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John Barret's Random noncommutative geometries

e a geometry: (A, H, D, J,) finite spectral triple with real
structure

e random geometry: fixed fermion space (A, H, J,~) and varying
Dirac operator D up to unitary equivalences

e a random geometry is a “random” (in a suitable probability
distribution) point in the moduli space of Dirac operators

e want measure to reflect some action functional, as in path
integral:
e >0 dD
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e view this as a random matrix model where the matrices D are
constrained by the properties of Dirac operators of finite spectral
triples

e take action functional as a spectral action

S(D)=Te(f(D)) = D_ f(N)

AeSpec(D)

e here want some function f(x) with f(x) — oo for |x| — oo for

convergence of
Z= / e=>P)dD
M

e simplest choice quartic polynomial: g4 > 0 (or ga =0, g2 > 0)
f(D) = goD? + g4 D*
e observables O(D) functions of D
1
0y =1 / O(D)e~5®) dp
Z Jm

behavior in limit N — oo of large matrices
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e use only Dirac operators that resemble those on manifolds

e different possibilities for Dirac operators: action on
H =V ® M,(C) with V = Ck a Clifford module signature (p, q)
(with k = 29/2 or k = 2(d-1)/2)

e express all the possibilities for (p, g) writing Dirac operators in
terms of gamma matrices and commutators [L, -] or
anticommutators {H, -} with given hermitian matrices H and
anti-hermitian L

e Example: (1,0) has D ={H,-} and (0,1) has D = —i[L, ]
e Example: (1,1) has (7!)?> =1 and (7?)2 = —1 and

D:71®{H,}+’Y2®[L,]

etc.
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Monte Carlo simulation

e start with random D and construct D 4+ D by §H; and dL;

e accept if AS(D) = S(Dnew) — S(Doig) < 0 or (to escape local
minima) if exp(S(Doid) — S(Dnew)) > p uniformly distributed
random number on [0, 1] otherwise keep Doq

e compare results with Wigner's semicircle law for random matrix
model with real symmetric matrices large order N
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(e) Type (1,0) n =15 (f) Type (0,1} n =15

Density of states for H and L from Barrett and Glaser arXiv:1510.01377,
Gaussian case, with Tr(D?) action
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P(A) P(1)

-

A =i !
-2 -1 1 2 -15 -10 -05 05 10 15

(a) (LO)n=35 (b) (0,1)n=5

Eigenvalue density distribution for the Dirac operator as a combination of
H and L, Gaussian case, from Barrett and Glaser arXiv:1510.01377
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(c) Type (2,0) (d) Type (1,1)

quartic action Tr(gxD? + g4D*), with g» ranging from —5 to —1 from
Barrett and Glaser arXiv:1510.01377
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@ in three of four cases in last figure the graphs show a phase
transition

@ the eigenvalue distribution at the critical value of g» resembles
the eigenvalue distribution on a manifold, power law |9~}
for dimension d

o finite spectral triples as an approximation to an “emergent”
manifold-like spacetime?

@ what is a good rigorous random matrix model for the

phenomena observed in Barrett and Glaser? (recent work of
S. Azarfar, N. Pagliaroli and M. Khalkhali)
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Some Background on Random Matrix Theory
@ H an N x N real matrix whose entries are independently
sampled from a Gaussian probability distribution
e Hs = (H + H')/2 symmetrization
@ GOE Gaussian Orthogonal Ensemble

@ similarly with complex or quaternionic entries (and
hermitianization)

@ GUE Gaussian Unitary Ensemble and GSE Gaussian
Symplectic Ensemble

@ generate n such matrices and plot histogram of the N
eigenvalues of these matrices

@ what is the shape in the limit N — oo?

@ there is a limiting shape (Wigner semicircle law)
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o for randomly sampled matrix H independent Gaussian

variables
N H2
e [ oo (-5 )

ij=1
e for the symmetrization Hs jj = (H;; + Hji)/2

N

p[Hs]:H(exp(—)/F ) T (exe(—H2,)/ )

i=1 i<j

variance of off-diagonal entries is half of variance of diagonal

o distribution of eigenvalues?
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Coulomb Gas (Dyson, Wigner)

@ 2D fluid of charges particles (electrostatic potential is
logarithmic) confined on a 1D line

@ probability distribution

1
ZN,B

IIIH|XJ_Xk|ﬁ

j<k

p(le' . 'aXN) =

@ tension between exponential confinement and electrostatic
repulsion

@ rescaling x; — xj+/8N normalization factor

Cup = (v/BN)VHANIN-D/2

@ partition function

Z :C _22411 — B d
N3 N,B/RNe 1T 1% — x| HXJ

Jj<k
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@ rewrite partition function in terms of an energy functional £[x]

N
ZN,B CN,B/ fBNQS[X] H dXJ

j=1
2
€U 53y S - gy Yl
i#
@ this describes a fluid of particles with positions x3,...,xy on

a line in equilibrium with Boltzmann—Gibbs distribution

2 . . . .
e AN*EK at inverse temperature 3 (no kinetic term in E[x]:
static fluid)

@ Note: limit N — oo thermodynamic limit; because of factor
BN? can also take zero-temperature limit

@ zero-temperature equilibrium from minimization of the free
energy
F=—-p"tlog 2y
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o behavior of free energy F = —37 1 log Zy s for large N

@ normalized counting measure

LN
n(x) = N Z d(x — xp)
i=1

@ a functional integral way of writing this

N
1:/5 n(x)f%Z(;(xfx;) D(n(x))
i=1

functional integral over all normalized non-negative n(x)

@ use to rewrite partition function Zy g as functional integral
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@ partition function as functional integral
ZN'BfCNﬁ/D( x)/ deeﬁNE[X]é(n(XffzS(xfx,)

@ replace in energy functional sums by integrals over counting
distribution

D) = [ reaf(e)es, D atss) =0 | crehnl)nat)

R2

@ partition function

Znp = Cng / D(n(x))e NVCN Ty (n(x))

V() = 5 [ dxxn) =5 [ dsdyn(xnty)toglx

(with a cutoff that regularizes the short-distance divergence of
the log integral)

n(x)= | J]da0 n(x)—1§N:5(X—X,-)
RN N

i=1
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For details of computations see
@ G.Livan, M.Novaes, P.Vivo, Introduction to Random Matrices.

Theory and Practice, Springer, 2018.
@ estimates of the terms Zy(n(x)) and V(n(x)) give Zn 3

Cn.s / D(n(X))efﬁNz}'o(n(x))Jr%N log N+(5 —1)NF1(n(x))— 5 N log C+o(N)

Fo(n(x)) = ;/Rdxx2 n(x) — % /R2 dxdy n(x)n(y)log |x — y|

fl(n(x)):/Rdxn(x) log n(x)

@ constraint on normalization of n(x) as exponential (Fourier

transform)

(1 [ )y = [ 5110
R 2

™

and rescale ik — SN2k
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@ get estimate of partition function (leading terms)

ZNvB ~ CN,ﬂ/D(n(X))/dK/e—Bst(n(X),/{)

S(n(x), k) = Fo(n(x)) — k(1 — / n(x)dx)
@ saddle point evaluation
Zn,5 ~ exp(=BN2S(n*(x), £¥))

with n*(x) and x* solutions of variational problem

1) x2
0= 557 S(00).0) = 5 - JEZOTE e
0
0= %5(”(@,%)

the latter imposing | n(x)dx =1



@ so want solutions n*(x) of integral problem

X2
2—/dyn(y)|og|x—y|—n:0
R

with n*(x) > 0 and [ n*(x)dx =1
@ search for solutions support in some interval (a,b) C R

e by differentiation: log|x — y| not differentiable but it is in the
distributional sense

e distributional derivative of u(x) = [ dy n(y)log|x — y| is

principal value
Pr/dy n(y)
X—y

b
Pr/ dy n(y) =X
a X—=Yy
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@ known from theory of integral equations

b dt (t—a)(b—t)g(t)

b f(y) o o C_Prfa S x—t
Pr/a dym—g(x)if(x)— =)

@ so get after normalization [ n(x)dx =1

)= _i)(b - %(a +b)x+ é(b —ap)

@ now deal with dependence on parameters a, b
@ dependence in the term Fp(n*(x)) get:
2

b R b
fo(n*(x)):i/a dxn*(x)x2—i—2—;/a dx n*(x) log(x —a)

@ inserting n*(x) and integrating

1
5(7934 +42°b + 22%(5b% + 48) + 4ab(b® + 16) — 256 log(b — a) — 9b* + 96b% + 512 log 2)
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@ minimize over a, b gives a = —v/2 and b= V2

n*(x) = %\/2 — x2

Wigner semicircle law

Figure 1: Simulation of the semicircle law using 1000 samples of the eigenvalues
of 1000 by 1000 matrices. Bin size is 0.05.
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Coulomb Gas and Eigenvalues of Random Matrices

@ Dyson index 8 = 1,2, 4 for GOE, GUE, GSE

@ GOE case want to relate Coulomb gas distribution

ol = =—e 3% [ I — xl
j<k
with the distribution
HZ /2 —Hj
=T 5 12

@ Stiefel manifold Vy C RV of orthogonal matrices 0O'O =1
N N?/2
Tn(N/2)

[m(a) = 7™M DA T(a — (i - 1)/2)

Vol(Vy) =



@ change of coordinates from matrix entries H = (Hjj) to
eigenvalues via diagonalization H = O*diag(x)O

@ Jacobian of the change of coordinates H — (x, O) given by
Vandermonde determinant

V(x) = [TC5 =)
J>k

@ distribution for the eigenvalues
peigenv(X) = /V pentries(x, O) V(X) do
N

@ write entries distribution in an invariant way

—H2/2 e—H,f.

o trace term invariant under OHO?, gives exp(—3 >, x?)
o factor 2~V normalizing for ambiguity v — —v in choice of

eigenvectors in O get numerical factor 7V°/2/T'y(N/2)
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Work of Shahab Azarfar and Masoud Khalkhali on Finite Spectral
Triples and Random Matrices

e case of type (1,0) in Barrett's classification D = {H, -}
anticommutation with Hermitian matrix

@ The Dirac operator
D={H,}, HeHy

o Initial form of the action functional

S(D) =Tr (f/(D)) ,  where f/(T) = % (TQ _ (Zlth)
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e more general form of action functional (formal multi-trace
Hermitian models)

S(D) = t718,(D) + rS»(D)

e distribution for this matrix model

7
e S dD = exp | —NTx (V Z ol (g Te(H"2) | dH
~_ 2l

1 (22 g

L=(Z+) ' n{(z,y) eER?|2<z+y < d}
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Schwinder—-Dyson equation for correlators recursive equation

For a matrix model with

dPy(H) = % exp (—N Tr(V(H))) dH ,

the n-point correlators of the form Ep, [[T%; Tr(H")] satisfy the following

SDE:
li—1 n
> Ep, |Te(H®) Tr(H" %) [ Te(HY)
k=0 j=2
~ NEp, |Tr(H"V'(H)) ][] Tx(
j=2
+ 3 1Ep, |Te(EY T ] Te(")| = 0.
j=2 i=2,i#]
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Surface counting: matrix model with potential

d
1 [ x? xt
VixX)=-| = - ty—
() =7 (2 Dt t4>
£=3
with t, t, formal parameters

e computation expressible as an enumeration of polygonal maps
(discretized surfaces): each term

. N Tr(H%)
Ty, = _
b b t M

corresponds to an f,-gon counted with weight t;,

-/
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Multi-trace matrix models

1 o m . e Tr(HY

don() = | S ot S, T | a
n>1 - byl i=1 !

h>0

o An elementary 2-cell of topology (h,n) and perimeters (I1,---,1,) is a
surface of genus h whose boundary consists of the 1-skeleton of /;-gons

i=1,-,n

Figure: An elementary 2-cell of topology (h,n) = (3,2) and perimeters
(11, fz) = (5, 6)

e enumeration of “stuffed maps”
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Topological Recursion Borot, Eynard, Orantin

e Schwinder—Dyson equation for correlators
@ expansion of correlators Wh(x,x1) = 3,50 N2—28="WE(x, x;)
e terms W5 (x,x;) € O(C \T) for I' union of intervals in R
(where particles of Coulomb gas are distributed)

e analytic continuation of W (x, x/): Riemann surface ¥ and
differentials w, z of degree n (sections of K®" — ¥" external
tensor of canonical line bundle)
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e recursion: a Riemann surface (spectral curve) with a family wp ¢
of differential forms; initial terms wo 1 and wp > given; remaining
terms obtained via a universal recursive formula by removing pairs
of pants

£

Y

(9,n) = (g1, M)+(gz2. N2)

e
P

g=01+38
n=n;+n;—1
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This approach to matrix model for spectral action on finite spectral
triples via Borot—Eynard—Orantin topological recursion presented
from

o S.Azarfar, M.Khalkhali, Random Finite Noncommutative
Geometries and Topological Recursion, arXiv:1906.09362

o M.Khalkhali, N.Pagliaroli, Phase transition in random
noncommutative geometries, arXiv:2006.02891

Also recent work on matrix model based on finite spectral triple
computing the beta function and renormalization of the Yukawa
coupling terms in the Standard Model of elementary particle
physics

o E.Gesteau, Renormalizing Yukawa interactions in the standard

model with matrices and noncommutative geometry, J. Phys.
A: Math. Theor. 54 (2021) 035203 (18pp)
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Gauge networks
(NCG generalization of gauge theory on a lattice/graph)

e using finite spectral triple for a model combining gauge theory on
a lattice (or graph) and spin networks approach to gravity

e an action functional (in terms of Dirac operator) that recovers
the Wilson action (which in continuum limit gives Yang—Mills) will
additional terms for a Higgs field in adjoint representation

e build a category of finite spectral triples with morphisms built
from algebra morphisms and unitary operators

e representations of quivers (oriented graphs) in this category of
finite spectral triples

e configuration space (of such representation) modulo gauge action

e morphisms between gauge networks by correspondences
(bimodules); Hamiltonian and time evolution

e discretized Dirac operator and continuum limit
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Co Category of finite spectral triples with trivial Dirac D =0

e objects (A, m, H), fin. dim. algebra A and fin. Hilbert space rep.
m: A= L(H)

e morphisms & : (A3, 71, H1) — (A, m2, Hz) pair & = (¢, L)
¢ : A1 — Az morphism of unital x-algebras, L : H1 — Ho unitary
Lri(a)L* = m2(¢(a))

C Category of finite spectral triples
e objects (A, m, H, D) fin spectral triples

e morphisms & : (Ay, 71, Hi, D1) — (Az, w2, Ha, D2) as above
with also LD{L* = D,
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Bratteli diagrams

e Wedderburn theorem:
k K
A1 = P Mu(C), A2 =P Mu(C)
i=1 j=1
e unital x-algebra morphism ¢ : A; — A, direct sum
k
¢j - D Mn,(C) = My (C)
i=1

¢; splits as a direct sum of representation ¢;; : My, (C) — MNJ{((C)
with multiplicity dj > 0, with N/ = Y, dN;

e Bratteli diagrams: two rows of vertices: top k vertices labeled
Ni, ..., Nk, bottom k' vertices labeled by N, ..., N,,; djj edges
between vertex i (top row) and j (bottom row)
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rr

o T f T
..."l'l _,"|||2 = |'|."—. d IL_.'

¢ : A1 — A unital, so all vertices in bottom row reached by an
edge, but top row can have vacant vertices
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Example
e A1 = C® My(C), H1 =C@C? Ay = M3(C), Hp =C3
e unital x-algebra map ¢ : A; — A3 two possibilities

(z,a) € C& My(C) — u <Z a) u* € Ms(C)

with u € U(3) or
(z,a) e Cd My(C) — z13 € M3(C)

with kernel M,(C)
e unitary map of H; to Ho

(x,y)ECGB(CZHU<;> eC?

with U € U(3)
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e compatibility of ¢ and L: first case OK with v = U
u<z )u*zU(Z )U*.
a a

but in second case
zl3=U (z > U*.
a

cannot be satisfied for arbitrary (z, a) € A;
e so get Hom((A1, H1), (A2, H2)) ~ U(3) and Bratteli diagram

1 2 1 2
3 3

(a) (b)
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Example

Bratteli diagram for the only unital x-algebra map
M;(C) & M3(C) — Ms(C) @ M3(C) given (a,b) — (a@® b, b)

Matilde Marcolli Models based on Finite Spectral Triple



e to better take care also of permutations of matrix blocks of the
same dimension: braid Bratteli diagrams

2 2 2 4 4 5
x5 X
g 4
2 2 2 4 4 5

braid Bratteli diagram with permutations of matrix blocks of same
dim in Ma(C)®3 @ My(C)*? & M5(C)
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e any Bratteli diagram B for a pair (A1, A2) gives homomorphism
¢B : A1 — Az embedding matrix blocks of A; into those of A
following lines in B

e any other unital x-algebra morphisms ¢ : A; — Ay can be
obtained from ¢ by unitary change of basis
o(-) = Ugp(-)U* =: Ad Ugg(-) some unitary U in Ay

e representation A of A on finite dim Hilbert space H, two-sided
ideal Ker()\) with A= A @ Ker()\) and A ~ A\(A)
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e morphisms (¢, L) with x-homomorphisms ¢ : A; — Az and
unitary L : Hy — Hy with LA;(a)L* = X(7(a))

e decompose as ¢ = qz~5+ ¢ with gg : A1 — Ay with gzNB(E) = Lal*
and ¢g : A1 — Ker(\2)

o identify Aut((A, \, H)) ~ U(A) x S(A; H) x PU(ker \) x S(ker \)
with S(A; H) and S(ker \) groups of permutations of matrix blocks

of equal dimension in A and H and ker A (proj unitary group
because adjoint action of center of U (ker X) on ker \ trivial)
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e for algebras and Hilbert spaces

k+1 K+

AL=EPMn(C) A =P Mu(C)

k k'

. !

= @nc®  H= @t
i=1 j=1

e any morphism (¢, L) given by
¢ =AdUgs + AdVeg,  L=ULs

@ unitary U € Autg (H>) ~ Hjlil U(n;N;)
o unitary V € U(ker o) = [1X 4/, U(N;)

@ Bratteli diagrams I@,Bo of x-algebra maps Zl — /Zz and
A; — ker A\

@ unitary map Lz : Hy — H, implements *-algebra map ¢ : A1 — As
y P Lg p g P ¢
~ % _ - o~ -~
Lzal; = ¢5(a) Va e A



Quiver representations in categories

e Quiver I directed graph

e representation m of a quiver I in a category C:
- object 7, for each vertex v
- morphism 7 in Hom(7g(e), m(e)) for each directed edge e.

e two representations 7w, 7’ of I' in same category equivalent if
m, =, for all v.€ V(') and 3 family of invertible morphisms
¢y € Hom(w(v), 7(v)) for v € V(I') such that

Te = Pr(e) © Te © Py(g)

e For categories C (or Cp) of finite spectral triples, representation
of a quiver I assigns

- spectral triples (Ay, Hy, D) (D, = 0 for Cp) to vertices v € V(I')
- pairs (¢, L) € Hom((Ag(e)> Hs(e)s Ds(e))s (Ae(e)s He(e)s De(e))) to
edges e € E(I')
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Equivalence of quiver representations
e two representations m, 7’ of [ in the same category are
equivalent if

o m, =, forall v er®©

@ there exists a family of invertible morphisms
¢y € Hom(w(v),m(v)) indexed by the vertices v such that

-1
Te = Gt(e) © 7T/e © Qbs(e)
e if we view a quiver I itself as a category, a representation is a

functor w from I to a category; equivalent representations coincide
on objects and are related via invertible natural transformations
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Example U(N) spin networks (John Baez)

o If (A,,H,) = (Mn(C),CN) and D = 0, unitary ue € U(N)
along each edge and gauge action g, € U(N) at each vertex with

Ue — Bt(e) Uegs*(e)

e only possible Bratteli diagram in this case for
¢ Mn(C) — Mpy(C) is single edge between one upper row vertex
and one lower row vertex

e J.C. Baez, Spin network states in gauge theory, Adv. Math. 117
(1996) 253-272
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General case: gauge networks
{r7 (Aw Av, Hy; Lv)w (pealB%e)e}

e [ directed graph

e (A,,\,, H,) is an object in the category Cy for each vertex
ve V()

e Edge e € E(I'): representation p. of unitary group

Ge = AUtﬁt(e)(Ht(e)) X L{(ker )‘t(e))

e Edge e € E(I'): Bratteli diagram B, for *-algebra maps

As(e) = A(e)

e subdiagrams B for Zs(e) — Zt(e) and By for Age) — ker Aye)

e “intertwiners at vertices” between representations p. associated
to edges (more on this later)
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e space of representations of [ in Cy

v= 11 11 =

{Av,H,}y ecE(T)

Xe = Hom(( s(e)> e)7 e)) (At(e /\t(e) Ht(e)))
e elements (¢e, e) e Xe

$e = AdUdy +Ad Ve,  Le=Ulg

unitaries U € Aut;\t( )(Ht(e)), V € U(ker A\(e)) and a Bratteli

diagram B, (with subdiagrams I@e,lﬁ%eo) for each edge e

e this means unitary group Aut;t(e)(Ht(e)) together with all
U (ker )\t(e))—orbits of ¢m,, for all such Beg gives all of X

e Orbit-stabilizer: isotropy subgroup U (ker A¢(e)B., of ¥B,,

Xe = HAut~ (He(ey) x U(ker Ay(e)) /U(ker Ay(e) )Beo
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o clements in X' by (Ue, [Ve], Be)e with U, € Autﬁt( )(Ht(e)) and
Ve € Z/{(ker )‘t(e))

e equivalence of quiver representations: collection of unitaries

(gv;O'V) = (EV>5v;gv070'v0) €g,

G, = Autz (H,) x S(Ay; H,) x PU(ker \,) x S(ker \,)
mapping (Ue, [Ve], Be) € X to

(8t(e) Ue®g, (85(e)): [8t(e)0 VePBo(85(e))]: Ot(e) © Be 0 05(e))
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e Peter-Weyl theorem for compact Lie groups G

L(G)~Prw o’
peG

with G irreducible unitary reps, isomorphism of
G x G-representations with

((g1,82)F)(x) = f(g 'xg2)  Vf € L*(G)
(&1,8) (1 ® y2) = plg1)y1 @ p*(&2)(y2) Vyi€p,y2€p

e this means orthonormal basis for L2(G) (Haar measure) constructed
using matrix coefficients (m(g)e;, ;) for g € G, over representatives m of
isomorphism classes of irreducible unitary representations
e G compact Lie group, K and H mutually commuting closed
subgroups

L2(6/K) = 2(6) = @) p e ()"

peG

isomorphism of G x H-representations, with p the K-invariant
subspace of the G-representation p
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e then get for the space of representations of I' in Cy

Py~ P QP L*(G/Ks.)

{Ava} € Be

Ge = Autgt(e)(Ht(e))XL{(ker )‘t(e)) Kg, := {e}xU (ker )‘t(e))Beo

by Peter-Weyl theorem

X))~ P QD D re® ()

{ALHY € Be ,cC

e action of G

D P D relewe) @ ri 0 drlese)):

{AV,HV} e Be Peea
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e rewrite L?(X) in the form

D R ® re ® i

{AV7HV} v eET( ) 665(
{ﬂe»Be}

with S(v), T(v)) sets of edges with v as a source, target
e group G acts by

D X & rele)e @ reoenle)

{Av,H/} v eeT(v) e€S(v)
{PevBe}
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e orthonormal basis decomposition of L?(X/G) = L?(X)Y

[2(X/)G) ~ @ ®Invvp

{AvH/} v
{pe,Be}

where Inv(v, p) are intertwining operators ¢, on each vertex v, i.e.

C Q) re— Q) (pe) o

eeT(v) eeS(v)

as representations of the group U(A,)
(with pe a representation of U(Ag()))
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Intertwiners at vertices of gauge networks
additional data for gauge networks

e Vertex v with e}, ..., e, incoming edges and ey, ..., ¢ outgoing
edges at v
e the intertwiners ¢, for the group G, = U(A,) x S(A,):

Lyt ®® N K]Bel K]Bel
v . pe{ pe,’( Peg ~ O d’B b2y & Pe O ¢B

isotropy group Kp, = U (ker )\t(e))Beo
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Correspondences between gauge networks
e two 7, quiver reps of I
e A, — A, Bimodules &,

Hy=E®uq, 7'[(,
e morphisms Te : Ege) — Ey(e) compatible with alg maps ¢, ¢,
Te(anb) = ¢e(a) Te(n)¢;(b), ae As(e)v ne Es(e)7 be Als(e)

Es(e)

SN

A, Te Al
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Algebra of gauge networks and correspondences

e given gauge networks

7/} - (r7 (AV7 HV7 Lv)v; (Pe; ]Be)e)a ¢/ = (ra (AIW H\In /'V)V7 (p/ev B/e)e)

and correspondences W
W ={l,(aEn,tv @)y, (pe ® po; Be X Be)e}

e composition of correspondences (tensor product of bimodules)
Wi = {T, (A Eays tv @ 1)y, (Pe @ P, Be X B )e}

Wy = {T, (a, Fay, vy @ ty)v, (P © po, By X Bg)e}
Wi oWy ={T,(a,E ®@a Far,tv @ ty)v, (pe ® po,Be X BL)e}
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e § = category of gauge networks with correspondences as
morphisms

e algebra C[S] elements a = )", ay W convolution product

(a * b)\u = Z ay, b\u2.

V=y;0V¥,

e can be completed to a C*-algebra represented on a Hilbert space

e dynamical: Hamiltonian and time evolution, built using quadratic
Casimir (kind of Lie group Laplacian) on U(A())

Matilde Marcolli Models based on Finite Spectral Triple



Spectral action and lattice field theory

e [ embedded in a Riemannian spin manifold M: pullback spin
geometry of M to

e S fiber of spinor bundle on M; take SY(I) space of spinors on I
e holonomy Hol(e, V*°) of spin connection along edges e of I

Hol(e, V°) = Pele“ ¥ « 1 + luwe(s(e)) + O()

we(v) pairing of 1-form w and vector é at vertex v
e Dirac operator on I:

(Drv)e = 2, o Ve Hol(e, V)i + > 5 waol(e V)(e):
t(e)=v " s(e)=v

le = geodesic length of embedded edge e; € = opposite orientation

e gamma matrices . defined so that (discretization/continuum)

Z VeWe = 'VMWM

eeS(v)
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Continuum limit of Dirac operator

e lattice spacing /. goes to zero; assume l, = / for all edges and
square lattice

1 1
(Drdj)v = Z 576(¢v1 - 1/1\/2) + E'Yewe(v)(wvl + wVQ) + O(/)
V1,2
sum over all collinear Vi—>V—>WV

e

e formally, when [ — 0

(Drip)y — (O + wu)(v)
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Dirac twisted with finite spectral triples

e if also quiver representation of I in the category of finite spectral
triples

(Dr 1), = Z 21/6% (Hol(e, Vo) ® Le) Vs(e)

t(e)=v

1 —-
+ (z); 275’)’5 (HOl(ea V7)® LE) Yi(e) +vDvby
where Lg = L% and v grading on spinor bundle of M if even

dimensional

e if (A,, H,) = (My(C),CN) at all vertices v, then morphism
(¢, L) unitary in U(N) holonomy of some gauge connection 1-form
A, then Dirac on I reduces to Dirac on M twisted by gauge field
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Spectral action: finite spectral triples

S[{Le}7 {Dv}] = Trf(DI',L)

some function f on the real line

o lattice gauge fields on M = R*, cutoff A oc /71
Sal{Le}, {Dv}] := Txf(Dr o /N) = I*Tr((Dr )"
e on square lattice Z* find

SA[{Le},{DV}]:—% S (Tr (LeyLayLeyLe,) + Tt (L, L, Ley Lo, ))-+const

Op=ey---e;

+3 FTDg 4Py (TrD_f(E) + TrDZqy — TrLiDyo)Le Dv)
v

e

from counting contributions of different cycles in the lattice
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e flat case: holonomy of spin connection trivial: Sp[{Le}] is
1
= 4/4 Z WH(VV’YH)2 (Tr (LE4 LEs Le2 Le]) + Tr (LE1 LEz Le3 Le4))
Op=eéjezere;
plus constant terms
1
=7 > (Tr(Le,le,lele) + Tr(Lg Lg, Le, Le,)) + const

Op=esezere;

Similar argument for the other terms
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Continuum limit and Wilson action

e 1 direction of e and A, continuous gauge field at s(e)
Le =PeJeAd ~ el for | 0

e with (A,, H,) = (Mn(C),CN) at all vertices v, limit / — 0 and
A o< 171 spectral action Sp becomes

E / TeF,, F 12 / Tr(0,® — [iAy, O])(9"® — [iA*, ©])
4 Jm i

+8A? / Trd? + / Tro*,
M M

Yang—Mills coupled to a Higgs field with quartic potential
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e For a plaquette

Tr (LE4 LE3 L62 Lel) — Tre—iIAl,(x)e—iIA,u(x—l—lﬁ)eilA,,(x—&—lﬁ)eilAH(x)

~ TreFuvr for | =0
and similarly for Tr (Lg, Le,Le, Le,)
e so for | - 0 (and A — o)

1
Sh~ / trF, FHY
4 Jm

e Higgs terms: vertex v at position x
Tre~Auld(x + I)e ! d(x) ~

Tr (¢(x)d>(x + 1) + 1O(x + IR)[iA,, P(x)]

5T 00+ IDIIA 0001 ) + OF)

®(x) continuous (hermitian) Higgs field corresponding to D, and L is
expanded in A,
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e modulo O(/3) find in Sp

1
Shn=—3 > (Tr(lglelele) + Tr(Le LeyLe Le,))

Op=€éjezeze;
+ > FTeD) + 412 Y (TrD) + TrDR) — TrLiDye)LeDse) )
v e
1.
~ ETre”zF“” + MTrot(x) + 22 Y trd?(x) + trd3(x + /)
o

£y /%Tr(cb(x + 1) — B(x))?

= 2T+ )AL, ()] + ([ (), ()
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