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This talk is based on:

@ Farzad Fathizadeh, Yeorgia Kafkoulis, Matilde Marcolli, Bell
polynomials and Brownian bridge in Spectral Gravity models
on multifractal Robertson-Walker cosmologies,
arXiv:1811.02972

Other references
e A. Ball, M. Marcolli, Spectral Action Models of Gravity on
Packed Swiss Cheese Cosmology, Classical and Quantum
Gravity, 33 (2016), no. 11, 115018, 39 pp.
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Spectral Action
D A
Sp = Tr(f(—/\)) = g f(x)

@ D Dirac operator
e A € RY energy scale
@ f(x) test function (smooth approximation to cutoff function)

Why a model of (Euclidean) Gravity?
e M compact Riemannian 4-manifold

Tr(f(D/N)) ~ 2A* a0 + 2N hay + fyas
4
485‘/\ /fd“ 9;’422 /R\/Ed“x

10 2/(*R*R* Cuvpo ng)\fd4

coefficients ag, a» and as cosmological, Einstein—Hilbert, and
Weyl curvature C*P? and Gauss—Bonnet R*R* gravity terms
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Asymptotic Expansion

o heat kernel expansion at 7 — 07 for D? (Dirac Laplacian)
N2
TD Z CaT

e test function f(x) = [;° e ™ du(r) some measure y
normalized by f(0) = [ dpu(7)
@ asymptotic expansion of the spectral action (large A)

Tr(F(D/N) ~ ) faca N+ 20f(0) + > facaA™®
a<0 a>0
o coefficients f, given by

£ f fvivzeldv a<0
« (- )f(a)(o) a>0acN

Main Point: computing the expansion of the spectral action is the
same problem as computing the coefficients of the heat kernel
expansion of D?
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Robertson—Walker spacetime
e Topologically S x R
e Metric (Euclidean)
ds? = dt? + a(t)?do?
scaling factor a(t), round metric do? on S3

@ A.H. Chamseddine, A. Connes, Spectral action for
Robertson-Walker metrics, J. High Energy Phys. (2012) N.10,
101
e form of Dirac-Laplacian D? for Robertson—Walker metric
9 34(t) 1 a'(t)
2_ 9 0.2 _ 0
=Gt 2, a0 D) Tz P

)2+

e '°D3 = Dgs @ —Dss, Dirac operator on S3
e Dirac spectrum on S3

Spec(Dg3) = {k + g} multiplicities p(k + g) =(k+1)(k+2)
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e use basis of eigenfunctions of the Dirac operator on S3 to
decompose D? as direct sum of operators

d?  (n+3)? (n+3)d
n:_(j_( 22) +( 22) )
dt a a

multiplicity 4(n+ 1)(n+ 2)

e spectral action for test function f(u) = e™*

Te(f(D?)) ~ ) u(n) Te(f(Hy))

n>0

multiplicities p(n) = 4(n+ 1)(n + 2) and operator H,

d2
Hy = ——— + Vi(t),
dt2Jr (t)
(n+3), 3

V(1) = S (0 3) = (1)
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Result of this approach (Chamseddine—Connes)

e to compute the spectral action for the Robertson—Walker metric
need to evaluate the trace Tr(e~s"") which requires computing
e~sHn(t,t) (for coeffs prior to time integration)

Feynman—Kac formula

e st (t 1)

2\ﬁ exp(— /Vn(t—l—\/ga(u))du)D[a]

D[a] Brownian bridge integrals

Brownian bridge: Gaussian stochastic process characterized by the
covariance

]E(oz(vl)a(vz)) == V1(1 - Vz), 0 < %1 < Vo < 1

Background reference for Brownian bridge and Feynman—Kac:

@ Barry Simon, Functional Integration and Quantum Physics,
Academic Press, 1979
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Brownian bridge and Heat Kernel

e Gaussian process {a(s)}o<s<1 with covariance

E(a(s)a(t)) =s(l1—t)for0<s<t<1

e relation to Brownian motion: a(s) = b(s) — sb(1)

e setting for Feynman-Kac formula: operator H = Hy 4+ V with
potential and heat kernel e~/

e Trotter product formula:

<f7 e—ng> = lim <f7 (e—sHo/ne—iV/n)n g>

n—oo

e consequence of relation between Brownian motion and heat
kernel of Hp:

(fo, e 1M0f . e7=rf) = / fo(w(s0)) - - - fa(w(sn)) Dlw]

with D[w] Wiener measure; sy = o — ox_1 and
0<o0p<o01<--+ <0y with L* functions, and w(s) = x +.b(s)
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e use previous two to write

(f.eg) = im [ FlONe(w(s) exp —%Zv w(sj/n)) Dl
=0

n—1

Vi(siim) ~ [ V() d

Jj=0

e resulting Feynman-Kac formula:

(F,eHg) = / Fw(0)g(w(s)) exp(~ /0 " V(w(0)) do) Dlu]

o this gives (e*"f)(0) = [exp(— [y V(b(0)) do) f(b(s)) D[b]

e Brownian bridge reformulation:

et 2\ﬁ exp(— / (t + V2sa(u))du) D[a]
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Problem: technique used on Chamseddine—Connes for computing
the Brownian bridge integrals becomes computationally intractable
after the 10th or 12th term

New Method for computing the Brownian bridge integrals more
efficiently and obtain the full expansion of the spectral action

Quick summary of results in our work:

@ use this Brownian bridge computation to obtain explicit
formula for all the coefficients a5, of the heat kernel
expansion in terms of Bell polynomials

@ consider isotropic non-homogeneous versions of
Robertson—Walker spacetimes based on Apollonian packings
of spheres (multifractal cosmologies)

@ extend computation of the spectral action to these
multifractal cases

@ identify correction terms that detect fractality
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Brownian bridge integrals and expansion
e notation A(t) = 1/a(t) and B(t) = A(t)? so potential V,
V() = x?A(t)? + xA'(t) = x*B(t) + xA'(t), with x = n+3/2
Integral in Feynman—Kac formula becomes

1

—s/ Vo(t +V2sa(v))dv = —x2U — xV

0

where

U:s/olA2 (t+\/£a(v)) dv:s/olB(t—&—\/ga(v)) dv
V:s/olA' (t—&—\/ga(v)) dv

e in heat kernel spectral multiplicities (Dirac eigenvalues on S3)

2
S () Te(e ™) p(n) =4+ D)(n+2)  Hy =~ 4 V(t)
dt

replace sum over multiplicities by an integration of a continuous
variable (Poisson summation) x = n+ 3/2
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e including multiplicities: f5(x) := (x* — %) e~ U—xV

= 4052

Generating function for the full expansion of the spectral action

/oo VE e (“UP 42U+ V2)

1 Jmelt (U2 420+ V?) 1 el (—U2 420+ V2)

Vs 40U5/2 Vs 4U5/2

then consider Laurent series expansion in the variable 7 = s1/2
u v
_ 2 Hn _n _ 2 Yn _n
U=r Zn!’f and V=7 Zn!T
n=0 n=0
up = BM () 22 x,() = (Z) A(k)(t)A(”_")(t)> 202 x, (@)
k=0
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resulting expansion

NE

Tr(exp(—72D%)) ~ 3 72M—4 / aam(t) dt,

0

—5/2,2 —1/2,0
(€573 = G3%) ) ol

A= =2

1
am(t) = / <2 C2(M3/2’0) +

coefficients and Bell polynomials

- <7n+r) (2n+m) (2M72n) k! P' —ntr— —
CQ(M ) Z < K - n!p(ZM—Zn)! ug TR TR
0<k,p<2M
o<n<M

0<B<2M—2n
Bgk (U1, ..., ug—k41) Bom—2n—p,p (v1,- ., V2M—2n—B—p+1)>

Bell polynomials: Faa di Bruno derivatives of composite functions

j; Z F")(g(t)) Bam(g'(t),8"(t),. .., g~ (t))
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Structure of Brownian Bridge Integrals

Step 1: integrals of monomials on the standard simplex

A"={(vi,va,...,vy) ER":0<y < <--- <y, <1}

; ki ko k
monomial vitvy? - - v"

/ v1k1v2k '--v,lf"dvldvz'--dvn:
n

1
(k1+1)(k1+k2+2)-~(k1+k2+"‘+kn+n)

Similarly for 1 < j; < jp <+ <jx <n

Al +1)(3+2)---(k+k-1)
(n+ k)!

/\/jlvj-z---\/jde1de~-~dvn=
AN
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Step 2: Brownian Bridge and integration on the simplex

e Using variance property of Brownian Bridge:
(vi,v2,...,v2n) € A%

/Oé(Vl)Oé(Vz) +-avan) Dla] = Y viy (1=vj Vi (1=v3) - - v, (1-v;,)

summation over indices with i1 < j1, io < j2, ..., in < jn, and
{i17j17 i2,j2, ey inv_jn} = {]_, 2, Ce ,2!7}

e equivalently for (vi,va,..., va,) € A?"
/a(vl)a(vz) - a(von) Da] =

Z Vo1)(1 = Vo2))Vo3) (1 = Vo(a)) - Vo(2n—1)(1 = Vo(2n))

o€Sy,

S5, set of all permutations o in symmetric group Sz, with o(1) < o(2),
o(3) <o(4),...,0(2n—-1) < o(2n)
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Brownian Bridge Integrals

e Notation: Jk, , = set of all k-tuples of integers J = (j1,jo, ..., jk) such
that 1 <ji <jo < -+ <jix < n; for J € Jinand o € S5, define o,(1),
04(2), ..., o;(n+ k) by property that

0;(1) <0y(2)<--- <oy(n+k)

and that the set of such o,'s is given by
{O’J(l) <O’J(2) < - - <0'J(n+k)}

={o(1),0(3),...,0(2n—1),0(2}1),...,0(2j)}

1
Xk () :/0 a(v)k dv

e Brownian Bridge Integrals

/x1(a)2" Dla] = / (/Ola(v) dV)2n Dla] =

kUJ 0y(2)+1)---(oy(n+k)+n+k—1)

(2n)! > Z > (- (3n+ k)!

0€S), k=0 JeT n
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Monomial Brownian Bridge Integrals

o for (vi,va,...,vs) € A" and for i1, p,...,in € Z>p such that
i1+i2+"'+in€2ZZo

/ a(v) a(v)* - a(va)" Da] =
NS (-1/2) 11/2) o= < 1y
(/) (V=) (11/2)! <Z( )ZZ ZH " )

=0nrn=0 r,=0p=1

with | = (i1, 2, ..., Ip), first summation over non-negative integers

kJ-,m,j,m:Z’l, ,...,nsuch that
ik- _ Z( +kmj)=1i; forall j=1,2
e jm = 55 mTKm,j Ij 2, ..,
and foreach m=1,2,... n,
m—1
Km = kmm + > _ (Kim + km.j)
j=1
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Sketch of proof

n 1 n
/exp V-1 Zuj-a(vj) Dla] = exp —5 Z Gj,mUjUm
j=1

j7m:1
where the terms ¢; ,, are given by

Gm=Vi(l—vm) if j<m, and ¢m=vm(l—v;) if m<j

Expanding gives

(v/=T)ittizt+in (i1 +i+ e tin

Gttt ) [ attata)? - at)” ola) =

iy 025 in
(—1/2)(1+iat--+in)/2

n
i g2 in g i\t tin) /2
O RYY (Coeffment of ul uj u in ( E Cj,mUjum) )

Jym=1
(—1/2)li+iate+in)/2 ( (i + i+ +in)/2 ) 11[ K\m
= - c:
(i1 + i+ +1in)/2)! ki k2, e kinke,1s e kn/ o2y DT

from which then can group terms as stated
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Shuffle Product

o for (vi,va,...,vp) € A" and i, i, ..., In € Z>g with
I'1—|—I.2—{—--~—|-I'n€2ZEO

VE(ir, i, .. in) == /oz(vl)’.loz(vz)"2 -~ avn)" D[]

e extend V? linearly to vector space generated by all words
(f1,i2,...,0p) in the letters i, ip, ..., ip

e Shuffle product arLl 3 of two words o = (i1, 2, . .., ip) and

B = (1,/2,---,Jq) sum of (p:q) words obtained by interlacing
letters of these two words so that in each term the order of the
letters of each word is preserved
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e 2n=miy + mpi> + - - -+ m,i, even positive integer with
i1, i, ..., I distinct positive integers and my, my, ..., m, positive
integers

Xiy (@)™ xip (@)™ -+ x;, (@)™ Dla] =

m!/ V(i i) W (R i2) W (i, o) )dvidva - - V)
Alm] —_——

my m2 my

m! = (m)(my!)---(m,}), Iml=m +my+---+m,.

follows directly from writing

[ r@m (@)™ -x, (2™ Dlo]
= ( 1 avi)n dvl)rm( 1 avp)? dV2> . ( 1 AL dv,) " Dla],
0 0 0
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Brownian Bridge Integrals in the Coefficients of the Spectral Action

| €t otal =

(CENem k! b
Z( TR /Mp VE((1,..., 1) w(2,...,2) W) dvy - - dvieyp

A1+p1 A2+p2

N (COICINCE

i=1

summation is over integers 0 < k, p <2M,0 < n < M,

0 < B8 <2M —2n, and over sequences A =(A1, Ap,...) and

w =(u1, pa2, . .. ) of non-negative integers for each choice of k, p, n, 3,
such that |\' =B, |\ =k, |u| =2M —2n— B, |ul =p
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coefficients of the expansion of the spectral action of
Robertson—-Walker metric

am(t) =
—n—3/2\ (2n) |
1 ( K )(P)k'p‘ b
I ey e VO, w2, ., 2w ) dvy - dvegp X
2 4n2n—M p| Ak+p ———— N
A1+mg Ao+po

/2 [y 2n—p A (BONN (AT ()| #i
B(t) (A'(0) H( N )( I.! —

i=1

(0 o= () )

ki p!

" b
vb(@a,... 1 2, .., 2 W) dv - -d x
4n p2n—M py /Ak p (( ’ » 1w (2, ,2) ) V1 Vit p

A1t A2th2

_ o ) ) (i) Aj (i+1) i
B(t)~ "k (A/(t))2n PH (A/ ;#;) <B i!(f)> (A Jr” (t)) )

i=1

summation > lis over all integers 0 < k,p < 2M,0 < n < M, 0 < B8 < 2M — 2n, and sequences
X =(A1,A2,...)and p =(p1, 12, . . . ) of non-negative integers (for each choice of k, p, n, 3) such that
IN" = B, |A\| =k, ||’ =2M — 2n — B, |u| = p; second summation 3° ""is over all integers
0< k,p<2M —-2,0<n<M—1,0< B8 <2M — 2 — 2n, over all sequences X =(A1,A2,...), 0 =

(121, 42, - - - ) of non-negative integers such that |X|" = B, |\| = k, |u|' =2M —2 —2n — 3, |u| =p
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Packed Swiss Cheese Cosmology

@ P Apollonian packing of 3-spheres radii
{anx:neNk=1,...,6-5"1}

e iterative construction of packing: at n-th step 6 - 5”1 spheres
S3  are added

an,k
@ spacetime that are isotropic but not homogeneous

ds2, = a3, (dt? + a(t)*do?®), neNk=1,...,6-5""
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Homogeneous non-isotropic spacetimes

e M.J. Rees, D.W. Sciama, Large-scale density inhomogeneities in
the universe, Nature, Vol.217 (1968) 511-516.

e Proposed as explanation for possible fractal distribution of
matter in galaxies, clusters, and superclusters

e A. Ball, M. Marcolli, Spectral Action Models of Gravity on
Packed Swiss Cheese Cosmology, Classical and Quantum
Gravity, 33 (2016), no. 11, 115018, 39 pp.

@ F. Sylos Labini, M. Montuori, L. Pietroneo, Scale-invariance of
galaxy clustering, Phys. Rep. Vol. 293 (1998) N. 2-4, 61-226.

@ J.R. Mureika, C.C. Dyer, Multifractal analysis of Packed Swiss
Cheese Cosmologies, General Relativity and Gravitation,
Vol.36 (2004) N.1, 151-184.

Spectral action model of gravity on P x R: correction terms to
Robertson—Walker spectral action that detect fractality

Matilde Marcolli



Dirac operator on the multifractal geometry P x R

e General setting of Spectral triple: (A, H, D)
@ unital associative algebra A
© represented as bounded operators on a Hilbert space H
© Dirac operator: self-adjoint D* = D with compact resolvent,
with bounded commutators [D, a]
e prototype: (C®(M), L2(M,S), D)
e extends to non smooth objects (fractals) and noncommutative

(NC tori, quantum groups, NC deformations, etc.) a good notion
of Dirac operator D and spectral action functional Tr(f(D/N))
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The spectral triple of a fractal geometry
e case of Sierpinski gasket: Christensen, Ivan, Lapidus

e similar case for P and Py

e for D-dimensional sphere packing
Po={S2 ' :neN,1<k<(D+2)(D+1)""}
(Ap,, Hp,, Dpy) = @"7’(("47)9’%5511’1)5511)

e our goal: compute the spectral action expansion (or equivalently
heat kernel expansion) for Dirac operator @, x Dy x Where D,  is
the Dirac operator on the rescaled Robertson—Walker metric
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@ two possible choices of associated Robertson-Walker metrics
@ round scaling (of full 4-dim spacetime)

dsi . = an . (dt* + a(t)? do?), neNk=1,...,6-5"!
@ non-round scaling (of spatial sections only)
dsp = dt® + a(t)* aj , do?, neNk=1,...,6-5"1
® D, resulting Dirac operators on R x Sgnyk
@ entire (multifractal) spacetime R x P

@ spectral triple for R x P: A subalgebra of Co(R x P), Hilbert
space H = @p  Hnk With Hpp = LZ(San’k,S) and Dirac

5n1

D = Daxp =D P Do

neN k=1

Focus first on round scaling; comment later on other case
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Example: Packing of 4-Spheres

e round S* is a Robertson—Walker metric dt? + a(t)>do? with
a(t) =sint (0 < t < 7) and do? round metric on S3

e spectrum of Dirac operator on SP~! radius r > 0

D-1
Spec(Dgp-1) = {)\gi =+rt (2 —|—€> | e Z+}

multiplicities

my4 = 2[D2_1]<€—;D>.

@ zeta function of Dirac operator
¢p(s) = Tr(|Dss| ) mem\ r* (¢(s—3)—=¢(s—1))

¢(s) Riemann zeta function
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o fractal string zeta function (z(s) = =, a5, of Apollonian
packing P of Sg’n’k with radii sequence £ = {ap «}

@ resulting Dirac operator Dp on associated packing of
4-spheres (each 3-sphere equator in a fixed hyperplane of a
corresponding 4-sphere)

@ zeta function of Dirac Dp factors as product of zetas

on(5) = TH(IDp| %) = 3 Sa8(C(s = 3) — (5 - 1)

n,k

= C(5)CDgs (5)
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@ Mellin transform relation between the zeta function of the
Dirac operator and the heat-kernel of the Dirac Laplacian

_ 1 > _ _
TI'(’D'P’ S) = |'(5/2)/0 Tr(e tD%)ts/2 ldt

@ use to compute spectral action leading terms from zeta
function: Tr(f(Dp/N)) ~

f(O)CDp(O)+f—2A2<£2( ) /\4C»C + Z CDS4 )RU
ceS(L)
@ S(L) set of poles of fractal string zeta (. (s) residues

Rs = Ress—(r(5)

@ (r(2) and (. (4) replace radii r> and r* for a single sphere S*:
zeta regularization of 3 a2, and 3, af
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Example: Lower Dimensional Apollonian Ford Circles

e Ford circles: tangent to the real line at points (k/n,0) with
centers at points (k/n,1/(2n?))
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@ number of circles of radius r, = (2n?)~! is number of integers
1 < k < n coprime to n: multiplicity m(r,) given by Euler
totient function

m(rn) = ‘10(”)7
1
p(n) = "H(l - ;)

product over the distinct prime numbers dividing n

@ Dirichlet series generating function of the Euler totient

function (n)
w(n
Dy(s) = Z s

n>1
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o fractal string zeta function
Ce(s) =Y ¢(n)(2n*) 5 =273 () n™%* = 27°D,(2s)
n>1 n>1

o using p(p¥) = p¥ — p*?

1-p
—k
1+Z<'0 ° ]__plfs

—S

@ using Euler product formula

((s=1)
¢(s)

@ so fractal string zeta function of Ford circles

s C(25 B 1)
2 )

Matilde Marcolli
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@ build a packing of 4-spheres over the Ford circles: collection
of 2-spheres with Ford circles as equators in a given
hyperplane, then same as equators of a collection of 3-spheres
and then of 4-spheres

@ for the resulting packing of 4-spheres spectral action

11 f 3 2
Tr(f(Dp/N) ~ 135 f(0)+7:2/\+4547€(4 ) fz/\2+47127§8(7) fal*
KLy ((—k—3) = ((—k—1) 4
* 3 k-1 "
keN

277 cos(blog2) R
+ Z f%(zg) r(f)s cos(blog A)A
o=a+ib

o over nontrivial zeros of ((2s) with
r(f)o = Jo° f(u)u®"t cos(bu) du and
Zy = (C(0 =3) = ¢(0 —1))¢(20 - 1)
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Tools for the general case: Singular expansions

e meromorphic function ¢(z) with poles at S C C, Laurent
series expansion at a pole zy € S

$(2) = Y clz - 2)

—N<k

@ singular element at zp € S
S(¢,20) = Y. clz—2)

—N<k<0

@ singular expansion of ¢
Se(2) =>_S(¢,2)
zeS

@ Example: for the Gamma function

—1k 1
r(z)xz( k!) z+k

k>0
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Mellin transform and asymptotic expansion

@ Mellin transform
¢(Z)—M(f)(2)—/o f(r)r*Ldr

@ relation between asymptotic expansion at v — 0 of a function
f(u) and singular expansion of its Mellin transform

¢(z) = M(f)(2)

@ small time asymptotic expansion
~u—0t Z Co,ko U |Og )
a€S kq

e coefficients ¢, x, determined by singular expansion of Mellin
transform

MR = S (@) = 3 o LD !
Z) < M(f) Z) = O"kaikal
OéESJ(a (S+a) i

@ index k, ranges over terms in singular element of
¢(z) = M(f)(z) at z = a, up to order of pole at
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Mellin transform and summation asymptotics

—Z

® R ={r,} asequence of radii r, € R* so that (r(z) =>_,r;
converges for R(z) > C for some C >0
e function f(7) with small time asymptotics

f(r) ~ Z ent
N

@ associated series

gr(1) =Y f(ra7)
n
@ then small time asymptotic expansion of gg(7)

8rR(T) ~roor Y enCR(=N)TV+ >~ Rro M(f)(o)777
N o€S(CR)

with S(Cr) poles of (r(2)

RRro = Res;—;(r(2)
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Sketch of proof:
@ write associated series as

7~ D el = 3 ol
N,n N
@ Mellin transform M(g fo YrZ~tdT gives

) / S en a1y = Cr(z) M(F)(2)
n 0 N

@ asymptotic expansion of gg(7) from Mellin transform
M(gr)(z) singular expansion

i+ 3 BMO0

zZ—0
ceS(¢Rr) ceS(M(F))

e and from small time asymptotics of f(7) know
Sme)(z) = XN: TN
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Feynman—Kac formula on R x P with a%,k(dt2 + a(t)?do?)

@ on each R x S3  decompose Dirac D, , using operators
an, k n,k

-2 d2
Hm7n7k n k dt2 + Vm n k(t)
Vg = A H3) (m+2) = ang-3(1)
m,nk — 3%7;( ] a(t)2 2 n,k

as in Chamseddine—Connes

e Feynman-Kac formula

2 42 2
2 -2 (ﬁ+an,kvma"7k)
e T Hmnk(t t)y=e “nk " (t,t)

1
an k 2 T
= — - V, t+ V2
2\/%7/“"( ! /o mailt V222
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@ Poisson summation to replace sum
> u(m)e T Hnok (1)
m

with multiplicities p(m) with the integral

/ fr nk(x)dx

—0o0

1 I P . |

with U and V as in single sphere case

D ulm)e" e (1,1) =

V2
/ an,k (e:j (—a,,,kal/2 +2a3 kU73/2 +a; kV2U5/2)> Dla]
T ' 7
1 e% 2 1—1/2 4 —3/2 211—-5/2
= [ S s U 4 ViU | la)
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@ same Taylor expansion method

ew Urvt — 72+ Z M 2(r+¢) C(r 0, _M
M=0

with C,f/;’z) as in single sphere case dt? + a(t)?do?
@ resulting expansion

v2
> <4 (-4 U 43t (202 v2u—5/2))) -

1 & _ _
3 (Cly® = 29 co(-M + 2)74-2
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@ Feynman—Kac formula for the whole R x P

DD u{m)e ek (1, 1) =

nk m

= _ 1 1, (- _1)2,
Z 7_2M 4C£(72M+4)/ <2C2(M3/2,0) + Z(C2(M5_/22,2) . CQ(M]-_/220))> D[a]
M=0

with only the term %Céf‘o’/z’o) when M =0

@ obtained as a series

ge(r) =Y f(a,;m)

_ 1 - 1, _
()~ 2t [ (G L2 - €2 ) Dl
M
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Result: Spectral Action on Multifractal Robertson—Walker R x P

Te(F(D/N)) ~

1 |
S Wt oo [ (GO AT - ) ) o
+3es, F(0) fy ~Res,—oCc - A
nw =4 —2M, set of poles Sy of (, Mellin transform (z) = M(f)(z) of
f(7) = Tr(exp(—72D?)) with Dirac on R x S* with dt? + a(t)2do?
Conclusion: presence of fractality detected by two types of effects

© zeta regularization of coefficients (. (4 — 2M) in terms A*—2M
(including effective gravitational and cosmological constant in
top terms)

@ additional terms from non-real poles of order A" (and log
periodic) with 3 < Ro = dimy P < 4 between cosmological
and Einstein—Hilbert term
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Multifractal Robertson—-Walker with non-round scaling
dt?> + a2, a(t)?do?

e rescaling ds? = dt? + a° - a(t)? do? with a > 0 gives
U a?2Uand VisalV

@ this gives rescaling

> _ 1 & _
Z C( 5/2,2) le/’ 1/2,0))71\/172+§ Z 3 C,f/, 3/2,0) ~M—4
I\/I:

@ expect presence of zeta regularized coefficients (£(3), (z(1)

@ to see this use a Mellin transform with respect to the
“multiplicity variable” x in f5(x)
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Kummer confluent hypergeometric function
e notation: al” :=a(a+1)---(a+n—1)and a® =1
o Kummer confluent hypergeometric function defined by series

[e.9]

a(mgn
1F1 a b, t Z o
n=0 m

o

@ solution of the Kummer equation

d*f

df
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Mellin transform and hypergeometric function

@ Mellin transform in the x-variable of the function

() = () = (2 = 3)e U

given by
2 1 —x2U—xV 1 —(z+3)/2
M((X *Z)e )(Z):éU X
2 2
12 (% z 1V z+2 1 V
(U FQULAG 50 ) T 221A (5 5 )
z4+1 z74+1 3 V2 743 3 V2
+VIEURCES= 5 )21 A5 0)

@ similar expression for transform of
(2 _ 1y —xPU+xV
for(x) == (x"— 3)e
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multiplicity integral

/_C: fo(x) dx = /OOO f—(x) dx+/0Oo £ (x) dx

( ) (X ) —x2U+xV

multiplicity integral as special vaIue at z =1 of Mellin

/ T R0 dx = M(f_)(@) et + M(f1)(2)] e

—00

@ Mellin transform M(f; _)(z) + M(f;+)(2)

1 V2 z 1 V2
= =5 (2 ULF(E 22 F(1+ 2,2,
;U QUAG 5. 35) — 22RO+ 3.5 75))
@ value atzzl
1 z 1 V2 z 1 V?
_ = y—(1+3) - 2
( 4U ( )(U1F1(2 5 4U) 221F1(1+2’2’4U))) |2=

eyj \f( ~1/2 4 gy=3/2 4 V2U—5/2)
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Effect of scaling

@ notation:

V2
Hy(r,z) = U721 (z/2): Fl( A, 4u)

z 2
H(r,z) = Hip(r,2) = U 2T (2/2)1 Fl(2 ; XU)
He(r,z) = U2¢p(2)T(2/2) 1 Fu(, = L

o multiplicity integral with scaling dt? + a2, a(t)?do?
M(fsnk,-)(2) + M(fs k4 )(2) =
1
—g @k U” : r( 1F(5,

+aPUTET(1+ 2) 1F(1+
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e multiplicity integral over the full sphere packing R x P

fP,s(X) — (X - ) Z —x2a kU xa_1 %
@ as value of Mellin transform
| o) e = Mo ()t + M 2o

fpss = (2 —1/4)3, cexp(—x?a, 7 U+ xa,} V)
@ Mellin transforms

M(Fp )(2) + Mo 1)(2) = g el 2) + Helr, 2 +2)

e this shows one gets zeta regularized ((3) and (z(1)
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Sketch of how to see the log periodic terms for non-round scaling
dt® + aj ,a(t)*do?

@ T expansion

U:T2E — 7" V:T2E — 7"
n! n!
n=0 n=0
@ gives expansion of confluent hypergeometric function

2)n

H 2T 2 U—Z/2 Z/ 2n Uy-"
with (a), = a(a+1)---(a+ n— 1) the rising factorial

e the term U~%/2 contributes a term with 72 times a power

series in 7, while confluent hypergeometric function
contributes a power series in T
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@ to see why 77 gives rise to log periodic terms in the spectral
action consider simplified case

e product of the Mellin transforms M(f)(z) - M(£)(z) is
Mellin transform of convolution

M(R)(2)- M(B)E) = M(fi + 5)(2).
(s £)0) = [ e S
0

@ Mellin transform of a delta dlstrlbutlon
771 = M(5(x — 1))

@ Mellin transform of distribution
Ap ;= anrank O(x — T ank)

E Tank 0(x — 7 ank), E T ank O(T ank)

given by
7% (r(2) ZTa,,k5x—T ank))

n,k
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e given function g(x)
will want g, (x) := M~Y((z/2)1F1(2/2,1/2,7))

M(Ap)(2) - M(g)(2) = M(Ap - x g)(2)

=M rons |t a0 e 5 = S Mee(5)

T-a
nk n,k

e take h,(7) := M(g(%))

T

Ly(7):= Z ho (7 - ank)

n,k

@ asymptotic expansion for this function through singular
expansion of Mellin transform in 7

Mz (Lz(7))(B) = Cc(B) - M(hz(7))(5)

@ contributions from poles of (,(3) and of M(h,(7))(5):
log-periodic and zeta regularized terms as expected
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