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Reference:

o Wim Beenakker, Thijs van den Broek, Walter van Suijlekom,
Supersymmetry and Noncommutative Geometry, Springer,
2015

(also all images in this lecture slides are from this book)
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Minimally Supersymmetric Standard Model

Superfield Spin  Representation
oL
Lef-handed {shuark Qr g ge - (1/6,2,3)
Up-type ()guark Ug iig ug - (2/3,1,3)
Down-Lype ($)quark Dy dg dp - [=1/3,1,3)
Left-handed (s)lepton Ly 0o, - (—1/2,2,1)
Up-type (s)lepton Ng ve ve - (0,1,1)
Down-Lype [s)lepton Ep egeg - (=1,1,1)
Gluon, gluino Vio— g & (0,1,8)
SU(2) gauge bosons, gauginos W — A W, (0,3,1)
B-boson, bino B - Ao By (0,1,1)
Up-type Higgs(ino) Ha ha by = (1/2,2,1)
Down-type Higgsiing) Hy by by - (=1/2,2,1)

Numbers: U(1)-hypercharge; dim of SU(2)-representation
(1=singlet, 2=fundamental, 3=adjoint); dim of
SU(3)-representation (1,3,8)
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R-parity
R = (_1)2S+3B+L
S= spin; B= baryon number; L= lepton number

All SM particles (and the additional Higgs doublet) has R = +1;
all superpartners have R = —1

Advantages of MSSM

@ Higgs mass more stable under loop-corrections (contributions
from superpartners compensate)

@ R-symmetry preserved: lightest R = —1 particle cannot
decay: cold dark matter?

@ RGE for coupling constant form much smaller triangle:
unification?
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Real even spectral triples
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@ Jy ="yl @?\ /@l;@\ /@ ¥D = Dy

G kal=0 Y —@— 1 @ =Jar,fay)=0

ENCHCRONC)

All previously discussed relations between the elements
(’A? H? D’ J? ’}/)

of a real even spectral triple
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SUSY: R-extended real even spectral triples
e additional Z/2Z-grading R : H — H

H=Hr=y1P Hr=—1

projectors (1 £ R)/2
@ compatibility: Va e A

[R:7]=[R,J] = [R,m(a)] =0

Dirac splits: D = Dy + D_ with {D_,R} =[D4+,R] =0

Krajewski diagrams: color vertices black/white for R = F1
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Reminder: the finite spectral triple of the vMSM
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Dirac operator components: Yukawa matrices Y and (dotted line)

Majorana mass matrix
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SUSY finite spectral triples: building blocks

@ Adjoint representations

@ Non-adjoint representations
@ Extra interactions

@ Majorana terms

@ Other mass terms
°

Interactions between blocks
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Adjoint representation
e case of a single component A = My, (C)

e bimodule CN @ CN® ~ Mn;(C), notation: N; @ N?
e KO-dim 6: {J,7} = 0 (compatible with SM part): two copies
with J exchanging them (and takes adjoint)

J(m,n) = (n*, m")

so grading ~ with opposite values on the two copies
e Bj = My, 1(C) ® Mp; r(C) plus other stuff in End(Hr) (adj rep)
e R-parity: R|u, (c) = —1

J
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These building blocks give a supersymmetric Yang—Mills action

e matching degrees of freedom for gauginos and gauge bosons

@ discard trace part of the fermion

@ add a non-propagating auxiliary field G; (fixes the mismatch
of degrees of freedom for off-shell theory)

@ on-shell agrees with the spectral action result
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Action for this type of block
(N1 N r) € L2(Sy ® My, 1(C)) ® L*(S— ® My, r(C))

£(0)

S(AA) = (UnX g, @aN; ) — a2

/ Tr(F{;VFf’“”) +0O(A?)
M

e with additional term —% MTrGJ-z

e scaled to have normalized kinetic term \; — %/\j with

nidap = TrT7 ij

e with explicit transformation dA;, 6A; /g, dG; under which action
is supersymmetric

e block only with multiplicity one, otherwise breaking
supersymmetry (same number of fermionic and bosonic degrees of
freedom)
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Non-adjoint representations non-gaugino fermions
e off-diagonal blocks N; ® N?
e with opposite values of y-grading so KO-dim 6

e to get supersymmetry: need bosonic scalar superpartner, have
interaction with gauge fields so need also gaugino degrees of
freedom

e can achieve by combining a block N; ® NJ‘? like this with two
blocks B; and B; as before

N; ® NJ(? ©® MN,-,L((C) ©® MN[,R((C) ® MNJ-,L((C) @® MM,R(C) ® NJ‘ & N?
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General form of Dirac operator D with D* = D, {D,~} =0 and

[D,J] =o0:
0 0 A0 B 0
0 0 M, 0 0 JAYJ*
- A*M: 0 0 0 O
F=lo o 0o 0o MJBUJw
B0 0 M; 0 O
0 JAJ* 0 JBJ* 0 0

with A :MN[.{CJR — N1®N{} and B : MNJ,—('C)R — N1®N?

M;i, M; supersymmetry breaking gaugino masses: set M; = M; =0
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Observation: if A and B differ by a single complex scalar = scalar

field 1);; (in same rep as fermion with R = —1: sfermion)
N; N N; Nj
o

o e — oo @@
+ Ciij Wi ! ) + Gy i
C TR i i
o ( f_,l'j'ye'j} i Cf.;",i" i
(CiijW5)° 1 ! |
! i |
« CijiWy i ¢

Ny N s <
(a) The case of an off-diagonal (b) The case of an off-diagonal

representation with R = 1. representation with R = —1.
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Action for this second type of block
Sl_/()‘ca Aja ’QDLa &R, Aia Ajv &a 1;)
Fermionic part

= (JMWR:DAWL) -+ {JMWR: '}’Slgfgciijﬁ?) + (JM’WRs '};CUJ' ﬁl}R)
oE (']MwL: 75'1? ;:_;&l) + (']MWL: ysl;Lﬁ?C:j”D:
Bosonic part
| WD, + My(3.)
with self-adjoint AV square root of

N2 = 2Q(N;Cj; Cij + N; €3 Cy) and My given by

i~ T 0 o~ % —_— * ~ — o~
MV, Y) = % [Ni|cffjwwciu|2 +Nj|Wciijfij|2+2|Cﬁj¥f|2|cfjj'#|2]
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e now trace parts remain; give rise to u(1) fields

matching degrees of freedom: identify these u(1) fields in pairs
add off-shell G; fields as before

rescale v;; for normalization of kinetic terms

explicit supersymmetry transformation of the action
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More general A

e algebra A = My, (C) & My,(C)

e only certain combinations of blocks will have supersymmetry:
two disjiont blocks B; and B; of first kind

e same for A = My, (F) ® My, (F) with F = R,C, H

o A with three blocks My, (C)

e if only building blocks of the second type not supersymmetric

e need to add third type building block Bjj to restore
supersymmetry: accounts for the components of Dirac

D% : Ny @ N9 — N; @ N?

and similar Djkik and D,-J-ik
e these D,-jkj generate by inner fluctuations scalar field 1; need
corresponding fermions to restore supersymmetry: provided by B
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(a) Contributions when the gradings of (b) Contributions when the gradings of
the building blocks are different. the building blocks are the same.

Krajewski diagrams for two blocks of second type
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Krajewski diagrams for a block of third type and possible R-parity

Matilde Marcolli Spectral Triples and Supersymmetry




Blocks of third type and second type B, Bjji, Bk, Bil

N; N; Ne N N; N; Ny Ny
N? .

N? =0 o ’ < i i
! i

1 ]

]

(2]
N }? o Nf - /

Ny o N

NY o o] N?

(@ COﬂtl'it?UﬁOﬂS corresponding  to (b) Contributions corresponding to
paths ?f .Wh-mh all four edges are from paths of which two edges are from
the building blocks %, j; and %, of the building blocks %y, and ; of the sec-
third type. ond type.

Matilde Marcolli Spectral Triples and Supersymmetry



Blocks Bijki, Bikm, Bjki, Bjkm and (for supersymmetry) Bj; or Bjn,

N; N_,l' N Ny N
e e e
ﬁe’ke’ Egikm
N¢ o o
ﬁjk! '-@jkm
Ny ] ] @® @®
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Note: no need for building blocks with more than three indices
because data of finite spectral triples are

@ components of the algebra (one index N;) and adjoint
representation N; ® NJ‘?

e non-adjoint representations N; @ N? (two indices)
@ components of Dirac operator with order-one condition D,-jkj
(three indices)

everything else (eg multiple components) is expressible in terms of
these basic building blocks
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Majorana mass terms

e in the SM case: extension vMSM of the minimal standard model
with right handed neutrinos and Majorana mass terms: also expect
these terms in further supersymmetric extensions

e representations 1 ® 1’° @ 1’ ® 1° that are each other’s
antiparticles ((C @ C)®M multiplicity M), with the same
component C of algebra acting on both

DY 191° 51 ®1°

e dotted line in Krajewski diagram:
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Other mass terms

e two building blocks of second type with same indices and
different grading

e on this part Dirac with self-adjoint, order-one, commuting with J
gives a mass term in the action if it acts nontrivially only on
generations (on the M copies in

((N; @ N?)L @& (N; ® N?)g & N; @ N9)g @ (N; @ N?),)®M
N; N;

e —

N? o

E”r{ i o~
Vi

'VL'R

N NG
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Supersymmetry and the Spectral Action

e the construction of finite spectral triples with these building
blocks ensures field content is supersymmetric

e it does not directly follow that the action is supersymmetric
e some problems:

@ a single building block first type B; with N; = 1 has vanishing
bosonic interactions

@ a single building block second type Bjj with R = —1 has two
interacting u(1)-fields (while gauginos don't)

@ if at least three complex matrix components in A, and
building blocks Bjj, Bix then two interacting u(1)-fields (while
gauginos don't)

e approach: rewrite the four-scalar interactions generated by the
spectral action as off-shell action via auxiliary fields

e general issue: new contributions for which one needs to obtain
off-shell counterparts so that the action remains supersymmetric
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Supersymmetry Breaking

e if supersymmetry were exact in nature superpartners would be of
equal mass as corresponding SM particles: obviously not the case

® s0 supersymmetric extensions of SM need a mechanism that
breaks supersymmetry

e in MSSM one should have a SUSY-breaking Higgs that gives
mass to SM particles and achieves electroweak symmetry breaking

e two possibilities: spontaneous SUSY breaking (disfavored
phenomenologically: would have one slepton/squark lighter than
corresponding SM fermion); or SUSY breaking Lagrangian

e SUSY breaking terms in Lagrangian should be soft:
@ couplings of positive mass dimension

@ no quadratically divergent loop corrections (hierarchy problem
solution of SUSY: Higgs mass very sensitive to perturbative
corrections, stability problem)
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Soft SUSY breaking

1 EENPINSTCI | e o
Lot = Vo (m?) ap¥p — (iAaBTWaWﬁ ¥y — 2 BapVaVp +CaVa +k-C-)

4 %{Mﬂala Lhic). .

e self-adjoint mass term for scalar bosons ),

e symmetric tensor A,g, mass dim 1

e matrix B,g mass dim 2

e gauge singlet linear coupling C, € C mass dim 3
e gaugino mass terms, M € C

Question: soft supersymmetry breaking in the Spectral Action?
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Soft SUSY breaking from A2 terms in the Spectral Action

o scalar fields ¢; € C*°(M, N; @ N?)
e fermions ¢;; € C>°(M,S ® N; ® N?)
e gauginos \; € L2(M,S ® My, (C)) reduced to su(N;) after
eliminating trace degrees of freedom
e all possible terms arising from the Spectral Action:
@ scalar masses
@ gaugino masses
@ linear couplings
@ bilinear couplings

@ trilinear couplings
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Scalar masses (Higgs masses)

N, N)
N?

-]
N @ ]

Fig. 3.1: A building block of the second type that
defines a fermion—sfermion pair (;;, ¥;;). Con-
tributions to the mass term of the sfermion corre-
spond to paths going back and forth on an edge, as
is depicted on the top edge.
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Gaugino masses

N; N;
N? o ©
A
M;
/|
NY @ —

Fig. 3.2: A building block of the second type that defines a fermion-
sfermion pair (y;j, Vi j), dressed with mass terms for the corresponding
gauginos (dashed edges, labeled by M; ;).
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Linear Couplings

1 I
10 [+ o
@
M.’
L @ ]

Fig. 3.3: A building block of the second type that defines a gauge singlet
fermion—sfermion pair (W, Wy, ). Moreover, a Majorana mass term Ty, is
possible.
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Bilinear Couplings

N; N; Ni N;

Vij
L WL
2 A M;
(a) When the gradings of the represen- (b) When the gradings of the represen-
tations are equal. tations differ.

Fig. 3.4: Two building blocks of the second type defining two fermion—
sfermion pairs (y;;, ¥;;) and (y;, ;) in the same representation.
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Trilinear Couplings

Fig. 3.5: A situation in which there are three building blocks % ;« of the
first type (black vertices), three building blocks 8;; ;. i« of the second type
and a building block Z8; ;. of the third type. Adding gaugino masses (dashed
edges) gives rise to trilinear interactions, corresponding to the paths in the
diagram marked by arrows.
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Building the MSSM

e finite spectral triple of the MSSM:
@ should contain SM

@ gauge group same as for SM (up to finite groups)
A= Asy =CoH@ M;(C)
inequivalent reps 1, 1, 2, 3 with 1 real rep 7(\)v = Av
G = U(1) x SU(2) x SU(3)
@ superpartners R = —1 building blocks of first type
Bi, Big, Bi,, Bz, Bs

Note: in reducing C & H; @ Hg @ M3(C) to C oHo M3(C) the
C — Hpg acts as (A, A) and 2 breaks to 1g @ 1g
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e at this point too many fermionic degrees of freedom: will need
identifications

e for each SM fermion a building blocks of second type R = +1
(M copies for generations):

B+ (Vr, ), B i (err), By (),
B, : (up,iiR), B i ([drdr), By (qu,dr)

e SM Higgs: building blocks second type R = —1 (one copy)
‘@IRZL : (ku:}';u)a Q]R% : (hd,}';d),

Higgs/higgsino building blocks
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(a) Blocks of the first type.
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(b) Blocks of the second type. Each
white off-diagonal node corresponds to
a SM (anti)particle.
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e these blocks determine the finite dimensional Hilbert space of the
finite spectral triple

Hre=HrFr=+1D HFRr="1

Hper= (08, &= 0L0Tz)0(103)
g = F O F°, F=(181)2 0 10T & 202°
® 303 @ (1ra1r) 2.

e correct properties to allow supersymmetric action
e element of CO H; & Hgr & M3((C)

R = _(+7 Ty T +) X (+7 Ty Ty +)O

has R = +1 on all SM fermions and R = —1 on higgsino
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Yukawa couplings of fermions and Higgs

e building blocks of third type B;j should contain Higgs
interaction of SM but with different up and down Higgses

e four possible building blocks

B11r2y s 3311&%: B1g2,35 ‘@Lﬁﬁ'

Massless photon condition: now require for D part [D4+,Cr]l=0
with Ce = {(\,\,0) e CaoHo M3(C)}

Majorana masses for right handed neutrinos as in vyMSM
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30
(c) Blocks of the third type,
parametrized by the Yukawa ma-

trices Yy 4. (d) The block of the fourth type, repre-

senting a Majorana mass for the right-
handed neutrino.
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up/down Higgs/higgsino interaction in MSSM u H, - Hy

e need additional building blocks

1 1 ) 3
1 Q
L e
g o
_ _ T
Ry Ry
o ©
hu ha

30

Fig. 4.2: The extra building blocks of the second
type featuring a Higgs/higgsino-pair and the build-
ing blocks of the fifth type that are consequently
possible.
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Sparticles and Hypercharges
@ gauginos in 1 ® 1° 2 ® 2°, 3 ® 3° with zero hypercharges
@ higgsino in 1z ® 2¢ and 1r® 2? hypercharges +1 and —1
@ hypercharges of sfermions
qL: %, ug : %, dr: —%,
0

:Il: -1, Vg : er: —2.

Correct identifications with sparticles of MSSM
e unimodularity (eliminate trace modes) for correct matching of
fermion /boson degrees of freedom
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Spectral Action of MSSM

e can derive a set of relations between parameters for
supersymmetry of the action to hold

e Problem: they cannot be satisfied for M € N (generations)

e Conclusion the spectral action

S =Tr(f(Da/N)) + %US’ Dag)

on an almost-commutative spectral triple M x F, with F the finite
spectral triple of the MSSM is itself not supersymmetric

e then what?

o further extensions (beyond MSSM) may add more blocks and
correct the problem?

@ is this the only way to approach spectral triples with
supersymmetry?

General comment: in the history of this field, beware of any no-go
result claiming that something cannot be done: it usually only

means ‘it cannot be done in this way"
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