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Spectral Action

S=TH) = Y A3

A€Spec(D)

D Dirac operator
N € R’ energy scale
f(x) test function (smooth approximation to cutoff function)

Euclidean signature gravity
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Asymptotic Expansion

o heat kernel expansion at 7 — 07 for D? (Dirac Laplacian)
N2
TD Z CaT

e test function f(x) = [;° e ™ du(r) some measure y
normalized by f(0) = [ dpu(7)
@ asymptotic expansion of the spectral action (large A)

Tr(F(D/N) ~ ) faca N+ 20f(0) + > facaA™®
a<0 a>0
o coefficients f, given by

£ f fvivzeldv a<0
« (- )f(a)(o) a>0acN

Main Point: computing the expansion of the spectral action is the
same problem as computing the coefficients of the heat kernel
expansion of D?
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Robertson—Walker spacetime
e Topologically S x R
e Metric (Euclidean)

ds? = dt? + a(t)?do?

scaling factor a(t), round metric do? on S3

e Hopf coordinates on S3
x = (t,m, ¢1,d2) — (t,sinncos ¢1,sinnsin ¢a, COs 1 COS P1, COS 7 Sin ¢7),

0<n<g, 0< 1 <2m,  0<dn<2m
e Robertson-Walker metric in Hopf coordinates

ds? = dt? + a(t)? (dn2 +sin?(n) d¢3 4 cos?(n) dqb%)
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Dirac operator

e orthonormal coframe {67}
D =Y 6"V

a

e spin connection V° with matrix of 1-forms w = (w) with
V=) wiw6”

b
e metric-compatibility and torsion-freeness (Levi—Civita
connection)

wi = —wb, do? = sz A 6P
b
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e Dirac operator

0 1
D= Z’}/adX‘u(ea)M + Z Z ’)/ngc’}/a’}/b
a,p a,b,c
with wb =>"_wb 6¢
e matrices @ Clifford action of 62 on spin bundle:

(772 =1
Yyb 4 Aby? =0 for a# b
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Dirac Laplacian on Robertson-Walker metrics

o 3d(t) 1 a'(t)
2_ (9 2 0M.2 _ 0
D™= =g T 20 T A P 2 P
with
0 1 1 0
_ 19 2 o2 3.+ 9
Ds =2 (ax Footx) + sinx(69 + 2C0t9) 7 sin x sin @ 0¢
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Pseudo-differential Calculus: (manifold case)
to obtain full asymptotic expansion of the Spectral Action

e Dirac operator D and pseudodifferential symbol of D?

J(D2)(Xa€) = p2(X7§) + pl(Xag) + PO(X,f)

each p, homogeneous of order k in &

e Cauchy integral formula

eftD2 _ % / e—t)\(D2 o )\)71 d\
s
v

e Seeley de-Witt coefficients (m = dim M)

oo
D2 _
Tr(e™™") ~esor ¢ m/zza2n(D2)tn
n=0
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Parametrix Method
e D? order 2 elliptic differential operator: exists a parametrix Ry

with
o0
D ILICAIRY
Jj=0
e rj(x,&, \) pseudodifferential symbol order —2 — j
ri(x, t6, 20) = 727 r(x, €, A)
e ~v contour in C clockwise around R_

1
P / e_T)‘(D2 —A)tda
v

27i

e Ry approximates (D2 — \)~! with o((D? — A\)R\) ~ 1
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e recursive equation:

a((D*=N)Ra) ~ ((P2(x,€) = A) + pa(x, ) + po(x; €))o (Z ri(x, &, A)) ~1

Jj=0

e recursively determine homog. pseudodifferential symbols r;

(X, &, 0) Z agrj(x £, )02 pi(x, E)ro(x, €, )
with ro(x, &, A) = (p2(x,€) — X))~ and summation over a € Z*4,

j€0,1,...,n—1, ke {0,1,2} with |a| +j+2— k= n, and px
homogeneous components of symbol of D?
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e solution for Ry constructed recursively:
rO(Xaév )‘) = (p2(Xa€) - )‘)_1

1
fn(X,S, A) = - Z Ja?rj()Qg? )‘) D)?pk(x7§) fo(X,f, >‘)7
summation over all a € Z%,,j € {0,1,...,n -1}, k € {0,1,2},
with || +j+2 -k =n
Heat kernel coefficients from parametrix

0 (n-4)/2

(e ™) g 3 T / tr(en(x)) dvoly

n=0

en(x) - \/det(g) = —% e Mra(x, &, dA d¢
il
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Seeley-deWitt coefficients and Parametrix Method

asn(x, D?) = 2” // (ran(x, €, 0)) dAd™¢

e odd j coefficients vanish: rj(x, &, \) odd function of £

coefficients prior to time-integration for Robertson—-Walker

1 27 27 pm/2
ap(t) = 1674 /0 /0 /0 tr(en)a®(t) sin(n) cos(n) dn dy des
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Pseudodifferential Symbol op(x, &) of Dirac operator D sum

ql(xﬂg) + qO(X7£) with § = (51752753754) S T;M = R4 cotangent
fiber at x = (t, 7, ¢1, P2)

isec(n)€ i€ ()€
0 0 seca rl 4 _ g th) + csca{t) 3
0 0 i€ cse(m)é3 & — isec(n)€s
a8 = et i e o o :
P
csc i i sec|
EG R FORa! 0 0
3ia’ -
0 0 S0 st )
0 0 cot(nQ)—(t)an(n) 35’((;)
_ a(t a(t
o) = 3ia’ (t) tan(n) —cot(n) 0 0
2a(t) 2a;t)
tan(n)—cot(n) 3ia’ (t) 0 0
2a(0) 2a(t)

®
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Pseudodifferential symbol of square D? of Dirac operator:
UD2(X7 5) = p2(X> g) + pl(X7 f) + pO(X7 g)a
(X 5) - ql(x §) ql X é‘ (Z gl“’é'ué“y) I4><4

_ 2 S csc?(n)é3 | sec*(m)&;
<§1+a(t)2+ 202 T a2 >I4><47

4
Pr(x,6) = 0l ) (. 1, ) o 14~ (x,6) SL(x.6),
j=1 y) J
L9 9
Po(x,€) = do(x,€) dolx,€) + 3~ (%) G2 (x,€).
j=1 J J
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Compute first terms for Robertson—Walker metric

() = 20

A ) @()P -1
2(t) = = ( A0 200 )
as(t) = % (332(t)a(4)(t) +9a(t)a’ (£)a®) (1) + 3a(t)(a” )2 (1) — 4(a" )2 (t)a" () — 55’(:)) ,

b a’(t)za”(t) a'(t)4a”(t) a//(t)z a'(t)za” t)z a"(t)3 a'(t)a(3)(t)
()= "2 s 120a(0) 20a(8) %0 240a(2)
(1)) (1) (1)a®(t)  a(r)a® ()2 () &/ (1)2aW(p)
s4a(t) 20 © 1680 240 120
L 202" 0@ a0 (020 | a(t)?a®)
840 140 560

after the first few terms difficult to control the recursion:
computationally hard
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Examples from cosmological models

e inflation dominated universe a(t) = e/
) = %ezm’
oH2e3Ht _ GHt
o) = T
a(t) = 11H*3HE _ 52t
(t) = 8L e aHe Lo he

+
2510 240

e radiation dominated universe a(t) = (2Ht)'/2

a(t) = V2H)Y?,
V2Ht
at) = - R
-~ V2Ht(—11H + 30t)
24(t) = *Ty

—919 - 21/0H2¢ 1 189 - 21/0 12 + 30 - 61/3 H(HE)?/®
20160 - 22/3t5+/Ht
21 - 61/3¢(Ht)5/® 4 126 - 32/3H(Ht)7/6
* 20160 - 22/3¢5+/Ht ’

a(t) =
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e matter-dominated universe a(t) = (3 Ht)?/3

9
ap(t) = §H2t2’
H?  1/3\2/3
a(t) = e Z(E) (Ht)2/37
1 H2 1 /2\1/3H2/3
) = ——+—(-
() 216 2 72(3) /3
5 H? 11 H2/3
a(t) =

2016 ¢ | 810.22/3 . 31/3 (1073

e empty universe a(t) = Ht
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Rationality

property conjectured by Chamseddine—Connes, proved by
Fathizadeh—Ghorbanpour—Khalkhali: coefficients are a rational
function of a(t) and derivatives with rational coefficients

Qom (a(t), d'(t), ..., 2™ (¢))

azm(t) = a(t)2m—3

where Qom € Q[x0, X1, - - -, X2m]
k2m

ko ki
Qam (X0, X1, - -+, Xom) = ZQm,kXoOXl T Xom

with ¢k € Q and for k = (ko, ki, . .., kom) in the summation

either Z ki = Z]kj =2m-2 or Z ki = Z]kj =2m

Jj=0 j=0
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Other computation method (Chamseddine—Connes)

e Dirac—Laplacian D? for Robertson—Walker metric

o 34(t) 1 a(t)
2_ (9 2 0M.\2 0
D =it o) T a0 P e P
0 0o 1 1 0
_ 10 Y 2 - - 3 e
Ds =2 (8X +cotx) + sinx(aﬁ + ZCOtH) 7 sinysin @ 0¢

e v°D3 = Dgs @ —Dgs, Dirac operator on S3
e Dirac spectrum on a round sphere S¢
Spec(Dga) = {£(k+d/2) : ke Z;}
multiplicities
k+d-1
(k02 =293 (KT
e case of S3

Spec(Dg3) = {k + g} multiplicities p(k + g) =(k+1)(k+2)
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e use basis of eigenfunctions of the Dirac operator on S3 to
decompose D? as direct sum of operators

d?  (n+3)? (n+3)d
n:_(j_( 22) +( 22) )
dt a a

multiplicity 4(n+ 1)(n+ 2)

e spectral action for test function f(u) = e™*

Te(f(D?)) ~ ) u(n) Te(f(Hy))

n>0

multiplicities p(n) = 4(n+ 1)(n + 2) and operator H,

d2
Hy = ——— + Vi(t),
dt2Jr (t)
(n+3), 3

V(1) = S (0 3) = (1)
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Result of this approach

e to compute the spectral action for the Robertson—Walker metric
need to evaluate the trace Tr(e~*"") which requires computing
e~sHn(t,t) (for coeffs prior to time integration)

Feynman—Kac formula

e=Hh(t, 1) 2\ﬁ/exp / Va(t + V2sa(u))du) Da]

D[«] Brownian bridge integrals

Brownian bridge: Gaussian stochastic process characterized by the
covariance

E(a(vi)a(v2)) =vi(l—w), 0<vy<wn<l1
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Brownian motion and Brownian bridge

Reference for this background material:

e Barry Simon, Functional Integration and Quantum Physics,
Academic Press, 1979

e Random walk: v prob measure on {£1} with

v(=1) =v(1) =1/2 and du = ®52,dv, on [[o{£1}; take

Xn = >_4h_1 Yk with y, the k-th coord; family of random variables
{Xn}52; random walk

e expectation E(y,ym) = dpm and E(X?) = n; rescaled
X, = n~1/2X, approach a Gaussian random variable X, (central
limit theorem); for any continuous bounded function

Bf(%)) — (20) V2 [ € 7 P21(y) oy
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e Brownian motion: b(t) = lim,_ s n_1/2X[,,t] integral part [nt];
Gaussian of variance t; since X, — X,;; and X,,, independent for
m < n get b(t) — b(s) and b(s) independent for s < t so

E(b(s)(b(t) — b(s))) = 0 hence E(b(s)b(t)) =s Vs <t

e Wiener Process (Brownian motion) family {b(t)}+>0 of random
variables with covariance E(b(s)b(t)) = min{s, t}

e characterization as unique invariant Gaussian Markov process up
the changes of scale
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Brownian motion and the Heat Kernel

. : 2 L
e semigroup e~ tHo with Hy = —%% with integral kernel

B 1
Pi(x,y) = (2m) /2 exp(—5 [x = y[?)

e joint probability distribution of b(s1), ..., b(s,) is
Ptl(oaxl)Ptg(Xlu)Q) te Pt,,(Xn—17Xn)

with t; = s1,to = —s1,...,tp = S, — Sp_1

e since b(s1), b(s2) — b(s1), ..., b(sp) — b(sp—1) independent
Gaussian random variables of variance ty, joint distribution

Pfl(oﬂyl)PQ(O?y?) T ’Dtn(07yn)

with y1 = X1, Y2 = X2 — X1, .., ¥n = Xp — Xn—1
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Brownian bridge

e Gaussian process {a(s)}o<s<1 with covariance

E(a(s)a(t)) =s(l1—t)for0<s<t<1

e relation to Brownian motion: a(s) = b(s) — sb(1)

e setting for Feynman-Kac formula: operator H = Hy 4+ V with
potential and heat kernel e~/

e Trotter product formula:

<f7 e—tHg> = lim <f7 (e—tHo/ne—iV/n)ng>

n—oo

e consequence of relation between Brownian motion and heat
kernel of Hp:

(e ¥ e t) = [ () oio(sn)) Dl

with D[w] Wiener measure; ty = s, — sx—1 and
0<sy<s; <---<sp, with L functions, and w(t) = x + b(t)
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e use previous two to write

n—1
(Fre g) = lim [ FLlOe(w(t)) e(— S V(w(ti/m)) Dl
=0
n—1 t
— 2 V(w(/m) = [ V(w(s))d
; J /O 5)) ds

e resulting Feynman-Kac formula:
(fe g) Z/f(W(O))g(w(t)) e><p(—/0 V(w(s)) ds) Dlw]

o this gives (e"tMf)(0) = [exp(— [; V(b(s)) ds) f(b(t)) D[b]
e Brownian bridge reformulation:

o tH _

1 1
2\/ﬁ/exp(—t/o Vit + V2ta(u))du) D[a]
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Problem: technique used on Chamseddine—Connes for computing
the Brownian bridge integrals becomes computationally intractable
after the 10th or 12th term

New Method for computing the Brownian bridge integrals more
efficiently and obtain the full expansion of the spectral action

notation A(t) = 1/a(t) and B(t) = A(t)? so potential V,
Vo(t) = x2A(t)2 + xA'(t) = x®B(t) + xA'(t),  with x = n+3/2
Integral in Feynman—Kac formula becomes
1
s/ Vo(t 4+ V2sa(v)) dv = —x2U — xV
0
where

U:s/olA2 <t—|—\/£oz(v)) dv:s/olB<t+\/2a(v)> dv

1
V:s/ A (t—i—\/goz(v)) dv
0



Poisson Summation for summation on n index

1
f0im (- D) e

| dx= 4U5/2

Generating function for the full expansion of the spectral action

/OO ﬁe% (—U?+2U + V?)

1 ﬁe%(—u2+2u+v2) 1 e%(—U2+2U+V2)

\/Ts 41)5/2 T /s 40)5/2

then consider Laurent series expansion in the variable s
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Laurent Series variable 7 = s1/2

o u o0 Vv
U=7>> 27" and V=72 27"
n! n!
n=0 n=0
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Series Expansion: preliminaries
v2 >
e1u [ V™M — F2r+m) Z Clg/;,m),,_l\/l
M=0

where C,(V;’m) is given by the sum

(7n+r) (2n+m)
§ : k P ufn+r7kv2n+m—p Upy =~ U Vg, " Vg,
4nnl

0 AT

0<k,p,N<M
0<n<M/2
N+2n=M
1<ty i, q1,e-,Gp <N
OF A lcbqrt =N
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Heat Kernel Expansion 7 = s1/2 — 0t

Tr(exp(—72D?)) ~ Z 7'2M_4/32M(t) dt,
M=0

azM(t):/< C( 3/20)Jr4 (Cz(l\—/ls_/g,z) C2(M1/220)>> Dla]

for M € Z>¢ (zero is neg index 2M — 2)

1 el (-U2+2U0+V?)
T 4U5/2 -

- (-5/2,2) ( 1/2,0) 1 ~3/2,0)
> (i )y 2o a

M=0

»l =
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Bell Polynomials

e Faa di Bruno formula for derivatives of composite functions

d" _
o Z 77 (&(2)) Bam(8(1),8"(1), ... 6" (1))
e multivariable Bell polynomials Bg x(x1, ..., Xg—k+1)

AL £ xp\ A2 XB—k41 AB—k+1
ZAll)\z )\6 1! (1!) (E) ”'((5—k+1)!>

summation over sequences A = (A1, A2, ... ) of non-negative
integers with

oo

A=Y ixn=8,  [A:= ix, = k.
i=1

i=1
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Spectral Action and Bell Polynmials

e coefficients in the spectral action expansion expressible in terms
of Bell polynomials

—n+r\ (2n+m\ (2M—2n | nl
C(r’m): E ( k )( p )< B )k'p'u—n-i—r—kv2n+m—P><
M 47 nl (2M — 2n)! 0 0
0<k,p<2M
0<n<M
0<p<2M—2n

Bg (U1, ..., ug—k+1) Bom—2n—-8,p (V1,- .-, VoM—2n—B—p+1) ) .
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Structure of Brownian Bridge Integrals

Step 1: integrals of monomials on the standard simplex

A"={(vi,va,...,vy) ER":0<y < <--- <y, <1}

; ki ko k
monomial vitvy? - - v"

/ v1k1v2k '--v,lf"dvldvz'--dvn:
n

1
(k1+1)(k1+k2+2)-~(k1+k2+"‘+kn+n)

Similarly for 1 < j; < jp <+ <jx <n

Al +1)(3+2)---(k+k-1)
(n+ k)!

/\/jlvj-z---\/jde1de~-~dvn=
AN
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Step 2: Brownian Bridge and integration on the simplex

e Using variance property of Brownian Bridge:
(vi,v2,...,v2n) € A%

/Oé(Vl)Oé(Vz) +-avan) Dla] = Y viy (1=vj Vi (1=v3) - - v, (1-v;,)

summation over indices with i1 < j1, io < j2, ..., in < jn, and
{i17j17 i2,j2, ey inv_jn} = {]_, 2, Ce ,2!7}

e equivalently for (vi,va,..., va,) € A?"
/a(vl)a(vz) - a(von) Da] =

Z Vo1)(1 = Vo2))Vo3) (1 = Vo(a)) - Vo(2n—1)(1 = Vo(2n))

o€Sy,

S5, set of all permutations o in symmetric group Sz, with o(1) < o(2),
o(3) <o(4),...,0(2n—-1) < o(2n)
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Brownian Bridge Integrals

e Notation: Jk, , = set of all k-tuples of integers J = (j1,jo, ..., jk) such
that 1 <ji <jo < -+ <jix < n; for J € Jinand o € S5, define o,(1),
04(2), ..., o;(n+ k) by property that

0;(1) <0y(2)<--- <oy(n+k)

and that the set of such o,'s is given by
{O’J(l) <O’J(2) < - - <0'J(n+k)}

={o(1),0(3),...,0(2n—1),0(2}1),...,0(2j)}

1
Xk () :/0 a(v)k dv

e Brownian Bridge Integrals

/x1(a)2" Dla] = / (/Ola(v) dV)2n Dla] =

kUJ 0y(2)+1)---(oy(n+k)+n+k—1)

(2n)! > Z > (- (3n+ k)!

0€S), k=0 JeT n
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Monomial Brownian Bridge Integrals

o for (vi,va,...,vs) € A" and for i1, p,...,in € Z>p such that
i1+i2+"'+in€2ZZo

/ a(v) a(v)* - a(va)" Da] =
NS (-1/2) 11/2) o= < 1y
(/) (V=) (11/2)! <Z( )ZZ ZH " )

=0nrn=0 r,=0p=1

with | = (i1, 2, ..., Ip), first summation over non-negative integers

kJ-,m,j,m:Z’l, ,...,nsuch that
ik- _ Z( +kmj)=1i; forall j=1,2
e jm = 55 mTKm,j Ij 2, ..,
and foreach m=1,2,... n,
m—1
Km = kmm + > _ (Kim + km.j)
j=1
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Sketch of proof

n 1 n
/exp V-1 Zuj-a(vj) Dla] = exp —5 Z Gj,mUjUm
j=1

j7m:1
where the terms ¢; ,, are given by

Gm=Vi(l—vm) if j<m, and ¢m=vm(l—v;) if m<j

Expanding gives

(v/=T)ittizt+in (i1 +i+ e tin

Gttt ) [ attata)? - at)” ola) =

iy 025 in
(—1/2)(1+iat--+in)/2

n
i g2 in g i\t tin) /2
O RYY (Coeffment of ul uj u in ( E Cj,mUjum) )

Jym=1
(—1/2)li+iate+in)/2 ( (i + i+ +in)/2 ) 11[ K\m
= - c:
(i1 + i+ +1in)/2)! ki k2, e kinke,1s e kn/ o2y DT

from which then can group terms as stated
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Shuffle Product

o for (vi,va,...,vp) € A" and i, i, ..., In € Z>g with
I'1—|—I.2—{—--~—|-I'n€2ZEO

VE(ir, i, .. in) == /oz(vl)’.loz(vz)"2 -~ avn)" D[]

e extend V? linearly to vector space generated by all words
(f1,i2,...,0p) in the letters i, ip, ..., ip

e Shuffle product arLl 3 of two words o = (i1, 2, . .., ip) and

B = (1,/2,---,Jq) sum of (p:q) words obtained by interlacing
letters of these two words so that in each term the order of the
letters of each word is preserved
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e 2n=miy + mpi> + - - -+ m,i, even positive integer with
i1, i, ..., I distinct positive integers and my, my, ..., m, positive
integers

Xiy (@)™ xip (@)™ -+ x;, (@)™ Dla] =

m!/ V(i i) W (R i2) W (i, o) )dvidva - - V)
Alm] —_——

my m2 my

m! = (m)(my!)---(m,}), Iml=m +my+---+m,.

follows directly from writing

[ r@m (@)™ -x, (2™ Dlo]
= ( 1 avi)n dvl)rm( 1 avp)? dV2> . ( 1 AL dv,) " Dla],
0 0 0
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Brownian Bridge Integrals in the Coefficients of the Spectral Action

| €t otal =

(CENem k! b
Z( TR /Mp VE((1,..., 1) w(2,...,2) W) dvy - - dvieyp

A1+p1 A2+p2

N (COICINCE

i=1

summation is over integers 0 < k, p <2M,0 < n < M,

0 < B8 <2M —2n, and over sequences A =(A1, Ap,...) and

w =(u1, pa2, . .. ) of non-negative integers for each choice of k, p, n, 3,
such that |\' =B, |\ =k, |u| =2M —2n— B, |ul =p
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coefficients of the expansion of the spectral action of
Robertson—-Walker metric

am(t) =
—n—3/2\ (2n) |
1 ( K )(P)k'p‘ b
I ey e VO, w2, ., 2w ) dvy - dvegp X
2 4n2n—M p| Ak+p ———— N
A1+mg Ao+po

/2 [y 2n—p A (BONN (AT ()| #i
B(t) (A'(0) H( N )( I.! —

i=1

(0 o= () )

ki p!

" b
vb(@a,... 1 2, .., 2 W) dv - -d x
4n p2n—M py /Ak p (( ’ » 1w (2, ,2) ) V1 Vit p

A1t A2th2

_ o ) ) (i) Aj (i+1) i
B(t)~ "k (A/(t))2n PH (A/ ;#;) <B i!(f)> (A Jr” (t)) )

i=1

summation > lis over all integers 0 < k,p < 2M,0 < n < M, 0 < B8 < 2M — 2n, and sequences
X =(A1,A2,...)and p =(p1, 12, . . . ) of non-negative integers (for each choice of k, p, n, 3) such that
IN" = B, |A\| =k, ||’ =2M — 2n — B, |u| = p; second summation 3° ""is over all integers
0< k,p<2M —-2,0<n<M—1,0< B8 <2M — 2 — 2n, over all sequences X =(A1,A2,...), 0 =

(121, 42, - - - ) of non-negative integers such that |X|" = B, |\| = k, |u|' =2M —2 —2n — 3, |u| =p

Matilde Marcolli



Faa di Bruno Hopf algebra

@ structure of coefficients axp(t) based on Bell Polynomials
@ Bell polynomials and the Faa di Bruno formula have a Hopf
algebra interpretation

o affine group scheme G4 (A) formal diffeomorphisms tangent
to the identity

F(t)=t+ Y fot" e tA[[]]
n>2
A a unital commutative algebra over a field K, product given
by composition
o Faa di Bruno Hopf algebra G4 (A) = Hom(Hpqgg, A)
@ Connes—Kreimer Hopf algebra of renormalization in QFT
HFdB — HCK dually GCK — Gdiff

@ description of spectral action in terms of Brownian bridge
integrals suitable for treatment as a quantum theory

@ expression in terms of Bell polynomials (with the Faa di Bruno
Hopf algebra action) suggests Hopf-algebraic renormalization
structure
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