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Topological Dimension and Hausdorff Dimension

e topological dimension
@ open coverings U = {U,} of X
o N(U) :=sup,cx N(U, x) number N(U, x) of open sets U, of
U such that x € U, (how many times the point x is covered
by U)
@ first minimize over the covering to avoid redundancy
infyr e N(U') taking refinements of covering

@ then maximize over U to get (non-redundant) estimate of
maximal complexity of the covering

o N(X) :=supyinfyrcy N(U)
e topological dimension dimop(X) = N(X) — 1
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e know that Hausdorff dimension behaves well with respect to
Lipschitz functions

o f: X — Y with dy(f(x),f(y)) < Cdx(x,y) then for any
ZCX
dimy(f(2)) < dimy(2)
e for open covering U = {U,} of Z in X have
diam(f(U,)) < Cdiam(U,)

> (diam(f(Ua)))* < C° ) (diam(Uy))°

pH,s(f(2)) < Coun,s(2)
so if r.h.s. finite then l.h.s. also finite, so dimension estimate
e for bi-Lipschitz functions dimy(f(Z)) = dimy(2)

@ no relation under more general continuous functions: for line
mapped to plane via Peano curve Hausdorff dimension
increases by one, under a projection decreases
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e topological dimension and metrics
@ suppose topology on X is induced by a metric
@ many different metrics in general induce the same topology

@ Hausdorff dimension depends on the metric because diameters
of open sets of coverings defined using metric

@ so Hausdorff dimension can vary with choice of metric (with
fixed topology) and topological dimension remains the same

@ relation of Hausdorff and topological dimension: for Z C X

dimiep(Z) = inf  dimy 4(2)

d metrics

with infimum over metric inducing the same topology
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Relation between Topological and Hausdorff Dimensions

e result by Edward Marczewski (alias Szpilrajn)

o Edward Szpilrajn, La dimension et la mesure, Fundamenta
Mathematicae, 28 (1937) 81-89

e dimiop(Z) = min dimg(Z) minimum of Hausdorff dimensions of
sets Z homeomorphic to Z (inf is realized in a particular metric)

e idea of proof

e first show that if a set Z (in an ambient metric space) has
(n + 1)-dimensional Hausdorff measure zero then it has
topological dimension < n

@ then show that any such Z of topological dimension < n and
any given s > n, Z is homeomorphic to a set Z inside the unit
cube 72"t for which pp s(Z) =0

@ then show that every Z with topological dimension < n is
homeomorphic to a subset Z of the unit cube Z2™ for which

pHs(Z) =0 forall s >n
o this Z then must have dimy(Z) = n = dimyep(2)
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Topological properties from Hausdorff dimension
e Example: if Z C R has dimy(Z) < 1 then Z is totally
disconnected
@ because dimy(Z) < 1 the Hausdorff measure f14y1(Z) =0
@ for x,y € Z show there are open sets U, V in R with
UnV=0and UUV =Z withxe Uandy eV
e consider the function f : Z — R given by f(z) = d(x, z)
(distance in R)
@ it is a Lipschitz function so dimy(f(Z)) < dimy(Z), also less
than one
@ so also have puy 1(f(Z)) =0

e this implies R N\ f(Z) dense in R otherwise f(Z) would
contain some open set of R which would then have non-zero
measure py 1 (Lebesgue measure on the line)
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@ sodre R\ f(Z)with0 < r<f(y)
o take the open sets

U= f_l([O, r))={zeZ|d(x,z) < r}

V=r,1((r,0)={z¢c Z|d(x,z) > r}
disjoint UN V =0 and cover Z = U U V (because
r € R\ f(Z) so there is no point z € Z with d(x, z) = r)

@ x € U and y € V (because r chosen with r < f(y) = d(x,y))
so x, y in two different components of Z (totally
disconnected)
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Box Counting Dimension (upper bounds on the Hausdorff
dimension)
e instead of e-coverings with diam(U,) < € varying (as in
construction of Hausdorff measure) use a fixed size of covering
only
@ Z compact subset of ambient X (so can always extract finite
open subcoverings)
@ D(Z,¢) = set of all open coverings of Z by open sets U, with
diam(U,) = €
@ then have for N({/) = number of open sets in a covering U

r(Z,e,s) = _inf > (diam(Ua))* =€ inf NU)

’D(Z7€) = MED(Z,G)
=e’N(Z,e), where N(Z,¢):= inf NU
e N(Z,e), where N(Z,e) Meg](z,e) U)
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@ unlike construction of Hausdorff measure now this function
has no monotonicity in € because ¢’ < € coverings are not also
€ coverings here

@ so the limit when € — 0 need not exist: need to take liminf
and limsup

@ define

r(Z,s) :=liminfr(Z,e,s) and F(Z,s):=limsupr(Z,e,s)

e—0 e—0
e these satisfy r((),s) = 7(),s) = 0 and for Z; C Z,
r(Z1,s) <r(Ze,s) and F(Zi,s) <F(Za,s)

@ but no subadditivity because cannot decompose an e-cover as
union of other coverings of smaller diameters
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box counting for the Koch snowflake
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e define box counting dimension as
dimg(Z) :=inf{s e Ry |r(Z,s) =0} =sup{s e Ry |r(Z,s) = o0}

dimg(Z) :=inf{s € R |F(Z,s) =0} = sup{s € R} |F(Z,s) = oo}

e properties: dimg()) = dimg(P) = 0 and for Z; C 2,
dimg(Z1) <dimg(Z2) and dimp(Z) < dimp(Z2)

@ but this notion of dimension is not associated to a measure,
so only have a weaker property than additivity

dimg(UaZ,) > supdimg(Z,) and dimg(UaZ,) > supdimp(Z,)
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box counting is easier to compute than the Hausdorff dimension

e have r(Z,¢,s) = e€N(Z,¢): find where it jumps from oo to 0
r(Z,e,s) = exp(sloge+log N(Z,¢))

place where this exponent changes sign, so in the limit

_ . —log N(Z,¢)
dlmB(Z) = ||m6|nfT
dImB(Z) = ||msupw

¢ loge

@ relation to Hausdorff dimension
puHs(Z) <r(Z,s) <7(Z,s) = dimy(Z) < dimg(Z) < dimg(Z)

upper bounds for the Hausdorff dimension
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log plot of box counting dimension for the Koch snowflake
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How good (or bad) an approximation?

e Example: Z=QnN|0, 1]

e dimy(Z) = 0 because for a single point pp s(point) = 0 for
all s € R, and subadditivity so for countable sets also

e what about dimg(Z) and dimg(Z)?

o general fact: if Z is the closure of Z (union with all
accumulation points) then dimg(Z) = dimg(Z) and
dimg(Z) = dimg(2)

e reason: if a family of balls B(x;, €/2) covers Z then balls
B(x;,€) cover Z (points either in Z or accumulation points of
Z so arbitrarily close to Z)

@ so estimate B B
N(Z,2¢) < N(Z,¢) < N(Z,¢)

second by inclusion Z C Z, so same box counting dimension
@ but then for Z = QnN [0, 1] have

dimg(Z) = dimg ([0, 1]) = 1 = dimp([0,1]) = dims(2)



An even more striking example of the gap between Hausdorff and
box counting dimensions

e Claim: given any two real numbers 0 < oo < 8 < 1 can construct
a set A C [0, 1] such that

dimy(A) =0, dimg(A)=c«, dimg(A)=7
e construction of the set A:

@ use a countable A so that certainly dimy(A) =0

@ A s an increasing sequence of points in [0, 1] starting at 0
constructed as

0,a1,2a1,...,b1a1, b1a1 + ap, bi1a1 + 2as,...,bia1 + bay, ...

o first by gaps of length a; then by gaps of length ap, etc.
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e choice of the sequences {ax} and {b}:

@ set A constructed as above

b

n
ce E brak + ant+1,-- -, E biax + bpy1anti, - --
k=1 k=1

@ use a rapidly decreasing sequence for a, for example a, = e™"

@ the choice of by sequence of non-negative integers will be
made to obtain « and 3 as box counting dimensions

@ Note: the endpoints between the differently spaced parts of
the sequence A = {x,} are

n
To=) bar, thelimit T :=lim T, =limx,
n n
k=1
is the limit point of A as a sequence
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e select properties for the sequence {b,}:
e {b,} monotonically increasing sequence of positive integers
with lim, b, = oo
@ convergent series Y -~ ; bya, <1 (so T € [0, 1])

@ want the sequence of partial sums S, := Y} _; by to satisfy

1 1
liminf = logS, =« and limsup— log$, =3

n—oo n n—oo N

@ a no long tail condition: want the tail [T,, T] N A of the set A
to satisfy
Th—T
<
anS, —

for all n € N and for some C >0

C
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e why these properties for {b,} work:
@ by > 72, bpa, < 1 know A C [0,1]
@ given € > 0 choose n = n(e) such that

ef(n+1) <e<e"

@ the first S, points of A are all separated by a gap of at least
e " so
N(A,e) > S,
(need at least one set of size € for each of these points for
covering)
@ number of intervals of length € needed to cover the rest
[T, TINAis < (T — T,)/e ("1 (because e~ ("1) < ¢ and
this counts how many e~ ("*1)_gaps in [T,, T])
@ since chosen a, = e~ " have by short tail estimate
T-T,

T-T, 1 n_ C
- <

e—(n+1) — a, e Sn
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@ putting these two estimates together get (for n = n(e) as
above)

N(Aje) < (1+ %) Sn

@ so estimate for log ratio computing box counting dimensions

log(Sh) < log N(A,€) < log(Sn) + log(1 + %)
n+1 = —loge — n

@ so obtain that dimg(A) and dimg(A) are computed,
respectively by

lim inf log(5n) _ a and lim supM =4
n n n n
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e the requested properties for {b,} can all be satisfied:
@ b, first grows like e*" until the first n = n; where

1
—log S, — @

1
n 2

@ then b, grows like efn (for instance b,+1 = Mb, for some
e® < M < e unti it reaches " then continue as ") until
the first n = ny where

1 1
] — —
m og Sn, B‘ < 5

@ then b, stays constant until equal again to e*” and then
keeps growing like e*" until next n = n3 where again close to
o up to another factor of 1/2 and so on

1

Nak41

1
< 2k+1

log Spyy — @

similarly for proximity to 8 so have liminf and limsup as
prescribed
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@ have monotonicity of the b, (non-strict)

@ series convergence: b, < eP" and a, = e " so

@ no long tail condition:

T—Tn  ~~ e%b -
anSnSZ k<z<> =

k=n+1 k=n+1

where used S, > b, and "“ <M

@ so this construction of the sequence {bn} satisfies all the
required properties
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Good estimate versus easy computability

@ by previous examples: box counting is not a good estimator of
Hausdorff dimension, it gives a rough upper bound, which can
often be much larger than the actual dimension

@ it works better on more regular self-similar fractals

e it is used very frequently (most uses of fractals in applications
to sciences outside of mathematics are based on box counting
estimates)

@ more easily computable advantage over accuracy of estimate

@ even larger bound by restricting to only very simple covers by
regular grids of varying sizes instead of using inf over all
UeD(Ze)

@ these larger bounds are just counting pixels that cover image
at a certain resolution (much easier computation, but even
coarser bound)

Matilde Marcolli



Example: grid box counting for the Koch snowflake
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Example: grid and variable box counting for graph of a
non-differentiable function

Standard box count: N(€) = 50 Variational box count: N(£) = 47

] [ 12N Ge
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Comparison of box counting methods

sphere packings, sphere coverings, grid boxes: for Euclidean metric

not same counting N(e) but the logarithmic limit lim._,o —k’)vg((?)

cancels difference, but for other (variable) metrics comparison with

grid boxed no longer equivalent; using balls generalizes for arbitrary
metrics SRT- NIRRT BN
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Using measures to determine dimension

@ upper bounds for the Hausdorff dimension can be obtained in
various ways (eg box counting)
@ lower bounds are much more difficult to obtain

e can use measures with uniform mass distribution
@ measure i on RV for which there are «, k,§ > 0 such that
every ball B(x, r) of radius r < 0 has measure

w(B(x,r)) < Kr®

o consider a measurable set £ ¢ RN with u(E) >0
e for all € > 0 with 0 < e < § and open covering U = {U;} of E
with diam(U;) < € have

;(dlam >ZM UU)ZM(KE)>0

so have piy o(E) > 0: estimate on Hausdorff dimension
dimy(E) > «
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Problem of constructing measures with uniform mass distribution

@ on the shift space Z: of sequences on k letters, consider the
Bernoulli measure pp with probabilities P = (p1, .. ., pk)

/-LP(C(le R Wn) = Pwy " Pw,

@ realizing this space as a subset C of R with intervals Z,,, .,
obtained by piecewise linear maps on an initial interval Z with
scaling factors A, (contraction rates) so that

diam(Zw, ... w,) = Awy -+ Aw, - diam(Z)

@ condition for up to satisfy the uniform mass hypothesis: need
to have a constant K > 0 and an « > 0 independent of
wi, ..., W, such that

‘ILLP(IWIa"-yWn) < K
diam(Zu, ,..wn)* ~
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o for this to work need to take p; = A%

@ because of probability normalization ). pj = 1 need to have
a = dimggif.sim(C) because

doar=1

@ also any subset of E C C that has pp(C) > 0 for this
measure has dimget—sim(E) = «

@ in this case for Cantor sets self-similarity dimension same as
Hausdorff dimension
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Pointwise Dimension: more refined notion of dimension that varies
with the point (behavior of balls under non-uniform measures)

e pointwise dimension

() = i B

is defined if the limit exists

@ it's a property of a measure u not of a set
o if the limit exists then p-volumes of balls around point x

rdu(x)Jre < M(B(X, r)) < rdu(x)fe

for 0 < r < § < 1 where § depends on x in general
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Example: Cantor set shift space Z;“ with Bernoulli measure
P=(p,g=1-p)

e Cantor set C in [0, 1] with two contractions of equal ratio A
e initial intervals 73,7, of lengths A (like middle third, but A
not necessarily 1/3)

@ alphabet A ={0,1}
@ balls are cylinder sets C(wx, ..., w,) with measure

pp(C(wr, . .., wy)) = p2(W) gn=an(w)

@ an(w) = number of digits equal to 1 in the string
W= wg,..., W,
@ n— ap(w) = number of digits equal to 0 in string w
@ if uniform measure p =g = % then
wp(C(wi, ..., wy)) log 2

A (X) = nll~>n;o nlog A T “logh dimy(C)

@ here logr = nlog A since length of interval Z,, . w, is A"
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Pointwise dimension d,,(x) and Hausdorff dimension of supp(u)

o when limit defining d;,(x) does not exist take liminf and
limsup d,,(x) and d,(x)
@ generalization of uniform mass distribution property

o 1 measure on RV, subset £ ¢ RN with p(E) > 0 and for
some o > 0
du(x) > a

for p-almost every x € E, then

dimy(E) > a
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e check that for all € > 0 have ity o—(E) >0
@ p-almost everywhere in E have

I B
a < du(x) = liminf log u(B(x, r))
—+= r—0 log r

so d0 such that for0 < r<d <1

log 14(B(x, r))

a—e<
log r

p(B(x,r)) <r®
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e given n € N take
1
E,:={x€E|u(B(x,r)) <r* ¢, V0<r< E}

have p(UnEn) = u(E) because almost everywhere property
then for some n must have p(E,) > 0

show that jiy o—c(En) > 0 (then also jiyy o—c(E) > 0)

any open covering of E, by balls B(x;, r;) of radii r; < §, gives

Z diam(B(xj, r;))* ¢ =2"°¢ Z e >

i

297> " p(B(xi, ri)) = 2% pu(UiB(xi, 1i)) > 2% u( En)
® 50 UH a—c(En) >2“u(E,) >0
o then piyo—c(E) > 0 so dimy(E) > o — € for all e > 0

dimpy(E) > «

Matilde Marcolli



Example: Cantor set with equal contraction ratios \; = Ap = A
and with (non-uniform) Bernoulli measure pp with

P=(p,g=1-p)

e know Hausdorff dimension is dimy(C) = _kl’f;)\
o (Zr)=pand u(I2) =q, p+q=1

@ pointwise dimension

L |OgM(C(W17""W”)
d,U«P(X) - nll_)”(;o |Og£(IW1,...,Wn)

with length of intervals {(Zy, . w,) = A"

) |og pan(w)qn—a,,(w)
dup(x) = fim, ( nlog A )

= lim

n—oo n  logA log A

n—00 n

an(w) logp (1_ i an(W)> log(1 — p)
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@ crucial quantity here:

. ap(x
a(x) = lim n(x)
n—oo n
the proportion of 1's in the binary infinite sequence
X=WiWwy...Wph...
@ in the case of the uniform Bernoulli measure P = (%, %)
expect this frequency to be 1/2 almost everywhere

@ but lots of points where not true (e.g. points with eventually
constant expansion for which a(x) = 0 or a(x) = 1)

@ typical situation: “good” set of points where asymptotics is as
expected is large in measure; “bad” set of points where
different limit or no limit is large topologically (dense) but
small in measure (measure zero)

@ easy to see because cyclic points (with a period wy, ..., wy
that repeats for some N) are dense but do not have the
typical limit density 1/2
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e for a general Bernoulli measure up on Z;r with
P =(p.g=1— p) have

)= im

p-almost everywhere, where p probability of digit 1

@ for n € N and € > 0 take set

Zn={xeC| an(X)—p‘Ze}

n

@ a point x € Cis in the "bad set” B iff 3¢ > 0 such that
VN, 3n > N such that x € Z.

5-UN U2z

e>0NeNn>N
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@ so to show p(B) = 0 estimate measures of the sets Z ,

@ property defining Z , only depends on first n digits of x, so if
a point x € Z , the whole interval Z,,, ., with the same
first n digits is also contained in Z ,

o define W, , := set of strings (wi,...,w,) such that
le,...,wn - Ze,n

1(Ze,n) = Z (L., wn)

(le--an)EWe,n

= Z Pwy * Pw, <

(W1:~--7Wn)€Ws,n

1 an(w) 2
62 Z n — P Pwi *° Pw,

w=(W1,...,Wn)EWe.n
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o write (an(w) — np)? = an(w)? — 2npan(w) + n?p? =
Ar(w) + Ax(w) + As(w)
1

/’L(Zﬁ,n) S n2€2

> (Ar(w) + Ax(w) + As(w)) pu, - - P,

w

@ third term:

> As(W)puyc Pun = Y 1D Py Puy = 07D
w

Wi,...,Wn

@ second term: rewriting a,(w) = d1(wy) + - - - + 01(wy) with
1 wy=1
o1(w;) = J

> Ao(W) Puy - Pup =—20p Y an(W) puy < Pu, =

Wi,...,Wn

—2np Z 251(Wj)Pw1'“Pwn:

W1,..0;Wn

Matilde Marcolli



==2mp> > 61(W)) Puq - Pup = —20D > > 61(wj)pw,
i VY
= —2np?

o first term: &1(w;j)? = d1(w;) so write
=D 61(w))? 251WJ + ) 61 (wi)o1(w))
Jj i#j
then get

ZAI pwl"' W, —
Z 251WJ +251 W151W_/ Pw; * - Pw,
wi,...

i#j
= np+ Z > 61(wi)01(w))) puipus; = n(n — 1)p?

iF£j WisWj
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@ then obtain an estimate
2
p—p
n2e2

1
MP(ZE,n) < W(np + n(n — 1)p2 — 2n2p2 -+ n2p2) =
o if w € 2o, then either
ap(w) > pn+2en  or ap(w) < pn—2en

@ also ap(w) < am(w) < ap(w) +enforn < m<(1+€)nso
the density a,(w)/n does not change much for nearby n and
can be controlled by changing ¢ slightly

o if € is small enough that p+ ¢ < 1
am(w) > ap(w) > pn+ (p+€)en+en> pm+em
as in first ap(w) estimate above, and if also p — ¢ > 0 get also
am(w) < an(w) + en < (p— )n < (p— )m

as in the second a,(w) estimate
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@ this implies inclusion Z>. , C Z. m when n < m < (1+€)n

@ then have
U ZZe,n C U Ze,nk
n>N k>0

where ny is given by ng = [(1+ €)kN|
@ then measures give

,U,P(UnzNZ2e,n) < Z NP(ZE,nk)

k=0
2 2
p—p k_P—pl+te
= Ne2 Z(1+€) - Ne2 ¢
k=1

@ the N in the denominator (while € is fixed) implies then
,UP( ﬂ U ZZe,n) =0
NEN n>N

@ this then implies that the measure of the “bad set” is also
zero, up(B) =0
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Exact Dimensionality and Hausdorff Dimension

@ just shown that pp-almost everywhere the pointwise
dimension of a Cantor set with contraction ratios A1 = Ao = A

_ plogp+(1—p)log(l — p)
log A

dup (x)

for up the Bernoulli measure with P = (p,1 — p)

@ a measure p is exact dimensional if there exists an « such
that p-almost everywhere d,(x) = o

@ call this o the Hausdorff dimension of the measure dimgy(u)
e we know dimy(E) > o whenever p(E) > 0 (in particular for
E = supp(n)
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@ so for the Cantor set C

: plogp+ (1 — p)log(l — p)
>
dImH(C) = ng)\

@ indeed plogp+ (1 — p)log(1l — p) is the Shannon entropy
that is maximal at p = 1/2 and this gives the correct
Hausdorff dimension

: log 2 plogp+ (1 — p)log(l - p)
dimy(C) = =
mA(C) = fogx — M2, log A

@ Note the occurrence of Shannon entropy in this computation
of pointwise dimensions!

@ is it accidental? what is the relation between entropy and
dimension?

e if the numerator is an entropy/information, what is the
denominator log A? (Lyapunov exponent)
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