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spacetime geometries (Euclidean)

@ homogeneous and isotropic: Robertson—Walker

@ homogeneous and non-isotropic: Bianchi IX, Kasner,
mixmaster...

@ non-homogeneous and isotropic: Rees-Sciama, swiss-cheese...
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SU(2)-Bianchi IX cosmologies (Euclidean, compactified)

e another version of Bianchi IX mixmaster cosmologies, with
SU(2) symmetry (Euclidean version)
Waws3 - wiws - wiwz -

o1 + o5 + o
w1 1 wWo 2 w3 3

g = wiwows dt® +

with w; = w;(t), or more generally

2 2 2
g g
d?+ 3422 4 %
&= (:U' W12 W22 Wg,)

with a conformal factor F ~ wywsows

e SU(2)-invariant 1-forms {o;} satisfying relations
do; = 0j N\ ok

for all cyclic permutations (7, j, k) of (1,2,3)
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SU(2)—invariant 1-forms

1
01 = X1 dxo — xo dx1 + x3 dxg — xg dx3 = E(dﬂ) + cosf dgf)),

1
09 = X dxz — x3dxo + x1 dxg — Xxg dx1 = E(sin 1 df —sin 0 cos ) do),

1
03 = x3 dx1—x1 dxz+xp dxg—xg dxp = 5(— cos 1y df—sin @ siny d¢),

Euler angles 0 <6 <7, 0 < ¢ <27 and 0 < ¢ < 4x (SU(2) case)
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Explicit form of the metric
e more explicitly ds?

wiwaws dt dt + 2205 g, gy 4 e C3°5(" di do
+ wows sin?(7) cos? (1)) +w w3 sin?(n) sin (1) i wzcos 77))) dgbdgf)

w1 w2

+(w12—w22)W3 sin(n) sin(z)) cos(v)) dndé + (w W22)W3 sin(n) sm(zp)cos dd) dn

wiw2

+ (W2W3SIn (v) + W1W3 cos (¢)) dTl d77 + W1W2 dd] dQ;Z)

w;

e identifying S with unit quaternions SU(2)
e The metrics on S3

W w3 Wi w3 w1 Wp
o2 + o3+ 2

g
w1 1 wWo 2 w3 3

are left-invariants under the action of SU(2) but not right-invariant
(unlike the round metric on S3)

Matilde Marcolli Spectral Action of Bianchi IX



Dirac operator

e orthonormal coframe {67}
D =Y 6"V
a
e spin connection V° with matrix of 1-forms w = (w) with

Vv6? :wa;@@b
b

e metric-compatibility and torsion-freeness (Levi—Civita
connection)

wi = —wb, do? = sz A 6P
b
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Dirac operator

D= Zf}/adxu(ea)w + Z Z /chac’}/afy
a,p a,b,c
with wb =>"_wb 6¢

e matrices @ Clifford action of 62 on spin bundle:
(772 =1
Yyb 4 Aby? =0 for a# b
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Dirac operator on Bianchi IX metrics
e local coordinates (x*) = (t,n, ¢,) with S* parametrized by

(n,0,v) — (Cos(n/2) i(¢+v)/2 Sin(n/2)ei(¢—w)/2>

with 0 <n <7,0< ¢ <2m,0 <9 < 4r.

e orthonormal frame

P = Vwiwows dt,

01 = sin(n) cos()y /0 do —sin(v), [ L di
wi

62 = sm(n)sm(w)\/wm do + cos(1h) | "2 diy,
w2

0> = cos(n), /- WIW2 G + 1/""lw2 d.
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e non-vanishing w?.

O (wiwf — wawy) + wiwswj L (wawy + wawj) — wiwswj
1 2(W1W2W3)3/2 ’ 2 2(W1W2W3)3/2 ’
O (waw] — wawj) + wiwswj L :_W12W227W§ (w? + w3)
3 2(wyiwows)3/2 P 2(wiwows)3/2 ’
o wR(G-wdreded L wdud— (w4 ud)
32 2(W1W2W3)3/2 ’ 31 2(W1W2W3)3/2
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pseudo-differential symbol of Dirac

W- W, W/
D — NN 1 2 3 1
o(D)(x,€) ;;” @t T 7 ( Twe Tws )

w1 Wo W3 1 1 1
S (L L L)
3

4 wi W
P (eseln) cos() (6 cos{n) — &) + Easin(v)
NN
N i®/wa (sin(y)) (€3 esc(n) — Eq cot(n)) 4 &2 cos(v)))
NCNe

i n iV s/ ws

1 W1 + W2 + W3 1
N ws )
_./W1W2W3 (1 1 1> 2 3 4
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e with non-vanishing eh":

/W sin(1)
N

/Wi cot(n) cos(t)
N

/W cot(n) sin(1)
NCAT

Mo
()

x
S
=
L
o
w—
©
g
£
=]
5]
<
©
e
b=
=
5]
-9
)
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e get from the symbol the homogeneous components pi(x, &) with
0(D?)(x,€) = pa(x,€) + pr(x,€) + po(x,€)

e Example: for po(x, &) get

! / / /
(_ wy W1 3W1 wy  owy w
8wy w22 8wy W3 8 W1 8w12 ) 8W12 w3 8wy W32
3w; A 3wjy 1 2
2 _ 3 3 3.4
+8W 8W2W3+8W§)7777 +
( wy’ wywj wy wi %% w)/
4W12W2W3 8W12W22W3 8W12W2W32 16W13W2W3 4W1W22W3
+ wiwj .+ 5W2 wy 5wi? 4 waws
8wy w2 W3 16wy W2 w3 4W1 wo W3 16w1wy W3 16W1
W1W3 wiw I
+8W1W2 - 16w + 8W1W3 - 8W2W3 - 16w§) )

e also manageable expression for pa(x, £), longer one for p1(x, &)
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Applying Parametrix Method to this Dirac operator

anx,Dzzw e tr (ran(x, &, ) dAd™
2n(x, D) // tr (ran(x, €, \)) dAd¢

27

e Find ag, as, a4 explicitly

a0(D?) = 4wiwows

2 2 2 2.2 2,2 2,2 N2 2
32(D2) _ o w W + wiw,  wiwy  wywy (w1) _ (ws3)
3 3 3 % ow;s 6w? ow? 6w

7\ 2 i 1ol i 1" 1" 1"

_(W3) _owmw,  wmwy Wows W1 Wo W3

% S3wiws  3wiwsz  3wews 3wy 3ws  3ws

and a much longer and more complicated expression for as(D?)

Observation: all coefficients in these expressions (also for as) are
rational numbers ... what about other terms in expansion?

Spectral Action of Bianchi IX

Matilde Marcolli



Wodzicki Residue Method for SU(2)-Bianchi IX metrics
e setting (41 =, €,&v+1 find inductively for n > 2

0—2—n(X75)‘5*(MxTH) = 02-n(x, §())lcesrtr = (W1W2W3)7%npn(0
polynomials P,(¢) coefficients functions of w; and derivatives

e these explicitly give

a2n(D?) = (wiwows ) 2" Qa, (le Wa, W3, Wy, Wy, W3, .. ., W1(2n)> W2(2n)v W3(2n)>

with @Q», polynomials with rational coefficients

1
Qun = 5 [ THPalQAT) 7

Question: is this rationality a sign of an arithmetic structure of
Bianchi IX metrics that persists in the Spectral Action?
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Motives and periods for Bianchi IX metrics

e Wodzicki Residue Method (products with auxiliary flat tori)

Res(AS ),

azn n

~ 33
Nop = D? ®1+1® Agan-a,
Am2n—2 flat Laplacian on T2"~2 = (R/Z)?"~2 with symbol

-2
O'(A;:)(X,E) ~E—oo Z O—m(AQ_nl)(Xag)

m=—00

each om(A,}) homogeneous order m in ¢

Res (Ay)) = /M><'J1‘2"*2 (/51 tr(0—2n—2(x7§))0-§72n+1> dx A Adx?T2

volume form on the unit sphere in the cotangent bundle

2n+-2
Oeonir = Y (1Y GG A NdE A A dEania
=1
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e recursive relations (from parametrix method)

0—*2(A27n1) (X’ 5) = (P2(X,£1, cee 354) + (fg +e £§n+2) /)71

om(Bay) (x,€) =

_j\artaotag
- > E T (emezezaanh) (oroyopn)

1,002,004 €2L>0
m<j<—=2, 0<k<2
J—a1—ap—oas+k=m+2

o_2(A3)
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e change of variables

Wy = 1 W = — \/ Wl(t)
L7 Vmywovmw®' 2 moy/w(e)
W3 — Y W2(t) W4 — W3(t)
\/Wl(t)\/W3(t)’ \/Wl(t)\/W2(t)
=&

G2 = &4 cot(n) cos(vp) — &3 csc(n) cos(v)) + Easin(y)
(3 = —&4 cot(n) sin(y) + &3 csc(n) sin(¥) 4 &2 cos(v)
Ca = &a, (s = &, . Cnt2 = &ant2
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e rewrite integrand

M,

tr(o_op—2) = Z {cjyz,, (sin 1)P014 (cos )24 (sin 4p)P11d (cos 1)) P12

Jj=1
B, 521 CB2n+2 J . . B
1 2n+2 71,0,j, Ki,1,j i2n,j
Qp,,zn H Wi Wil Wiy

W,2n =1

Qwon(Cly -y Goni2) = WEG + WEG + WEG+WRGE + B+ + G
with ¢j2n, € Q and

Bo,1.j> Bo,2,j> B1,1,j: B1,2,j» kioj € Z

By -1 B2nt2s Pj2ns Kitjs - Kianj € Zi>o

and parameters

wi,o0 = W,'(l'), wi1 = Wl-/(t)7 A Wijop = W;
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e integration on the cosphere bundle and the 3-manifold
‘£|g = Zz,yzl g'uyg,ufu =+ fg + £§n+2

1 T 27 4
agn(t) = 7,1/ dT}/ dgf)/ d’(/) tr (072,,,2)0 2041
3273 Jo 0 0 €ls=1 et

e use one-side SU(2) symmetry of Bianchi IX to show that

1
sin(n) wi(t) wa(t) wa(t) /Ifg—l tr(0_2n—2) 0¢,2n+1

is independent of the variables 7, ¢, ¥
e volume form in the (; coordinates

2n+2
O¢,2n1 = Z(—l)‘/_lfj dfl JANGREIVAN dfj FANCRRIVAN d§2n+2 =

j=1
2n+2 ) N
=sin(n) Y (1Y GG A AdG A AdGonta

=1

= sin(n) o¢, 2041
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e also replace domain |£|; = 1 with homologous cycle given by
unit sphere in the (; coords

2n+42
D G = G+ +es ()& +esc ()& —2 cot(n) esc(n)éaba+Ei+ - +E5yy, = 1

i=1

e all terms with some 391 ;, 80,2/, 81,1/, B1,2,; odd integrate to zero
e denote by b_p,_» remaining terms in tr(o_2,_2)
e coordinates 1 and o defined by

1 = — cos(n) cos(v)), w2 = sin(1))
with
sin?(¢) = 3,  cos*(¢) =1— 5
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Period form of the integrals an, = az,(t)

1 b_2p 2
= dui A dus A
Q2n = — /Azn -2 pr A dpa AN o¢antt

e algebraic differential form

b_2,-2
1 _nug dus A dpa A o¢ anta
2
defined on the complement in A2"# of the union of two
hyperplanes

H:t = {(/‘l’].?/‘lQ?Cl,' . ';<2n) c A2n+4 . ,u2 — :l:]_}

and quadric Qw 2n(C1,-..,¢2n) =0
e integration over semi-algebraic set

A2n = {(/‘L17I‘L27<17<27 .. ,’<2n+2) c A2n+4(R) :

2n+2

0< o<1 and Zg,?:1}
i=1

Spectral Action of Bianchi IX
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Motive underlying the period
e number field K, assume W = (W4, ..., Wy) € Gn(K)*
o Zywon C P2"+1 projective quadric defined by

2n+42

Qw2n(C1,- -+ Cong2) = Z W2¢? + Z ¢2
Zwan={(C1: .- Cnr2) €P" 0 Quoan(C,- - -, Cong2) = 0}
° 2W,2n the affine cone in A2"+?2

° Csz,g,, the projective cone of Zyy o, in p2n+3

° C,{z\ZWQ,, the affine cone of C2Zyy 2, in A27T4
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Motive -
m(A2" < (Hy UH- U C2Zy 5,),T)

H+ hyperplanes
— 2n+4 . —
Hy = {(p1, p2,C15- -, Cant2) € A D pe = £1}
Y divisor in A%2"* given by
H;;j hyperplanes

Hij = {(p1, 2,1y - - -, Canga) € AT 0y = j}
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Grothendieck class
[A27H4 < (Hy U H_ U C2Zy 20)]

e Grothendieck classes and cones
o L = [A!] Lefschetz motive, class of the affine line
o [Z]=(L-1)[Z]+1
o [CZ] =L[Z] + 1 (projective cone union of a copy of Z and a
copy of affine cone Z)

o [C?Z]=L[CZ]+1=L2[Z]+L+1
o [C2Z] = (L — 1)[C2Z] + 1 = L3[Z] + 1.2 — L.2[Z] =
L*[Z] - L*([2] - 1)
o [CZ] = (L—-1)[CZ]+1=12[Z] - L([Z] - 1)
e 50 have [A2"T2 < 7] = (L — 1)[P?"*1 \ Z]
[A27H4 C27] = (L—1)[P?"+3 C2Z] = L2+ —1—(L—1)[C2Z] =

[2n+4 1 (]L— 1)(L2[Z] 4+ L+ 1) — [2nt4 —]L3[Z] +IL2([Z] — 1)
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e by inclusion-exclusion
[C2Z UH, UH_]=[C2Z] + [H- U H,] — [C2Z N (Hy UH_)]
= [C2Z] + 2123 — 2[CZ]

[C2ZUH, UH_] = L3[Z] - L3([Z] — 1) + 2123 — 2(L2[Z] - L([Z] - 1))
= 223 1 1L3[Z] — 3L%[Z] + 2L[Z] + IL? — 2L

® so get
o [A27H4 ( C27] = 1274 — L3[Z] + L2([Z] — 1)

o [A2nH4 (Eé\z UHyUH.)] =
[2n+4 _ o 2n+3 _ ]L?’[Z] + 3L2[Z] —2L[Z] - L2 + 2L
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Quadratic forms and field extensions
e assume number field K contains Q(1/—1) then change of
variables

X1 = W11 + iWa(a, Y1 = WiG1 — iWe(o
Xo = i(Wa(3 + iWsla), Yo =i(Wa(3— iWs(s).
quadratic form Quw » becomes
X1Y1 —XoYs

projective quadric Zy o C P3 is Segre embedding

Zwa={X1Y1 — XoYa = 0} ~ P! x P*
then changes of coordinates

Xn = CQn-1+1iCn, Yn=Con-1—1Cn
quadratic form Q 2, becomes

QW,2n—2(C17 R CZn) + Xn Yn
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Grothendieck class of the quadric and its complement

e compute inductively G, = [A2"+2 2W72n]:
° C2n — L2n+2 _ L2n+1 _ Ln+1 + Ln
o [Zwanl =1+ L+ -+ L1 2L 4 L+ 4. 20

e after change of variables Q> becomes quadric X1 Y1 — XoY>
[Zwo] = [P* x P =12+ 2L +1
[Pwal = (L—1)[Zwa]+1=(L-1)(L2+2L+1)+1
=L342L2+L-L2-2L—-14+1=L3+1%-L
CG=L*-13-1L2+L
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e recursion relation: complement where

QW,Qn—Z(Cl, .. CQn) + Xn Yn 5& 0

@ if X, =0then Y, € A and Quw 2,-2((1,---(an) # 0 so contribute
L - GCp_s to class Gy

® if X, # 0 then Y, # Qwa-sllitn) with (¢1,... () € A" and
Y, € G and X, € G, contributes [G,]?L?" = L?"(LL — 1)?

C2n — L2n+2 _ 2]L2n+1 + L2n +L- C2n72

e assume Cop_p = L2" —L2"~1 — " 4 "1 then get
C2n — ]L2n+2 . 2]L2n+1 4 LG + ]L(}LG - ]L2n71 — L + }Lnfl)
_L2+2 _p2n+l ekl
[Zw 2n] = ([Zw2n] = (L — 1)1 = (L2 4 L - L7 — 1)(L—1)7"
=1+L+--+L>"+L"

Matilde Marcolli Spectral Action of Bianchi IX



Grothendieck class

(4274 (Hy UH- U C?Zw 00)] =
L2n+4 i 3]L2n+3 4 2]L2n+2 _ Ln+3 + 3]Lf7+2 _ 2Ln+1

Motive:
@ motive of a quandric m(Zw 2,) is a Tate motive
° m(]P’2”+1 N Zw 2n) is mixed Tate because triangle

(B2 Z 20) = m(E2) 5 m(Z 20)(1)[2] > m(B N Z 20) 1]

e Al-fibrations P22 \ CZw 2, — P21\ Zy 5, and
P23 C2Zw 20 — P22 0 CZyy 25 so mixed Tate
m(P2"3 < C2Zy 2n)

® Gp-bundle 7 = A27+4 < C2Zyy 5, — P23 C2Zyy 5, and
associated P-bundle P with Gysin triangle

m(7) = m(P) - m(P ~T)(1)[2] = m(T)[1]

and m(P ~. T') mixed Tate (two copies of base) so m(7) mixed Tate
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m(7) = m(A2"+4 C/Z\ZWQ,,) mixed Tate

Mayer-Vietoris distinguished triangle
m(UNV)—-mU)em(V) > m(UU V) —m(Un V)[1]

with U = A2 (_{2\ZW’2,, and V = A?"4 < (H, U H_), with

UUV = A2+ (C2Z 20 N (Hy U H_)) and
Unv =A< (C2Zwo, UHy UH-)

know m(U) mixed Tate by previous

form m(V) know m(H; U H_) mixed Tate then Gysin triangle to
get m(V) mixed Tate

intersection C2Zy 2, N (Hy U H_) is two sections of the cone
isomorphic to CZw 2,

m(C2Z w20 N (Hy U H_)) = m(CZw.20) & m(CZw.20)

m(&w’gn) mixted Tate because complement is (Gysin triangle)
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@ so motive of union m(U U V) = m(A2"H4 ((_{2\Zw,2,, N(H+UH-))
also mixed Tate

@ now in Mayer-Vietoris triangle m(U), m(V), m(U U V) mixed Tate,
so also m(U N V)

@ get m(A2t4 (C/2\ZW_,2,7 U Hy U H_)) mixed Tate

@ for m(A2"4  (HL UH_U C/Z\ZWQ,,), Y) also distinguished triangle
for relative cohomology with m(X) and previous mixed Tate so
motive underlying period integral is mixed Tate

Gravitational instantons: these results hold for arbitrary Bianchi IX
metrics, specially interesting case of Bianchi IX gravitational
instantons has additional arithmetic structure given by modular
forms
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Blanchi IX gravitational instantons and Painlevé VI

e Euclidean Bianchi IX metrics with SU(2)-symmetry that are
- self-dual (Weyl curvature tensor W self-dual)
- Einstein metrics (Ricci tensor proportional to the metric)

e Self-dual equations for a Riemannian 4-manifold are PDEs; with
SU(2)-symmetry reduce to ODEs

e This ODE is a Painlevé VI equation with

1 113
(OK,IB,’}/,(S) - (§7_§7§7§)
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e N.J. Hitchin. Twistor spaces, Einstein metrics and
isomonodromic deformations, J.Diff.Geom., Vol. 42, No. 1 (1995),
30-112.

e K.P. Tod. Self~dual Einstein metrics from the Painlevé VI
equation, Phys. Lett. A 190 (1994), 221-224.

e S. Okumura. The self-dual Einstein—-Weyl metric and classical
solutions of Painlevé VI, Lett. in Math. Phys., 46 (1998), 219-232.

e M.V. Babich, D.A. Korotkin, Self-dual SU(2)—Invariant Einstein
Metrics and Modular Dependence of Theta—Functions. Lett.
Math. Phys. 46 (1998), 323-337
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Painlevé VI equations

e Painlevé transcendents: solutions of nonlinear second-order
ODEs in the plane with Painlevé property (the only movable
singularities are poles) not solvable in terms of elementary
functions; classification in types

e Painlevé VI. 4-parameter family («, 3,7, 0)

#X_ 11 1 1 (XY
d2 2\ X X-1 X-—t dt
t t—1 X—t) dt
XX =1)(X—1t) t t—1 t(t—1)
— s .
Pie-12  \ TP T xCe O — e
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Painlevé VI and elliptic curves

e Painlevé VI rewritten as (Fuchs)

5 (X,Y) Ix
R M= e
:aY—i—B% +7H;+(5_;)t((xt_—lt));/

where (X, Y) := (X(t), Y(t)) is a section
(local and/or multivalued) P := (X(t), Y(t))
of the generic elliptic curve £ = E(t): Y2 = X(X — 1)(X — t)

e left-hand-side p(P) satisfies (P + Q) = u(P) + u(Q) for P+ Q
addition on the elliptic curve E (in particular u(Q) = 0 for points
of finite order)
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e analytic description of the elliptic curve E. = C/A with
N=7Z+ 77, with T € H

e then Painlevé VI rewritten as (Manin)

dzz
dr2 - (27i) QZO‘JpZ(Z—i_* 7)

with (ag, ..., a3) == (a, — 5,7, % —9) and
(To, T1, T2, T3) :=(0,1,7,1 4 7), and

1 1
p(z,7) =+ >, -
z2 (2 (0.0) ((z— mT — n)? (m7'+n)2>
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e also have, for e;(7) = @(%77)

0:(2,7)% = Mp(z,7) — e1(7))(p(z,7) — (7)) (p(2, 7) — e3(7))
soeit+e+e3=0

e a multivalued solution z = z(7) defines a multi-section of the
family, which is a covering of H

e is know ramification and monodromy can study behavior over
geodesics in H

- Yu.l. Manin, Sixth Painlevé equation, universal elliptic curve, and
mirror of P2, in “Geometry of Differential Equations”, Amer.
Math. Soc. Transl. (2) Vol. 186 (1998) 131-151
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Theta characteristics

e explicit paremeterization of solutions for coefficients W; of the
Bianchi IX gravitational instantons (from solutions of Painlevé VI)

e theta—characteristics with parameters (p, q):

9p, ql(z,in) == > _ exp (—m(m+ p)*u+ 2mi(m+ p)(z + q))
meZ

e theta-characteristics and theta functions with vanishing
characteristics

I[p, ql(z, ip) = exp (—mp*p + 2mipq) - V[0, 0](z + pip + q, ip)
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What's nice about theta characteristics?
e lattice in C: entire doubly-periodic complex functions are
constant, but quasi-periodic functions are interesting

/

/
7 v /1+T
£ g J

4

e basic theta function ¥(z,7) = Y, exp(min®t) exp(2minz)

Hz+1,7)=9(z,7), Hz+T,7)=-exp(—miT —2miz)¥(z,T)

2

Wz + ar + b, 7) = exp(—mia®t — 2mwiaz)¥(z,T)

2

automorphy factor e;(\, z) = exp(—mia®T — 2mwiaz)
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e more generally quasi-periodic theta characteristics
Ip, q)(z,7) = 3, exp(mi(n + p)>7) exp(2mi(n + p)(z + q))
e geometrically: no non-constant holomorphic functions on

E = C/A but holomorphic sections of line bundles (from
quasi-periodic functions)

e Abel theorem: meromorphic functions on E = C/A with zeros at
a; of order n; and poles at b; of order m;

100 (z — i, 7)™
2L 00z — by )™

11

using ¥, = 9|3, 5] because simple zeros at z € A

e theta characteristics ... function theory on elliptic curves

o2 = ~(52)(2) + ¢

Weierstrass gp-function
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Gravitational instantons and theta characteristics
e use notation J[p, q] := IJ[p, q](0, i), and
¥p :=I9[1/2,0], Y3 := 1|0, 0], ¥4 :=10[0,1/2]

e self-dual metrics

2 2 2

ag ag ag
g=Fdt+ 5+ 72 4+ %)

Wl W2 W3

with
iy sdleatal i sgdlptaa )
T2 emglp gl T T 27 emieip, ]
o] 1
1. . 30lP+ 3.4
= P —
BT g

e with non-zero cosmological constant A:
. 2 Wi wWo w3
T o A(O
A (54 log V[p. q])?
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e these metrics also satisfy Einstein equation if either
O A<OwithpeRand g€ 2 +iR
@ A>0withgeRand ped+iR

e also case with vanishing cosmological constant:

1 d 1 d
wyp = +2—logtr, wpr= + 2— log I3,
p+q  du p+qo  du
1 d )
w3 +2——logvs, F=C(u+ qo)” wawaws

Cptq  du
with qo, C € R, C > 0.

- M.V. Babich, D.A. Korotkin, Self-dual SU(2)—Invariant Einstein
Metrics and Modular Dependence of Theta—Functions. Lett.
Math. Phys. 46 (1998), 323-337

- Yuri Manin, Matilde Marcolli, Symbolic Dynamics, Modular
Curves, and Bianchi IX Cosmologies, arXiv:1504.04005 [gr-qc]
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Bianchi IX: time-dependent conformal perturbations

e original triaxial Bianchi |X:

wa w3 w3wi Wi w2
ds® = wawaws du2 + a% + a§ + a§
w1 wo w3

w; = w;(p) cosmic time p

e time-dependent conformal perturbation:

. W w3 w3 wi W1 wo
d§® = Fds®> = F <W1W2W3 duz + a% + a% + a%)
w1 w2 w3

with F = F(u)
e effect on Dirac operator:

/

~ 1 3F
D=-"=D+ —5——7°
\/f 4F%W1W2W3

D Dirac operator of unperturbed Bianchi IX
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e spectral action expansion for D from heat kernel
o0
Tr (exp(—tD2)> ~t72 Z dont", t— 0"
n=0

e rationality result for coefficients of the spectral action

A I (2n) (2n) (2n) (2
QZn(WI)W2)W3)F7W17W27W37F)"'aW]_ , Wo , W3 7F(n)

a2n = F20 (wywyws )31

@2,, polynomial with rational coefficients
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e zeroth coefficient: volume form (cosmological term)
_aF2
0= 4F w1 Wwo w3

e second coefficient »: Einstein-Hilbert action

F Frw2uw2 — w2 w2w2 — w2 w2w2 — w2
——(Wf+w22+w32)+—( ) . 3 w3 2 2 W3 1 )
3 6 % W2 W1

1"

1"
2
Wy ws ) F

+-2 43— F

F/w,w, Wi Wa Wo Wa F/w,
_7(12+13+23)+7(71
w1 wWo w3 2F

S\wiws  wiws  wows 3
e much longer and more complicated explicit formula for 3,4
(Weyl conformal gravity and Gauss-Bonnet gravity)
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Gravitational Instantons

e now assuming conformally perturbed Bianchi IX is self-dual
Einstin metric and use parameterization by theta functions

e two-parameter family with non-vanishing cosmological constant:

dqV1p, q + 5](ip)
e™Pip, q](ip)
dg9lp + 3,9 + 31(in)
e™Pip, q](ip)
dq9[p + 3., ql(in)
I[p, q](ip)
1 _ 2 ( Ilp. q)(in) >2

2 _ 2
Flp-al(in) = Zx G lp, a2~ A \ aqdlp, al(in)

wilp,al(in) = — (i) Palin)

walp al(in) = £ 9aiu)a(i)

wilp al(ik) = — 3 2(i)s(in)
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e one-parameter family with vanishing cosmological constant:

1 d
w in) = + 2" log ¥a(ip),
1{qo] (ipe) Tt o T2d. 8 2(ip)
1 d
i) = + 2" log ¥3(ip),
wa[qo](if) it a T2d. 8 3(ip)
1 d
w in) = + 2" log Va(ip),
3[qo] (in) it T2d. 8 a(ip)
Flaol(in) = C(u+ qo)?,

C arbitrary positive constant
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What are modular forms?

e symmetries by a lattice A = Z + Z7 in C: elliptic curves, theta
functions, ...

e symmetry by a “hyperbolic lattice”: fundamental domains of
SLy(Z) action on the hyperbolic plane: modular curve, modular
forms
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e the hyperbolic upper-half plane H = {z € C : R(z) > 0} with

. 2 2 . - . .
metric ds? = dxy;fly (also model as Poincaré disk): isometries

az+b
cz+d

e modular group: discrete subgroup ' = PSLy(Z) generators
S:z—-1/zand T:z—z+1

Fr=(5,T|5%=1, (ST)®*=1)

PSL»(R) fractional linear transformations g : z —

e modular curve Xr = H/I': moduli space of elliptic curves

ﬂg,
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Modular forms
e meromorphic functions on H satisfying

az+b

f‘
(cz+d

) = (cz + dY*F(2)

where (cz + d)~2 d(gz) so modularity f(gz)d(gz)* = f(z)dz*

e on generators
f(z+1)="1(2), f(-1/z)= z2kf(z)

e holomorphic modular form (modular form): f(z) holomorphic
(including at infinity); cusp form: holomorphic and vanishing at
infinity
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Some significant examples

e Eisenstein series: sum over non-zero points of a lattice (k > 1)

1
Gi(z) = > (mz + )%k

(n,m)eZ2~{(0,0)}

e modular discriminant: elliptic curve E; = C/(Z + Z7) as
algebraic curve y? = 4x3 — go(7)x — g3(7) with g» = 60G; and
g3 = 140Gs when discriminant A # 0

A(r) = g3(7) — 27g3(7)

is a cusp modular form of weight 12
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Modularity in the Spectral Action of Bianchi IX instantons

e generators of the modular group PSLy(Z)
-1
Ti(r)=7+1, S(r)=—, TeH
T

e using behavior of theta functions and derivatives under modular
transformations (two-parameter family):

wilp,al(ip +1) = walp g+ p+ 1), wlp,allis +1) =V lp g +p+ 1),

SlGim), wlVlp,al(in +1) = wi”[p,a+ -+ 3)(im),

w:a[p,q](iuﬂ)=wz[psq+p+%}(im, w§"[p,q)(ip + 1) = wi”[p, g+ p+ ](w)

wa[p, q](iu + 1) = wslp, g +p +
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e for p with R(p) > 0:

wamql(i) =
w;mql(i) =
w;’;uo,q](i) =
wlp.a(;) =

wfln.dl(;) =

e similar results

_.”'27-”1 [_%p](i-u'):

plwy [~q, p)(ip) + 2pPw: [—q, p) (i),

"

—pbw; [—q, p](ip) — 6p5w, [—q,p] (i) — 6p*wi[—q, pl(ip),
pBwtV g, pl(ip) + 1207w} [~q, p)(ip) + 36u°w) [—q, p](in)
+24p°w, [—q, p)(in),

—uwV [—q, p)(ip) — 206wV [—q, p)(ip) — 120p%w) [—q, p](ips)

—240u"w, [—q, p|(ip) — 120u%w; [—q, p|(ip)-

for wy and w3 under modular generator S
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e conformal factor:

Flp,ql(in+1) = F[p,q+p+%](iu)7
F)p, ql(in+1) = F(")[p,q+p+%l(iu)-
F[p,q](i) = —p 2Fl=q,p](in),
F[p,q](é) = F'[-q.pl(in) — 207" F[-g,pl(in),
F'lp, "“ﬁ) = —2F"[=q,pl(in) + 2uF [~q, pl(in) — 2F[~q, p(in),
[p,q](é) =y FO[=q, pl(in),
@p, q](é) = S FO[=q, pl(in) — 4> FO =g, pl(in).
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e similar results for the case of the one-parameter family with
vanishing cosmological constant
e modularity of spectral action coefficients:

dolp, ql(ip +1) = do[p,q + p+ %](iu)

olp. al(in +1) = aalp.q + p+ ,1(in)

aalp.al(in+1) = alp.a + p+ 1(in)

i

5o[p, q)(—) = —p*30[—q, P (ip)

=

3[p, q](i) = —12a[—q, pl(in)

aalp, q](i) = —p*a]—q, p)(ip)
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Modularity of remaining coefficients s,

e Dirac operators D?[p, q], D?[p,q+ p + %] and D?[—gq, p] are
isospectral

e heat kernel K¢[p, q] of exp (—tﬁz[p, q]) in terms of eigenvalues
and eigenspinors = modularity

) ) ... .
Kt[p7q](I,U'1+17I/~’L2+1) = Kt[PvQ‘i‘P‘i‘E](//ilv’lQ)a
1 1 . . .
Kelp,al(—=— =) = (im2)*Kel[=a, pl(ipn, ips2)-
in’ i

e then modularity of coefficients dy,:

. . N 1,
dnlp,ql(in+1) = aal[p.g+p+ 5](/#),

azn[p,q](;> = (i1al-q, pl(in).
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Vector valued modular forms

e coefficients satisfy:
Gnlp +1,9] = d2n[p, g + 1] = &2n[p, q],
e PSL,(Z) action on (p, q) € R/Z?:
5(p.a) = (~q,p)
Ti(p,q) = (pa+p+ %)

finite orbits C’)(pyq) on rationals

e 0[P, q'1(ip), with (p',q") € O(p,q), vector-valued modular form
of weight 2 for the modular group PSLy(Z)
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e summing over orbits:

Gon(i1; O(p.q)) = Z Gonlp', q'1(i)
(p",4")€0p,q)
is an ordinary modular form of weight 2 for PSLy(Z)
e Question: which modular form is it?
e analyze zeros and poles structure to find out
@ Example: for all n, modular form 52,,(iu;(’)(07%)) in
one-dimensional space spanned by

Gua(ip)
Aip)
with A modular discriminant (cusp form weight 12) and Gj4
is Eisenstein series weight 14
@ Example: for all n, modular form 52,,([#;0(%,%)) in
one-dimensional space spanned by

A(ip)Ge (i)
Ga(ip)*
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