized ((3) and (z(1)
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Sketch of how to see the log periodic terms for non-round scaling
dt® + aj ,a(t)*do?

@ T expansion

U:T2E — 7" V:T2E — 7"
n! n!
n=0 n=0
@ gives expansion of confluent hypergeometric function

2)n

H 2T 2 U—Z/2 Z/ 2n Uy-"
with (a), = a(a+1)---(a+ n— 1) the rising factorial

e the term U~%/2 contributes a term with 72 times a power

series in 7, while confluent hypergeometric function
contributes a power series in T
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@ to see why 77 gives rise to log periodic terms in the spectral
action consider simplified case

e product of the Mellin transforms M(f)(z) - M(£)(z) is
Mellin transform of convolution

M(R)(2)- M(B)E) = M(fi + 5)(2).
(s £)0) = [ e S
0

@ Mellin transform of a delta dlstrlbutlon
771 = M(5(x — 1))

@ Mellin transform of distribution
Ap ;= anrank O(x — T ank)

E Tank 0(x — 7 ank), E T ank O(T ank)

given by
7% (r(2) ZTa,,k5x—T ank))

n,k
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e given function g(x)
will want g, (x) := M~Y((z/2)1F1(2/2,1/2,7))

M(Ap)(2) - M(g)(2) = M(Ap - x g)(2)

=M rons |t a0 e 5 = S Mee(5)

T-a
nk n,k

e take h,(7) := M(g(%))

T

Ly(7):= Z ho (7 - ank)

n,k

@ asymptotic expansion for this function through singular
expansion of Mellin transform in 7

Mz (Lz(7))(B) = Cc(B) - M(hz(7))(5)

@ contributions from poles of (,(3) and of M(h,(7))(5):
log-periodic and zeta regularized terms as expected
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