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Min-Plus Algebra (Tropical Semiring)

min-plus (or tropical) semiring T = R U {oo}

e operations @ and ®
x @y =min{x,y} with identity oo

x®y=x4+y with identity 0

e operations & and © satisfy:
@ associativity
@ commutativity
o left/right identity

o distributivity of product ® over sum @
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Thermodynamic semirings Tgs = (RU {00}, ®ss,®)
e deformation of the tropical addition ©g3 s

x &g,y =min{px+ (1 —p)y - ;5(;))}

B thermodynamic inverse temperature parameter
S(p) = S(p,1 — p) binary information measure, p € [0, 1]

e for f — oo (zero temperature) recovers unperturbed idempotent
addition &

e multiplication ® = + is undeformed

e for S = Shannon entropy considered first in relation to
F1-geometry in

@ A. Connes, C. Consani, From monoids to hyperstructures: in
search of an absolute arithmetic, arXiv:1006.4810
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Khinchin axioms  Sh(p) = —C(plogp + (1 — p) log(1 — p))
e Axiomatic characterization of Shannon entropy S(p) = Sh(p)
Q symmetry S(p) = S(1 — p)
@ minima S(0) = S(1) =0
© extensivity
5(pq) + (1 = pa)S(p(1 - q)/(1 = pq)) = S(p) + p5(q)
e correspond to algebraic properties of semiring T s
© commutativity of ®g s
@ left and right identity for ©g s
@ associativity of ©g s

= Tps s commutative, unital, associative iff S(p) = Sh(p)
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Khinchin axioms n-ary form
Given S as above, define S, : A1 — R by

Salpry- b = Y (1= Y A)S(T——).

1<j<n—1 1<i<j = 2i<icj Pi

Then Khinchin axioms:
© (Continuity) S(p1, ..., pn) continuous in (p1,...,pn) € Ap
simplex
@ (Maximality) S(p1, ..., pn) maximum at the uniform p; =1/n

© (Additivity/Extensivity) p; = >

=1 Pij then

S(pll,...,pnmn)—S Piy---5Pn +ZP, pll ,pll)m'),

O (Expandability) A, face in Apyg
5(p17"'7pn70) = 5(p17"'7pn)
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Shannon entropy case:

1
X Dgshy = mpin{PX +(1—ply— ESh(P)}

equivalent form of &g gn

X Bgsny =~ "log (e*BX + eﬁy)

leads to relation with Maslov dequantization
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Rényi entropy:

1
RYa(pla . 'apn) = 1—a |Og (Z P?)

lim Ry, (p1, ..., pn) = Sh(p, ..., pn)
a—1

e lack of associativity of x &5 y, when S = Ry,

Ry, (p) =

T, loe(p” + (1= p)7)

measured by the transformation (p1, p2, p3) — (p3, p2, p1)
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Non-extensive thermodynamics:

e gas of particles with chemical potentials log x and log y and
Hamiltonian (p mole fraction)

H=plogx+(1—p)logy

e partition function Z = e~Fea with Feq equilibrium value of free
energy at temperature T = 1/5

X @5 sy = max(eTS(P)+Plogx+(1fp) |0gy)
’ p

partition sum of a two state system with energies x and y
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e Extensive thermodynamics: independent subsystems A and B,
combined system Ax B

S(A% B) = S(A) + S(B)

e Non-extensive deformations (Tsallis)

Sq(A% B) = Sq(A) + S4(B) + (1~ 4)Sq(A)Sy(B)

Tsallis entropy:

1
T =—(1-p*—(1-p)*
sa(p) = —— (1 —p" = (1= p)%)
reproduces Shannon entropy a — 1

e Tsallis entropy uniquely determined by symmetry
S(p) = S(1 — p), minima S(0) = S(1) = 0, and a-deformed
extensivity

P1
p1+ p2
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Tsallis thermodynamic semiring

e Tsallis thermodynamic semiring: commutativity, unitarity and
associativity of a-deformed ©g s o

. 1
X®pSay = mpm{pax +(1—p)*y — BTSa(p)}

e General idea: transform axiomatic characterizations of various
entropy functionals into algebraic properties of corresponding
thermodynamic deformations of min-plus algebras

Matilde Marcolli Information Algebras



Entropy Operads
e Operad: objects C(j) in a symmetric monoidal category:
parameter space of j-ary operations with composition maps

v:C(k)®@C(j1) @ ®@Cjk) = ClUr + -+~ + jx)

associative, unital, and equivariant under permutations

e C-algebra A: an object with Sym;-equivariant maps
Cl@A — A,

thought of as actions, associative and unital

e operad P of probabilities on finite sets P(j) = A; simplex

Y((pi)iej®(q1)icky®@: - @(qin)ick_,) = (PiGin)iek;icj € Clko+- - -+kj-1)

composite of subsystems
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Information Algebras (over the entropy operad)
e object R>g, morphisms x € R>¢; action of operad P: maps S
from finite probabilities to non-negative real number with

@ For p € P(n) and q; € P(m;)

S(po (g1, -1 qn)) = +Zpl a);
@ 5((1))=0;
@ for p € P(n) and o € Sym,,
5(op) = S(p)

©Q S :P(n) — Ry continuous

Characterizes entropy functionals

o related work: J. Baez, T. Fritz, T. Leinster, A characterization of
entropy in terms of information loss, Entropy 13 (2011) no. 11,
1945-1957.
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von Neumann entropy and the tropical trace

e convex set of density matrices
MM = {p € Myxn(C) | p* = p, p >0, Tr(p) = 1}
e von Neumann entropy
N(p) = ~Tr(plogp), for pe MM

Shannon entropy in diagonal case

e matrices Myxn(T) over T = (RU {o0}, @, ®)

(AEDB)U = min{A,-j, BU} and (A@B)U = @kAikQBkj = mkin{A,-k—i—Bkj}

e tropical trace Tr?(A) = min;{A;i}

e also consider

N@
= i i * i < ©
Tr (A) UgnUI?N) miln{(UAU )i} < Tr(A)
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Entropical trace: thermodynamic deformation of tropical trace

T 5(A) = min, {TH(pA) ~ 575(0))

Tr in the right-hand-side is the ordinary trace

e in particular S(p) = N(p) von Neumann entropy, but also other
entropy functionals (e.g. quantum versions of Rényi and Tsallis)

e Note: Tr(pA) = (A) expectation value of observable A

e zero temperature limit

Jim x5 5(A) = T (A)
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Kullback—Leibler divergence and von Neumann entropical trace

e relative entropy (Kullback—Leibler divergence)
5(pllo) = Tr(p(log p — log 7))

e von Neumann deformation and relative entropy
(for A= A", A>0)

Te(pA) — BN (p) = ;S(pm) - ; log Za(5)

© it Zy(8) = Te(e )
OB A= ——— Wit A =Tr(e"
O Za(B)
e von Neumann entropical trace (for A= A*, A >0)
log Za(8)
TreﬂB,N(A) = T3

with Z4(B) = Tr(e™PA): rhs above is Helmholtz free energy
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o if for A= A*, A >0 is direct sum of two matrices A; and A,

= g1 (Iog Tr(e PA1) + log Tr(e_6A2)>
deformation of states on C*-algebras
e states M = {p : A — C linear| (1) = Lland p(a*a) > 0}

e relative entropy of states: in case of Gibbs states p(a) = 7(a&),
(a) = 7(an)
S(elly) = 7(£(log & — logn))

in general more complicated

e thermodynamic deformation of a state ) € M

vp,s(a) = @fgij\"A{w(a) +B71S(ellv)}
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Example:

e noncommutative torus: C*-algebra generated by two unitaries
U,V with VU = e2™0yv

e canonical trace, 7(U"V™) =0 for (n, m) # (0,0) and 7(1) =1
e Gibbs states ¢(a) = 7(a&) positive elements £ € Ay

e thermodynamic deformation of canonical trace

75.5(2) = min {io(a) + 5715 (¢l|7))

o KMS state @3 ,(b) = T(lezi;f;) of time evolution
Ut(b) — eitabe—ita

_ : -1 _p-1 —Bayy _ __p-1 —pBa
75.5(a) = min {57°5(¢lles.a)—F" log7(e™)} = " log7(e™)

Helmholtz free energy
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Algebraic Renormalization (Connes—Kreimer)

e Feynman graphs of a quantum field theory form a commutative
Hopf algebra H

e Feynman rules: morphism ¢ of commutative algebras from H to
a target algebra R (e.g. Laurent series)

e subtraction of infinities: Birkhoff factorization procedure

e multiplicative decomposition of ¢ into divergences
(counterterms) and renormalized valued, obtained using
- coproduct A of Hopf algebra H

- Rota-Baxter operator (e.g. pole subraction) on R

e in physics BPHZ renormalization
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Connes—Kreimer Hopf algebra of Feynman graphs H
e Free commutative algebra in generators I 1Pl Feynman graphs
e Grading: loop number (or internal lines)

deg(T Zdeg , deg(l)=0

e Coproduct:

AM=TR1+1T+ Y ~yal/y
yev(r)

e Antipode: inductively
S(X) ==X = S(X)X"

for AX)=X®1+1X+>Y X X’

Extended to gauge theories (van Suijlekom): Ward identities as
Hopf ideals
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Rota—Baxter algebras (Ebrahimi-Fard, Guo, Kreimer)
e Rota—Baxter algebra of weight A = —1: R commutative unital
algebra; T : R — R linear operator with

TO)T(y) =TT () + T(T(x)y) + AT(xy)

e Example: T = projection onto polar part of Laurent series

e T determines splitting R4+ = (1 — 7)R, R— = unitization of
TR; both Ry are algebras

e Feynman rule ¢ : H — R commutative algebra homomorphism
from CK Hopf algebra H to Rota—Baxter algebra R weight —1

¢ S HomAlg(H, R)

e Note: ¢ does not know that H Hopf and R Rota-Baxter, only
commutative algebras
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e Birkhoff factorization 3¢+ € Homaig(H, R+)
¢ =(¢—085)*py
where ¢1 x ¢2(x) = (1 ® ¢2, A(X))

e Connes-Kreimer inductive formula for Birkhoff factorization:

o—(x) = =T(d(x) + Y _ ¢-(x)(x"))

$4(x) = (1= T)(B(x) + > _ o (x)d(x"))

where A(x) =1®x+x@14+> x @ x"
e Bogolyubov-Parshchuk preparation

)+ S 6 ()l
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Renormalization and Computation (Manin)
proposal for a “renormalization of the halting problem”

e |dea: treat noncomputable functions like infinities in QFT

e Renormalization = extraction of finite part from divergent
Feynman integrals; extraction of “computable part” from
noncomputables

e First step: build a Hopf algebra (flow charts, partial recursive
functions) and a Feynman rule that detects the presence of
noncomputability (infinities)

e Second step: BPHZ type subtraction procedure with values in a
min-plus or max-plus algebra (computing time, memory size)

e Third step: meaning of the “renormalized part” and of the
“divergences part” of the Birkhoff factorization in terms of theory
of computation
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Semirings of functions
e min-plus semirings S = C(X, T) with pointwise @, ©®

e thermodynamic deformations Sg s = C(X,Tgs)
with pointwise ©g s, ©

Logarithmically related pairs (R, S)

e R commutative ring (algebra); S min-plus semiring; with formal
logarithm bijective map £ : Dom(£) C R — S

L(ab) = £(a) + L(b) = L(a) ® L(b)

e thermodynamic deformation (Shannon entropy)

h ®p,s o =—B " log(E(—BhH) + E(—BF))

with E : S — Dom(L) C R inverse of L
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Examples
e R = C(X,R) and Dom(£) C R given by C(X,R?) with
L(a) = —B"log(a)

fi p,s o= —B"log(e " + e %)

is Sg.s = C(X,Ts,s) with S = Sh

e R = QI[t]] ring of formal power series, Dom(L) C R power
series a(t) = ) 450 axtk with ag = 1, with formal log

e (_1)k+1

1 1
1 —a—-a?+-ad+.. =
L(1+a)=a«a % —|—3a—|— 2k

(07

a1 @5 o2 = BLL(E(—Bar) + E(—Baz))
formal exponential E(7) = _,~0 vk / k!
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min-plus valued characters (algebraic Feynman rules)
e 7{ commutative Hopf algebra; S be a min-plus semiring

e 1) : H — S satisfying 1(1) = 0 and

Yxy) =v(x) +¥(y), Vx,yeH

e main idea: “arithmetic of orders of magnitude” ¢ — 0
- leading term in € + €7 is emin{ef}
- leading term of e%¢? is ¢@+P

e model characters and Birkhoff factorization on “order of
magnitude” version of usual ones
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convolution of min-plus characters

(drxp2)(x) = min{gr (xV) +42(x@)} = P (xV) 02(x?))

minimum over all pairs (x(l),x(z)) in coproduct
A(x) = ZX(l) ® x3 in Hopf algebra H

Birkhoff factorization of a min-plus character ¥
Yy =th_x¢

* convolution product, ¥4 satisfying ¥+ (xy) = ¥+ (x) + ¥+ (y)

Note: does not require antipode, works also for H bialgebra
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Rota—Baxter semirings

e S be a min-plus semiring, map T : S — S is G-additive if
monotone, T(a) < T(b) for a < b (pointwise)

e Rota—Baxter semiring (S, &, ®) weight A > 0:
exists @-additive map T : S — S with

T(R)OT(R)=T(T(A)oh)dT(AoT(HL)® T(AOhH)®log A

e Rota—Baxter semiring (S, @, ®) weight A < 0:
exists @-additive map T : S — S with

T(A)OT(R)eT(AhOh)Olog(—\) = T(T(A)Oh)ST(AG T(f))
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Birkhoff factorization in min-plus semirings (weight +1)

e Bogolyubov-Parashchuk preparation
$(x) = min{y(x), - (x) + D(x")} = ¥(x) ® P - (x) © ¥(x")

(x’,x") ranges over non-primitive part of coproduct
AX)=x®1+10x+ > x @x"

e ¢)_ defined inductively on lower degree x’ in Hopf algebra
V- (x) = T(d(x)) = T(min{eo(x), ¥—(x') + »(x")})
=T (v e Pu-(x) 0 v(x")
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e by @-linearity of T same as
- (x) = min{T($(x)), T (- (x) + 9(x"))}
= T((x)) © P T(¥-(x) @ $(x")
e then 1, by convolution
Ui (x) 1= (- % ¥)(x) = min{y_(x), ¥ (x), - (x) + (x")}
= min{y_(x), h(x)} = - (x) & P(x)

e key step: associativity and commutativity of & and @®-additivity
of T, plus Rota-Baxter identity weight +1 gives

Y- (xy) = ¥-(x) +¥-(y)

hence 14 also as convolution
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Birkhoff factorization in min-plus semirings (weight —1)

e ¢y : H — S min-plus character, and T : S — S Rota-Baxter
weight —1: there is a Birkhoff factorization ¢y =¥_ x; if T
satisfies T(fi + f2) > T(f1) + T(f2), then ¢)_ and 9, are also
min-plus characters: 14 (xy) = ¥+ (x) + ¥+ (y)

e as before
Yo (x) = T(P(x)) and ¢ (x) = (px)(x) = min{tp_(x), P(x)}
e Rota—Baxter identity of weight —1 gives
b (xy) = min{ T($(x) + P(»)), T($(x)) + T(H(y))}
if T(A+ ) > T(A)+ T(f) then

Y- (xy) = T(W(x) + T((y))) = ¥-(x) +¥-(y)
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Thermodynamic Rota—Baxter structures

e Sg s thermodynamic Rota—Baxter semiring weight A > 0: there
is ©g,s-additive map T : Sgs — Sg s

T(L)OT(R) = T(T(A)oh)Pss T(AOT(H))Dss T(AOH)Glog A

e Sg s thermodynamic Rota—Baxter semiring weight A\ < 0: there
is @ s-additive map T : Sgs — Sg s

T(R)OT(h)®ssT(AGHL)Glog(—A) = T(T(A)Oh)DssT(AOT(f))

like previous case but with & replaced with deformed ®g s
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e (R,S) logarithmically related pair: T : S — S determines

T:R — R with T(e ) := e #T(F) for a=e P in

Dom(log) C R

T Rota-Baxter weight A\g on R < T Rota-Baxter weight A on Sg s

with S =Sh and Ag = A%, for A > 0, or \g = —|A| 77 for A < 0

T(e M) T (e PP) = T(T (e PM)e™?2) + T(e PhT(eP7))
25 T (e PhePh)

o 7 is R-linear iff T is ®g s-linear
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Birkhoff factorization in thermodynamic Rota—Baxter semirings
(weight +1)

e T :Sss — Sg s Rota—Baxter of weight A = +1
e Bogolyubov—Parashchuk preparation of ¢ : H — Sg s

p,5(x) @ﬁs@@b x")

— B llog (e—ﬁw(x) +3 e—ﬂ(¢7<x'>+w(x”))>

op(x) = e A¥() in R: Bogolyubov—Parashchuk preparation
Pp(x) = e PV

$p(x) = dp(x) + Y T(dp(x')es(x")
with T(e7#f) := e #T(") and T(—e#f) := —T(e~#")
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e Birkhoff factorization g = 13 _ *g 1
P, (x) = T(@Zg(x)) = —B71log (e‘BTW’(X)) + Z e—ﬁT(¢,(x’)+¢(x”)))

Yp4(x) = =" log (e’ﬁwﬁf(x) + e*ﬁwﬁ(ﬂ)

satisfying ¢g 1+ (xy) = ¥g 1+ (x) + g +(y)

e in limit 8 — oo thermodynamic Birkhoff factorization converges
to min-plus Birkhoff factorization

Matilde Marcolli Information Algebras



Entropical von Neumann trace and Rota—Baxter identity

e (R,T) ordinary Rota—Baxter algebra weight \; same weight on
matrices M,(R) by T(A) = (T (ajj)), for A= (ajj)

o for (Mn(R), M,(S)) logarithmically related, with 7 Rota—Baxter
weight +1 on R = T : M,(S) — M,(S) with T (e #4) = e #T(A)
satisfying

Try \(T(A)B T(B)) =T \(T(T(A) B B))
®p,s T \(T(AB T(B)))
@p,sTry A (T(A) B T(B))

where B = direct sum of matrices, N/ = von Neumann entropy
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Example: Witt rings

e commutative ring R, Witt ring W(R) = 1 + tR[[t]]: addition is
product of formal power series, multiplication determined by

(1—at)'x(1—-bt)t=(1—abt)™! abecR

e injective ring homomorphism g : W(R) — RY, ghost coordinates

coefficients of 1 J
«
a dt Z art’
r>1

for a = exp(>_,> art’/r)

e component-wise addition and multiplication on RY
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e linear operator 7 : R[[t]] — R|[[t]] is Rota—Baxter weight \ iff
Tw : W(R) — W(R) defined by g(Tw(a)) = T(g(«)) satisfies

Tw(al) €3 Tw(az) = Tw(al ® Tw(az)) +w Tw(Tw(Ozl) & 042)

+w A Tw(al ® ag)

with + addition of W(R) and convolution product

a® 7 = exp (Z( > ar'ye)tnn)

n>1 r4+f=n

for a = e><p(Zer a,t"/r) and v = exp(zer Yt/ r)
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e Example: R = RY Rota—Baxter weight +1
n—1
T : (al,az,...,a,,,...)r—>(O,al,al—i—ag,...,Zak,...)
k=1

resulting Rota—Baxter Ty, weight +1 on Witt ring W(R)
Tw(a)=a®l
convolution product with multiplicative unit I = (1 — t)~!

e Hasse—Weil zeta functions of varieties over [

£
Z(X,t) = exp ;#X(qu) -
elements in Witt ring:
Z(XuY,t)=Z(X,t)Z(Y,t) and Z(XxY,t)=Z(X, t)xZ(Y,t)
Rota—Baxter operator weight +1
Tw(Z(X,t)) = Z(X,t) ® Z(Spec(Fq), t)
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Computation examples

e inclusion—exclusion “cost functions”: T =T U, y=T1 NI,

(M) = (M) +(T2) — ()
determine 1) : H — T character ¥(xy) = ¥(x) + ¥ (y)

e class of machines 1,(I") step-counting function of n-th machine:
when it outputs on computation I' (Hopf algebra of flow charts)

e Rota—Baxter operator weight +1 of partial sums:
Bogolyubov—Parashchuck preparation

n—1
Fn(F) = min{un(T), 0n(T/7) + 3 i)}
k=1

e a graph I with ¢,(I") = oo (n-th machine does not halt) can
have 9,(T") < oo if both

- source of infinity was localized in v\ 97, so ¥n(I'/7) < o0

- Yi(y) < oo for all previous machines

“renormalization of computational infinities” in Manin's sense
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Polynomial countability

e in perturbative quantum field theory: graph hypersurfaces

Xr = {\Ur = 0} C A#Er

Zer

T e¢E(T
sum over spanning trees

e X variety over Z, reductions X, over [,
counting function  N(X, q) := #X,(Fq)

Polynomially countable X if counting function polynomial Px(q)
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e Question: when are graph hypersurfaces Xi polynomially
countable? or equivalently complements Y = A#Er < X

e max-plus character 1 : H — T max with N(Yr, q) ~ g*(7) leading
order if Yr polynomially countable or 9(I') := —o0 if not

e when Y1 not polynomially countable

D(I) = max{$(1), D () +w(/7)}

= max{y (T Z@Z) Vi) +(v-1/)}

j=1

identifies chains of subgraphs and quotient graphs whose
hypersurfaces are polynomially countable
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Work in progress: tropical geometry

e tropical polynomial p : R” — R piecewise linear

K; Kin

P(X1,. . Xn) = BL13, O X @ O X" =
min{ay+kiixi+- - +kinXn, a2+karxai+ - FkanXn, o AmtKmixite - AKmnXn }-
tropical hypersurface where tropical polynomial non-differentiable

e Entropical geometry: thermodynamic deformations of T

ki Kin
p.s(Xt,- .. Xn) = Bpsja O X O Oxp" =

. 1
min {> " pi(aj + kjnx + -+ + kinxa) = ZSa(p1, -+, o)}
p=(p) % g

e Goal: entropical geometry of graph hypersurfaces of QFT
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