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Preface

This book originates from the notes of a course on “Geometry and Arith-
metic of Quantum Fields”, which I taught at Caltech in the fall of 2008.
Having just moved to Caltech and having my first chance to offer a class
there, I decided on a topic that would fall in between mathematics and
theoretical physics. Though it inevitably feels somewhat strange to be
teaching Feynman diagrams at Caltech, I hope that having made the main
focus of the lectures the yet largely unexplored relation between quantum
field theory and Grothendieck’s theory of motives in algebraic geometry
may provide a sufficiently different viewpoint on the quantum field the-
oretic notions to make the resulting combination of topics appealing to
mathematicians and physicists alike.

I am not an expert in the theory of motives and this fact is clearly
reflected in the way this text is organized. Interested readers will have to
look elsewhere for a more informative introduction to the subject (a few
references are provided in the text). Also I do not try in any way to give
an exhaustive viewpoint of the current status of research on the connection
between quantum field theory and motives. Many extremely interesting
results are at this point available in the literature. I try, whenever possible,
to provide an extensive list of references for the interested reader, and
occasionally to summarize some of the available results, but in general I
prefer to keep the text as close as possible to the very informal style of the
lectures, possibly at the cost of neglecting material that should certainly
be included in a more extensive monograph. In particular, the choice of
material covered here focuses mostly on those aspects of the subject where
I have been actively engaged in recent research work and therefore reflects
closely my own bias and personal viewpoint.

In particular, I will try to illustrate the fact that there are two possible
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complementary approaches to understanding the relation between Feynman
integrals and motives, which one may refer to as a “bottom-up” and a “top-
down” approach. The bottom-up approach looks at individual Feynman
integrals for given Feynman graphs and, using the parametric representa-
tion in terms of Schwinger and Feynman parameters, identifies directly the
Feynman integral (modulo the important issue of divergences) with an inte-
gral of an algebraic differential form on a cycle in an algebraic variety. One
then tries to understand the motivic nature of the piece of the relative coho-
mology of the algebraic variety involved in the computation of the period,
trying to identify specific conditions under which it will be a realization of
a very special kind of motive, a mixed Tate motive. The other approach,
the top-down one, is based on the formal properties that the category of
mixed Tate motives satisfies, which are sufficiently rigid to identify it (via
the Tannakian formalism) with a category of representations of an affine
group scheme. One then approaches the question of the relation to Feyn-
man integrals by showing that the data of Feynman integrals for all graphs
and arbitrary scalar field theories also fit together to form a category with
the same properties. This second approach was the focus of my joint work
with Connes on renormalization and the Riemann—Hilbert correspondence
and is already presented in much greater detail in our book “Noncommu-
tative geometry, quantum fields, and motives”. However, for the sake of
completeness, I have also included a brief and less detailed summary of this
aspect of the theory in the present text, referring the readers to the more
complete treatment for further information. The bottom-up approach was
largely developed in the work of Bloch-Esnault—-Kreimer, though in this
book I will mostly relate aspects of this approach that come from my joint
work with Aluffi. T will also try to illustrate the points of contact between
these two different approaches and where possible new developments may
arise that might eventually unify the somewhat fragmentary picture we
have at the moment. This book only partially reflects the state of the art
on this fast-moving subject at the specific time when these lectures were
delivered, but I hope that the timeliness of circulating these ideas in the
community of mathematicians and physicists will somehow make up for
lack of both rigor and of completeness.

Matilde Marcolli
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Chapter 1

Perturbative quantum field theory
and Feynman diagrams

This first chapter gives a very brief and informal introduction to pertur-
bative quantum field theory. We start with a simple finite dimensional
example, which is aimed at illustrating the main ideas in a context fa-
miliar to most readers, where the more serious difficulties of the infinite
dimensional setting are not present, but one can already see the logic be-
hind the perturbative expansion as well as the roles of Feynman graphs.
We then briefly describe the infinite dimensional setting, in the case of a
scalar field theory, and the corresponding Feynman rules. We also include a
brief discussion of dimensional regularization (DimReg) of divergent Feyn-
man integrals, a subject to which we return later in the book from a more
geometric perspective. We include here also a brief discussion of some com-
binatorial properties of Feynman graphs, which we need in later chapters.
We state the renormalization problem, which we discuss in more detail in
a later chapter, in the setting of the Connes—Kreimer approach. There are
many very good books on quantum field theory. The subject is very rich
and can be approached from many different perspectives. For the material
we are going to cover in this text, the reader may wish to consult [Bjorken
and Drell (1964)], [Bjorken and Drell (1965)], [Itzykson and Zuber (2006)],
[LeBellac (1991)], [Nakanishi (1971)]. A lively and very readable introduc-
tion, by which the beginning part of this chapter is inspired, can be found
in the recent book [Zee (2003)].

1.1 A calculus exercise in Feynman integrals

To understand the role of Feynman graphs in perturbative quantum field
theory, it is useful to first see how graphs arise in the more familiar setting
of finite dimensional integrals, as a convenient way of parameterizing the
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terms in the integration by parts of polynomials with respect to a Gaussian
measure. It all starts with the simplest Gaussian integral

, 1/2
e~ 29"y — 2 , (1.1)
R a

for @ > 0, which follows from the usual polar coordinates calculation

> 1.2 & 1.2 > 1.2 2 i
/ e 2% dx / e 2% dy = 277/ e 29 rdr = — e " du.
0 a Jo

— 00 — 00

Similarly, the Gaussian integral with source term is given by

1/2
/6’%“2%71’ dr = <2”) et (1.2)
- [¢

This also follows easily from (1.1), by completing the square
ax a o 2Jx a J

J2
- —_ — — —_ — R P J—
g tIr=—30 =) =5 -+ g,

and then changing coordinates in the integral to y = x — % In this one-

dimensional setting a first example of computation of an expectation value

2

can be given in the form

 Jpa®e i dn (2n — 1) (1.3)
- fR e300y an )

(z?")

where 2n—1)!l = (2n—1)-(2n—3) ---5-3-1. One obtains (1.3) inductively
from (1.1) by repeatedly applying the operator —2% to (1.1). It is worth
pointing out that the factor (2n—1)!! has a combinatorial meaning, namely
it counts all the different ways of connecting in pairs the 2n linear terms x
in the monomial 22" = z-x---z in the integral (1.3). In physics one refers
to such pairings as Wick contractions. As we discuss below, the analog of
the Gaussian integrals in the infinite dimensional setting of quantum field
theory will be the free field case, where only the quadratic terms are present
in the Lagrangian. The one-dimensional analog of Lagrangians that include
interaction terms will be integrals of the form

Z(J) :/Re*%af”%)*“ dz, (1.4)

where P(z) is a polynomial in z of degree deg P > 3. The main idea in such
cases, which we’ll see applied similarly to the infinite dimensional case, is to
treat the additional term P(x) as a perturbation of the original Gaussian
integral and expand it out in Taylor series, reducing the problem in this
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way to a series of terms, each given by the integral of a polynomial under
a Gaussian measure. Namely, one writes

n=0

The perturbative expansion of the integral (1.4) is defined to be the series

=1
Z—'/P(x) e T gy (1.6)
ne0 n Jr

Notice then that, for a monomial ¥, the integral above satisfies

k
, d .
R ) e

Using (1.2), this gives

1/2 k ;
/xk eféax2+Jz dr = 21 i 6%_
R a dJ

Thus, in the case where the polynomial P(z) consists of a single term
A g
= —xk7
k!
one can rewrite each term in the perturbative expansion using (1.7), so that

one obtains
o0 n
1L (A) erbetrsnie
| |
0 n. R k

<1 (X (d\" ”/ Los?is
— | =—= e 29 T (.
>a(m@)) [

Thus, the perturbative expansion can be written in the form

- () e ((8) Voo (). as

Two examples of this kind that will reappear frequently in the infinite

dimensional version are the cubic case with P(z) = %x3 and the quartic

case with P(z) = % 2*.

To see then how the combinatorics of graphs can be used as a convenient
device to label the terms of different order in A and J in the perturbative
series of Z(J), first observe that the term of order A* and J” in Z(J) is

produced by the combination of the term of order « in the Taylor expansion

P(x)
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of the exponential exp(7;(:4)*) and the term of order 8 + ka in J in the

Taylor expansion of the other exponential exp(%) in (1.8). All the resulting
terms will be of a similar form, consisting of a combinatorial factor given by
a ratio of two products of factorials, a power of J, a power of A and a power
of 2a in the denominator. The graphs are introduced as a visual way to
keep track of the power counting in these terms, which are associated to the
vertices and the internal and external edges of the graph. The combinatorial
factor can then also be described in terms of symmetries of the graphs.

Here, as in general in perturbative quantum field theory, one thinks of
graphs as being constructed out of a set of vertices and a set of half edges.
Each half edge has an end that is connected to a vertex and another end
that may pair to another half edge or remain unpaired. An internal edge
of the graph consists of a pair of half edges, hence it is an edge in the
usual graph theoretic sense, connecting two vertices. An external edge is
an unpaired half edge attached to a vertex of the graph. The graphs we
consider will not necessarily be connected. It is sometimes convenient to
adopt the convention that a graph (or connected component of a graph)
consisting of a single line should be thought of as consisting of an internal
and two external edges.

The way one assigns graphs to monomials of the form AZ{ ® s by the

following rules.

e To each factor of A one associates a vertex of valence equal to the
degree of the given monomial P(z) = %xk This means a total of
« vertices, each with k half edges attached.

e To each factor J one associates an external edge.

e The power of a~! is then determined by the resulting number of

internal edges obtained by pairing all the half edges to form a graph.

Notice that the procedure described here produces not one but a finite
collection of graphs associated to a given monomial ’\Z—,{ﬁ, depending on all
the different possible pairings between the half edges. This collection of
graphs can in turn be subdivided into isomorphism types, each occurring
with a given multiplicity, which corresponds to the number of different
pairings that produce equivalent graphs. These combinatorial factors are
the symmetry factors of graphs. To see more precisely how these factors
can be computed, we can introduce the analog, in this 1-dimensional toy

model, of the Green functions in quantum field theory. The function Z(J)
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of (1.4) can be thought of as a generating function for the Green functions

e N
Z(J)=> %/Rva e HP@) gy — 7. Z JNGy, (1.9)
=0 .

N=0
where Z = [, e~ 392" +P(@) gz and the Green functions are

f v e—%ar2+P(m) dx
_ JR N!
Gn =

R e300 +P(@) gy

(1.10)

Upon expanding out the interaction term exp(P(z)), with P(z) = 22" and
formally exchanging the sum with the integral, one obtains

zN Awk " az?
Yoo ) (k')"n'e 20" dg

Azk)n _lag?
Do Of((k‘)"n‘ 247" dx

Gn =

(1.11)

Using (1.9), we then see that one way of computing the coefficient of a term

in AZ{ in the asymptotic expansion of Z(J) is to count all the pairings

(the Wick contractions) that occur in the integration

/ aNakre=30e” gy (1.12)
R

As we have seen in (1.3), these are (N + kn — 1)!! for even N + kn, with the
odd ones vanishing by symmetry. Taking into account the other coefficients
that appear in (1.9) and (1.11), one obtains the factor
(N + kn —1)!!
Nin! (kKh»
The meaning of this factor in terms of symmetries of graphs can be ex-
plained, by identifying (N + kn — 1)!! with the number of all the possible
pairings of half edges, from which one factors out N! permutations of the
external edges, k! permutations of the half edges attached to each valence
k vertex and n! permutations of the n valence k vertices along with their
star of half edges, leaving all the different pairings of half edges. These then
correspond to the sum over all the possible topologically distinct graphs ob-
tained via these pairings, each divided by its own symmetry factor. Thus,
in terms of graphs, the terms of the asymptotic series in the numerator of
(1.10) become of the form
A#V (D) j#Eex:(T)
Z #Aut(T) a#Eine (1)

I'egraphs

(1.13)

Notice also how, when computing the terms of the asymptotic series using
either the Taylor series of the exponentials of (1.8) or by first using the
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expansion in Green functions and then the terms (1.12), one is implicitly
using the combinatorial identity

Passing from the 1-dimensional case to a finite dimensional case in many
variables is notationally more complicated but conceptually very similar.
One replaces an integral of the form

(2m)N/? tra-tgt

We s (114)

/ e_%ItA””JFJIdxl coedxy =
RN

where the positive real number a > 0 of the 1-dimensional case is now
replaced by an N x N real matrix A with A* = A and positive eigenvalues.
The real number J is here an N-vector, with Jx the inner product. The
form of (1.14) is obtained by diagonalizing the matrix and reducing it back
to the 1-dimensional case. One can again compute the asymptotic series
for the integral

_1lnt
/ e~ 3% Aa:—&-P(ac)—&-Jafdml cday,
RN

where the interaction term here will be a polynomial in the coordinates
x; of x, such as P(x) = %(Zf\il z}). One can use the same method of
labeling the terms in the asymptotic series by graphs, where now instead
of attaching a factor a~! to the internal edges one finds factors (A71);; for
edges corresponding to a Wick contraction pairing an x; and an x;.

The conceptually more difficult step is to adapt this computational pro-
cedure for finite dimensional integral to a recipe that is used to make sense

of “analogous” computations of functional integrals in quantum field theory.

1.2 From Lagrangian to effective action

In the case of a scalar field theory, one replaces the expression %x2 + P(x)
of the one-dimensional toy model we saw in the previous section with a
non-linear functional, the Lagrangian density, defined on a configuration
space of classical fields. Here we give only a very brief account of the basics
of perturbative quantum field theory. A more detailed presentation, aimed
at giving a self-contained introduction to mathematicians, can be found in
the book [Connes and Marcolli (2008)].
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In the scalar case the classical fields are (smooth) functions on a space-
time manifold, say ¢ € C>*(RP,R), and the Lagrangian density is given by
an expression of the form

£(6) = So0y - Tt - P(o), (1.15)

where (9¢)* = ¢"9,¢0,¢ for g" the Lorentzian metric of signature
(1,-1,—1,...,—1) on R? and a summation over repeated indices under-
stood. The interaction term P(¢) in the Lagrangian is a polynomial in
the field ¢ of degree deg’P > 3. Thus, when one talks about a scalar field
theory one means the choice of the data of the Lagrangian density and the
spacetime dimension D. We can assume for simplicity that P(¢) = %gbk.
We will give explicit examples using the special case of the ¢® theory in
dimension D = 6: while this is not a physically significant example because
of the unstable equilibrium point of the potential at ¢ = 0, it is both suffi-
ciently simple and sufficiently generic with respect to the renormalization
properties (e.g. non-superrenormalizable), unlike the more physical ¢* in
dimension D =4 .
To the Lagrangian density one associates a classical action functional

Sc(¢)= [ L($)d . (1.16)

RD
The subscript L here stands for the Lorentzian signature of the metric and
we’ll drop it when we pass to the Euclidean version. This classical action
is written as the sum of two terms Sr(¢) = Sfree,n.(®) + Sint,£(¢), where
the free field part is

Stree.r(¢) = /

RD

1 m?

2(96)2 — T2 ) 4P
(30007 - 0 %
and the interaction part is given by

Sint,p(9) =~ | P(¢)d"x.
RD

The probability amplitude associated to the classical action is the expression

51,0
e (1.17)

where /i = h/27 is Planck’s constant. In the following we follow the conven-
tion of taking units where A = 1 so that we do not have to write explicitly
the powers of A in the terms of the expansions. An observable of a scalar
field theory is a functional on the configuration space of the classical fields,
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which we write as O(¢). The expectation value of an observable is defined
to be the functional integral

0($)e%® Dlg
oty = L9,

(1.18)

where the integration is supposed to take place on the configuration space
of all classical fields. In particular, one has the N-point Green functions,
defined here as

(@) p(an) 59 Dig]
B f etSL($) ’D[(;S] ’

for which the generating function is given again by a functional integral

GN7L(371>~--;37N) (1.19)

with source term
[ s pig, (1.20)

where J is a linear functional (a distribution) on the space of classical
fields and (J, ¢) = J(¢) is the pairing of the space of fields and its dual. If
J = J(x) is itself a smooth function then (J,¢) = [pp J(z)¢(z)dPx.

Although the notation of (1.18) and (1.19) is suggestive of what the
computation of expectation values should be, there are in fact formidable
obstacles in trying to make rigorous sense of the functional integral involved.
Despite the successes of constructive quantum field theory in several im-
portant cases, in general the integral is ill-defined mathematically. This is,
in itself, not an obstacle to doing quantum field theory, as long as one re-
gards the expression (1.18) as a shorthand for a corresponding asymptotic
expansion, obtained by analogy to the finite dimensional case we have seen
previously.

A closer similarity between (1.20) and (1.4) appears when one passes
to Euclidean signature by a Wick rotation to imaginary time ¢ — t. This
has the effect of switching the signature of the metric to (1,1,...,1), after
factoring out a minus sign, which turns the probability amplitude into the
Euclidean version

e'SL(®) oy e=5(9)) (1.21)

with the Euclidean action
S(¢) = / 1(3¢>)2 + m ¢* +P(¢) | dPx (1.22)
~ Jrp \2 2 ' ’

Thus, in the Euclidean version we are computing functional integrals of the
form

_ o) dan) o5 Dlg]
~ T JeseDE

GN(Z‘l,...,JZN) (123)
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for which the generating function resembles (1.4) in the form
217] = /e— Jep (300042 ¢+ P @)+ @)6(x)) a7y (1.24)

satisfying
ZlJ] 1
Z[[O]] :NX:OM/J(Ql‘l)"'J(.’L‘N)GN(.’El,...,Z‘N)del"'dD.’L‘N, (1.25)

for
7”,2
Z[O] — /67 fRD (%(8¢)2+ 2 ¢2+P(¢))dDm D[¢] (126)

In order to make sense of this functional integral, one uses an analog of
the asymptotic expansion (1.6), where one expands out the exponential of
the interaction term Sin(¢) = [zp P(x) dPz of the Euclidean action and
one follows the same formal rules about integration by parts as in the finite
dimensional case to label the terms of the expansion by graphs. What is
needed in order to write the contribution of a given graph to the asymptotic
series is to specify the rules that associate the analogs of the powers of A,
J and a~! to the vertices, external and internal edges of the graph. These
are provided by the Feynman rules of the theory.

1.3 Feynman rules

By analogy to what we saw in the 1-dimensional model, where one writes
the Green functions (1.11) in terms of integrals of the form (1.12), and
the latter in terms of sums over graphs as in (1.13), one also writes the
Green functions (1.23) in terms of an asymptotic series whose terms are
parameterized by graphs,

V(T,p1,...,pN)
= E _— 1.27
gN(p17 7pN) - #Aut(r) ) ( )
where Gy (p1,...,pn) is the Green function in momentum space, i.e. the

Fourier transform
g =[G i(prz1+-+PNTN) dpy d”py
N(ply---apN)—/ N(acl,...,xN)e (QW)D.“(QW)D.
(1.28)
The reason for writing the contributions of Feynman integrals in momen-
tum space is that in physics one does not only think of the Feynman graphs
as computational devices that do the bookkeeping of terms in integration
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by parts of polynomials under a Gaussian measure, but one can think of a
diagram as representing a (part of) a physical process, where certain parti-
cles with assigned momenta (external edges) interact (vertices) by creation
and annihilation of virtual particles (internal edges). The momenta flowing
through the graph then represent the physical process. In fact, it is clear
from this point of view that what has physical meaning is not so much
an individual graph but the collection of all graphs with given external
edges and assigned external momenta, and among them the subset of all
those with a fixed number of loops. The latter specifies the order in the
perturbative expansion one is looking at. The terms V(I',p1,...,pn) are
constructed according to the Feynman rules as follows.

e Each internal edge e € E;,+(T") contributes a momentum variable
k. € RP so that

dPk dPk,,
V(l"7p17_'_7pN) = /Ir(ph...,pN,k17...,kn)(2ﬂ-); W’
(1.29)

for n = #FE;(I). The term Zr(p1,...,pN,k1,...,ks) is con-
structed according to the following procedure.

e Each vertex v € V(') contributes a factor of A, (27)”, where \, is
the coupling constant of the monomial in the Lagrangian of order
equal to the valence of v and a conservation law for all the momenta
that flow through that vertex,

Su(k) :=0( Y ke— > ke), (1.30)
s(e)=v t(e)=v

written after chosing an orientation of the edges of the graph. In
the case of vertices with both internal and external edges (1.30) is
equivalently written in the form

n

N
du(k,p) = 5(2 €v,iki + Z €v,5Pj), (1.31)

i=1 j=1

where the incidence matrix € of the graph I is the #V (I') x #E(T')-
matrix with

+1 for v =t(e)
€ve =4 —1 for v=s(e) (1.32)
0 for v ¢ d(e).
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e Fach internal edge contributes an inverse propagator, that is, a
term of the form ¢, !, where ¢. is a quadratic form, which in the
case of a scalar field in Euclidean signature is given by

ge(ke) = k2 +m?. (1.33)
e Each external edge e € E.,;(I') contributes a propagator q.(p.) ™!,
with ge(pe) = p2 +m?2. The external momenta are assigned so that
they satisfy the conservation law ) _p. = 0, when summed over
the oriented external edges.
e The integrand Zr(p1,-..,pN, k1, -- -, ky) is then a product

IT »emPouke,.pe,) [I  telhe)™ J[  depe,)™
veV(T) e;€EEint(T) €;EFeyt(T)

(1.34)
with linear relations among the momentum variables ke, and pe,
imposed by the conservation laws 0, (ke,,pe;) at the vertices of the
graph.

We can then write the Feynman integral associated to a Feynman graph
T" of the given theory in the form

V(,p1,...,on) =1, -, o8n) UT, p1,...,DN), (1.35)

where the factor e(p) is the product of the inverse propagators of the ex-
ternal edges

epr, o) =[] (), (1.36)
€€ FEcqt(T)

while the factor U (T, p) is given by

UL, p1,...,pNn) = C/ i ot Xy Cogts) Ak 47k,
Y (k1) -+ qn(kn) (2m)P  (2m)P’
(1.37)
with C = [, ey Ao (2m)P.

We work here for convenience always with Euclidean signature in the
Feynman integrals, so that our propagators contain quadratic terms of the
form (1.33). The study of parametric Feynman integral we discuss in greater
detail in Chapter 3 can be done also for the Lorentzian case, as shown for
instance in [Bjorken and Drell (1965)].
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1.4 Simplifying graphs: vacuum bubbles, connected graphs

There are some useful simplifications that can be done in the combinatorics
of graphs that appear in the formal series (1.27).

The basic property that makes these simplifications possible is the mul-
tiplicative form (1.34) of the Feynman integrand Zr(p1, ..., pn, k1, .-, kn).
This implies the following property.

Lemma 1.4.1. The Feynman integral V (T, p1,...,pN) is multiplicative on
connected components of the graph T'.

Proof. This follows immediately from the form (1.34) and (1.35) with
(1.36), (1.37) of the Feynman integral. In fact, if the graph I' has differ-
ent connected components, no linear relations arise between momentum
variables of the edges of different components (as these have no common
vertices) and the corresponding integrals split as a product. O

Moreover, one also has the following multiplicative form of the symme-
try factors of graphs.

Lemma 1.4.2. For a graph I' that is a union of connected components I';
with multiplicities n; (i.e. there are n; connected components of I' all iso-
morphic to the same graph I';), the symmetry factor splits multiplicatively
on components according to the formula

#Aut(T) = H(nj)! H #Aut(T;)™. (1.38)

J J

Proof. The factorials come from the symmetries of the graph I' that
permute topologically equivalent components. All symmetries of I' are
obtained by composing this type of symmetries with symmetries of each
component. O

One then has a first useful observation on the combinatorics of the
graphs that appear in the asymptotic expansion of the Green functions. A
graph with no external edges is commonly referred to as a vacuum bubble.

Lemma 1.4.3. The graphs of (1.27) do not contain any vacuum bubbles.

Proof. As we have seen in the finite dimensional toy model, these cor-
respond to the terms with J = 0 in the asymptotic series. Thus, when
one writes the expansion (1.25) into Green functions, and then the expan-
sion (1.27) of the latter into Feynman integrals of graphs, the expansion
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of the functional integral Z[.J] would count the contribution of all graphs
including components that are vacuum bubbles as in the case of (1.8) in
the finite dimensional case. The expansion of Z[0] on the other hand only
has contributions from the vacuum bubble graphs, and the multiplicative
properties of Lemma 1.4.1 and Lemma 1.4.2 then imply that the expansion
for Z[J]/Z]0] only has contributions from graphs which do not contain any
connected components that are vacuum bubbles. O

One can then pass from multi-connected to connected graphs by rewrit-
ing the functional integral Z[J] in an equivalent form in terms of
Z1J]
WlJ] =1 — . 1.39
=10z ( 71 ) (1.39)

One can again write a formal asymptotic series for W[.J] as

=1
wi=3 ﬁ/J(xl)-~-J(a:N)GMC(xl,...,a:N)dDasl---deN,
N=0"""

(1.40)
where now the Green functions Gy (1, ..., zn) will also have an expan-
sion on graphs of the form (1.27), where, however, only a smaller class of
graphs will be involved.

Lemma 1.4.4. The connected Green functions Gy c(x1,...,zn) of (1.40)
have an expansion

V(Papla o 7PN)
1y pN) = P PN 1.41
Gn (P PN) Z ZAut(T) (1.41)
T' connected
where Gy c(p1,--.,pn) is the Fourier transform

; dPpy dPpy
=[G Pzt dpyen) Z 2L
Gn.c(P1,---,PN) / Ne(@1,.. Tn)e (2m)D (2m)D

(1.42)
and the V(T,p1,...,pn) in (1.41) are computed as in (1.35).

Proof. We only sketch briefly why the result holds. More detailed ex-
positions can be found in standard Quantum Field Theory textbooks (for
example in [LeBellac (1991)]). Suppose that T' is a disjoint union of con-
nected components I' = U;T';, with multiplicities n; and with N; external
edges, so that 37, n;N; = N. Then by Lemma 1.4.1 and 1.4.2 we get

V(F7p1a cee apN) _ H V(Fjapla cee 7pN_7’)nj
Fha) L T )
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Thus, we can write

% = %J\ln/J(ai1)"'J(37N)GN(3317~--»CUN)l:[dei

1 gy
= — J(x1) - J(xN;)GN; (1,5 2N,)
> ¥ I/ IO v)
exp< % J(ml)~~J(:EN)GN,C(SL’1,...,:EN)>.

1.5 One-particle-irreducible graphs

Further simplifications of the combinatorics of graphs can be obtained by
passing to the 1PI effective action, or higher loop versions like the 2PI effec-
tive action, etc. We discuss here briefly only the 1PI effective action, though
we will later need to return to discussing higher connectivity conditions on
Feynman graphs. We first recall the following notions of connectivity of
graphs.

Definition 1.5.1. The notion of k-connectivity of graphs is given as fol-
lows:

e A graph is k-edge-connected if it cannot be disconnected by removal
of any set of k or fewer edges.

e A graph is 2-vertex-connected if it has no looping edges, it has
at least 3 vertices, and it cannot be disconnected by removal of a
single vertex, where vertex removal is defined as below.

e For k > 3, a graph is k-vertex-connected if it has no looping edges
and no multiple edges, it has at least k + 1 vertices, and it cannot
be disconnected by removal of any set of £ — 1 vertices.

Here what one means by removing a vertex from a graph is the following.
Given a graph I" and a vertex v € V(I'), the graph I" \ v is the graph with
vertex set V(I') \ {v} and edge set E(I') \ {e : v € d(e)}, i.e. the graph
obtained by removing from I' the star of the vertex v. Thus, 1-vertex-
connected and 1-edge-connected simply mean connected, while for k > 2
the condition of being k-vertex-connected is stronger than that of being
k-edge-connected. The terminology more commonly in use in the physics
literature is the following.
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Definition 1.5.2. For k£ > 2 a (k + 1)-edge-connected graph is also called
k-particle-irreducible (kPI). For k = 1, a 2-edge-connected graph that is
not a tree is called one-particle-irreducible (1PI) graph. These cannot be
disconnected by removal of a single (internal) edge.

Notice that trees are all considered not to be 1PI, even though a tree
consisting of just n edges attached to a single valence n vertex cannot be
disconnected by removal of a single edge (such edges are not internal though
in this case).

Lemma 1.5.3. Any connected graph can be obtained from a tree, after
replacing the vertices by 1PI graphs with the number of external edges equal
to the valence of the vertex.

Proof. If the connected graph I' is 1PI the tree consists of a single vertex
with the number of edges attached equal to the number of external edges of
the graph. Suppose the graph is not 1PI. Find an edge that disconnects the
graph. Look at each component and again repeat the operations finding
edges that disconnect them further until one is left with a collection of 1PI
graphs, I'1, ..., ;. It then suffices to show that the graph obtained from I"
by shrinking each T'; to a vertex is a tree. Since each of the internal edges
that remain in this graph was an edge whose removal increased the number
of connected components, this must still be true in the graph obtained after
collapsing all the I';. A graph that is disconnected by the removal of any
one internal edge is a tree with at least one internal edge. O

This suggests that there should be a way to further simplify the combi-
natorics of graphs in the asymptotic expansion of the functional integrals,
by counting separately the contributions of trees and that of 1PI graphs,
and getting back from these the contributions of all connected graphs.

This is done by passing to the 1PI effective action, which is defined as
the Legendre transform of the functional W[.J], namely

Seff((b) = (<¢7 ‘]> - W[‘]]) ‘J:J(¢>)7 (143)
evaluated at a stationary J, that is, a solution of the variational equation
)
— J)y—-WI[J]) =0.
= (6, 7) = W)

The asymptotic expansion of the effective action collects the contri-
butions of all the 1PI graphs, so that the semiclassical calculations (i.e.
involving only graphs that are trees) done with the effective action recover
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the full quantum corrections to the classical action given by all the con-
nected graphs that appear in the expansion of W[J]. We do not prove here
how one gets the asymptotic expansion for the effective action and we refer
the interested reader to [Connes and Marcolli (2008)] and [LeBellac (1991)].

To explain more precisely the difference between edge and vertex con-
nectivity in Definition 1.5.1 above, and their relation to the 1PI condition,
we recall the following observations from [Aluffi and Marcolli (2009a)].

Definition 1.5.4. A graph IV is a splitting of I at a vertex v € V(T') if it
is obtained by partitioning the set E C E(T") of edges adjacent to v into
two disjoint non-empty subsets, £ = E; U Fy and inserting a new edge e
to whose end vertices v; and vy the edges in the two sets F; and Es are
respectively attached, as in the example in the figure.

We have the following relation between 2-vertex-connectivity and 2-
edge-connectivity (1PI).

Lemma 1.5.5. Let I' be a graph with at least 3 vertices and no looping
edges.

(1) If T is 2-vertex-connected then it is also 2-edge-connected (1PI).
(2) T is 2-vertez-connected if and only if all the graphs T obtained as split-
tings of T at any v € V(T') are 2-edge-connected (1PI).

Proof. (1) We have to show that, for a graph I" with at least 3 vertices and
no looping edges, 2-vertex-connectivity implies 2-edge-connectivity. As-
sume that I' is not 1PI. Then there exists an edge e such that I' \ e has two
connected components I'1 and I's. Since T" has no looping edges, e has two
distinct endpoints v; and vo, which belong to the two different components
after the edge removal. Since I' has at least 3 vertices, at least one of the
two components contains at least two vertices. Assume then that there
exists v # v; € V(I'1). Then, after the removal of the vertex v; from T,
the vertices v and vs belong to different connected components, so that T’
is not 2-vertex-connected.

(2) We need to show that 2-vertex-connectivity is equivalent to all split-
tings I being 1PI. Suppose first that I" is not 2-vertex-connected. Since
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I" has at least 3 vertices and no looping edges, the failure of 2-vertex-
connectivity means that there exists a vertex v whose removal disconnects
the graph. Let V' C V(T") be the set of vertices other than v that are end-
points of the edges adjacent to v. This set is a union V' = V; UV, where
the vertices in the two subsets V; are contained in at least two different
connected components of I' \ v. Then the splitting IV of " at v obtained
by inserting an edge e such that the endpoints v; and vy are connected by
edges, respectively, to the vertices in V; and V5 is not 1PI.

Conversely, assume that there exists a splitting IV of T at a vertex v
that is not 1PI. There exists an edge e of IV whose removal disconnects the
graph. If e already belonged to T', then T" would not be 1PI (and hence not
2-vertex connected, by (1)), as removal of e would disconnect it. So e must
be the edge added in the splitting of I at the vertex v.

Let v; and vy be the endpoints of e. None of the other edges adjacent
to vy or vy is a looping edge, by hypothesis; therefore there exist at least
another vertex vf # v9 adjacent to vy, and a vertex v} # vy adjacent to vs.
Since IV \ e is disconnected, v} and v} are in distinct connected components
of IV \e. Since v] and v} are in I’ \ v, and T’ \ v is contained in IV \ e, it
follows that removing v from I'" would also disconnect the graph. Thus I is
not 2-vertex-connected. (|

Lemma 1.5.6. Let T' be a graph with at least 4 vertices, with no looping
edges and no multiple edges. Then 3-vertex-connectivity implies 3-edge-
connectivity.

Proof. We argue by contradiction. Assume that I" is 3-vertex-connected
but not 2PI. We know it is 1PI because of the previous lemma. Thus, there
exist two edges e; and ey such that the removal of both edges is needed
to disconnect the graph. Since we are assuming that I' has no multiple or
looping edges, the two edges have at most one endpoint in common.
Suppose first that they have a common endpoint v. Let v; and wvg
denote the remaining two endpoints, v; € de;, v1 # vo. If the vertices vy
and vy belong to different connected components after removing e; and es,
then the removal of the vertex v disconnects the graph, so that I' is not 3-
vertex-connected (in fact not even 2-vertex-connected). If v1 and vy belong
to the same connected component, then v must be in a different component.
Since the graph has at least 4 vertices and no multiple or looping edges,
there exists at least one other edge attached to either vy, v, or v, with
the other endpoint w ¢ {v,v1,v9}. If w is adjacent to v, then removing
v and vy leaves vo and w in different connected components. Similarly,



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

18 Feynman Motives

if w is adjacent to (say) vy, then the removal of the two vertices v; and
v9 leave v and w in two different connected components. Hence I' is not
3-vertex-connected.

Next, suppose that e; and e have no endpoint in common. Let v; and
wy be the endpoints of e; and v, and wy be the endpoints of e;. At least
one pair {v;, w;} belongs to two separate components after the removal of
the two edges, though not all four points can belong to different connected
components, else the graph would not be 1PI. Suppose then that v; and w;
are in different components. It also cannot happen that vy and ws belong
to the same component, else the removal of e; alone would disconnect the
graph. We can then assume that, say, v, belongs to the same component
as v; while wy belongs to a different component (which may or may not be
the same as that of w;). Then the removal of v; and ws leaves vo and wy
in two different components so that the graph is not 3-vertex-connected.[]

Conditions of 3-connectivity (3-vertex-connected or 3-edge-connected)
arise in a more subtle manner in the theory of Feynman integrals, in the
analysis of Laundau singularities (see for instance [Sato, Miwa, Jimbo, Os-
hima (1976)]). In particular, the 2PI effective action is often considered
in quantum field theory in relation to non-equilibrium phenomena, see e.g.
[Rammer (2007)], §10.5.1.

In the following we restrict our attention to Feynman integrals of graphs
that are at least 1PI.

1.6 The problem of renormalization

So far we have treated the integrals U(T,p1,...,py) of (1.37) as purely
formal expressions. However, if one tries to assign to such integrals a nu-
merical value, one soon realizes that most of them are in fact divergent.
This was historically one of the main problems in the development of per-
turbative quantum field theory, namely the renormalization problem: how
to extract in a consistent and physically significant manner finite values
from the divergent integrals (1.37) that appear in the asymptotic expan-
sion of the functional integrals of quantum field theory.
The problem of renormalization consists of three main aspects:

e Regularization
e Subtraction
e Renormalization
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Regularization consists of a procedure that replaces the divergent integrals
(1.37) by functions of some regularization parameters, in such a way that
the resulting function has a pole or a divergence for particular values or
limits of the additional parameters that correspond to the original diver-
gent integral, but has finite values for other values of the regularization
parameters. Subtraction then consists of removing the divergent part of
the regularized integrals by a uniform procedure (such as removing the po-
lar part of a Laurent series in the main example we use below). This is
not all there is yet. Renormalization means being able to perform the sub-
traction procedure by modifying the parameters in the Lagrangian (which
become themselves functions of the regularization parameter).

To understand more clearly the last point, it is important to stress the
fact that the parameters that appear in the Lagrangian, such as masses and
coupling constants of the interaction terms, are not physical observables,
nor are they the same as the actual masses and physical quantities that one
can measure in experiments. In fact, the parameters in the Lagrangian can
be modified without affecting the physics one observes. This is what makes
it possible, in a renormalizable theory, to correct for divergent graphs by
readjusting the parameters in the Lagrangian. Thus, if one introduces a
regularization of the divergent Feynman integrals in terms of a complex
parameter z (as we discuss below) or in terms of a cutoff A, then the
Lagrangian can be modified by changing the coefficients to

0z 2 4+ 5m? A+ 0
co) = (B wep + M AP

where the functions §Z, 6m? and 6\ depend on the regularization param-
eter. They consist, in fact, of a formal series of contributions coming from
all the divergent graphs of the theory. Notice that a theory is still renor-
malizable if, in addition to the modifications of the coefficients of the terms
initially present in the Lagrangian, to compensate for divergent graphs one
needs to also add a finite number of other terms, i.e. other monomials
%qﬁ’“, that were not initially present. In fact, one can just think of this
as being the effect of having chosen an arbitrary value = 0 for the coef-
ficients of these terms in the initial Lagrangian. However, a theory is no
longer renormalizable if an infinite number of additional terms is needed to
compensate for the divergences.
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1.7 Gamma functions, Schwinger and Feynman parameters

We digress momentarily to recall some useful formulae involving Gamma
functions, which are extensively used in Feynman integral computations
and are the basis of both the dimensional regularization procedure we de-
scribe below and the parametric representation of Feynman integrals that
we discuss later and which is the basis for the relation between Feynman
integrals and periods of algebraic varieties.

First recall that the Gamma function is defined by the integral

I't+1) :/ ste™%ds. (1.45)
0

It satisfies T'(t+1) = ¢ T'(¢), hence it extends the factorial, namely I'(n+1) =
n! for nonnegative integers. The function I'(¢) defined in this way extends
to a meromorphic function with poles at all the non-positive integers.

As we are going to see in more detail below, a typical way of dealing
with divergences in Feynman integrals is to first identify them with poles of
some meromorphic function and typically a product of Gamma functions.

The first useful operation on Feynman integrals is the introduction of
Schwinger parameters. These are based on the very simple identity

1 o0
-= / e ds. (1.46)
q 0

This allows the reformulation of integrals where quadratic forms ¢; in the
momentum variables appear in the denominator in terms of Gaussian inte-
grals where quadratic forms appear in the exponent. In terms of Schwinger

parameters, one writes the denominator of a Feynman integral of the form
(1.37) as

1
- = / e~ (1ot tsnan) ge, L s, (1.47)
q1---qn R
This is a special case of the more general useful identity

1 1 / (srq14-- - -
_ e 51q1++8nqn) Skl 1"'81:7.” 1d51...d5n_
gk Tk T(kn) Jr '

"
(1.48)

Another related way to reformulate the expression (1.37) of Feynman
integrals is based on the Feynman parameters. Here the basic example,

analogous to (1.46) is the Feynman trick

1 ! 1
== /0 RS t)b)zdt. (1.49)
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The more general expression analogous to (1.47) is obtained by considering
the general formula (1.48) and performing a change of variables s; = St;
with S = s1 + -+ s, so as to obtain

1 Tk 4+ k) / it k=51 -3 1)
gt gre T(ka) - Dkn) Joupn (g + -+ tagn)”

dty -~ dt,.

(1.50)
In the particular case of the denominators of (1.37) this gives

1 o(1 — -t
—=(n- 1)!/ (1=2.it) dty---dtp. (1.51)
g1 Gn 1 (11 + -+ +tngn)"

Thus, the integration is performed on the n-dimensional topological simplex

on = {t=(t1,...,ta) ERL[ Y t; =1}. (1.52)

1.8 Dimensional Regularization and Minimal Subtraction

Dimensional regularization (DimReg) is based on a formal procedure aimed
at making sense of integrals in “complexified dimension” D —z, with z € C*,
instead of integral dimension D € N. It would seem at first that one needs
to develop a notion of geometry in “complexified dimension” along with
measure spaces and a suitable theory of integration, in order to define
dimensional regularization property. In fact, much less is needed. Due to
the very special form of the Feynman integrals U (T, p1,...,pn), it suffices
to have a good definition for the Gaussian integrals in D dimensions,

/e_MZth = P/2\=D/2, (1.53)

in the case where D is no longer a positive integer but a complex number. In
fact, one can then reformulate the Feynman integrals in terms of Gaussian
integrals, using the method of Schwinger parameters described briefly in
§1.7.

Clearly, since the right hand side of (1.53) continues to make sense for
D € C, one can use the right hand side of (1.53) as the definition of the
left hand side and set

/e_wdzt = x#/2\"%2 vieC. (1.54)

One then obtains well defined Feynman integrals in complexified dimen-
sion D — z, which one writes formally as

Uz(l—‘(pl”pN)) = /Ip(pla'-'7pN>k17'~-akl)MzedD_zk1"'dD_zkg.
(1.55)
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The variable p has the physical units of a mass and appears in these inte-
grals for dimensional reasons. It will play an important role later on, as it
sets the dependence on the energy scale of the renormalized values of the
Feynman integrals, hence the renormalization group flow.

It is not an easy result to show that the dimensionally regularized in-
tegrals give meromorphic functions in the variable z, with a Laurent series
expansion at z = 0. See a detailed discussion of this point in Chapter 1
of [Connes and Marcolli (2008)]. We will not enter into details here and
talk loosely about (1.55) as a meromorphic function of z depending on the
additional parameter pu.

The method of minimal subtraction consists of removing the divergent
part of the Laurent series expansion at z = 0 of a meromorphic function
obtained from the regularization of the Feynman integrals. One denotes by
T the operator of projection of a Laurent series onto its polar part. With
this notation, if U(T") = U(T")(z) is shorthand for the meromorphic function
obtained from the dimensional regularization of the Feynman integral asso-
ciated to the graph I' (suppressing the explicit dependence on the external
momenta), then (1 — )U(T") would be its minimal subtraction. This is a
convergent power series in the variable z € C*, which then has a finite value
at z =0.

As we see below (see also [Connes and Marcolli (2008)] for a more de-
tailed explanation), taking (1 — %)U(T')|,=¢ does not suffice as a renormal-
ization method, due to the role of subdivergences, i.e. smaller subgraphs
v of the Feynman graph I' which themselves already contribute divergent
Feynman integrals U(y). The correct procedure that uses dimensional reg-
ularization and minimal subtraction to extract finite values from divergent
Feynman integrals is given by the Bogolyubov recursion described below in
§5.1.

We report here from [Connes and Marcolli (2008)], [Collins (1986)] the
simplest example of dimensional regularization, for the self-energy graph of
the theory 7" with L;(¢) = ¢* and D = 6.

p+k

This corresponds to the divergent Feynman integral (neglecting the con-
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stant multiplicative factor containing the coupling constant A\ and powers
of 27) is given by

/ 1 1 JPk
k2 +m? (p+ k)2 4+ m?
for the theory with Lagrangian £(¢) = 5(0¢)* + mTQQbQ + 2¢3. This follows
directly from the application of the Feynman rules: the variables assigned
to the two internal edges are —k and p+ k, with p the external momentum,
due to the effect of the delta functions imposing the conservation law at the
two vertices. It is easy to see that this integral is divergent, for instance in
dimension D = 4 or D = 6, where it is usually interesting to consider this
scalar field theory.

In this case, the method of Schwinger parameters described in §1.7 con-
sists of replacing the integral above by

1 1 —s(K+m?)—t((p+K)* +m?)
= e dsdt.
k2 +m? (p+k)? +m? /5>O, t>0
One can then diagonalize the quadratic form in the exponential to get
—Q(k) = <A ((k+2p) + ((z — a?)p? +m?))

with s = (1 — )X and ¢t = x A. One obtains in this way a Gaussian in
g = k + zp and using the prescription (1.54) one then gets

b Mz —z)p®+Am? Ag® gD
/ / e (l—»b)zﬂrm)/e_ T d”q Nd\ dz
o Jo

1 [e%s)
_ 7TD/2/ / e~ (Ma=a?)p?+am?) \=D/2 \ 1\ g
o Jo

1
= xP/21(2 - D/2) / (z — 2)p? + m*)P/?~2 du;,
0

which makes sense for D € C* and shows the presence of a pole at D = 6.

It seems then that one could simply cure these divergences by removing
the polar part of the Laurent series obtained by dimensional regulariza-
tion. Slightly more complicated examples with nested divergent graphs
(see [Connes and Marcolli (2008)] [Collins (1986)]) show why a renormal-
ization procedure is indeed needed at this point. In fact, the main point is
that one would like to cancel the divergence by correcting the coefficients
of the Lagrangian by functions of z, the counterterms, that is, by redoing
the Feynman integral computation for the modified Lagrangian

2 _ (5 2 5
L(p) = %(8@2(1 —67) + (”LQT”) @2 — ngTg(bg).
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While one can check that this works for the example given here above, it
does not seem to work any longer for more complicated examples where
the graph I' contains divergent subgraphs. In such cases, one needs to
account for the way the divergences of the subgraphs have already been
renormalized, by correcting the Laurent series U(I") by a linear combination
of other Laurent series associated to the subgraphs. This will be explained
in more detail in §5.1 below.

We conclude this introductory section by recalling more formally the
main distinction we already mentioned between renormalizable and non-
renormalizable theories.

Definition 1.8.1. A quantum field theory with Lagrangian L(¢) =
1(09)? + 7"72@1)2 + P(¢), with polynomial interaction terms P(¢) defines
a renormalizable quantum field theory if all the divergences arising from
the corresponding Feynman integrals U(I") can be corrected by repeatedly
altering the bare constants of the existing terms in the Lagrangian or by
adding a finite number of new polynomial terms to £(¢).

In the case of a non-renormalizable theory, one can still follow the same
renormalization procedure. However, since infinitely many new terms will
have to be added to the Lagrangian to correct for the divergences of increas-
ingly complicated graphs, the theory will end up depending on infinitely
many parameters.
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Chapter 2

Motives and periods

After reviewing the main tools from quantum field theory that we need,
we give here a very brief and sketchy account of the other subject whose
relation to quantum field theory will then be the main topic of the rest of
the book, the theory of motives of algebraic varieties. This will be a simple
introduction, were we will inevitably avoid the deeper and more difficult
aspects of the theory, and focus only on the minimal amount of information
that is necessary in order to explain how the connection to quantum field
theory arises. We first sketch the construction and main properties of pure
motives. As will become clearer in the following chapter, these do not suffice
for the quantum field theoretic applications, for which the more complicated
theory of mixed motives is needed. We are even sketchier when it comes to
describing the world of mixed motives, but we give some concrete examples
of mixed Tate motives, which will be the type of motives that, at least
conjecturally, mainly arise in quantum field theory. We describe briefly
the role of periods, which will be the main point of contact with Feynman
integral computations, with special attention to the case of multiple zeta
values. We also show how one can estimate the complexity of a motive
through an associated invariant, a universal Euler characteristic given by
the class in the Grothendieck ring of varieties. Finally, we recall the role of
Galois symmetries in categories of motives.

2.1 The idea of motives

Grothendieck introduced the idea of motives as a universal cohomology the-
ory for algebraic varieties. There are different notions of cohomology that
can be defined for algebraic varieties: Betti cohomology, algebraic de Rham
cohomology, étale cohomology. There are relations between them, like the

25
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period isomorphism between de Rham and Betti cohomologies. The idea
of a universal cohomology that lies behind all of these different realizations
asserts that properties which occur in all the reasonable cohomologies and
relations between them should come from properties that are motivic, i.e.
that already exist at the level of this universal cohomology. Setting up a
theory of motives is no easy task. The field is in fact still a very active and
fast developing area of algebraic and arithmetic geometry. For a long time
the only available written reference giving a detailed account of the theory
of motives, along with some interesting algebro-geometric applications, was
[Manin (1968)], which is still an excellent short introduction to the subject.
A more recent reference that gives a broad survey of the current state of
the field is [André (2004)]. An extensive series of papers on motives is
available in the proceedings of the 1991 Seattle conference, collected in the
two volumes [Jannsen, Kleiman, Serre (1994)]. For our purposes we will
try to follow the shortest path through this intricate theory that will allow
us to draw the connection to quantum field theory and discuss the main
problems currently being investigated. Thus, this will be by no account an
accurate introduction to motives and we refer the readers interested in a
more serious and detailed account of the current state of research in this
area to the recent book [André (2004)].

The theory of motives comes in two flavors, roughly corresponding to
the distinction between working with smooth projective varieties or with
everything else, meaning varieties that may be singular, or “non-compact”.
In the first case, where one only considers motives of smooth projective
varieties, one obtains the theory of pure motives, which is built by first
abstracting the main properties that a “good” cohomology theory of such
algebraic varieties should satisfy (Weil cohomologies) and then constructing
a category whose objects are smooth projective varieties together with the
data of a projector and a Tate twist, and where the morphisms are no longer
just given by morphisms of varieties but by more general correspondences
given by algebraic cycles in the product. Under a suitable choice of an
equivalence relation on the set of algebraic cycles, one can obtain in this
way an abelian category of pure motives and in fact a Tannakian category,
with a corresponding Galois group of symmetries, the motivic Galois group.
This part of the theory of motives is at this point on solid ground, although
problems like explicitly identifying the motivic Galois groups of various
significant subcategories of the category of pure motives, or identifying
when a correspondence is realized by an algebraic cycle, remain extremely
challenging. While the general theory of pure motives is a beautiful and
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well established part of arithmetic algebraic geometry, the main problem of
establishing Grothendieck’s standard conjectures remains at this time open.

The situation is far more involved when it comes to mized motives,
namely motives associated to varieties that are no longer necessarily smooth
and projective. The first issue in this case is that of identifying the right
set of properties that a good cohomology theory is expected to have and
that should then be also associated to a good category of motives. As it
happens in topology, also in the context of algebraic varieties passing to the
“non-compact” case profoundly alters the main properties of the cohomol-
ogy, with Poincaré duality being replaced by the pairing of cohomologies
and cohomologies with compact support, and with a prominent role played
by Mayer—Vietoris type long exact sequences. The theory of mixed mo-
tives, in the form which is presently available after the work of Voevodsky,
is based on triangulated categories, where these types of cohomology ex-
act sequences manifest themselves in the form of distinguished triangles.
Only in very special cases, and for very particular subcategories of the
triangulated category of mixed motives, is it possible to extract from the
triangulated structure a heart giving rise to an abelian category. This is the
case for the subcategory of mixed motives that is most directly of interest
to quantum field theory, namely the category of mized Tate motives over a
number field. As we are going to see in the next chapter, the reason why
it is mixed motives instead of the simpler pure motives that arise in the
quantum field theoretic context lies in the fact that certain algebraic vari-
eties naturally associated to Feynman graphs are typically singular, so that
they cannot be described, at the motivic level, using only pure motives.

When one is studying the motivic nature of certain classes of varieties,
as will be the case here with certain hypersurfaces associated to Feynman
graphs, it is often too compicated to work directly in the triangulated cate-
gory of mixed motives, but one can sometime get useful information about
the motives by looking at their classes in the Grothendieck ring. This con-
sists of isomorphism classes of varieties up to equivalence relations induced
by very rough “cut-and-paste” operations on algebraic varieties, with the
same inclusion-exclusion property of an Euler characteristic.

2.2 Pure motives

The main properties of a good cohomology theory of algebraic varieties are
summarized by the concept of Weil cohomology. We assume we are working
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with smooth projective varieties over a field K, which for our purposes we
can assume is Q or a finite algebraic extension (a number field). This
means that, at each archimedean place of the number field, such a variety
X defines a smooth complex manifold X (C), which is embedded in some
sufficiently large projective space PY. The axioms of a Weil cohomology
are the following.

e H' is a contravariant functor from the category Vk of smooth projective
varieties to the category GrVectg of graded finite dimensional K-vector
spaces.

e H'(X) = 0 outside of the range i € {0,...,2dim(X)}.

e Poincaré duality holds: H?4™(X)(X) = K and there is a non-
degenerate bilinear pairing

() s H{(X) x H?3m(XO=i(x) =, K, (2.1)
e The Kiinneth formula holds:
H™(X1 xx X2) = @ H'(X1) @x H;(X), (2.2)
i+j=n

with the isomorphism induced by the projection maps m; : X7 xg Xs —
X;, fori=1,2.

e Let 3%(X) denote the abelian group of algebraic cycles in X (smooth
connected subvarieties) of codimension i. Then there exists a cycle map

v 1 3Y(X) — H*(X), (2.3)

which is functorial with respect to pullbacks and pushforwards and
satisfying

Vauy (Z x W) =45 (Z) @ (W),

with ¢ + 7 = n, and normalized by fy;;t : Z — K being the standard
inclusion.

e The weak Lefschetz isomorphisms hold: if H denotes a smooth hy-
perplane section of X, with + : H <— X the inclusion, then * :
HY(X) — H'(H) is an isomorphism for i < dim(X) — 2 and injec-
tive for ¢ = dim(X) — 1.

e The hard Lefschetz isomorphisms hold: let £ : H{(X) — H*"?(X)
be given by £ : 2 — x U~yk(H). Then £t fi(X) —
H?dm(X)=1(X) is an isomorphism for all i < dim(X).

Algebraic de Rham cohomology Hj,(X,K) and Betti (singular) cohomol-
ogy Hy(X) = HZ,,,(X(C),Q) are both examples of Weil cohomologies.

sing
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It is in general extremely difficult to determine whether a given class in a
Weil cohomology H*(X) lies in the image of the cycle map v%. The Hodge
conjecture, for example, is closely related to this question. The fact that
in general algebraic cycles are very complicated objects and one does not
know much about how to characterize them homologically constitutes the
main difficulty in the theory of pure motives, as the construction of the
category of pure motives that we now recall will show more clearly.

Grothendieck’s idea that gave birth to the whole theory of motives was
that there should be a cohomology theory for (smooth projective) algebraic
varieties that should map via realization functors to any cohomology satis-
fying the axioms recalled above. The existence of isomorphisms between the
different known Weil cohomologies, such as the period isomorphism between
Betti and de Rham cohomology, motivated this search for an underlying
universal theory.

The approach to constructing such a universal cohomology theory is
to remain sufficiently close to the geometry of the varieties themselves,
instead of passing to associated vector spaces or modules over a ring, as
cohomologies typically do. One modifies instead the maps between varieties
so as to obtain a category that still contains the usual category of smooth
projective varieties. It has additional objects and morphisms that make it
into a “linearization” of the category of varieties, that is, a category that
is good enough to behave as a category of modules over a ring.

The precise notion for a category that behaves like a category of modules
over a ring, namely a category that is good enough to do homological
algebra, is that of an abelian category, see [Gelfand and Manin (1994)].

Definition 2.2.1. An abelian category C is a category satisfying the fol-
lowing properties.

e For all X,Y € Obj(C) the set of morphisms Hom¢(X,Y') is an abelian
group (i.e. C is pre-additive). The composition of morphisms is com-
patible with the abelian group structure of the Hom-sets.

e There is a zero-object 0 € Obj(C) with Home(0,0) = 0, the trivial
abelian group.

e There are finite products and coproducts in C.

e All morphisms have kernels and cokernels in the category and every
morphism f : X — Y has a canonical decomposition

K5x514y S K, (2.4)
with joi = f, and with K = Ker(f) € Obj(C), K’ = Coker(f) €
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Obj(C), and I = Coker(k) = Ker(c) € Obj(C).

The property that an abelian category “behaves like a category of mod-
ules over a ring” is made precise by the Freyd—Mitchell theorem, which
shows that indeed a small abelian category can be faithfully embedded as
a subcategory of a category of modules over a ring.

To obtain a category of pure motives one then aims at constructing
an abelian category of smooth projective varieties and correspondences,
which admits realization functors to vector spaces determined by the various
possible Weil cohomologies.

A morphism f : X — Y of varieties can be regarded as a correspondence
by considering its graph

G(f) ={(z,y) e X xY |y = f(z)} C X xY. (2.5)
This is a closed connected subvariety of the product X x Y of codimension
codim(G(f)) = dim(Y). (2.6)

Since one is aiming at constructing a universal co-homology theory, which
should be a contravariant functor, we regard the graph G(f) of a morphism
f: X — Y as a correspondence from Y to X,

G(f) € Corr ™Y (v, X), (2.7)

where Corri(Y,X ) is the abelian group of correspondences from Y to X
given by algebraic cycles in 3*(X x Y). Thus, the generalization of mor-
phisms f : X — Y is given by correspondences of the form Z = " i,
that are finite linear combinations with n; € Z of irreducible smooth alge-
braic subvarieties Z; C X x Y. The usual composition of morphisms

X 8ox, B ox
is replaced by a composition of correspondences given by the fiber product
Z'oZ =7"xx, Z, (2.8)

for Z € X; x Xy and Z' C X5 x X3. This means that, to obtain the
composition Z’ o Z one does the following operations:

e Take the preimages 73, (Z') and 75" (Z) in X1 x X5 x X3, with m;; :
X1 x X9 x X3 — X; x X; the projections.

e Intersect w3, (Z') N7yt (Z) in Xy x Xo x X.

e Push forward the result along the remaining projection 737 : X7 X Xo X
X3 — Xl X )(37

7o Z = (m31).(m3(Z') N 131 (Z)) € X1 % X (2.9)
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e Extend by linearity to correspondences of the form Z = > i Zj and
Z'=% . n.Z.

Because we are working with algebraic varieties as opposed to smooth man-
ifolds, one in general cannot simply deform them to be in general position
so that the intersection 73, (Z) N 75" (Z) is transverse. Thus, one needs
to use some more sophisticated tools like excess intersection to deal with
intersection products in non-transverse situations, as one does in algebraic
geometry to define the product in the Chow ring, and use an equivalence
relation on the set of algebraic cycles that preserves the intersection prod-
uct and allows for different choices of representatives within the same class.
Reducing the size of the groups of algebraic cycles by an equivalence rela-
tion is also desirable to obtain groups that are, at least in some cases, finite
dimensional.

There is more than one possible choice of an equivalence relation on
algebraic cycles, and the properties of the resulting category of motives
change according to which equivalence relation one considers. We only
mention here numerical and homological equivalence. We refer the reader to
[André (2004)] for a discussion of rational equivalence and the corresponding
properties. Imposing the numerical equivalence relation means identifying
two cycles Zy ~pum Z2 if their intersection products agree, #(Z, N Z) =
#(ZyN Z), for arbitrary subvarieties Z of complementary dimension. The
homological equivalence requires the choice of a Weil cohomology H* and
prescribes that a cycle Z € 3%(X x Y) is homologically trivial, Z ~pom O,
if its image under the cycle map 7.y : 3% (X xY) — H¥(X x Y) is
trivial, 7%,y (Z) = 0. Although this second relation depends on the choice
of a Weil cohomology, it is part of Grothendieck’s standard conjectures
that numerical and homological equivalence agree, thus making the latter
independent of the choice of the cohomology. One denotes by Corr’, (X xY")
the abelian group generated by the algebraic cycles of codimension 7 in
X X Y modulo the equivalence relation ~. This is compatible with the
composition of correspondences defined using the fiber product. We also
use the notation

¢ (X,Y) := Corr¥™X) (v x X) @4 Q. (2.10)

~

One can then define a category of motives as follows.

Definition 2.2.2. The category MT  (K) of effective numerical pure mo-

num
tives has as objects pairs (X,p), where X is a smooth projective variety

over K and p € €Y (X, X) is an idempotent, p> = p. The morphisms are

num
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given by
HomM‘jffLm (K) ((Xa p)? (Y? q)) = q(’:g, (X? Y)p (211)

The reason for introducing projectors p? = p is in order to be able to
“cut out” pieces of the cohomology of a variety X, for example the piece
that corresponds to a certain degree only. It is in general very difficult to
give an explicit description in terms of algebraic cycles of a projector that
isolates a given component of the cohomology of a variety. Notice also that,
since p € €% (X, X), the property of being idempotent also depends on the
choice of the equivalence relation. The set of morphisms here are Q-vector
spaces instead of abelian groups (the category is Q-linear).

An important recent result [Jannsen (1992)] shows that the category
MR (K) is a semisimple abelian category. The semisimplicity property
means that there exists a set S of objects such that for all X € S one
has Hom(X,X) = Q and Hom(X,Y) = 0 for all X # Y € S (simple
objects), and such that every object X of the category has a decomposition
X = ®;X; with summands X; € S.

The category M (K) has a tensor product that comes form the prod-
uct of varieties. This makes it into a tensor category. A desirable property
for a tensor category is a duality that makes it into a rigid tensor category.

Recall first that a category C where the set Home(X,Y) is a K-vector
space, for any X, Y € Obj(C), is called K-linear. A tensor category over K
is a K-linear category C, with a bi-functor ® : C x C — C and an object
1 € Obj(C) for which there are functorial isomorphisms

aX’yﬁz:X®(Y®Z) — (X@Y)@Z
CX,y2X®Y—>Y®X
Ix: X®1—=X and rx:19X —X.
These satisfy consistency conditions expressed in the form of a triangle,
a pentagon, and a hexagon diagram, see [André (2004)] for details. One
also generally assumes that commutativity holds, which means that cy x =
c;(}y, although this can be replaced by a signed version.

Definition 2.2.3. A K-linear tensor category C is rigid if there is a duality
V : C — C° such that, for all X € Obj(C) the functor - ® XV is left adjoint
to - ® X and XV ® - is right adjoint to X ® -. Moreover, there are an
evaluation € : X ® XY — 1 (the unit object for tensor product) and a unit
§:1— XV ® X satisfying

(e@l)o(l®d)=1x, (1®eo(d®1)=1xv.
One also assumes that Home(1,1) = K.
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Recall here that given two functors F' : C — C’ and G : C" — C satistying
Home(F(X),Y) = Home (X, G(Y)),

for all X € Obj(C) and Y € Obj(C’), with the identification realized by a
natural isomorphism, one says that F' is left-adjoint to G and G is right-
adjoint to F.

The category of numerical effective pure motives does not have a du-
ality. One can see that, to have such a duality, one would need to take
the transpose of a correspondence Z C X x Y, but this would have
the effect of changing the codimension. Namely, if Z € €% (X,Y) =

num

Corrdim(X) (Y x X)®zQ, then the transpose Z' is in Corrdim(x) (XxY)®zQ,

num num

but the latter is not €2, (v, X) = Corrd ™) (X x V) ®;Q. Thus, to have a
duality one needs to include among morphisms also cycles of other codimen-
sions. This can be achieved by introducing new objects, the Tate motives
Q(n). One defines the Tate motive Q(1) to be the formal inverse of the
Lefschetz motive L. This is the motive whose cohomological realization is
H?(P'). This means that one writes the motive of P! as 1L, where 1 is the
motive of a point, which corresponds to the cohomology H°(P!). Similarly,
one writes the motive of P* as 1 @ L@ L?> @ --- ® L", which corresponds
to the decomposition of P" into cells A UA! U ---U A", and the corre-
sponding cohomology ring H*(P";Z) = Z[u]/u™*! with the generator u in
degree 2. As an object in the category M,,.m(K) (see Definition 2.2.4 be-
low), the Lefschetz motive is given by the triple L = (Spec(K), id, —1), with
1 = (Spec(K), id,0) being the motive of a point. Introducing the formal
inverse Q(1) = L™ = (Spec(K), id, 1), with Q(n) = Q(1)®" and Q(0) = 1,
has the effect of shifting the codimensions of cycles in the definitions of
morphisms in the category of motives in the following way.

Definition 2.2.4. The category M. (K) has objects given by triples
(X,p,m) with (X,p) € Obj(MSTE

o (K)) an effective numerical motive and

m € Z. The morphisms are given by

Hompy,,,,,. ) (X, p,m), (Y,q,n)) = ¢€" ™ (X,Y)p, (2.12)
where
e (X, Y) = CorrdmXtn=m(y o x) @, Q (2.13)

The tensor product is then given by
(X,p,m) @ (Y,q,n) = (X xY,p@q,n+m), (2.14)
and the duality is of the form
(X,p,m)" = (X,p',dim(X) —m). (2.15)
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One obtains in this way a rigid tensor category. As we discuss in §2.9
below, the resulting category is in fact more than a rigid tensor category:
it has enough structure to be identified uniquely as the category of finite
dimensional linear representations of a group (more precisely of an affine
group scheme) via the Tannakian formalism, see §2.9 below.

2.3 Mixed motives and triangulated categories

Having just quickly mentioned how one constructs a good category of pure
motives, we jump ahead and leave the world of smooth projective varieties
to venture into the more complicated and more mysterious realm of mixed
motives. One should think of mixed motives as objects that come endowed
with filtrations whose graded pieces are pure motives. The difficult nature
of mixed motives therefore lies in the nontrivial extensions of pure mo-
tives. From the cohomological point of view, instead of working with Weil
cohomologies, one considers a different set of properties that a universal
cohomology theory should satisfy in this case, where the varieties involved
may be non-compact or singular. The main properties that one expects
such a cohomology theory to satisfy become of the following form:

e Homotopy invariance: the projection 7 : X x A' — X induces an
isomorphism

™ H*(X) S H*(X x Ab). (2.16)

e Mayer—Vietoris sequence: if U,V are an open covering of X then there
is a long exact cohomology sequence

s HTYUNV) - H(X) - HU)oH(V) - HUNV) - ---
(2.17)
e Poincaré duality is replaced by the duality between cohomology H*
and cohomology with compact support, H;.
e The Kiinneth formula still holds.

This replaces the notion of a Weil cohomology with “mixed Weil cohomolo-
gies”. Ideally, one would like to have an abelian category MM (K) of mixed
motives that has realization functors to all the mixed Weil cohomologies.
This is (at present) not available, although after a long series of develop-
ments and deep results in the field (see [Voevodsky (2000)], [Levine (1998)],
[Hanamura (1995)]) one has at least a weaker version available, in the form
of a triangulated category of mixed motives DM(K).
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Triangulated categories still allow for several techniques from homolog-
ical algebra, in particular in the form of long exact cohomology sequences.

Definition 2.3.1. A triangulated category 7 is an additive category en-
dowed with an automorphism T': 7 — 7 (the shift functor) and a family
of distinguished triangles

X—-Y—-7Z-T(X) (2.18)
with the following properties:

e X4 X 50— T(X) is a distinguished triangle for all X € Obj(7).

e For all f € Homy(X,Y), there exists an object C(f) € Obj(7) (the
mapping cone) with a morphism C(f) — T'(X), such that X Ly~
C(f) — T(X) is a distinguished triangle.

e A triangle isomorphic to a distinguished triangle is distinguished (where
isomorphisms of triangles are isomorphisms of the objects such that the
resulting diagram commutes).

e Rotations Y — Z - T(X) = T(Y) and T"}(Z) = X - Y — Z of a
distinguished triangle X — Y — Z — T(X) are distinguished.

e Given distinguished triangles X - Y — Z - T(X) and X' - Y’ —
7' — T(X’) and morphisms f : X — X’ and h : Y — Y’ such that
the square commutes, there exists a morphism Z — Z’ such that all
squares commute, with T'(f) : T(X) — T(X') completing the diagram.

o Given X Ly — C(f) > T(X) and Y 7z C(h) — T(Y), and
the composite X "l C(ho f) = T(X), these three triangles can
be placed on the vertices and edges of an octahedron with morphisms
completing the picture so that all the faces are commutative diagrams.

One typically writes X[1] for T(X) and X[n] = T"(X) for n € Z.
One more property of triangulated categories that follows from these
axioms, and which we will need explicitly later, is the following.

Lemma 2.3.2. Given a triangulated category T, a full subcategory T' is a
triangulated subcategory if and only if it is invariant under the shift T of
T and for any distinguished triangle X — Y — Z — X[1] for T where X
and Y are in T’ there is an isomorphism Z ~ Z' where Z' is also an object
mn T’

A full triangulated subcategory 7’/ C 7 is thick if it is closed under
direct sums.
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It is sometimes possible to extract an abelian category from a triangu-
lated category using the method of t-structures.

Definition 2.3.3. A t-structure on a triangulated category 7 consists of
two full subcategories 7= and 72° with the following property. Upon
denoting by 72" = T2°—n] and 7<" = T<°[—n], one has

7=1c7=% and 72'cCc7=°
with the property that
Hom7(X,Y) =0, VX € Obj(7T=%, VY € Obj(T=!),
and such that, for all Y € Obj(7), there exists a distinguished triangle
X—-Y—Z7—- X][1]
with X € Obj(7=") and Z € Obj(T=1).

When one has a t-structure on a triangulated category, one can con-
sider the full subcategory 7° = 7<° N 72° This is called the heart of
the t-structure and it is known to be an abelian category, see [Beilinson,
Bernstein, Deligne (1982)], [Kashiwara and Shapira (1990)].

Theoretical physicists have recently become familiar with the formal-
ism of t-structures in triangulated categories in the context of homological
mirror symmetry, see for instance [Bridgeland (2009)].

2.4 Motivic sheaves

We also mention briefly, for later use, a recent construction due to [Arapura
(2008)] of a category of motivic sheaves over a base scheme .S, modeled on
Nori’s approach to the construction of categories of mixed motives. We will
return in Chapter 7 to discuss how this fits with the motives associated to
Feynman diagrams.

The category of motivic sheaves constructed in [Arapura (2008)] is based
on Nori’s construction of categories of motives via representations of graphs
made up of objects and morphisms (cf. [Bruguieres (2004)]).

According to [Arapura (2008)], one constructs a category of motivic
sheaves over a scheme S, by taking as vertices of the corresponding graph
objects of the form

(f: X =8 Y iw), (2.19)

where f : X — S is a quasi-projective morphism, ¥ C X is a closed
subvariety, ¢ € N, and w € Z. One thinks of such an object as determining a
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motivic version hi (X, Y)(w) of the local system given by the (Tate twisted)
fiberwise cohomology of the pair H5(X,Y;Q) = R f.jiQx -y, where j =
ix<y : X NY — X is the open inclusion, i.e. the sheaf defined by

U H'(f71(U), 71 U) NY;Q).
The edges are given by the geometric morphisms:
e morphisms of varieties over .S,
(fi: Xi = S Y1,4,w) = (fo: Xo = 8, Yo = F(Y),i,w),  (2.20)
with foo F = fi;
e the connecting morphisms

(f: X—=8Yi+1lw) — (fly:Y—52i,w), for ZCYCX;
(2.21)
e the twisted projection morphisms

(f : X xP' - S Y xP'UX x{0},i+2,w+1) — (f: X — S,Y,i,w).
(2.22)
The product in this category of motivic sheaves is given by the fiber product
(X = 5, i,w) x (X' = S, Y i w)=
(2.23)
(X xs X' =8 Y xg X' UX xgY' i+, w+w).

2.5 The Grothendieck ring of motives

An invariant of algebraic varieties and motives that contains a lot of in-
formation and can be used to evaluate the motivic complexity of a given
algebraic variety is the class in the Grothendieck ring. This is constructed
by breaking up the variety into pieces, by simple cut-and-paste operations
of the scissors congruence type. The operation of assigning to a variety its
class in the Grothendieck ring behaves like a universal Euler characteristic.

Definition 2.5.1. Let Vk denote the category of algebraic varieties over
a number field K. The Grothendieck ring Ky(Vk) is the abelian group
generated by isomorphism classes [X] of varieties, with the relation

[X] = [YV]+[X N Y], (2.24)

for Y C X closed. It is made into a ring by the product [X x Y] = [X][Y].
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Let M(K) denote, as above, the abelian category of (numerical) pure
motives over K. As above we write the objects of M(K) in the form
(X,p,m), with X a smooth projective variety over K, p = p?> € End(X)
a projector, and m € Z the Tate twist. Let Ky(M(K)) denote the
Grothendieck ring of the abelian category M(K).

We'll see that the class of a variety, or of a motive, in the corresponding
Grothendieck ring, can be thought of as a “universal Euler characteristic”.
To this purpose, we first recall the notion of additive invariants of varieties.

Definition 2.5.2. An additive invariant is a map x : Vg — R, with values
in a commutative ring R, satisfying the following properties.

e Isomorphism invariance: x(X) = x(Y) if X 2 Y are isomorphic.

e Inclusion-exclusion: x(X) = x(Y)+ x(X \Y), for a closed embedding
Y CcX.

e Multiplicative property: x(X xY) = x(X)x(Y).

The topological Euler characteristic clearly satisfies all of these proper-
ties and is in fact the prototypical example of such an invariant. Counting
points over finite fields is another invariant that behaves in the same way
and factors through the Grothendieck ring.

By the definition of the relations on the Grothendieck ring one sees that
assigning an additive invariant with values in R is equivalent to assigning
a ring homomorphism x : Ko(Vg) — R.

The results of [Gillet and Soulé (1996)] show that there exists an additive
invariant Xmot : Vk — Ko(M(K)). This assigns to a smooth projective
variety X the class xmot(X) = [(X,id,0)] € Ko(M(K)). The value assigned
to a more general variety is more complicated to describe and it is given
in [Gillet and Soulé (1996)] in terms of an object W (X) in the category of
complexes over M (K). (Technically, here the category M(K) is taken with
the rational equivalence relation on algebraic cycles.)

If L denotes the class L = [A!] € K¢(Vk) then its image in Ko(M(K)) is
the Lefschetz motive . = Q(—1) = [(Spec(K), id, —1)]. Since the Lefschetz
motive is invertible in K¢(M(K)), its inverse being the Tate motive Q(1),
the ring homomorphism Xme: : Vk — Ko(M(K)) induces a ring homomor-
phism

Xmot : Ko(Vk)[L™'] — Ko(M(K)). (2.25)

This in particular means that one can work either in the Grothendieck
ring of varieties or of motives, being able to map the first to the latter
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through xmot- In the following, we will usually refer to the Grothendieck
ring Ko(Vk). A particularly interesting subring is the one generated by the
Lefschetz motive L. = [Al]. This is a polynomial ring Z[L] C Ko(Vk), or
a ring of Laurent polynomials Z[L,L™1] C Ko(M(K)), which corresponds
to the classes of varieties that motivically are mixed Tate motives. See the
comment at the end of §2.6 below on the relation between the information
given by knowing that the class in the Grothendieck ring lies in the subring
Z[L] € Ko(Vk) and the question of whether the motive, as an object of the
triangulated category DM(K) is a mixed Tate motive.

2.6 Tate motives

Let DM(K) be the Voevodsky triangulated category of mixed motives over
a field K [Voevodsky (2000)]. The triangulated category DMT (K) of mixed
Tate motives is the full triangulated thick subcategory of DM (K) generated
by the Tate objects Q(n). It is known that, over a number field K, there
is a canonical ¢-structure on DMT (K) and one can therefore construct an
abelian category M7 (K) of mixed Tate motives (see [Levine (1998)]).

For the kind of applications we are going to see in the rest of this book,
we will be especially interested in the question of when a given mixed mo-
tive is mixed Tate. In sufficiently simple cases, one can try to answer this
question using the properties of DM7 (K) as a triangulated subcategory of
the triangulated category DM (K) of mixed motives. Although the avail-
able explicit constructions of DM (K) given in [Voevodsky (2000)], [Levine
(1998)], [Hanamura (1995)], are technically very complicated and certainly
beyond the scope of this book, often when dealing with very specific con-
crete examples, one does not need the full strength of the general construc-
tion, but one can directly use the formal properties that the triangulated
category DM(K) satisfies. In particular, in order to understand whether
the motive of a given variety is mixed Tate, one can try to find a geometric
decomposition, often in the form of a stratification, of the variety, in such
a way that one has enough control on the strata to build the motive out
of pieces that are mixed Tate. More precisely, in such an approach one
wants to make repeated use of two properties of the triangulated category
DM(K):

e (Proposition 4.1.4 of [Voevodsky (2000)]) Over a field of characteristic
zero, a closed embedding Y C X determines a distinguished triangle in
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DM(K)
m(Y) = m(X) — m(X < Y) = m(Y)[1], (2.26)

where the notation m(X) here stands for the motive with compact
support, denoted by C¢(X) in [Voevodsky (2000)].

e (Corollary 4.1.8 of [Voevodsky (2000)]) Homotopy invariance implies
the identity of motives

m(X x A') = m(X)(1)[2], (2.27)
where [n] is the shift, and (n) is the Tate twist by Q(n).

The distinguished triangle (2.26) implies that, since DMT (K) is a tri-
angulated subcategory of DM(K), if two of the terms are known to be in
DMT (K) then the third one also is. This can often be used as a way to
reduce a motive to simpler building blocks for which it may be easier to
answer the question of whether they are mixed Tate or not, and then derive
information about the original motive via the distinguished triangles and
homotopy invariance property.

We reported above the distinguished triangles and homotopy invariance
properties for the motives with compact support in Voevodsky’s terminol-
ogy. One can obtain analogous statements for motives without compact
support using the duality in DM(K) between mixed motives and mixed
motives with compact support, which replaces Poincaré duality that holds
for Weil cohomologies in the pure motives setting.

We give here an example from [Aluffi and Marcolli (2009a)], which will
be relevant to Feynman integrals (see §3.13 below), namely the case of de-
terminant hypersurfaces. It is a well known fact that, motivically, these
varieties are mixed Tate (see [Belkale and Brosnan (2003a)]), but we il-
lustrate here explicitly how one can argue that this is the case using only
the two properties listed above of the triangulated category of mixed Tate
motives.

Definition 2.6.1. Let D, C A? be the hypersurface defined by the van-
ishing of the determinant

Dy = {z = (v;;) € A” | det(z) = 0}. (2.28)
Let Dy C P~ be the corresponding projective hypersurface defined by

the homogeneous polynomial det(z).

We have the following result on the motivic nature of the determinant
hypersurfaces. We formulate it in terms of hypersurface complements, as
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that will be the natural geometric object to consider in the case of the Feyn-
man integrals. Clearly, if the result holds for the hypersurface complement
it also holds for the hypersurface itself, by the first property above on the
distinguished triangle of a closed embedding, and the fact that affine and
projective spaces are Tate motives.

Theorem 2.6.2. The determinant hypersurface complement AP < Dy de-
fines an object in the category DMT of mized Tate motives.

Proof. Since Dy consists of £ x £ matrices of rank < ¢, in order to describe
the locus A% < Dy we need to parameterize matrices of rank exactly equal
to ¢, which can be done in the following way. Fix an /-dimensional vector
space E.

— Denote by W, the variety E \ {0};

— Note that W is equipped with a trivial vector bundle F; = F x W,
and with a line bundle S7 := L1 C E; whose fiber over v; € W; consists
of the line spanned by vy;

— Let W, C Fq be the complement Ey ~\ L;

— Note that W5 is equipped with a trivial vector bundle Fy = E X W,
and two line subbundles of Fs: the pull-back of L; (still denoted L)
and the line-bundle Lo whose fiber over vo € Wy consists of the line
spanned by vs;

— By construction, L; and Lo span a rank-2 subbundle S5 of Es;

— Let W5 C FE5 be the complement E5 \ S3; and so on.

We first show that the variety W, constructed as above is isomorphic
to the locus we want, namely AP Dy.

To see this, first observe that at the k-th step, the procedure described
above produces a variety Wy, endowed with k line bundles L1, ..., Ly span-
ning a rank-k subbundle Sj of the trivial vector bundle Ej := E x W. If
Sk € Ek, define Wiy = Er \ Si. Let Exp1 = E X Wy, and define
the line subbundles L1, ..., L to be the pull-backs of the similarly named
line bundles on Wy. Let L1 be the line bundle whose fiber over vy is
the line spanned by vg41. The line bundles Ly, ..., Ly+1 span a rank k+ 1
subbundle Si41 of Fi11, and the construction can continue. The sequence
stops at the ¢-th step, where Sy has rank ¢, equal to the rank of Ey, so that

E, S, =0.
2
Each variety W, maps to A® as follows: a point of W, determines k
vectors vy,...,v;, and can be mapped to the matrix whose first k rows

are vy, ..., v resp. (and the remaining rows are 0). By construction, this
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matrix has rank exactly k. Conversely, any such rank k matrix is the image
of a point of W, by construction.

Also notice that, in the construction described above, the bundle Sy
over Wy is in fact trivial. An explicit trivialization is given by the map
KF x Wy, 5 Sy, defined by « : ((e1y.voyer), (U1, ..oy 0p0)) o i1+ - -+ Gy,
where points of Wy are parameterized by k-tuples of vectors wy,..., v
spanning S, C K¢ x Wy, = Ej,.

We then apply the two properties of the triangulated category of mixed
motives described above, namely the existence of distinguished triangles
(2.26) associated to closed embeddings ¥ C X and the homotopy invari-
ance (2.27) inductively to the loci constructed above, all of which are va-
rieties defined over Q. At the first step, single points obviously belong to
the category of mixed Tate motives and we are taking the complement W,
of a point in an affine space, which gives a mixed Tate motive by the first
observation above on distinguished triangles associated to closed embed-
dings. At the next step one considers the complement of the line bundle
S inside the trivial vector bundle F; over Wi. Again, both m(S;) and
m(E;) are mixed Tate motives, since both are products by affine spaces,
since we know that the bundles Sy, are trivial. Therefore m(E; \ S1) is also
mixed Tate. The same argument shows that, for all 1 < k < /¢, the motive
m(Ey \ Sg) is mixed Tate, by repeatedly using the triviality of Sy and the
two properties of DMTg recalled above. O

The result for the projective hypersurface D, is then the same, since Dy
is the affine cone over D; and the same two properties of the triangulated
category of mixed motives used above show that if D, is mixed Tate so
is Dy. One can use the same geometric construction described above to
compute explicitly the class of D, in the Grothendieck ring of varieties.
One finds the following expression [Aluffi and Marcolli (2009a)].

Theorem 2.6.3. The class in the Grothendieck ring of varieties of the
affine determinant hypersurface is

4
A" <Dy = LG [Jw - 1) (2.29)

i=1

where L is the class of A'. In the projective case, the class is

14
P~ <Dy = L& T - 1). (2.30)

=2
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Proof. Using the same argument as in Theorem 2.6.2, one shows induc-
tively that the class of W, is given by

Wi] = (L —1)(L¢ — L)(L! — L2)--- (Lf —LF 1)
k (2.31)
= ]L(2)(Lé _ 1)(]148_1 —1)--- (LE—k-H —1).

This suffices to obtain the expression (2.29). The formula (2.30) is then
obtained from (2.29) using the fact that Dy is the affine cone over D,. O

Notice that, by Theorem 2.6.2, we already know that the class [Aéz \f)g]
will be in the mixed Tate part Z[L] of the Grothendieck ring of varieties
Ko(Vg). In general, computing the class in the Grothendieck ring may
be easier than knowing explicitly the motive in DMg. If one only knows
that the class belongs to the Tate part Z[L] of the Grothendieck ring, this
does not imply that the motive itself will be in the subcategory DM7Tg
of mixed Tate motives, as in principle there may be cancellations that
happen in the Grothendieck ring that do not take place at the level of the
motives themselves. However, knowing that the class in the Grothendieck
ring is a function of the Lefschetz motive L is a very good indication of
the possible mixed Tate nature of the motive. In fact, as observed for
instance in [André (2009)], the Tate conjecture predicts that knowing the
number N, of points of the reduction mod p for almost all p would suffice
to determine the motive. For mixed Tate motives the numbers NV, are
polynomial in p, and assuming the conjecture holds, knowing that this
is the case would conversely imply that the motive is mixed Tate. The
role in this of the class in the Grothendieck ring comes from the fact that
the counting of points N, over finite fields has the properties of an Euler
characteristic (as we saw above, an additive invariant), hence it factors
through the Grothendieck ring. Thus, assuming the conjecture, knowing
that the class in the Grothendieck ring is mixed Tate would suffice. Even
without these general considerations and the role of the Tate conjecture,
in the best cases, the same type of geometric information on stratifications
that one can use to compute the class in the Grothendieck ring Ko(Vk)
may already contain enough information to run an argument similar to the
one used in Theorem 2.6.2, directly at the level of objects in DM, as we
have seen in the example of the determinant hypersurfaces.
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2.7 The algebra of periods

Betti and de Rham cohomology are two of the possible Weil cohomologies
for smooth projective varieties. They are related by the period isomorphism

Hip(X)®x C~ Hp(X) ®qC, (2.32)

for varieties defined over a number field K. The isomorphism is induced
(over affine pieces) by the pairing of differential forms and cycles

WwRy /w, (2.33)
8!

for

w € Ker(d: Q4(X) — QX))
and

7 € Ker(9; : Ci(X) — Ci1(X)),

where one identifies Betti cohomology Hj(X) = Hom(H.(X),Q) =
H,,(X,Q) with the dual of singular homology H;(X,Z) =
Ker(0;)/Im(0;+1). When one is given a basis of Hjn(X) and of Hj(X),
the period isomorphism is specified by a period matriz.

Periods are typically transcendental numbers. From the number-
theoretic point of view they are, arguably, the most interesting class of
numbers beyond the algebraic ones. In fact, while being transcendental,
they are obtained from a procedure that uses only algebraic data: an alge-
braic differential form on an algebraic variety, paired with a cycle defined
by algebraic relations. Let us denote by Pc the Q-subalgebra of C gener-
ated by periods. An interesting problem is understanding the structure of
this algebra: what relations (over Q) exist between periods.

Following [Kontsevich and Zagier (2001)], one can define a Q-algebra P
as the algebra generated by “formal periods”, that is, equivalence classes
of elements of the form

[(X,D,w,)], (2.34)

consisting of a smooth (affine) variety X defined over @, a normal cross-
ings divisor D in X, an algebraic differential form w € Q™) (X)
(not necessarily closed), and a class in the relative homology v €
Hgim(x)(X(C), D(C),Q). The equivalence in (2.34) is given by the fol-
lowing relations

e Linearity: the expressions (X, D,w,~) are Q-linear in w and .
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e Change of variable formula: given a morphism f : (X, D) — (X', D’)
and w' € QI (X') and y € Hyjm(x) (X (C), D(C), Q) one has

[(Xvaf*(w)”y)] = [(X',D’,w,f*('y))}. (2'35)
e Stokes’ formula:
[(X,D,dw,~)] = [(D,DV,w,dv)], (2.36)

where D is the normalization of D and D) is the normalization of
Ui ;(D; N D;) where D; are the components of the divisor D.

Kontsevich conjectured that the map P — P¢ C C given by
(D) = [ w (237)
v

is injective. This means that all possible non-trivial relations between pe-
riods come from either a change of variable formula or Stokes’ theorem.

2.8 Mixed Tate motives and the logarithmic extensions

An interesting class of mixed Tate motives is associated to logarithm and
polylogarithm functions [Beilinson and Deligne (1994)], see also [Ayoub
(2007)], [Bloch (1997)].

The extensions Ext%M(K)(Q(O), Q(1)) of Tate motives are given by the
Kummer motives M = [Z % G,,] with u(1) = ¢ € K*. This extension has
period matrix of the form

1 0
<logq 2m') ' (2.38)

When, instead of working with motives over the base field K, one works
with the relative setting of motivic sheaves over a base scheme S, instead
of the Tate motives Q(n) one considers the Tate sheaves Qg(n). These
correspond to the constant sheaf with the motive Q(n) over each point
s € S. In the case where S = (G,,, there is a natural way to assemble the
Kummer motives into a unique extension in Extp, Mm@ (Qe,. (0),Qg,, (1))
This is the Kummer extension

Qg,, (1) = K — Qg,, (0) = Qg,, (H[1], (2.39)

where over the point s € G,, one is taking the Kummer extension M; =
[Z % G,,) with u(1) = s. Because of the logarithm function log(s) that
appears in the period matrix for this extension, the Kummer extension
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(2.39) is also referred to as the logarithmic motive, and denoted by K = Log,
cf. [Ayoub (2007)] [Beilinson and Deligne (1994)].

Let DM(G,,) be the Voevodsky category of mixed motives (motivic
sheaves) over the multiplicative group G,,. When working with Q-
coefficients, so that one can include denominators in the definition of pro-
jectors, one can then consider the logarithmic motives Log", defined by

Log™ = Sym"(K), (2.40)
where the symmetric powers of an object in DMg(G,,) are defined as
n ]' n
Sym"(X) = e > o(Xm). (2.41)
oeX,

The polylogarithms appear naturally as period matrices for extensions
involving the symmetric powers Log" = Sym"(K), in the form [Bloch
(1997)]

0 — Log" '(1) — L™ — Q(0) — 0, (2.42)
where M(1) = M @ Q(1) and £! = Log. The mixed motive £" has period
matrix

1 0
(ot ) »
Li Log™~1(1)
with
M = (—Liy (s), —Lia(s), - - , —Lin(s))7, (2.44)

where 7 means transpose and where

) ) S du
Lij(s) = —log(l —s), and Li,(s)= Lip—1(u) —,
0

u

equivalently defined (on the principal branch) using the power series

: s
Li,(s) = Z T
k

and with
2w 0 0 e 0
273 log(s) (27i)? 0
-log?(s . X
Myogn) = 2mi* g2!( L (2mi)? log(s) (2mi)?
2mi (o) (2mi)2 L) (2mi)3 ) o (2mi)n

(2.45)
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The period matrices for the motives Log™ correspond to the description
of Log™ as the extension of Q(0) by Log™ '(1), i.e. to the distinguished
triangles in DM(G,,) of the form

Log™ (1) — Log" — Q(0) — Log™ *(1)[1]. (2.46)
The motives Log™ form a projective system under the canonical maps
B, : Log"t! — Log"

given by the composition of the morphisms Sym”"t™(K) — Sym™(K) ®
Sym™(K), as in [Ayoub (2007)], Lemma 4.35, given by the fact that
Sym™™™(K) is canonically a direct factor of Sym"™(K) ® Sym™(K), and
the map Sym™ () — Q(0) of (2.46), in the particular case m = 1. Let
Log®™ denote the pro-motive obtained as the projective limit

Log™ = lim Log". (2.47)

n

The analog of the period matrix (2.45) then becomes the infinite matrix

2 0 0 e 0
2milog(s) (27i)? 0 - 0
2milE () (27i)2 log(s) @ri)> -0
Muog=y =1 : :
i 108;n!(5) (271.1-)210(gn:1)(!8) (27Ti)310(gn:2)(!5) (2w

(2.48)

This can best be expressed in terms of mized Hodge structures. These

comprise the analytic side of the theory of motives and they provide one of

the possible realizations of categories of mixed motives, hence another way

to test complexity of various types of mixed motives. One has the following
definition as in [Steenbrink (1994)].

Definition 2.8.1. A Q-mixed Hodge structure consists of the data M =
(V,W,, F*) of a finite-dimensional Q-vector space, with an increasing
filtration W,V (weight filtration) and a decreasing filtration F*V¢ for
Ve =V ®q C (the Hodge filtration), satisfying

gry Vo = FPgr) Ve @ FrvHiglV Vg, (2.49)

where ['® is the complex conjugate of F'*® with respect to Vg C V.
The Hodge structure (V, W,, F**) is pure of weight n if W,, = V and
Wyn—1 =0.
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A morphism M; — My of Q-MHS is a linear map ¢ : V; — V5 such
that ¢(WiV1) C WiV and ¢(FPVic) C FPV, . Tensoring of Q-MHS is
also defined, by considering V) ®q V2 with filtrations

Wa(Vi@gVe) = Y Wi(Vi) ®g W;(Va),

i+j=m

FP(Vy @q Vo) = Z F"(Vic) ®c F*(Vac).

r+s=p
A Q-mixed Hodge structure M = (V,W,, F'*) is mized Tate if

grggM =®Q(—p), and grggflM =0.
The condition (2.49) is equivalent to a Hodge decomposition

gty Ve = Bp+q=n V", (2.50)

VP = Fpgr;ﬁ_qVC ﬂﬁgr?j_qv@. (2.51)

An example of pure Hodge structure of weight —2n is the Tate Hodge
structure with V' = (27¢)"Q. These correspond to the pure Tate motives.
These define, by tensoring, Tate twists on Q-mixed Hodge structures.

For Hodge—Tate structures one has an associated period matriz obtained
as in §2 of [Goncharov (1999)], as the composition Sj;4 o Sy of an isomor-
phism Syt : GBPgrgZ(VQ) ®gC — V¢ and a splitting of the weight filtration,
which is an isomorphism Sy : @pgrg; (Vo) ®y C — Vg, expressed in a
chosen basis of gry, Vp.

In the example above, the mixed Hodge structure associated to the
motives Log” is the one that has as the weight filtrations W_o; the range
of multiplication by the matrix Mrogn defined as in (2.45) on vectors in Q"
with the first k£ — 1 entries equal to zero, while the Hodge filtration F—*
is given by the range of multiplication of Mg~ on vectors of C"* with the
entries from k + 1 to n equal to zero [Bloch (1997)].

2.9 Categories and Galois groups

We review here a type of structure on a category which is more rigid than
that of an abelian category we encountered before, and which is sufficient to
identify it uniquely as a category of finite dimensional linear representations
of a group, namely the notion of Tannakian category, see [Saavedra Rivano
(1972)], [Deligne and Milne (1982)].
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Definition 2.9.1. A k-linear rigid abelian tensor category C is a Tannakian
category if it admits a fiber functor, i.e. an exact faithful tensor functor,
w : C — Vectg, with target the category of finite-dimensional vector spaces
over a field extension K of k. A Tannakian category C is neutral if K = k.

Recall here that a functor w : C — C’ is faithful if, for all X,Y € Obj(C),
the mapping w : Home(X,Y) — Homes (w(X),w(Y)) is injective. If C
and C’ are k-linear categories, a functor w is additive if the map of Hom
sets above is a k-linear map. An additive functor w is exact if, for any
exact sequence 0 — X — Y — Z — 0 in C, the corresponding sequence
0— wX) > wl)—w(Z) —0in C is also exact. A functor w:C — C’
between k-linear tensor categories is a tensor functor if there are functorial
isomorphisms 71 : w(l) = land 7xy :w(X QYY) — w(X) @ w(Y).

The main result of the theory of Tannakian categories, of which we
are going to see an application to motives in the next section and one to
quantum field theory in a later chapter, is the following statement that
reconstructs a group from the category.

Theorem 2.9.2. [Saavedra Rivano (1972)] Let C be a neutral Tannakian
category, with fiber functor w : C — Vecty. Let G be the group of auto-
morphisms (invertible natural transformations) of the fiber functor. Then
w induces an equivalence of rigid tensor categories w : C — Repg, where
Repg; is the category of finite dimensional linear representations of G.

In fact, here G is really an affine group scheme in the sense that we are
going to recall in §5.2 below. The affine group scheme G is referred to as
the Tannakian Galois group of C.

If a Tannakian category C is semisimple, then it is known that the
Tannakian Galois group is reductive. For example, the Tannakian Galois
group of the category of pure motives is reductive. So is the one of the
Tannakian subcategory generated by the pure Tate motives Q(n). In fact,
the latter is the simplest example of a reductive group, the multiplicative
group G, .

2.10 Motivic Galois groups
We recalled above that, over a number field K, it is possible to form an

abelian category M7 (K) of mixed Tate motives, as the heart of a ¢-
structure inside the triangulated subcategory DM7T (K) of the triangulated
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category DM (K) of mixed motives. In fact, over a number field one has an
explicit description of the extensions in DM (K) between pure Tate motives
in terms of algebraic K-theory as

and EthDM(K) (Q(0),Q(n)) = 0, see [Levine (1993)] and [Levine (1998)],
Appendix B. For example, the mixed Tate motives that correspond to ex-
tensions in EthpM(K) (Q(0),Q(1)) are the Kummer motives we have en-
countered in the previous sections.

The resulting abelian category M7 (K) of mixed Tate motives over a
number field is in fact also a Tannakian category, with fiber functor w to
Z-graded Q-vector spaces, M — w(M) = ®,w, (M) with

wn (M) = Hom(Q(n), Gr",,, (M)), (2.53)

where Gr?,, (M) = W_o, (M) /W_s(n41)(M) is the graded structure asso-
ciated to the finite increasing weight filtration W.

The construction of a Tannakian category of mixed Tate motives
MT (Oy) and the explicit form of its motivic Galois group are also known
for motivic sheaves over the scheme Oy of V-integers of a number field K,
for V' a set of finite places of K. This means that objects in this category are
mixed Tate motives over K that are unramified at each finite place v ¢ V.
In this case one also has a K-theory group parameterizing extensions in the
form

Ko 1(K)®@Qn>2
Extpaq(0,)(Q(0),Q(n)) = ¢ O @ Q n=1 (2.54)
0 n <0.

and Ext%M(OV)(Q(O),Q(n)) = 0. The affine group scheme that gives the
motivic Galois group in this case is of the form U x G,,,, where the reduc-
tive group G, comes from the pure Tate motives, and U is a pro-unipotent
affine group scheme, that takes into account the nontrivial extensions be-
tween pure Tate motives. In fact, the corresponding Lie algebra Lie(U) is
freely generated by a set of homogeneous generators in degree n identified
with a basis of the dual of Ext!(Q(0),Q(n)), as proved in Proposition 2.3
of [Deligne and Goncharov (2005)]. There is however no canonical identi-
fication between Lie(U) and the free Lie algebra generated by the graded
vector space GExt!(Q(0),Q(n))".

The following special case of this general result of [Deligne and Gon-
charov (2005)] is especially relevant to the context of renormalization, since
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it provides a motivic Galois group (non-canonically) isomorphic to the Tan-
nakian Galois group of renormalization of [Connes and Marcolli (2004)],
which we review in Chapter 6.

Proposition 2.10.1. [Deligne and Goncharov (2005)] For K = Q({n) the
cyclotomic field of level N = 3 or N = 4 and O its ring of integers, the
motivic Galois group of the Tannakian category MT (O[1/N]) is of the form
U x Gy, where the Lie algebra Lie(U) is (non-canonically) isomorphic to
the free graded Lie algebra with one generator e, in each degree n < —1.
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Chapter 3

Feynman integrals and algebraic
varieties

In this chapter we begin to connect the two topics introduced above, pertur-
bative quantum field theory and motives. We follow first what we referred
to as the “bottom-up approach” in the introduction, by showing how to as-
sociate to individual Feynman integrals an algebraic variety, in the form of
a hypersurface complement, and a (possibly divergent) period integral on a
chain with boundary on a normal crossings divisor. The motivic nature of
this period, and the question of whether this (after removing divergences)
will be a period of a mixed Tate motive can then be formulated as the ques-
tion of whether a certain relative cohomology of the hypersurface comple-
ment relative to the normal crossings divisor is a realization of a mixed Tate
motive. We begin by describing the parametric form of Feynman integrals
and the main properties of the two Kirchhoff-Symanzik graph polynomials
involved in this formulation and the graph hypersurfaces defined by the
first polynomial. We show, as in [Aluffi and Marcolli (2008a)], how one can
sometimes obtain explicit computations of the classes in the Grothendieck
ring of varieties for some families of Feynman graphs, using the classical
Cremona transformation and dual graphs. These classes also satisfy a form
of deletion/contraction relation, as proved in [Aluffi and Marcolli (2009b)].
We then describe, following the results of [Aluffi and Marcolli (2008b)], a
way of formulating Feynman rules directly at the algebro-geometric level
of graph hypersurface complements. We give examples of such Feynman
rules that factor through the Grothendieck ring and others, defined us-
ing characteristic classes of singular varieties, that do not descend to the
level of isomorphism classes of varieties in the Grothendieck ring, although
they still satisfy an inclusion-exclusion principle. We discuss the difference
between working with affine or projective hypersurfaces in describing Feyn-
man integrals. Finally, following [Aluffi and Marcolli (2009a)], we show

53
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that one can reformulate the period computation underlying the Feynman
amplitudes in terms of a simpler hypersurface complement, using deter-
minant hypersurfaces, whose mixed Tate nature is established, but with a
more complicated normal crossings divisor as the second term in the rela-
tive cohomology whose motivic nature one wishes to establish. We describe
the advantages and the difficulties of this viewpoint.

3.1 The parametric Feynman integrals

Using the Feynman parameters introduced in §1.7 above, we show how to
reformulate the Feynman integral

(5(2’@71 evAiki + E]\Ll €y Jp])
Tp,... = —— T
U( ,P1, 7pN) / ql(kl)qn(k’n)

in the form known as the Feynman parametric representation. (We neglect
here an overall multiplicative factor in the coupling constants and powers
of 27.)

The first step is to rewrite the denominator ¢; - - ¢, of (1.37) in the
form of an integration over the topological simplex o, as in (1.51), in terms
of the Feynman parameters ¢t = (¢1,...,t,) € o,.

In writing the integral (1.37) we have made a choice of an orientation
of the graph T', since the matrix ¢, ; involved in writing the conservation
laws at vertices in (1.37) depends on the orientation given to the edges of
the graph. Now we also make a choice of a set of generators for the first
homology group Hi(I',Z), i.e. a choice of a maximal set of independent
loops in the graph, {li,...,l;} with £ = b;(T) the first Betti number.

dPky - dPk,

We then define another matrix associated to the graph I, the circuit
matriz n = (ni), with ¢ € E(T') and k = 1,..., £ ranging over the chosen
basis of loops, given by

+1 if edge e; € loop li, same orientation
Mix = ¢ —1 if edge e; € loop I, reverse orientation (3.1)
0 if edge e; ¢ loop .

There is a relation between the circuit matrix and the incidence matrix
of the graph, which is given as follows.

Lemma 3.1.1. The incidence matriz ¢ = (e,,) and the circuit matriz n =
(nix) of a graph T satisfy the relation en = 0. This holds independently of
the choice of the orientation of the graph and the basis of H1(T',Z).
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Proof. The result follows from the observation that, independently of
the choices of orientations, for two given edges e; and e; in a loop I, both
incident to a vertex v, one has

€v,illik = —€v,jjk
so that one obtains
> vk =0,
i
since €,,;1;r 7 0 for only two edges in the loop I, with different signs, as
above; see §2.2 of [Nakanishi (1971)]. O

We then define the Kirchhoff matrix of the graph, also known as the
Symanzik matrix.

Definition 3.1.2. The Kirchhoff-Symanzik matrix Mp(t) of the graph T’
is the ¢ x ¢ matrix given by

(Mr(8)kr = Z ik Nir- (3.2)
i=1

Equivalently, it can be written as
Mz (t) =0T A(t)n,

where T is the transpose and A(¢) is the diagonal matrix with entries
(t1,...,tn). We think of Mr as a function

Mr A" — AT t=(t1,... t0) — Mp(t) = (Mr(t))sr (3.3)
where A denotes the affine line over a field (here mostly C or R or Q).

Definition 3.1.3. The Kirchhoff-Symanzik polynomial Wr(t) of the graph
I is defined as

U (t) = det(Mr(t)). (3.4)

Notice that, while the construction of the matrix Mr(¢) depends on the
choice of an orientation on the graph I and of a basis of H;(T",Z), the graph
polynomial is independent of these choices.

Lemma 3.1.4. The Kirchhoff-Symanzik polynomial U (t) is independent
of the choice of edge orientation and of the choice of generators for
H(T,Z).
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Proof. A change of orientation in a given edge results in a change of sign
in one of the columns of 7 = n;;. The change of sign in the corresponding
row of n' leaves the determinant of Mrp(t) = nfA(t)n unaffected. A change
of basis for Hy(T',Z) changes Mr(t) — AMr(t)A~!, where A € GL(Z) is
the matrix that gives the change of basis. The determinant is once again
unchanged. O

We view itA as a function ¥Up : A" — A. We define the affine graph
hypersurface Xt to be the locus of zeros of the graph polynomial
Xr = {t € A" | Up(t) = 0}. (3.5)
The polynomial Wy is by construction a homogeneous polynomial of degree
¢ = b1(T), hence we can view it as defining a hypersurface in projective
space P"~1 = (A" < {0})/G,,,
Xr = {t € P"7 1| Up(t) = 0}, (3.6)
of which Xt is the affine cone Xt = C(Xr).

After rewriting the denominator of the integrand in (1.37) in terms of
an integration over o, using the Feynman parameters, we want to replace
in the Feynman integral U (T, p1,...,pn) the variables k; associated to the
internal edges, and the integration in these variables, by variables x, asso-
ciated to the independent loops in the graph and an integration only over
these variables, using the linear constraints at the vertices. We set

14
ki = u; + Z Nir Ty, (37)
r=1
with the constraint
Z tlumw = 0, Vr = 1, ‘e ,6, (38)
i=1

that is, we require that the column vector A(t)u is orthogonal to the rows
of the circuit matrix 7.

The momentum conservation conditions in the delta function in the
numerator of (1.37) give

n

N
> eviki+ Y € ip; =0. (3.9)

i=1 j=1

Lemma 3.1.5. Using the change of variables (3.7) and the constraint (3.8)

one finds the conservation condition
n N

Z €v,iU; + Z €v,iPj = 0. (310)

i=1 j=1
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Proof. This follows immediately from the orthogonality relation between
the incidence matrix and circuit matrix of Lemma 3.1.1. O

The two equations (3.8) and (3.10) constitute the Krichhoff laws of cir-
cuits applied to the flow of momentum through the Feynman graph. In
particular they determine uniquely the u; = u;(p) as functions of the exter-
nal momenta. We see the explicit form of the solution in Proposition 3.1.7
below. First we give a convenient reformulation of the graph polynomial.

The graph polynomial Ur(¢) has a more explicit combinatorial descrip-
tion in terms of the graph I'; as follows.

Proposition 3.1.6. The Kirchhoff-Symanzik polynomial Ur(t) of (3.4) is

given by
r(t) =Y [ te (3.11)

TCT e¢ E(T)

where the sum is over all the spanning trees T of the graph T' and for each
spanning tree the product is over all edges of T’ that are not in that spanning
tree.

Proof. The polynomial Ur = det(Mr(t)) can equivalently be described
as the polynomial (see [Itzykson and Zuber (2006)], §6-2-3 and [Nakanishi
(1971)] §1.3-2)

vr(t) =Y []t (3.12)
S e€S

where S ranges over all the subsets S C E;,+(T") of £ = b1(T") internal edges
of I, such that the removal of all the edges in .S leaves a connected graph.
This can be seen to be equivalent to the formulation (3.11) in terms of
spanning trees of the graph I' (see [Nakanishi (1971)] §1.3). In fact, each
spanning tree has #V(I') — 1 edges and is the complement of a set S as
above. O

In the case of graphs with several connected components, one defines
the Kirchhoff-Symanzik polynomial as in (3.11), with the sum over span-
ning forests, by which we mean here collections of a spanning tree in each
connected component. This polynomial is therefore multiplicative over con-
nected components.

We then have the following description of the resulting term ), tiu?
after the change of variables (3.7). This will be useful in Theorem 3.1.9
below.
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Proposition 3.1.7. The term Y, t;u? is of the form Y, t;u? = p' Rr(t)p,
where Rr(t) is an N X N matriz, with N = #E¢.+(T') with

pTRF(t)P = Z PU(DI‘(t)il)v,v’Pv/v
v,0' eV ()
with

(Dr(t))v,or = Zev,iev’,it;1 (3.13)

i=1
and

P, = > Pe. (3.14)

€€ F ey (T),t(e)=v

Proof. We give a quick sketch of the argument and we refer the reader
to [Nakanishi (1971)] and [Itzykson and Zuber (2006)], §6-2-3 for more
details. The result is a consequence of the fact that the wu;, as functions
of the external momenta p = (p;), are determined by the Kirchhoff law
(3.10). Thus, there is a matrix A, , such that — 3 A; ,P, = t;u;, hence
> tiu? = > Zv’v, PUPU/Ai,UAm/ti_l. The constraints on the u; given by
the Kirchhoff laws also show that A; , = €;, so that one obtains the matrix
Dr(t) as in (3.13). O

We set
Ve (t,p) = p'Rr(t)p + m®. (3.15)

In the massless case (m = 0), we will see below that this is a ratio of two
homogeneous polynomials in t,

Vot ) o = m (3.16)

of which the denominator is the graph polynomial (3.4) and Pr(t,p) is a

homogeneous polynomial of degree by (I') + 1. We have the following result;
see [Itzykson and Zuber (2006)], §6-2-3.

Proposition 3.1.8. The function Vr(t,p) satisfies (3.16) in the massless
case, with the polynomial Pr(t,p) of the form

Pr(t,p) = > sc ] te: (3.17)
ccr eeC

where the sum is over the cut-sets C C T, i.e. the collections of b1(T') + 1
edges that divide the graph T" into exactly two connected components I'y UT's.
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The coefficient s¢ is a function of the external momenta attached to the
vertices in either one of the two components,
2 2

so={ Y. P = > P, (3.18)
veV(I'y) veV (Ta)
where the P, are defined as in (3.14), as the sum of the incoming external

momenta.

Proof. We give a brief sketch of the argument and refer the reader to the
more detailed treatment in [Nakanishi (1971)]. The matrix Dp(¢) of (3.13)

has determinant
det(Dr(t)) =Y [t
T eeT

where T ranges over the spanning trees of the graph I'. This is related to
the polynomial Wr(t) by

Ur(t) = (] te) det(Dr(t)) = > ] te-

T eg¢T

Thus, for m = 0, the function (3.15) becomes
pTRF(t)P = Z PU(DF(t)_l)v,u/Pv’

v,v'eV (L)
1
e e T
Ur(t) CCT eeC 0

We can now rewrite the Feynman integral in its parametric form as
follows; see [Bjorken and Drell (1964)] §8 and [Bjorken and Drell (1965)]
§18.

Theorem 3.1.9. Up to a multiplicative constant C,, ¢,the Feynman integral
UT,p1,...,pN) can be equivalently written in the form

I'(n— 2% w
U, p1,... = . “ 3.19
( ,P1, 7pN) (471_)[)(/2 /Un \I/F(t)D/QVF(t’p)n_Dg/Qv ( )
where wy, 18 the volume form on the simplex o,,.

Proof. We first show that we have

n

del B dD$g . —-D/2 (02 2\\—n+D{/2
e = Cun det(Mr ()22 (Y ti(uf +m?)) , (3.20)
(Xizo tiqi) i=0
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where u; = u;(p) as above. In fact, after the change of variables (3.7), the
left hand side of (3.20) reads

/ dPzq - dPx,
(Oimo ti(uf +m?) + 30, (Mrp)grzpz,)™

The integral can then be reduced by a further change of variables that
diagonalizes the matrix M to an integral of the form

dPyy---dPy, S b2
B R CI—o I —n+De/2 A / 7
/ (a—+ > Ay b kl;[l g

with

dPzqy---dPx,
Cé’n == 72’”
T+ > zi)

We then write det M (t) = Ur(¢) and we use the expression of Proposition
3.1.7 to express the term (33, t;(u2 + m?))™"+P%2 in terms of

D ti(uf +m?) =Y tiul +m?® = Vi(t,p),
% [

with Vr(t,p) as in (3.15). O

In the massless case, using the expression (3.16) of Vp(t,p) in terms
of the polynomials Pr(¢,p) and Ur(t), one writes equivalently the integral
U, p) as

U(Fapla"'7pN) =

I'(n — 2¢ —n+D¢/2
(TL 2 ) / PF(t7p) Wn (321)

(4m)De2 [ Wp(t)—n+DED/2”

Up to a divergent Gamma-factor, one is interested in understanding the
motivic nature (i.e. the nature as a period) of the remaining integral

PF(t7p)_n+D€/2wn
) Wr(t)7n+D(E+1)/2 :

I(Rph...,pN):/ (3.22)

m

3.2 The graph hypersurfaces

We introduced above the projective hypersurfaces Xp € P*~!, with n =
#E;nt(I"), and the corresponding affine hypersurface Xr C A",

We observe here that these hypersurfaces are in general singular and
with singular locus of positive dimension; see §3.5 below for more details.
The fact that we are dealing with singular hypersurfaces in projective spaces
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implies that, when we consider motives associated to these geometric ob-
jects, we will necessarily be dealing with mized motives.

We consider only the case where the spacetime dimension D of the
quantum field theory is sufficiently large. This means that we look at the
parametric Feynman integrals (3.19) in the stable range where

n < D)2, (3.23)

for n = #F;#(T) and £ = b;(T). In this range, the algebraic differential
form that is integrated in the parametric representation of the Feynman
integral only has singularities along the graph hypersurface X, while the
polynomial Pr(t,p) only appears in the numerator. This range covers, in
particular, the special case of the log divergent graphs. These are the graphs
with n = D{/2, for which the integral (3.22) reduces to the simpler form

Wn

Z(T,p1,- .- pN) =/an NOLZER (3.24)

We will not discuss the unstable range of small D, though it is often of
significant physical interest, because of additional difficulties in treating
the hypersurfaces defined by the second graph polynomial Pr(t,p) caused
by the additional dependence on the external momenta. We only make
some general considerations about this case in §3.3 below.

In terms of graph hypersurfaces, the Feynman integral with the con-
dition (3.23) can be regarded (modulo the problem of divergences) as a
period obtained by integrating an algebraic differential form defined on the
hypersurface complement P*~! \. Xr over a domain given by the topolog-
ical simplex o, whose boundary do,, is contained in the normal crossings
divisor ¥,, given by the algebraic simplex (the union of the coordinate hy-
perplanes). Thus, the motivic nature of this period should be detected by
the mixed motive

m(P" '\ X, 8, N (2, N XT)), (3.25)
whose realization is the relative cohomology
H" Y PP X1, 2, ~ (2, N XT)). (3.26)

A possible strategy to showing that the Feynman integrals evaluate to num-
bers that are periods of mixed Tate motives would be to show that the
motive (3.25) is mixed Tate. This is one of the main themes that we are
going to develop in the rest of the book.

It is important to stress the fact that identifying the motivic nature of
the relative cohomology above would only suffice up to the important issue
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of divergences. Divergences occur where the graph hypersurface X meets
the domain of integration o,,. Notice that the intersections XrNo,, can only
occur on the boundary do,,. In fact, in the interior of ¢, all the coordinates
te are strictly positive real numbers, and the graph polynomial is then
also strictly positive, Up(¢t) > 0, as can easily be seen by the expression
(3.11). Thus, we have Xr No, C Xr NX,. These intersections are usually
nonempty, so that some method of regularization needs to be introduced
to remove the corresponding divergences in the integral, before one can
identify the integration

/ Pr(t,p) " PP, (3.27)

W (t)—n+DE+1)/2
with a period of the motive (3.25). The regularization method proposed
in [Bloch, Esnault, Kreimer (2006)] consists of performing a number of
blowups of (strata of) the locus Xt N X, with the result of separating
the domain of integration and the hypersurface and therefore regularizing
the integral by replacing the original integration with one performed in the
blown up variety. This regularization procedure adds a further complication
to the problem of identifying the motivic nature of (3.25). Namely, one also
needs to know that the motive remains mixed Tate after the blowups. We
will return to this issue in more detail in §3.14 below, after we discuss the
approach of [Aluffi and Marcolli (2009a)].

We now discuss briefly the difference between working with the affine
or the projective hypersurfaces. While it is natural to work projectively
when one has equations defined by homogeneous polynomials, there are
various reasons why the affine context appears to be more natural in this
case. In particular, we argue as in [Aluffi and Marcolli (2008b)] that the
multiplicative property of the Feynman rules is more naturally reflected by
a corresponding multiplicative property of the affine hypersurface comple-
ments, which in the projective case is replaced by the more complicated
join operation.

As we saw in §1.3, the Feynman rules are multiplicative over disjoint
unions of graphs, namely

UL, p)=U(l1,p1) - Uk, pr), (3.28)
for ' =T U--- UT} a disjoint union of graphs with N; = #FE..(I';)
external edges, with external momenta

p=(p1,...,pk), Wwith p;j=(pj1,...,pjnN,)-
The other “multiplicative” property that the Feynman rules satisfy is the
one we discussed in the first chapter, which allows one to determine the
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Feynman integrals of non-1PI graphs using the integrals for 1PI graphs. In
fact, upon representing an arbitrary (finite) graph as a tree T' with vertices
v € V(T) replaced by 1PI graphs I', with a number of external edges
#E..+(T'y) = val(v) equal to the valence of the vertex, one obtains the
expression for the Feynman integral of the resulting graph I" as
V(T,p)= I1 V(T0,p0)e(po) ™ 0((po)e—(por)e), (3-29)
veEV(T),e€Ein:(T),v€d(e)
where, as in (1.35) we write
V(,p1,...,on) =1, p8n) UT, p1,...,DN),
with e(py,...,pn) = [leer.,,r) ge(pe) .
In the particular case of a massive theory m # 0 where one sets all the
external momenta equal to zero, this becomes an actual product
U p)l=o = Ule.pe) 25" [T U@wp0)lp. =0, (3.30)
veV (T)
where in this case the edge propagator U(e, p)|,.—o = m™2 is just a con-
stant depending on the mass parameter m # 0.
One can then, following [Aluffi and Marcolli (2008b)], define an abstract
Feynman rule in the following way.

Definition 3.2.1. An abstract Feynman rule is an assignment of an el-
ement U(T') in a commutative ring R for each finite graph T, with the
property that, for a disjoint union I' =T'; U - - - U 'y, this satisfies the mul-
tiplicative property
Ul)=U()-Ul%) (3.31)
and for a non-1PI graph obtained by inserting 1PI graphs I',, at the vertices
of a tree T it satisfies
U(T) =U(L)#Fe @ 1] U,). (3.32)
veV (T)

A first difference one encounters between the projective graph hypersur-
faces Xr and the affine Xr, which is directly relevant to the quantum field
theory setting, is the fact that the affine hypersurface complements behave
multiplicatively as abstract Feynman rules are expected to do, while the
projective hypersurface complements do not. More precisely, we have the
following result from [Aluffi and Marcolli (2008b)].

Lemma 3.2.2. Let ' =T U---UTy be a disjoint union of finite graphs.
Then the affine hypersurface complements satisfy

A" Xp = (A™ N Xpl) X oo X (A™ N ka), (3.33)
where n; = #FEin(T;).
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Proof. Using the definition of the graph polynomials in terms of the
determinant Up(t) = det Mr(t) of the Kirchhoff matrix of the graph, one
sees easily that if ' =Ty U-.-UT is a disjoint union, then one has

k
\I’F(t) = H \IjFl (ti,ly CER timi)v
=1

where t = (to) = (ti,j)i=1,... k,j=1,....n, are the edge variables of the internal
edges of I'. This means that the affine hypersurface Xr is a union

k
X]" = U(Anl X -+ X Ani71 X Xr\i X ATLH»I X o« X Ank)7
i=1
which implies that the hypersurface complement is then given by the prod-
uct (3.33). O

The situation with the projective hypersurfaces is more complicated.
Instead of getting directly a product of the complements one gets a
torus bundle. For instance, suppose given a disjoint union of two graphs
I' = T UTy and assume, moreover, that neither graph is a forest (the
assumption is not necessary in the affine case). Then the projective hy-
persurface complement Pt *72~1 \ Xt is a G,,-bundle over the product
(P11 Xp,) x (P71 < Xr,). To see this, observe that in this case the
projective hypersurface Xt is a union of cones C"2(Xr,) and C"(Xr,) in
Pratn2=1 yespectively over Xt, and X, with vertices P"2~! and P —1,
respectively. The hypothesis that neither graph is a forest ensures that
there is a regular map

pratre=l ( Xp — (PN Xp,) x (P71 N XT,) (3.34)
given by
(tl’l Pty ttpn e t2,n2) = ((tl,l S tl’n1)7 (t2,1 D t2,n2))’
(3.35)

while if either I'; happened to be a forest, the corresponding X, would be
empty, and the map (3.35) would not be defined everywhere. Under the
assumption that neither T'; is a forest, the map (3.34) is surjective and the

fiber over a point ((t1,1 : -+ : t1ny)s (P21 ¢ -+t tap,)) is a copy of the
multiplicative group G,, given by all the points of the form
(utyq:- - :utyp, vtag oo iUty g,), with (u:v) € P wv #0.

Equivalently, notice that if ' is not a forest, then there is a regular map
A" Xp - PP Xr,
and (3.34) is then induced by the isomorphism in (3.33). This is no longer
the case if I is a forest.
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3.3 Landau varieties

For simplicity we restrict here everywhere to the case where the differential
form in the parametric Feynman integral has singularities only along the
graph hypersurface Xr defined by the vanishing of the graph polynomial
U (t). This is certainly the case within what we referred to as the “sta-
ble range”, i.e. for D (considered as a variable) sufficiently large so that
n < D¢/2. This, however, is typically not the range of physical interest for
theories where D = 4 and the number of loops and internal edges violates
the above inequality. Away from this stable range, the second graph poly-
nomial Pr(¢,p) also appears in the denominator, and the differential form
of the parametric Feynman integral is then defined on the complement of
the hypersurface (family of hypersurfaces)

Yo(p) = {t € A" | Pr(t,p) = 0} (3.36)
or in projective space, since Pr(+, p) is homogeneous of degree by (I') + 1, on
the complement of

Yr(p) = {t € P"~" | Pr(t,p) = 0}, (3.37)
or else on the complement of the union of hypersurfaces Yr (p)u X'p, again
depending on the values of n, £ and D.

We only discuss here the case where —n + D¢/2 > 0, though some of
the same arguments extend to the other case as in [Marcolli (2008)]. The
hypersurfaces Yi (p) defined by the vanishing of Pr(p,t), for a fixed value of
the external momenta p, are sometimes referred to as the Landau varieties.
The general type of arguments described above using the graph hypersur-
faces Xr should then be adapted to the case of the Landau varieties. In
such cases, however, the situation is more complicated because of the ex-
plicit dependence on the additional parameters p. In particular, some of
the divergences of the integral, coming from the intersection of the hyper-
surface Yr(p) with the domain of integration o, can occur in the interior
of the domain, not only on its boundary as in the case of Xr; see [Bjorken
and Drell (1965)], §18. At this time, a motivic description of the Landau
varieties has not been carried out, to our present knowledge.

For simplicity, it is also convenient to make the following assumption on
the polynomials Pr(¢,p) and ¥r, so that we avoid cancellations of common
factors.

Definition 3.3.1. A 1PI graph T" satisfies the generic condition on the
external momenta if, for p in a dense open set in the space of external
momenta, the polynomials Pr(t,p) and Ur(t) have no common factor.
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Recall that Pr(t,p) is defined in terms of external momenta and cut
sets through the functions P, and s¢ as in Proposition 3.1.8. In terms of
spanning trees, one has

Pr(t,p)=>_ Y spete [] te (3.38)
T e'eT e€Te
where st = s¢ for the cut-set C =T U {e'}.

The parameterizing space of the external momenta is the hyperplane in

the affine space AP #Fe=t(I') gbtained by imposing the conservation law

> pe=0. (3.39)
e€Feyt(T)

Thus, the simplest possible configuration of external momenta is the
one where one puts all the external momenta to zero, except for a pair
Dey =P = —Pe, associated to a choice of a pair of external edges {e1,e2} C
Ee:+(T'). Let v; be the unique vertex attached to the external edge e; of
the chosen pair. We then have, in this case, P,, = p = —P,,. Upon writing
the polynomial Pr(t,p) in the form (3.38), we obtain in this case

Pe(p,t)=p* Y (Y te) []te (3.40)
T

e’ €Ty vy e¢T
where Ty, o, C T is the unique path in T" without backtrackings connecting

the vertices v; and vy. We use as in (3.18)
2 2

se={ X R = > P

veV(T1) veV ()
to get s¢ = p? for all the nonzero terms in this (3.40). These are all the
terms that correspond to cut sets C' such that the vertices v; and vy belong
to different components. These cut sets consist of the complement of a
spanning tree T and an edge of T}, ,,. Consider for simplicity the case
where the polynomial Ur is irreducible. If we denote the linear functions
of (3.40) by

Lr(t)=p* )t (3.41)
e€Tyy v,

we see that, if the polynomial ¥ (¢) divides (3.40), one would have
Pr(p,t) = Ur(t) - L(t),

for a degree one polynomial L(t), and this would give

S (Lr(t) - L) [ te =0,

T e¢T
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for all t. One then sees, for example, that the 1PI condition on the graph
T" is necessary in order to have the condition of Definition 3.3.1. In fact,
for a graph that is not 1PI, one may be able to find vertices and momenta
as above such that the degree one polynomials Lp(t) are all equal to the
same L(t). Generally, the validity of the condition of Definition 3.3.1 can
be checked algorithmically to be satisfied for large classes of 1PI graphs,
though a complete combinatorial characterization of the graphs satisfying
these properties does not appear to be known.

3.4 Integrals in affine and projective spaces

As we have seen above, the homogeneous graph polynomial WUr defines
either a projective hypersurface Xp C P!, with n = #E;,+(T'), or an
affine hypersurface Xr C A™ the affine cone over Xr. Thus, assuming
we are in the stable range of sufficiently high D where —n + D{¢/2 > 0, for
¢ = b1(T') the number of loops, one can regard the Feynman integral U(T', p)
as computed over the affine hypersurface complement A™ \ X r, but one can
also reformulate it in terms of the projective hypersurface complement.

In order then to reformulate in projective space P"~! integrals originally
defined in affine space A", we first recall some basic facts about differential
forms on affine and projective spaces and their relation, following mostly
[Dimca (1992)], see also [Gelfand, Gindikin, and Graev (1980)].

The projective analog of the volume form

wp =dty A Ndty,

is given by the form
Q= (=1 tydty Ao Adti Ao Adty. (3.42)
i=1

The relation between the volume form dt; A - - - A dt, and the homogeneous
form  of degree n of (3.42) is given by

Q= Awn), (3.43)

where A : QF — QF~1 is the operator of contraction with the Euler vector
field

)
E= Z tigy (3.44)

A(w)(vy, ...y v5-1) =w(E v, ..., 0p—1). (3.45)
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Let R = Clty,...,t,] be the ring of polynomials of A™. Let R,, denote
the subset of homogeneous polynomials of degree m. Similarly, let QF
denote the R-module of k-forms on A™ and let QF denote the subset of
k-forms that are homogeneous of degree m.

Let f be a homogeneous polynomial function f : A" — A of de-
gree deg(f). Let m : A" ~ {0} — P"~! be the standard projection t =
(try ... tn) = m(t) = (t1 : -~ t,). We denote by X; = {t € A™ | f(t) = 0}
the affine hypersurface and by X = {n(t) € P"~!| f(t) = 0} the projective
hypersurface, and by ﬁ(f) = A"\ Xf and D(f) = P"~! \ X the hyper-
surface complements. With the notation introduced above, we can always

write a form w € QF(D(f)) as
n

w = fim, with n S Q’Ilfﬂdeg(f)' (346)

We then have the following characterization of the pullback along  :
D(f) — D(f) of forms on D(f).

Proposition 3.4.1. (see [Dimca (1992)], p.180 and [Dolgachev (1982)])
Given w € QF(D(f)), the pullback 7*(w) € QF(D(f)) is characterized by
the properties of being invariant under the G,, action on A™ \. {0} and of
satisfying A(m*(w)) = 0, where A is the contraction (3.45) with the Euler
vector field E of (3.44).

Thus, since the sequence
0-Qragnl8... 801800 g

is exact at all but the last term, one can write

. An .
™ (w) = f(m), with 7€ Qfﬁdeg(f)- (3.47)
In particular, any (n — 1)-form on D(f) C P"~! can be written as
hQ .
T ith b€ Rty (3.48)
and with = A(dty A -+ Adty) the (n — 1)-form (3.42), homogeneous of

degree n.
We then obtain the following result formulating integrals in affine spaces
in terms of integrals of pullbacks of forms from projective spaces.

Proposition 3.4.2. Let w € andeg(f) be a closed k-form, which is ho-
mogeneous of degree mdeg(f), and consider the form w/f™ on A™. Let
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o C A"~ {0} be a k-dimensional domain with boundary Oc # (. Then the
integration of w/f™ over o satisfies

mdeg(f)/fim =/ Af(;‘j)+/de ?ﬁf (3.49)

Proof. Recall that we have ([Dimca (1992)], [Dolgachev (1982)])

d (Af(::)> - —Af(ﬁf)7 (3.50)

where, for a form w that is homogeneous of degree m deg(f),

dyw = fdw —mdf Nw. (3.51)
Thus, we have
A(w) A(dw) Aldf ANw)
d(fm)z— fm +m FraT (3.52)
Since the form w is closed, dw = 0, and we have
A(df Nw) =deg(f) fw—df N A(w), (3.53)
we obtain from the above
A df N A
d (ﬁ) - mdeg(f)f% - JWE“’) (3.54)

By Stokes’ theorem we have
Aw) / (A(w)>
——=[d|—).
o0 7 s \ I
Using (3.54) this gives

Mim w [ dfNAw)
[ T =maetn [ - [ SR

which gives (3.49). O

In the range —n + D(¢{ 4+ 1)/2 > 0 we consider the Feynman integral
U(T,p) as defined on the affine hypersurface complement A™ \ Xr and we
use the result above to reformulate the parametric Feynman integrals in
terms of integrals of forms that are pullbacks to A™ \ {0} of forms on a
hypersurface complement in P*~!. For simplicity, we remove here the diver-
gent I'-factor from the parametric Feynman integral and we concentrate on
the residue given by the integration over the simplex o as in (3.55) below.
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Proposition 3.4.3. Under the generic condition on the external momenta,
and assuming that —n + D€/2 > 0, the parametric Feynman integral

V7n+Dl/2wn
U(r,p):/iF GO (3.55)

r
with Vr(t,p) = Pr(t,p)/VYr(t,p), can be computed as

U, p) = m ( /a )+ /a df A ”*}”)) , (3.56)

where T : A" \ {0} — P"~! is the projection and n is the form on the

hypersurface complement D(f) in P*~1 with

. Aw)

T (n) o

on A", where f = Up and m = —n+D((+1)/2, andw = Pp(t,p)~"+tP4 2w,

with w, = dt; A--- Adty, the volume form on A™. The coefficient C(n, D, ()
in (3.56) is given by

(3.57)

C(n,D,0) = (—n+ D({+1)/2)L. (3.58)

Proof. Consider on A" the form given by A(w)/f™, with f, m, and w
as above. We assume the condition of Definition 3.3.1, i.e. for a generic
choice of the external momenta the polynomials Pr and ¥ have no common
factor. First notice that, since the polynomial ¥ is homogeneous of degree
¢ and Pr is homogeneous of degree £+1, the form A(w)/f™ is G,,-invariant
on A" ~ {0}. Moreover, since it is of the form o = A(w)/f™, it also
satisfies A(a) = 0, hence it is the pullback of a form 1 on D(f) C P~
Also notice that the domain of integration ¢ C A", given by the simplex
o=o0,={),;t;=1,t; >0}, is contained in a fundamental domain of the
action of the multiplicative group C* on C" \ {0}.
Applying the result of Proposition 3.4.2 above, we obtain

/ Pr(t’p)7n+D2/2dt1/\.../\dtn :/i
- \I]I:n—i-D(Z-l-l)/Q - fm

1 Aw) Aw)
= mdes(D) Sy, 1 *lldefm+”

P EYAN P, aA
— C(n,D,0)""! < Prolt,p) Alwn) +/deW) ,
do g - o
with a = —n + D{¢/2 and m = —n + D(£+1)/2. The coefficient C(n, D, ¢)

is given by C'(n, D, ¢) = mdeg(f), with m and f as above, hence it is given
by (3.58). O
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3.5 Non-isolated singularities

The graph hypersurfaces X C P*~! defined by the vanishing of the poly-
nomial Up(t) = det(Mr(t)) usually have non-isolated singularities. This
can easily be seen by the following observation.

Lemma 3.5.1. Let T be a graph with degWr > 2. The singular locus of
Xt is given by the intersection of cones over the hypersurfaces Xr,, for
e € E(T"), where T is the graph obtained by removing the edge e of T'. The
cones C(Xr,) do not intersect transversely.

Proof. First observe that, since Xt is defined by a homogeneous equation
Up(t) = 0, with Up a polynomial of degree m, the Euler formula mW¥r(t) =
e teé%\llp(t) implies that N.Z(0.¥r) C Xr, where Z(9.¥r) is the zero
locus of the te-derivative. Thus, the singular locus of X is just given by the
equations J.Wr = 0. The variables t. appear in the polynomial U (t) only
with degree zero or one, hence the polynomial d.Ur consists of only those
monomials of U that contain the variable t., where one sets t. = 1. The
resulting polynomial is therefore of the form Wr,, where I'. is the graph
obtained from I' by removing the edge e. In fact, one can see in terms of
spanning trees that, if T is a spanning tree containing the edge e, then T\ e
is no longer a spanning tree of I'c, so the corresponding terms disappear
in passing from ¥r to Ur,, while if 7" is a spanning tree of I' which does
not contain e, then 7T is still a spanning tree of I'. and the corresponding
monomial my of ¥, is the same as the monomial mz in ¥r without the
variable t.. Thus, the zero locus Z(¥r,) C P"~! is a cone C(Xr,) over
the graph hypersurface X, C P"~? with vertex at the coordinate point
ve = (0,...,0,1,0,...0) with t. = 1. To see that these cones do not
intersect transversely, notice that, in the case where deg ¥r > 2, given any
two C(Xr,) and C(Xr_,), the vertex of one cone is contained in the graph
hypersurface spanning the other cone. O

In fact, the hypersurfaces X1 tend to have singularity loci of low codi-
mension. As we observe again later, this has important consequences from
the motivic viewpoint. Moreover, it makes it especially useful to adopt
methods from singularity theory to study these hypersurfaces. For exam-
ple, we are going to see in the following sections how characteristic classes
of singular varieties can be employed in this context. These provide a way
of measuring how singular a hypersurface is, as we discuss more in detail
in §3.9 below. Ongoing work [Bergbauer and Rej (2009)] gives an analysis
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of the singular locus of the graph hypersurfaces using a formula for the
Kirchhoff polynomials ¥ under insertion of subgraphs at vertices.

3.6 Cremona transformation and dual graphs

A useful tool to study the algebraic geometry of the projective graph hy-
persurfaces Xt is the Cremona transformation, which for planar graphs
relates the hypersurface of a graph with that of its dual. This was pointed
out in [Bloch (2007)] and we illustrate the principle here in the particular
completely explicit case of the “banana graphs” computed in [Aluffi and
Marcolli (2008a)]. Even for graphs that are non-planar, one can still use
the image of the graph hypersurface under the Cremona transformation
to derive useful information on its motivic nature, as shown in the recent

results of [Bloch (2008)]. We follow [Aluffi and Marcolli (2008a)].
Definition 3.6.1. The standard Cremona transformation of P"~! is the

map

t tn

C:(t1:~-~:tn)»—><1 --.:1). (3.59)

Let G(C) denote the closure of the graph of C. Then G(C) is a subvariety
of P*~1 x P*~! with projections

G(C) (3.60)
RN
]Pm—l R _C_ — > ]Pm—l
We introduce the following notation. Let S, C P"~! be defined by the
ideal
Ts, = (t1+ tno1,t1 - tnootn, ..., t1tg - tp,ta - t,). (3.61)

Also, let £ be the hyperplane defined by the equation
‘C:{(tl:"'5tn)6Pn_1|t1+"'+tnzo}- (3.62)

The Cremona transformation is a priori defined only away from the
algebraic simplex of coordinate axes

Sp={(tr oo t) € PP [t =0} c P (3.63)
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though, as we now show, it is in fact well defined also on the general point
of ¥,,, its locus of indeterminacies being only the singularity subscheme &,
of the algebraic simplex ¥,,.

Lemma 3.6.2. Let C, G(C), Sy, and L be as above.

(1) The indeterminacy locus of C is S,.

(2) w1 :G(C) — Pt is the blow-up along S,,.

(8) L intersects every component of S, transversely.

(4) 3, cuts out a divisor with simple normal crossings on L.

Proof. The components of the map defining C given in (3.59) can be
rewritten as

(t1 2w ity) = (to -ty i titg -ty ity tp 1) (3.64)

Using (3.64), the map m; : G(C) — P™ may be identified with the blow-up
of P™ along the subscheme S,, defined by the ideal Zs, of (3.61) generated
by the partial derivatives of the equation of the algebraic simplex (i.e. the
singular locus of ¥,,). The properties (3) and (4) then follow. O

Properties (3) and (4) of the proposition above only play a role implicitly
in the proof of Proposition 3.7.1 below, so we leave here the details to the
reader.

An example where it is easier to visualize the effect of the Cremona
transformation is the case where n = 3. In this case, one can view the
algebraic simplex Y3 in the projective plane P? as a union of three lines,
each two intersecting in a point. These three points, the zero-dimensional
strata of X3, are blown up in G(C) and each replaced by a line. The proper
transforms of the 1-dimensional components of X3 are then blown down by
the other map my of (3.60), so that the resulting image is again a triangle
of three lines in P2. The Cremona transformation (the horizontal rational
map in the diagram (3.60)) is an isomorphism of the complements of the
two triangles.
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The dual graph TV of a planar graph I' is defined by choosing an em-
bedding ¢ : T' = S? in the sphere and then taking as vertices v € V(I'V) a
point in each connected component of S% \ «(T),

#V(IV) = bo(S* \ (), (3.65)

and edges F(I') given by adding an edge between two vertices v,w €
V(T'V) for each edge of ' that is in the boundary between the regions of
S? . (T) containing the points v and w. Thus, the dual graph has

#ETY) = #£E(T). (3.66)

Notice that it is somewhat misleading to talk about the dual graph I'V,
since in fact this depends not only on I' itself, but also on the choice of the
embedding ¢ : T' < S2. One can give examples of different embeddings ¢,
1o of the same graph T', for which the corresponding dual graphs I'Y and
Iy are topologically inequivalent, as the following figure shows.
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dual graph

e
IS

It was shown in [Bloch (2007)] that the Cremona transformation relates
the graph hypersurfaces of I and its dual 'V in the following way (see also
[Aluffi and Marcolli (2008a)]).

Lemma 3.6.3. Suppose given a planar graph T' with #E(T) = n, with dual
graph TV. Then the graph polynomials satisfy

Up(ty,.otn) = ( ] te) Orv(th .80, (3.67)
ecE(T)
hence the graph hypersurfaces are related by the Cremona transformation C
of (3.59),
C(XrN (P11, =X NP1 UX,). (3.68)

Proof. This follows from the combinatorial identity
Ur(t, ... tn) = D pcr Heg,éE(T) te

= ([eenm te) Xrcr eener te
= (eerm) te) Xorcrv Hegrr) t!

= ([Leepm te)Prv (st
The third equality uses the fact that #FE (') = #E('V) and #V(I'V) =
bo(S? \T), so that deg Ur +deg ¥pv = #E(T'), and the fact that there is a
bijection between complements of spanning tree T in I and spanning trees
T" in TV obtained by shrinking the edges of T in I' and taking the dual graph
of the resulting connected graph. Written in the coordinates (s1 : -+ : sp,)
of the target P"~! of the Cremona transformation, the identity (3.67) gives

Up(ty,..otn) =( [ sc)%rv(s1,...,80)

c€E(TV)

from which (3.68) follows. O
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3.7 Classes in the Grothendieck ring

An example of an infinite family of Feynman graphs for which the classes
in the Grothendieck ring K()) can be computed explicitly was considered
in [Aluffi and Marcolli (2008a)]. These are known as the banana graphs:
for n > 2 the graph I',, in this family has two vertices of valence n and n
parallel edges between them.

N
N~

The banana graph I';, has graph polynomial
Up(t) :t1-~-tn(%+---+%).
Thus, the parametric integral in this case is
(tp--- tn)(%*l)(“*l)*l W
/UL p(t)(2-Dn

up to an overall multiplicative factor proportional to the sum of external

)

n

momenta at a vertex.

We gave in [Aluffi and Marcolli (2008a)] an explicit formula for the class
in the Grothendieck ring of the graph hypersurfaces for the banana graphs.
This is given by the following result.

Proposition 3.7.1. The class in the Grothendieck ring of the hypersurface
Xr, of the n-th banana graph is explicitly given by the formula
L"—1 L-1)"—-(-1)"

Kr.] =13 L

—n(L-1)""2 (3.69)

In particular, this formula shows that, in this example, the class [X, ]
manifestly lies in the mixed Tate part Z[L] of the Grothendieck ring. We
sketch the proof here and refer the reader to [Aluffi and Marcolli (2008a)]
for more details.

Proof. The formula (3.69) is proved using the method of Cremona trans-
formation and dual graphs described above. In fact, one observes easily
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that, in the case of the banana graphs, the dual graph I') is simply a poly-
gon with n sides, and therefore the associated graph hypersurface Xrv = £
is just a hyperplane in P*~!.

One then checks that the complement in this hyperplane of the algebraic
simplex has class

']I‘n—l _ (_1)n—1

LN (EnE)] = L] = LN 2] = ———

where T = [G,,,] = [A!] — [A°] is the class of the multiplicative group.
Moreover, one finds that Xr, NX,, = S, the scheme of singularities of X,,.
The latter has class

[S,] = [Zn] — nT" 2,
This then gives
[Xr,] = [Xr, N ] + [Xr, ~ (X1, N 2],
where one uses the Cremona transformation to identify

[Xr,] = [Su] + (£~ (£N ) -

In particular, since the class in the Grothendieck ring is a universal
Euler characteristic, this calculation also yields as a consequence the value
for the topological Euler characteristic of the (complex) variety Xr, (C),
which is of the form

x(Xr,) =n+(=1)",

for n > 3, as one can see from the fact that the Euler characteristic is a ring
homomorphism from Ky(V) to Z and that in (3.69) L = [A!] has Euler char-
acteristic x(Al) = 1. A different computation of the Euler characteristic
X(Xr,, ), based on the use of characteristic classes of singular varieties, is also
given in [Aluffi and Marcolli (2008a)] along with the more complicated ex-
plicit computation of the Chern—-Schwartz—MacPherson characteristic class
of the hypersurfaces Xr .

More generally, the use of the Cremona transformation method can lead
to interesting results even in the case where the graphs are not necessarily
planar. In fact, one can still consider a dual hypersurface Xy! obtained
as the image of Xp under the Cremona transformation and still have an
isomorphism of Xt and X{ away from the algebraic simplex %,

Xr~ (XrnXy,) £ X~ (X NX,),
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although in non-planar cases X;! is no longer identified with the graph
hypersurface of a dual graph Xpv. By applying this method to the complete
graph I'y on N vertices, Bloch proved in [Bloch (2008)] a very interesting
result showing that, although the individual hypersurfaces Xr of Feynman
graphs are not always mixed Tate motives, if one sums the classes over
graphs with a fixed number of vertices one obtains a class that is always in
the Tate part Z[L] of the Grothendieck ring. More precisely, it is shown in
[Bloch (2008)] that the class

N!
Sy = (Xr] s
#V(XF;N #Aut(T)

where the sum is over all graphs with a fixed number of vertices, is always in
Z[L]. This shows that there will be very interesting cancellations between
the classes [X7]| at least for a sufficiently large number of loops, where one
knows by the general result of [Belkale and Brosnan (2003a)] that non-
mixed-Tate contributions will eventually appear.

This result fits in well with the general fact that, in quantum field
theory, individual Feynman graphs do not represent observable physical
processes and only sums over graphs (usually with fixed external edges
and external momenta) can be physically meaningful. Although in the
more physical setting it would be natural to sum over graphs with a given
number of loops and with given external momenta, rather than over a
fixed number of vertices, the result of [Bloch (2008)] suggests that a more
appropriate formulation of the conjecture on Feynman integrals and motives
should perhaps be given directly in terms that involve the full expansion of
perturbative quantum field theory, with sums over graphs, rather than in
terms of individual graphs. This approach via families of graphs also fits
in well with the treatment of gauge theories and Slavonov—Taylor identities
within the context of the Connes—Kreimer approach to renormalization via
Hopf algebras, as in [van Suijlekom (2007)], [van Suijlekom (2006)] and
also [Kreimer and van Suijlekom (2009)] in the setting of Dyson—Schwinger
equations.

3.8 Motivic Feynman rules

We have discussed above a definition of “abstract Feynman rules” based on
the multiplicative properties (3.31) and (3.32) that express the expectation
value of Feynman integrals associated to arbitrary Feynman graphs of a
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given scalar quantum field theory first in terms of connected graphs and
then in terms of 1PI graphs.

This more abstract definition of Feynman rules allows one to make sense
of algebro-geometric and motivic U(T"), with the same formal properties as
the original Feynman integrals with respect to the combinatorics of graphs.
As we discuss later on in the book, this will be closely related to defining
Feynman rules in terms of characters of the Connes—Kreimer Hopf algebra
of Feynman graphs and to the abstract form of the Birkhoff factorization
that gives the renormalization procedure for Feynman integrals.

One can first observe, as in [Aluffi and Marcolli (2008b)], that the hy-
persurface complement A™ \ Xr where the parametric Feynman integral is
computed behaves itself like a Feynman integral, in the sense that it satis-
fies the multiplicative properties (3.31) and (3.32). More precisely, we have
seen in Lemma 3.2.2 above that for a disjoint union of graphs I' =Ty UT'y
the hypersurface complement splits multiplicatively as

A"~ Xp = (A™ N Xp,) x (A"~ Xp,).

Lemma 3.2.2 shows that the hypersurface complement A™ ~ X[‘ sat-
isfies the multiplicative property (3.31), when we think of the Cartesian
product (A™ ~ Xp,) x (A" ~ Xp,) as defining the product operation in a
suitable commutative ring. We will specify the ring more precisely below
as a refinement of the Grothendieck ring of varieties, namely the ring of
immersed conical varieties introduced in [Aluffi and Marcolli (2008b)]. One
can similarly see that the second property of Feynman rules, the multiplica-
tive property (3.32) reducing connected graphs to 1PI graphs and inverse
propagators, is also satisfied by the hypersurface complements.

Lemma 3.8.1. For a connected graph T' that is obtained by inserting 1PI
graphs T, at the vertices of a finite tree T, the hypersurface complement
satisfies

A" Xp = AFPM o TT (AP (O Xp)). (3.70)
veV(T)

Proof. If T'is a forest with n = #E(T"), then A™ \ Xr = A" Also
notice that if I'y and I's are graphs joined at a single vertex, then the same
argument given in Lemma 3.2.2 for the disjoint union still gives the desired
result. Thus, in the case of a connected graphs I" obtained by inserting 1PI
graphs at vertices of a tree, these two observations combine to give

(A™ ~ erl) X oo x (ATHVD) XF ) x A#HE(T)

V#V(T)
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In the above, one can consider the hypersurface complements A™ ~ Xr
modulo certain equivalence relations. For example, if these varieties are
considered up to isomorphism, and one imposes the inclusion—exclusion
relation [X] = [X N\ Y] + [Y] for closed subvarieties Y C X, one can define
a Feynman rule with values in the Grothendieck ring of varieties

U(T) := [A" ~ X7] = [A"] — [Xr] € Ko(V). (3.71)
This satisfies (3.31) and (3.32) as an immediate consequence of Lemma
3.2.2 and Lemma 3.8.1.
The relation between the classes in the Grothendieck ring of the affine
and projective hypersurface complements is given by the formula
[A" \ Xp] = (L — 1)[P"~! < X7,
which expresses the fact that Xt is the affine cone over Xr.

One can also impose a weaker equivalence relation, by identifying vari-
eties not up to isomorphism, but only up to linear changes of coordinates
in an ambient affine space. This leads to the following refinement of the
Grothendieck ring of varieties ([Aluffi and Marcolli (2008b)]).

Definition 3.8.2. The ring of immersed conical varieties Fg is generated
by classes [V] of equivalence under linear coordinate changes of varieties
V c AV defined by homogeneous ideals (hence the name “conical”) im-
mersed in some arbitrarily large affine space, with the inclusion-exclusion
and product relations

VUW]=[V]+[W]-[VnW]
V]- W] = [V x W],

By imposing equivalence under isomorphisms one falls back on the usual
Grothendieck ring Ko(V).

Thus, one can define an R-valued algebro-geometric Feynman rule, for
a given commutative ring R, as in [Aluffi and Marcolli (2008b)] in terms of
a ring homomorphism [ : 7 — R by setting

U(T) := I([A") - I([Xr])
and by taking as value of the inverse propagator
U(L) = I([A")).

This then satisfies both (3.31) and (3.32). The ring F is then the receptacle

of the universal algebro-geometric Feynman rule given by
UT) = [A" \ Xr] € F.



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

Feynman integrals and algebraic varieties 81

A Feynman rule defined in this way is motivic if the homomorphism I :
F — R factors through the Grothendieck ring Ko(Vk).

The reason for working with Fg instead is that it allowed us in [Aluffi
and Marcolli (2008b)] to construct invariants of the graph hypersurfaces
that behave like algebro-geometric Feynman rules and that measure to some
extent how singular these varieties are, and which do not factor through
the Grothendieck ring, since they contain specific information on how the
Xr are embedded in the ambient affine space A#Eint(I),

3.9 Characteristic classes and Feynman rules

In the case of compact smooth varieties, the Chern classes of the tangent
bundle can be written as a class ¢(V) = ¢(TV) N [V] in homology whose
degree of the zero dimensional component satisfies the Poincaré-—Hopf theo-
rem [¢(TV)N[V] = x(V), which gives the topological Euler characteristic
of the smooth variety.

Chern classes for singular varieties that generalize this property were
introduced independently, following two different approaches, in [Schwartz
(1965)] and [MacPherson (1974)]. The two definitions were later proved to
be equivalent.

The approach followed by Marie Hélene Schwartz generalized the defi-
nition of Chern classes as the homology classes of the loci where a family
of k + 1 vector fields become linearly dependent (for the lowest degree case
one reads the Poincaré—Hopf theorem as saying that the Euler characteris-
tic measures where a single vector field has zeros). In the case of singular
varieties a generalization is obtained, provided that one assigns some radial
conditions on the vector fields with respect to a stratification with good
properties.

The approach followed by Robert MacPherson is instead based on func-
toriality. The functor F of constructible functions assigns to an algebraic
variety V' the Z-module F(V') spanned by the characteristic functions 1y
of subvarieties W C V and to a proper morphism f : V — V'’ the map
fo: B(V) = F(V') defined by f.(1w)(p) = x(W N f~1(p)), with x the
Euler characteristic.

A conjecture of Grothendieck—Deligne predicted the existence of a
unique natural transformation c, between the functor F and the homol-
ogy (or Chow group) functor, which in the smooth case agrees with
ce(ly) =e(TV)N[V].
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MacPherson constructed this natural transformation in terms of data
of Mather classes and local Euler obstructions and defined in this way
what is usually referred to now as the Chern—Schwartz—MacPherson (CSM)
characteristic classes of (singular) algebraic varieties cgp (X) = cx(1x).

It is convenient here to work inside an ambient space, for instance an
ambient projective space, so that one can regard c.(lx) as taking values
in the homology (or Chow group) of the ambient P, so that the charac-
teristic class cgp(X) = ¢x(1x) can be computed for X an arbitrary locally
closed subset of PV, without requiring a compactness hypothesis. This is
important in order to have an inclusion-exclusion relation for these classes,
as explained below.

The results of [Aluffi (2006)] show that, in fact, it is possible to compute
these classes without having to use Mather classes and Euler obstructions
that are usually very difficult to compute. Most notably, these characteristic
classes satisfy an inclusion-exclusion formula for a closed Y C X,

csm(X) =com(Y)+ecsm(XNY),

but are not invariant under isomorphism, hence they are naturally defined
on classes in Fx but not on Ko(Vk).

For a smooth locally closed X in some ambient projective space PV,
the class c¢gpar(X) can be obtained by a computation using Chern classes of
sheaves of differentials with logarithmic poles in a resolution of the closure
X of X. Then inclusion-exclusion gives a way to compute any embedded
csp without recourse to MacPherson’s Euler obstructions or Chern-Mather
classes.

The CSM classes give good information on the singularities of a variety:
for example, in the case of hypersurfaces with isolated singularities, they
can be expressed in terms of Milnor numbers.

To construct a Feynman rule out of these Chern classes, one uses the
following procedure, [Aluffi and Marcolli (2008b)]. Given a variety X c AN,
one can view it as a locally closed locus in PV, hence one can apply to
its characteristic function 1  the natural transformation c, that gives an
element in the Chow group A(PY) or in the homology H,(P"). This gives
as a result a class of the form

ce(lg) = ao[Pl + ar[P'] + - - + an[PV].
One then defines an associated polynomial given by

G)A((T) = ap +a1T+-~-—|—aNTN.



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

Feynman integrals and algebraic varieties 83

It is in fact independent of IV as it stops in degree equal to dim X. Itis by
construction invariant under linear changes of coordinates. It also satisfies
an inclusion-exclusion property coming from the fact that the classes cgps
satisfy inclusion-exclusion, namely

Gy (T) = G (T) + Gy(T) = Gy (T)

It is a more delicate result to show that it is multiplicative, namely that
the following holds.

Theorem 3.9.1. The polynomials G ¢ (T') satisfy
Giuy(T) = Gx(T) - Gy (T).

Proof. The proof of this fact is obtained in [Aluffi and Marcolli (2008b)]
using an explicit formula for the CSM classes of joins in projective spaces,
where the join J(X,Y) C P™*"! of two X C P™ ! and Y C P* ! is
defined as the set of

(821 i 18Ty i tyy :---:ty,), with (s:t) € P

and is related to the product in affine spaces by the property that the
product X x Y of the affine cones over X and Y is the affine cone over
J(X,Y). One has

ce(Lyx,v)) = (F(H) + H™)(g(H) + H") = H™ ") 0 [P,
where c.(1x) = H"f(H) N [P**™1] and c.(1y) = H™g(H) N [PrTm—1],
as functions of the hyperplane class H in P*T™~1. We refer the reader to
[Aluffi and Marcolli (2008b)] for more details. O

The resulting multiplicative property of the polynomials G ¢ (7") shows
that one has a ring homomorphism Icgy : F — Z[T| defined by

Iesu([X]) = G(T)
and an associated Feynman rule
Ucsu(T) = Cr(T) = Iesm ([A™)) — Tosm ([Xr)).

This is not motivic, i.e. it does not factor through the Grothendieck
ring Ko(Vk), as can be seen by the example given in [Aluffi and Marcolli
(2008b)] of two graphs (see the figure below) that have different Uggas (T),

Cr,(T)=T(T +1)* Cr,(T)=T(T*+T+1)
but the same hypersurface complement class in the Grothendieck ring,

[A" N Xr,] = [A%] — [A%] € Ko(V).
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There is an interesting positivity property that the CSM classes of the
graph hypersurfaces X1 appear to satisfy, namely the coefficients of all the
powers H” in the expression of the CMS class of Xt as a polynomial in
H are positive. This was observed in [Aluffi and Marcolli (2008a)] on the
basis of numerical computations of these classes, done using the program
of [Aluffi (2003)], for sample graphs. As the graphs that are accessible
to computer calculations of the corresponding CSM classes are necessarily
combinatorially simple (and all planar), it is at present not known whether
the observed positivity phenomenon holds more generally. This property
may be related to other positivity phenomena observed for CSM classes of
similarly combinatorial objects such as Schubert varieties [Aluffi and Mi-
halcea (2006)]. We see in the last chapter that, in the case of quantum field
theories on noncommutative spacetimes and the corresponding modification
of the graph polynomials, positivity fails in non-planar cases.

3.10 Deletion-contraction relation

We report here briefly the recent results of [Aluffi and Marcolli (2009b)] on
deletion—contraction relations for motivic Feynman rules.

We have seen above that one can construct a polynomial invariant Cr(T")
of graphs that is an algebro-geometric Feynman rule in the sense of [Aluffi
and Marcolli (2008b)], which does not factor through the Grothendieck
ring of varieties but satisfies an inclusion—exclusion principle. The polyno-
mial Cp(T) is defined in terms of CSM classes of the graph hypersurface
complement.

Several well known examples of polynomial invariants of graphs are ex-
amples of Tutte—Grothendieck invariants and are obtained as specializations
of the Tutte polynomial of graphs, and they all have the property that they
satisfy deletion—contraction relations, which make it possible to compute
the invariant indictively from simpler graphs. These relations express the
invariant of a given graph in terms of the invariants of the graphs obtained
by deleting or contracting edges.
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The results of [Aluffi and Marcolli (2009b)] investigate to what extent
motivic and algebro-geometric Feynman rules satisfy deletion—contraction
relations. Since such relations make it possible to control the invariant
for more complicated graphs in terms of combinatorially simpler ones, the
validity or failure of such relations can provide useful information that can
help to identify where the motivic complexity of the graph hypersurfaces
increases beyond the mixed Tate case (see §3.12 below).

In particular, it was shown in [Aluffi and Marcolli (2009b)] that the poly-
nomial Cr(T) is not a specialization of the Tutte polynomial. However, a
form of deletion—contraction relation does hold for the motivic Feynman
rule [A" \ X1] € Ko(V). The latter, unlike the relation satisfied by Tutte-
Grothendieck invariants, contains a term expressed as the class of an inter-
section of hypersurfaces which does not appear to be easily controllable in
terms of combinatorial information alone. However, this form of deletion—
contraction relations suffices to obtain explicit recursive relation for certain
operations on graphs, such as replacing an edge by multiple parallel copies.

We start by recalling the case of the Tutte polynomial of graphs and
the form of the deletion—contraction relation in that well known classical
case. The Tutte polynomial 7r € C[z,y] of finite graphs T' is completely
determined by the following properties:

e If ¢ € E(T') is neither a looping edge nor a bridge the deletion—
contraction relation holds:

7}(15,?/) :E\e(xay)+7}‘/e(x>y)‘ (372)
e If e € E(T) is a looping edge then

Tr(x,y) = yTr/e(z,y)-
o If e € E(T) is a bridge then

ﬁ‘(may) = x%\e(xvy)
e If T" has no edges then Tr(z,y) = 1.

Here we call an edge e a “bridge” if the removal of e disconnects the
graph T', and a “looping edge” if e starts and ends at the same vertex.
Tutte—Grothendieck invariants are specializations of the Tutte polynomial.
Among them one has well known invariants such as the chromatic polyno-
mial and the Jones polynomial.

A first observation of [Aluffi and Marcolli (2009b)] is that the Tutte
polynomial can be regarded as a Feynman rule, in the sense that it has the
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right multiplicative properties over disjoint unions and over decompositions
of connected graphs in terms of trees and 1PI graphs.

Proposition 3.10.1. The Tutte polynomial invariant defines an abstract
Feynman rule with values in the polynomial ring Clx,y], by assigning

UT)="Tr(z,y), with inverse propagator U(L) = x. (3.73)

Proof. One can first observe that the properties listed above for the Tutte
polynomial determine the closed form

Tr(z,y) = Z(x — 1)#V D =bo@=FVM=bo(N) (3 — 1)#E)=#V (N +bo (1)
yCr
(3.74)
where the sum is over subgraphs v C I' with vertex set V(vy) = V(I') and
edge set E(vy) C E(T'). This can be written equivalently as

’TF(JT; y) = Z(m — 1)bo('y)—b0(F)(y _ 1)b1(’¥).
yCIl

This is sometime referred to as the “sum over states” formula for the Tutte
polynomial.

The multiplicative property under disjoint unions of graphs is clear from
the closed expression (3.74), since for I' = I’y UT'y we can identify subgraphs
v C I with V(y) = V(T') and E(y) C E(I') with all possible pairs of
subgraphs (y1,72) with V(v;) = V(I';) and E(y;) C E(I';), with bo(y) =
bo(11) + bo(12), #V(T) = #V(I1) + #V(T2), and #E(7) = #E(31) +
#E(v2). Thus, we get

Tr(z,y) = ZW:(%W)(I — 1)bo(r)+bo(v2)=bo(I) (3 — 1)br(71)+b1(72)
= 7}1 (.’IJ, y) 7}‘2 (:C, y)

The property for connected and 1PI graphs follows from the fact that,
when writing a connected graph in the form I' = U, ey (1), with ', 1PI
graphs inserted at the vertices of the tree T, the internal edges of the
tree are all bridges in the resulting graph, hence the property of the Tutte
polynomial for the removal of bridges gives

Tr(x,y) = P D T G e, y).

Then one obtains an abstract Feynman rule with values in R = Clz, y] of
the form (3.73). O
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It follows that Tutte—Grothendieck invariants such as the chromatic and
Jones polynomials can also be regarded as Feynman rules.

One can then observe, however, that the algebro-geometric Feynman
rule

CF(T) = ICS]V[([AR N Xp])
that we discussed in the previous section is not a specialization of the Tutte
polynomial.

Proposition 3.10.2. The polynomial invariant Cr(T') is not a specializa-
tion of the Tutte polynomial.

Proof. We show that one cannot find functions = z(T") and y = y(7T)
such that

Cr(T) =Tr(x(T),y(T)).
First notice that, if e € E(T') is a bridge, the polynomial Cr(T') satisfies
the relation

Cr(T) = (T + 1)Cr(T). (3.75)
In fact, (T'+1) is the inverse propagator of the algebro-geometric Feynman
rule U(T") = Cr(T) and the property of abstract Feynman rules for 1PI
graphs connected by a bridge gives (3.75). In the case where e € E(T') is a
looping edge, we have

Cr(T) =T Cr/(T). (3.76)

In fact, adding a looping edge to a graph corresponds, in terms of graph
hypersurfaces, to taking a cone on the graph hypersurface and intersecting
it with the hyperplane defined by the coordinate of the looping edge. This
implies that the universal algebro-geometric Feynman rule with values in
the Grothendieck ring F of immersed conical varieties satisfies

U(r) = ([A'] - 1)U /e)
if e is a looping edge of I' and U(T") = [A" \ Xr] € F. The property
(3.76) then follows since the image of the class [A!] is the inverse propagator
(T'+1). (See §3.9 above and Proposition 2.5 and §2.2 of [Aluffi and Marcolli
(2008b)].)

This implies that, if Cr(7T') has to be a specialization of the Tutte poly-
nomial, the relations for bridges and looping edges imply that one has to
identify «(T) = T+ 1 and y(T') = T. However, this is not compatible
with the behavior of the invariant Cr(7") on more complicated graphs. For
example, for the triangle graph one has Cr(T) = T(T + 1)? while the
specialization 7r(z(T),y(T)) = (T +1)> + (T + 1) + T. O
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One can then investigate what kind of deletion—contraction relations
hold in the case of motivic and algebro—geometric Feynman rules. An
answer is given in [Aluffi and Marcolli (2009b)] for the motivic case, that
is, for the Feynman rule

U(T) = [A" ~ Xp] € Ko(V).
Theorem 3.10.3. Let I' be a graph with n > 1 edges.

(1) If e € E(T) is neither a bridge nor a looping edge then the following
deletion—contraction relation holds:

[A" N Xp] =L [A" N (Xpee N Xpje)] — [A"P N Xpoe]. (3.77)
(2) If the edge e is a bridge in T, then
[A" N Xr] =L [A" 1\ Xpo] =L [A" N Xp/e). (3.78)
(8) If e is a looping edge in T, then
A"\ Xr] = (L—1)-[A" ' N Xpo ] = (L—1) - [A" 1\ Xp ). (3.79)

(4) If T contains at least two loops, then the projective version of (3.77)
also holds, in the form

P Xp] =L [P" >\ (Xree N Xr/e)] — [P"72 N Xroe]. (3.80)

(5) Under the same hypotheses, the Euler characteristics satisfy

X(XF) =n-+ X(XF\e n Xp/e) — X(Xp\e). (381)
Proof. (1) and (4): Let T be a graph with n > 2 edges e1,...,e,_1,e =
€n, with (1 : ... : t,) the corresponding variables in P?—1. As above we

consider the Kirchhoff polynomial U and the affine and projective graph
hypersurfaces Xr C A" and Xy C P*~1. We assume degV¥pr =¢>0.

We consider an edge e that is not a bridge or looping edge. Then the
polynomials for the deletion I' \ e and contraction I'/e of the edge e = e,
are both non-trivial and given by
_ 0¥r
- Oty
The Kirchhoff polynomial ¥ satisfies

Ur(ty, ..o tn) = taF(t, o tnot) + Gty ta1). (3.83)

F:

= ‘IJF\e and G = \PF‘tn:O = \I’p/e. (382)

Given a projective hypersurface Y € PN~1 we denote by Y the affine
cone in AN, and we use the notation Y for the projective cone in PV.
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It is proved in [Aluffi and Marcolli (2009b)], Theorem 3.3, in a more gen-
eral context that includes the case under consideration, that the projection

from the point (0:---:0:1) induces an isomorphism
Xr~ (Xr N Xpe) — P2\ Xre, (3.84)
where Xt is the hypersurface in P"~2 defined by the polynomial F. In
fact, the projection P*~1 ——s P"=2 from p = (0:---: 0: 1) acts as
(b1 :oeeitn)— (F1 e i tpo1).

If F is constant (that is, if degy = 1), then Xr.. = Xr.. = 0 and the
statement is trivial. Thus, assume deg F' > 0. In this case, ¥r(p) = F(p) =
0, hence p € Xt N X, and hence p € X ~ (Xt N Xr.). Therefore, the
projection restricts to a regular map

Xr ~ (Xr ﬂylﬂ\e) — P2,

The image is clearly contained in P"~2 \ Xr.,, and the statement is that
this map induces an isomorphism

Xr ~ (XF ﬁfp\e) AN ]Pm—Q N Xre
Let g =(q1: -+ :@n—1). The line from p to ¢ is parametrized by
(@15 guor 1),

We show that this line meets X . (Xt N Xr..) transversely at one point.
The intersection with Xr is determined by the equation

tF(qr: 1 qn-1)+G(q: - qn-1) =0.

Since F'(q) # 0, this is a polynomial of degree exactly 1 in ¢, and determines
a reduced point, as needed.
It then follows that, in the Grothendieck ring Ky(V) we have identities

Pt Xr] =[P (Xt N X)) — P2\ Xroo) (3.85)
If T has at least two loops, so that deg W > 1, then we also have
PP PN Xp] =L [P"2 N (Xrwe N X1/e)] = [P"72 N Xpoe],  (3.86)

where I = [A!] is the Lefschetz motive and Xt/ is the hypersurface G = 0.
Indeed, the ideal of X1 N X, is

(Y, F) = (toF' + G, F) = (F,G).
This means that

XF N yl“\e = y1—‘\6 N YI‘/e- (387)
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If deg Xt > 1, then F is not constant, hence Xr.. # 0. It then follows
that Xp. ﬂyp/e contains the point p = (0:---:0:1). The fibers of the
projection

Pt (X ﬂyp/e) — P2 Xre.
with center p are then all isomorphic to A', and it follows that
[]Pm_l ~N (YF\e myI‘/e)] = ]L . [Pn_g N (XF\e N Xl"/e)]

The affine version (3.77) follows by observing that, if deg Xpr > 1, then
deg F' > 0, hence

XrNnXr.. and Xp\e ﬂj(:p/c

contain the origin. In this case, the classes in the Grothendieck ring satisfy

—

AY N XrNXpee=(L—-1)- PY (Xt N X1l

AN N (Xree N Xpje)] = (L — 1) - [PY 71 (Xree N Xpye)]-

Then (3.77) follows from the formula for the projective case, while it can
be checked directly for the remaning case with deg X = 1.

(2) If e is a bridge, then ¥Ur does not depend on the variable ¢, and
F = 0. The equation for Xr.. is ¥ = 0 again, but viewed in one fewer
variables. The equation for X/, is the same.

(3) If e is a looping edge, then U is divisible by t., so that G = 0. The
equation for Xr /. is obtained by dividing ¥r through by t., and one has
Xrwe = XF/E‘

(5) Under the hypothesis that deg Xr > 1, the statement about the
Euler characteristics follows from (3.80). One has from (3.84) the identity

X(]Pm_l N (XF UYF\e)) =0.
In the case where deg Xt = 1 one has x(Xr) =n — 1. 0

This general result on deletion-contraction relations for motivic Feyn-
man rules was applied in [Aluffi and Marcolli (2009b)] to analyze some
operations on graphs, which have the property that the problem of describ-
ing the intersection Xr.. N Xt/ can be bypassed and the class of more
complicated graphs can be computed inductively only in terms of combi-
natorial data.

One such operation replaces a chosen edge e in a graph I with m parallel
edges connecting the same two vertices d(e). Another operation consists of
replacing an edge with a chain of triangles (referred to as a “lemon graph”).
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The latter operation can easily be generalized to chains of polygons as
explained in [Aluffi and Marcolli (2009b)].

Assume that e is an edge of I', and denote by I',,. the graph obtained
from I" by replacing e by m parallel edges. (Thus, T'gp. =T'\e,and ', =T".)

Theorem 3.10.4. Let e be an edge of a graph T. Let T=L—1=[G,,] €

Ko(V).

(1) If e is a looping edge, then
> UTme) = =™ U N e). (3.88)
m>0 ’

(2) If e is a bridge, then

PUL e']Ts —eS Ts
mZ>OIU(FW) = <T~ T Tt 1) UT ~e). (3.89)

(8) If e is not a bridge nor a looping edge, then

sm eTs — e 5
E UTe) — = ———U(I)
|
0 m! TT +1
e'S+Te "

r 3.90

+ T 1 UT \e) ( )

Ts —s
s €°—e€
+ <se il )U(F/e).

The result is proved in [Aluffi and Marcolli (2009b)] by first deriving the
relation in the case of doubling an edge and then repeating the construction.
We do not report here the details of the proof, and we refer the readers to
the paper for more details, but it is worth pointing out that the main step
that makes it possible to obtain in this case a completely explicit formula
in terms of U(T"), U(T" \ e) and U(I'/e) is a cancellation that occurs in the
calculation of the classes in the operation of doubling an edge. In fact, one
first expresses the class U(T's.) as

U(Ty) =L-[A" ~ (Xpr N Xp,)] — U(D),

where n = #FE(I") and I',, denotes the graph obtained by attaching a looping
edge named e to I'/e. In the notation we used earlier in this section, the
equation for T', is given by the polynomial ¢, G. Using inclusion—exclusion
for classes in the Grothendieck ring, it is then shown in [Aluffi and Marcolli
(2009b)] that one has

[Xr N Xr,] = [Xr/o] + (L—1) - [Xree N Xr/o]-
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Thus, one obtains
Ul)=L-2)-UT)+(L-1)-UT ~e)+L-UT/e).

This expression no longer contains classes of intersections of graph hyper-
surfaces, and can be iterated to obtain the general formula for U(T,.).

It is shown in [Aluffi and Marcolli (2009b)] that the recursive relation
obtained in this way for the operation of multiplying edges is very sim-
ilar in form to the recursive relation that the Tutte polynomial satisfies
under the same operation. In fact, they both are solutions to a universal
recursive relation with different initial conditions. One also derives from
the same universal recursion a conjectural form for the recursion relation,
under the operation of multiplying edges I' — I',,., for the polynomial
invariant Cp(T) = Iosar ([A™ ~ Xr]).

The operation of replacing an edge with a chain of triangles, or “lemon
graph” depicted in the figure produces, similarly, a recursive formula for
the motivic Feynman rule U(I'2)), where I'A is the graph obtained from I'
by replacing an edge e by a lemon graph A,,.

r

Proposition 3.10.5. Let e be an edge of a graph I', and assume that e
is neither a bridge nor a looping edge. Let T2 be the “lemonade graph”
obtained by building an m-lemon fanning out from e. Then

1
FA mo_
2 D)™ = 5 “T(T + 1)s — T(T + 1)2s2

m>0

(1= (T+1)s)UI) + (T+1TsU ~e) + (T +1)>sUT /e)).

This result is proven in [Aluffi and Marcolli (2009b)] by first obtaining
a recursive formula for the classes U(A,,) of the lemon graphs. This is a
succession of operations where one first doubles an edge and then splits
the added edge by inserting a vertex. The first operation is covered by
the expression derived before for the class U(T'g.) while splitting an edge
with a vertex corresponds to taking a cone over the corresponding graph



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

Feynman integrals and algebraic varieties 93

hypersurface. Thus, both operations are well understood at the level of
classes in the Grothendieck ring and they give the recursive relation

U(Ami1) = T(T + 1)U(Ap) + T(T + 1)2U(A 1),

for m > 1, which gives then

U(A,,) = (T + 1)™+1 Em: (mz_ ’) ™.
=0

It is interesting to observe that the sequence a,, = U(A,,) is a divisibility
sequence, in the sense that U(A,,,—1) divides U(A,,—1) if m divides n. This is
the property satisfied, for instance, by the sequence of Fibonacci numbers.
(See [Aluffi and Marcolli (2009b)], Corollary 5.12 for more details.)

Returning to the classes U(T'A), one then shows that these also satisfy
a relation of the form

UI2) = fu(TUT) + g (TYUT ) + ho (T)U(T /e),

where the f,,, gm, hm satisfy the same recursion that gives U(A,,), but
with different seeds given by

1, AT =T2-
9o(T) =0 gl(T): (T+1)
[

For more details we refer the reader to [Aluffi and Marcolli (2009b)].

3.11 Feynman integrals and periods

Numerical calculations performed in [Broadhurst and Kreimer (1997)] gave
very strong evidence for a relation between residues of Feynman integrals
and periods of mixed Tate motives. In fact, the numerical evidence in-
dicates that the values computed in the log divergent case are Q-linear
combinations of multiple zeta values, which, as we recalled in the previous
chapter, can be realized as periods of mixed Tate motives.

Multiple zeta values are real numbers obtained by summing convergent
series of the form

1
C(n1,...,np) = Z PR R (3.91)
0<k1<ko<- <k, 1 r

where the n; are positive integers with n, > 2. There are ways to real-
ize multiple zeta values as periods of mixed Tate motives; see [Goncharov
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(2001)], [Goncharov and Manin (2004)], [Terasoma (2002)]. In [Goncharov
and Manin (2004)], for instance, as well as in [Brown (2006)], multiple zeta
values are explicitly realized as periods on the moduli spaces of curves. It is
the occurrence of multiple zeta values in Feynman integral computations,
along with the fact that these numbers arise as periods of mixed Tate mo-
tives, that gave rise to the idea of a deeper relation between perturbative
quantum field theory and motives.

Among the examples of Feynman graphs computed in [Broadhurst and
Kreimer (1997)], the wheel with n spokes graphs give simple zeta values
¢(2n — 3). It is also shown in [Broadhurst and Kreimer (1997)] that the
non-planar graph given by the complete bipartite graph K3 4 evaluates to
the double zeta value ((5, 3).

Recent results of [Brown (2009a)] for multiloop Feynman diagrams pro-
vide a new method for evaluating the case of primitive divergent graphs (i.e.
those that do not contain any smaller divergent subgraph, and are there-
fore primitive elements in the Connes—Kreimer Hopf algebra). This shows
the occurrence of values at roots of unity of multiple polylogarithms, in
addition to the multiple zeta values observed in [Broadhurst and Kreimer
(1997)]. The multiple polylogarithm function, introduced in [Goncharov
(2001)] is defined as

. Ilfl e xkr
Lin, o, (1,...,2,) = > A T— (3.92)
T,

0<ky <ka<---<k,

It is absolutely convergent for |x;| < 1 and it extends analytically to an open
domain in C” as a multivalued holomorphic function. As shown in [Gon-
charov (2001)], the multiple polylogarithms are also associated to objects
in the category of mixed Tate motives.

3.12 The mixed Tate mystery

The results recalled in the previous section suggest that, in its strongest
possible form, one could formulate a conjecture as follows.

Conjecture 3.12.1. Are all residues of Feynman graphs of perturbative
scalar field theories (possibly after a suitable regularization and renormal-
ization procedure is used) periods of mized Tate motives?

In this form the conjecture is somewhat vaguely formulated, but it does
not matter since it is unlikely to hold true in such generality. One can
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however refine the question and formulate it more precisely in the following
form.

Question 3.12.2. Under what conditions on the graphs, the scalar field
theory, and the renormalization procedure are the residues of Feynman
graphs periods of mized Tate motives?

As we have seen above, using the Feynman parameters, one can write
the Feynman integrals in a form that looks exactly like a period of an
algebraic variety obtained as a hypersurface complement, modulo the issue
of divergences which needs to be handled separately. In the stable range for
D, this hypersurface is the graph variety Xr, while in the unstable range
it is the Landau variety Yr, or the union of the two.

Kontsevich formulated the conjecture that the graph hypersurfaces Xr
themselves may always be mixed Tate motives, which would imply Con-
jecture 3.12.1. Although numerically this conjecture was at first verified
up to a large number of loops in [Stembridge (1998)], it was later dis-
proved in [Belkale and Brosnan (2003a)]. They proved that the varieties
Xr can be arbitrarily complicated as motives: indeed, the Xt generate the
Grothendieck ring of varieties.

The fact that the classes [XT] can be arbitrarily far from the mixed Tate
part Z[L] of the Grothendieck ring Ko(V) seems to indicate at first that
Conjecture 3.12.1 cannot hold. However, that is not necessarily the case. In
fact, only a part of the cohomology of the complement of the hypersurface
Xp is involved in the period computation of the Feynman integral. As
we have seen earlier in this chapter, ignoring divergences, one is in fact
considering only a certain relative cohomology group, namely

H 7Y P X, B, (2, N XT)), (3.93)

where n = #E;,4(T') and ©,, = {¢t € P*~!| [],¢; = 0} denotes the normal
crossings divisor given by the union of the coordinate hyperplanes. In fact,
if one ignores momentarily the issue of divergences, the evaluation of the
integral

PI‘(p, t)fn+D£/2
o Wp(t)-ntEnD/2 Wn (3.94)

can be seen as a pairing of a differential form on the hypersurface comple-
ment with a chain o, with boundary do, C ¥, contained in the normal
crossings divisor. Thus, one is working with a relative cohomology, and we
have seen that the question of whether the integral above (i.e. the residue of
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the Feynman graph after dropping the divergent Gamma factor in the para-
metric Feynman integral) evaluates to a period of a mixed Tate motive can
be addressed in terms of the question of whether the relative cohomology
(3.93) is a realization of a mixed Tate motive

m(P" N X, 8, N XN Y,). (3.95)
This could still be the case even though the motive of X itself need not
be mixed Tate. However, this observation makes it clear that, if something
like Conjecture 3.12.1 holds, it is due to a very subtle interplay between
the geometry of the graph hypersurface X and the locus of intersection
XrNX,. Notice that this locus is also the one that is responsible for the di-
vergences of the integral (3.94), so that the situation is further complicated,
when one tries to eliminate divergences, by possibly performing blow-ups
of this locus. Even without introducing immediately the further difficulties
related to eliminating divergences, the main problem remains that as the
graphs increase in combinatorial complexity, it becomes extemely difficult
to control the motivic nature of (3.95). Thus, at present, not only is the
conjecture in its stronger form 3.12.1 still open, but not much is understood
on specific conditions that would ensure that (3.95) is in fact mixed Tate,
according to the formulation of Question 3.12.2.

Some new work of Francis Brown, which became available in the
prepriny [Brown (2009b)] while this book was going to print, identifies
specific families of graphs for which (3.95) is shown to give a mixed Tate
motive and for which the corresponding Feynman integrals evaluate to mul-
tiple zeta values.

In fact, a weaker statement than the relative cohomology (3.93) being
mixed Tate may still suffice to prove that the residue of the Feynman in-
tegral is a period of a mixed Tate motive, since the period only captures
a piece of the relative cohomology (3.93), so that the question on the mo-
tivic nature of this relative cohomology provides a sufficient condition for
a mixed Tate period, but not a necessary one.

Very nice recent results of [Doryn (2008)] compute the middle coho-
mology of the graph hypersurfaces for a larger class of graphs than those
originally considered in the work of [Bloch, Esnault, Kreimer (2006)], con-
sisting of so called “zig-zag graphs”. This identifies in a significant class of
examples a mixed Tate piece of the cohomology.

As we mentioned in relation to the recent result of [Bloch (2008)] on
sums of graphs with fixed number of vertices, one should also take into ac-
count that the possible occurrence of non-mixed Tate periods in the Feyn-
man amplitudes for more complicated graphs may cancel out in sums over
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graphs with fixed external structure or fixed number of vertices and leave
only a mixed Tate contribution.

One should also keep in mind that, in the case of divergent Feynman
integrals, handling divergences in different ways might affect the nature of
the resulting periods, after subtraction of infinities.

3.13 From graph hypersurfaces to determinant hypersur-
faces

An attempt to provide specific conditions, as stated in Question 3.12.2
above, that would ensure that certain Feynman integrals evaluate to periods
of mixed Tate motives was developed in [Aluffi and Marcolli (2009a)].

One can use the properties of periods, in particular the change of vari-
able formula, to recast the computation of a given integral fg w computing
a period in a different geometric ambient variety, whose motivic nature is
easier to control. As long as no information is lost in the period computa-
tion, one can hope to obtain in this way some sufficient conditions that will
ensure that the periods associated to Feynman integrals are mixed Tate.

A period faw associated to the data (X, D,w,o) of a variety X, a
divisor D, a differential form w on X, and an integration domain o with
boundary do C D can be computed equivalently after a change of variables
obtained by mapping it via a morphism f of varieties to another set of data
(X', D', ¢"), with w = f*(&') and o’ = f.(0).

In the case of parametric Feynman integrals one can proceed in the fol-
lowing way. The matrix Mr(¢) associated to a Feynman graph I" determines
a linear map of affine spaces

T:A" — AF, T(t)k:r = Ztiniknir (396)

such that the affine graph hypersurface is obtained as the preimage
Xr =YDy
under this map of the determinant hypersurface,
Dy = {z = (z;) € AY | det(z;;) = 0}.

One can give explicit combinatorial conditions on the graph that ensure
that the map Y is an embedding. As shown in [Aluffi and Marcolli (2009a)],
for any 3-edge-connected graph with at least 3 vertices and no looping edges,
which admit a closed 2-cell embedding of face width at least 3, the map T
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is injective. To see why this is the case, one can start with the following
observation on the properties of the matrix Mr(t) that defines the map T
of (3.96).

Lemma 3.13.1. The matriz Mr(t) = n'An defining the map Y has the
following properties.

o For i # j, the corresponding entry is the sum of +ty, where the ty
correspond to the edges common to the i-th and j-th loop, and the sign
is +1 if the orientations of the edges both agree or both disagree with
the loop orientations, and —1 otherwise.

e Fori = j, the entry is the sum of the variables tj. corresponding to the
edges in the i-th loop (all taken with sign +).

Similarly, for a specific edge e, with t. the corresponding variable, one has
the following.

e The variable t, appears in ntAn if and only if e is part of at least one
loop.

e Ife belongs to a single loop £;, then t. only appears in the diagonal entry
(i,1), added to the variables corresponding to the other edges forming
the loop £;.

o If there are two loops {;, £; containing e, and not having any other edge
in common, then the +t. appears by itself at the entries (i,5) and (j,1)
in the matriz nf An.

In the following, we denote by Y; the composition of the map T with
the projection to the i-th row of the matrix nfAn, viewed as a map of the
variables corresponding only to the edges that belong to the i-th loop in
the chosen bases of the first homology of the graph I'.

Lemma 3.13.2. If T, is injective for i ranging over a set of loops such
that every edge of I is part of a loop in that set, then Y is itself injective.

Proof. Let (t1,...,t,) = (c1,...,¢n) be in the kernel of 7. Since each
(,4) entry in the target matrix is a combination of edges in the i-th loop,
the map 7; must send to zero the tuple of c;’s corresponding to the edges
in the i-th loop. Since we are assuming 7; to be injective, that tuple is
the zero-tuple. Since every edge is in some loop for which 7; is injective, it
follows that every c; is zero, as needed. O

One can then give conditions based on properties of the graph that
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ensure that the components Y; are injective. This is done in [Aluffi and
Marcolli (2009a)] as follows.

Lemma 3.13.3. The map Y; is injective if the following conditions are
satisfied:

e For every edge e of the i-th loop, there is another loop having only e in
common with the i-th loop, and
e The i-th loop has at most one edge not in common with any other loop.

Proof. In this situation, all but at most one edge variable appear by
themselves as an entry of the i-th row, and the possible last remaining
variable appears summed together with the other variables. More explicitly,
if t;,,...,t;, are the variables corresponding to the edges of a loop ¢;, up
to rearranging the entries in the corresponding row of 7 An and neglecting
other entries, the map Y; is given by

(ti17 - 7ti,,,> [d (til + e + tiv,itil, . ~7itiu)
if £; has no edge not in common with any other loop, and
(til,. .. ,tiv) (g (til + -4+ tim:l:tilw cey iti’u—l)

if £; has a single edge t,, not in common with any other loop. In either case
the map Y; is injective, as claimed. O

Every (finite) graph I" may be embedded in a compact orientable surface
of finite genus. The minimum genus of an orientable surface in which I' may
be embedded is the genus of I'. Thus, I' is planar if and only if it may be
embedded in a sphere, if and only if its genus is 0.

Definition 3.13.4. An embedding of a graph I' in an orientable surface
S is a 2-cell embedding if the complement of I' in S is homeomorphic to a
union of open 2-cells (the faces, or regions determined by the embedding).
An embedding of T" in S is a closed 2-cell embedding if the closure of every
face is a disk.

It is known that an embedding of a connected graph is minimal genus
if and only if it is a 2-cell embedding ([Mohar and Thomassen (2001)],
Proposition 3.4.1 and Theorem 3.2.4). We discuss below conditions on the
existence of closed 2-cell embeddings, cf. [Mohar and Thomassen (2001)],
§5.5.

For our purposes, the advantage of having a closed 2-cell embedding for
a graph I' is that the faces of such an embedding determine a choice of loops
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of I, by taking the boundaries of the 2-cells of the embedding together with
a basis of generators for the homology of the Riemann surface in which the
graph is embedded.

Lemma 3.13.5. A closed 2-cell embedding v : T' — S of a connected graph
T on a surface of (minimal) genus g, together with the choice of a face of
the embedding and a basis for the homology H1(S,Z) determine a basis of
Hy(T,Z) given by 2g + f — 1 loops, where [ is the number of faces of the
embedding.

Proof. Orient (arbitrarily) the edges of I and the faces, and then add
the edges on the boundary of each face with sign determined by the orien-
tations. The fact that the closure of each face is a 2-disk guarantees that
the boundary is null-homotopic. This produces a number of loops equal to
the number f of faces. It is clear that these f loops are not independent:
the sum of any f — 1 of them must equal the remaining one, up to sign.
Any f—1 loops, however, will be independent in H;(T'). Indeed, these f—1
loops, together with 2g generators of the homology of S, generate H;(T).
The homology group H;(T') has rank 2g + f — 1, as one can see from the
Euler characteristic formula

bo(S) — b1(S) +b2(S) =2 —2g

=x(S)=v—e+ f=b()=bi(I')+ f=1-L+f,
so there will be no other relations. O

One refers to the chosen one among the f faces as the “external face”
and the remaining f — 1 faces as the “internal faces”.

Thus, given a closed 2-cell embedding ¢ : I' — S, we can use a basis of
H,(T',7Z) constructed as in Lemma 3.13.5 to compute the map T and the
maps T; of (3.13.1). We then have the following result.

Lemma 3.13.6. Assume that T is closed-2-cell embedded in a surface.
With notation as above, assume that

e any two of the f faces have at most one edge in common.

Then the f —1 maps Y;, defined with respect to a choice of basis for H1(T")
as in Lemma 3.13.5, are all injective. If further

o cvery edge of I is in the boundary of two of the f faces,

then Y is injective.
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Proof. The injectivity of the f — 1 maps T; follows from Lemma 3.13.3.
If ¢ is a loop determined by an internal face, the variables corresponding
to edges in common between ¢ and any other internal loop will appear as
(£) individual entries on the row corresponding to ¢. Since ¢ has at most
one edge in common with the external region, this accounts for all but at
most one of the edges in ¢. By Lemma 3.13.3, the injectivity of T; follows.
Finally, as shown in Lemma 3.13.2, the map T is injective if every edge is
in one of the f — 1 loops and the f — 1 maps Y; are injective. The stated
condition guarantees that the edge appears in the loops corresponding to
the faces separated by that edge. At least one of them is internal, so that
every edge is accounted for. O

Recall the notions of connectivity of graphs that we discussed in the
first chapter in relation to the 1PI condition, Definition 1.5.1.

We also recall the notion of face width for an embedding of a graph in
a Riemann surface.

Definition 3.13.7. Let ¢ : I' — S be a given embedding of a graph I' on
a Riemann surface S. The face width fw(T,¢) is the largest number k € N
such that every non-contractible simple closed curve in S intersects I' at
least k times. When S is a sphere, hence ¢ : I' < S is a planar embedding,
one sets fw(T,t) = oo.

For a graph I with at least 3 vertices and with no looping edges, the
condition that an embedding ¢ : I' — S is a closed 2-cell embedding is
equivalent to the properties that I' is 2-vertex-connected and that the em-
bedding has face width fw(I',t) > 2; see Proposition 5.5.11 of [Mohar
and Thomassen (2001)]. It is not known whether every 2-vertex-connected
graph I' admits a closed 2-cell embedding. The “strong orientable embed-
ding conjecture” states that this is the case, namely, that every 2-vertex-
connected graph I' admits a closed 2-cell embedding in some orientable
surface S, of face width at least two (see [Mohar and Thomassen (2001)],
Conjecture 5.5.16).

Theorem 3.13.8. The following conditions imply the injectivity of Y.

(1) Let T’ be a graph with at least 3 vertices and with no looping edges,
which is closed-2-cell embedded in an orientable surface S. Then, if
any two of the faces have at most one edge in common, the map T is
injective.
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(2) LetT be a 3-edge-connected graph, with at least 3 vertices and no looping
edges, admitting a closed-2-cell embedding ¢ : I' — S with face width
fw(T',¢) > 3. Then the maps Y;, T are all injective.

Proof. (1) It suffices to show that, under these conditions on the graph
T", the second condition of Lemma 3.13.6 is automatically satisfied, so that
only the first condition remains to be checked. That is, we show that every
edge of I' is in the boundary of two faces. Assume an edge is not in the
boundary of two faces. Then that edge must bound the same face on both
of its sides. The closure of the face is a cell, by assumption. Let v be a
path from one side of the edge to the other. Since  splits the cell into two
connected components, it follows that removing the edge splits I' into two
connected components, hence I is not 2-edge-connected. However, the fact
that T" has at least 3 vertices and no looping edges and it admits a closed
2-cell embedding implies that I' is 2-vertex-connected, hence in particular
it is 1PI by Lemma 1.5.5, and this gives a contradiction.

(2) The previous result shows that the second condition stated in
Lemma 3.13.6 is automatically satisfied, so the only thing left to check
is that the first condition stated in Lemma 3.13.6 holds. Assume that two
faces Fy, Fy have more than one edge in common. Since Fy, Fy are (path)-
connected, there are paths v; in F; connecting corresponding sides of the
edges. With suitable care, it can be arranged that v; U 72 is a closed path
~ meeting I' in 2 points. Since the embedding has face width > 3, v must
be null-homotopic in the surface, and in particular it splits it into two con-
nected components. Therefore I is split into two connected components by
removing the two edges, hence I' cannot be 3-edge-connected. ]

A more geometric description of these combinatorial properties in terms
of wheel neighborhoods at the vertices of the graph is discussed in [Aluffi and
Marcolli (2009a)]. Further, it is shown there that the injectivity property
of the map T extends from the classes of graphs described in the previous
theorem to other graphs obtained from these by simple combinatorial op-
erations such as attaching a looping edge at a vertex of a given graph or
subdividing edges by adding intermediate valence two vertices.

The combinatorial conditions of Theorem 3.13.8 are fairly natural from
a physical viewpoint. In fact, 2-edge-connected is just the usual 1PI condi-
tion, while 3-edge-connected or 2PI is the next strengthening of this con-
dition (the 2PI effective action is often considered in quantum field the-
ory), and the face width condition is also the next strengthening of face
width 2, which a well known combinatorial conjecture on graphs [Mohar
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and Thomassen (2001)] expects should simply follow for graphs that are 2-
vertex-connected. (The latter condition is a bit more than 1PI: for graphs
with at least two vertices and no looping edges it is equivalent to all the
splittings of the graph at vertices also being 1PI, as we showed in Lemma
1.5.5.) The condition that the graph has no looping edges is only a tech-
nical device for the proof. In fact, it is then easy to show (see [Aluffi and
Marcolli (2009a)]) that adding looping edges does not affect the injectivity
of the map 1.

When the map T is injective, it is possible to rephrase the computation
of the parametric Feynman integral as a period of the complement of the
determinant hypersurface Dy C A?”. Notice also that if the map T is
injective then one has a well defined map P*~! — IP’ZQ_l, which is otherwise
not everywhere defined. Motivically, when the map T : A" — A? is
injective, the complexity of Feynman integrals of the graph I as a period is
controlled by the motive m(A[Z <Dy, Sr~ (’ﬁg N 21“)), where 3 is a normal
crossings divisor in A?" such that T(do,) C Sp. We recall below how to
construct the divisor f)p.

One can in fact rewrite the Feynman integral (as usual up to a divergent
I-factor) in the form

—n+D2e/2
ur) = / PF(QC’p)7n+(£+1)u1;1“/(2$)7
T(O’n,) det(x)

for a polynomial Pr(z,p) on A” that restricts to Pr (t,p), and with wp(z)
the image of the volume form. Let then $r be a normal crossings divisor in
Aez, which contains the boundary of the domain of integration, YT (do,,) C
$r. The question on the motivic nature of the resulting period can then
be reformulated (again modulo divergences) in this case as the question of
whether the motive

m(A” <Dy, Sr < (Er N D)) (3.97)

is mixed Tate.

The advantage of moving the period computation via the map T =
Yp from the hypersurface complement A" ~. Xr to the complement of the
determinant hypersurface AP < Dy is that, unlike what happens with the
graph hypersurfaces, it is well known that the determinant hypersurface Dy
is a mixed Tate motive, as we have already seen in detail in Theorems 2.6.2
and 2.6.3 above.

One then sees that, in this approach, the difficulty has been moved
from understanding the motivic nature of the hypersurface complement to
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having some control on the other term of the relative cohomology, namely
the normal crossings divisor $r and the way it intersects the determinant
hypersurface.

If the motive of X~ (f]p ﬁf)g) is mixed Tate, then knowing that AP Dy
is always mixed Tate, the fact that mixed Tate motives form a triangulated
subcategory of the triangulated category of mixed motives would show that
the motive (3.97) whose realization is the relative cohomology would also
be mixed Tate.

Thus, Question 3.12.2 can be reformulated, under the combinatorial
conditions given above for the embedding, as a question on when the mo-
tive of 3 ~ (21“ N f)g) is mixed Tate. This requires, first of all, a better
description of the divisor 3 that contains the boundary d(Y(o,)).

A first observation in [Aluffi and Marcolli (2009a)] is that one can use
the same normal crossings divisor 2@79 for all graphs I with a fixed number
of loops and a fixed genus (that is, the minimal genus of an orientable
surface in which the graph can be embedded). This divisor is given by a
union of linear spaces.

Proposition 3.13.9. There exists a normal crossings divisor ig,g C Ae2,
which is a union of N = (’;) linear spaces,

S0g:=L1U---ULy, (3.98)

such that, for all graphs T with £ loops and genus g closed 2-cell embedding,
the preimage under Y = Yr of the union Sr of a subset of components of
ieyg is the algebraic simplex ¥, in A™. More explicitly, the components of
the divisor iz’g can be described by the N = (’;) equations

T+

g =0 1<i<f-1, (3.99)

where f =0 —2g + 1 is the number of faces of the embedding of the graph
T on a surface of genus g.

Proof. The polynomial det Mr(t) does not depend on the choice of ori-
entation for the loops of I'. Thus, we can make the following convenient
choice of these orientations. We have chosen a closed 2-cell embedding of T’
into an orientable surface of genus g. Such an embedding has f faces, with
¢ =2g+ f—1. We can arrange Mp(¢) so that the first f —1 rows correspond
to the f — 1 loops determined by the ‘internal’ faces of the embedding. On
each face, we choose the positive orientation (counterclockwise with respect
to an outgoing normal vector). Then each edge-variable in common between
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two faces 4, 7 will appear with a minus sign in the entries (4,5) and (j,4) of
Mr(t). These entries are both in the (¢ — 2g) x (¢ — 2g) upper-left minor.

We have in fact seen that the injectivity of an (£ —2g) x (£ — 2g) minor
of the matrix Mr suffices to control the injectivity of the map Y, and we
can arrange so that the minor is the upper-left part of the ¢ x ¢ ambient
matrix. Then the hyperplanes in A™ associated to the coordinates ¢; can be
obtained by pulling back linear spaces along this minor. On the diagonal
of the (f — 1) x (f — 1) submatrix we find all edges making up each face,
with a positive sign. It follows that the pull-backs of the equations (3.99)
produce a list of all the edge variables, possibly with redundancies. The
components of ig’g that form the divisor 3 are selected by eliminating
those components of iz’g that contain the image of the graph hypersurface
(i.e. coming from the zero entries of the matrix Mr(t)). O

A second observation of [Aluffi and Marcolli (2009a)] is then that, using
inclusion-exclusion, it suffices to show that arbitrary intersections of the
components L; of ig,g have the property that

(NierLs) ~ Dy (3.100)
is mixed Tate. In fact, this would then imply that also the locus

21“ AN ('[)z n XA:F)
is mixed Tate, by repeatedly using inclusion—exclusion.

Notice that the intersection N;crL; is a linear subspace of codimension
#1 in A, In general, the intersection of a linear subspace with the de-
terminant is mot mixed Tate. For example, the intersection of a general
A3 with Ds is a cone over a genus-1 curve. In fact, working projectively,
Ds is a degree-3 hypersurface in P®, with singularities in codimension > 1.
Therefore, the intersection with a general P? is a nonsingular cubic curve,
therefore a curve of genus = 1. The affine version is a cone over this. Thus,
in order to understand under what conditions the locus (3.100) will be
mixed Tate, we have to understand in what sense the intersections N;crL;
are special.

The following characterization, which is given in [Aluffi and Marcolli
(2009a)], leads to a reformulation of the problem in terms of certain “man-
ifolds of frames”.

Lemma 3.13.10. Let E be a fized £-dimensional vector space. Fvery I C
{1,..., N} determines a choice of linear subspaces Vi,...,Vy of E with the
property that

MwerLi = {(v1, ..., v) € AT |Vi,v; € V;}. (3.101)
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Here, we denote an £ x £ matriz in AP by its £ row-vectors v; € E.

Further, dim V; > i — 1. Further still, there exists a basis (e1,...,es) of
E such that each space V; is the span of a subset (of cardinality > i—1) of
the vectors e;.

Proof. Recall (Proposition 3.13.9) that the components Ly, of 3, consist
of matrices for which either the (4, j) entry z;; equals 0, for 1 <14 < j <
{—2g, or

Tip + -+ Tig—29 =0
for 1 <i < £ —2g. Thus, each Ly consists of ¢-tuples (vy,...,v) for which
exactly one row v; belongs to a fixed hyperplane of E, and more precisely
to one of the hyperplanes

T + P + 1'272g — O7 To = O7 . xzi2g = 0, (3.102)

The statement follows by choosing V; to be the intersection of the hy-
perplanes corresponding to the Ly in the i-th row, among those listed in
(3.102). Since there are at most £ — 2g — i + 1 hyperplanes Ly in the i-th

row,
AmV; >0—((—29—i+1)=29+i—1>i—1

Finally, to obtain the basis (eq, ..., e;) mentioned in the statement, simply

choose the basis dual to the basis (x1 + - - - + Z¢_24, T2, . .., x¢) of the dual

space to F. O

A sufficient condition that would ensure that the locus Sp ~ (ip N T)g)
is mixed Tate is then described in terms of manifolds of frames.

Definition 3.13.11. For a given ambient space V = A’ and an assigned
collection of linear subspaces V;, ¢ = 1,...,¢, the manifold of frames
F(V4,...,V,) is defined as the locus

F(Vi,.... Vo) i={(v1,...,v0) € A v € i} N (AY < Dy).  (3.103)
More generally, F(V1,...,V,) C Vi x --- x V,. denotes the locus of r-tuples

of linearly independent vectors in a given vector space V', where each v; is
constrained to belong to the given subspace V.

The previous characterization of the locus (3.100), together with the use
of inclusion—exclusion arguments, shows that if, for a fixed ¢, the manifold
of frames is mixed Tate for all choices of the subspaces V;, this suffices to
guarantee that the motive

m(AZQ N '154, ig’g N (25’9 N f)g)) (3.104)
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is also mixed Tate. When this is the case, the result then implies that,
modulo divergences, the residues of Feynman graphs I' with ¢ loops and
genus g, for which the injectivity condition on Y holds, are all periods of
mixed Tate motives.

In the case of two and three loops, one can verify explicitly that the
manifolds of frames F(V;,Vs2) and F(Vi, Vo, V3) are mixed Tate. This is
done in [Aluffi and Marcolli (2009a)] by exhibiting an explicit stratifica-
tion, from which, as in the case of the determinant hypersurface discussed
above, one can show that the motive defines an object in the category of
mixed Tate motives as a subtriangulated category of the category of mixed
motives. One can also compute explicitly the corresponding classes in the
Grothendieck ring, as a function of the Lefschetz motive L. They are of the
following form.

Proposition 3.13.12. For given subspaces Vi, Va, the manifold of frames
F(V1, Vo) is a mized Tate motive, whose class in the Grothendieck ring is

[F(Vy,Ve)] = L+de —Ldr —d2 —iatl i 4,
with d; = dim(V;) and d;; = dim(V; N'V}).

Proof. We want to parameterize all pairs (vq,vs) of vectors such that
vy € Vi, vg € Vo, and dim(vy,v2) = 2. This locus can be decomposed into
the two (possibly empty) pieces

(1) v1 e Vi N (ViNVa), and ve € Vo N {0};
(2) v1 € (ViNVa) N\ {0}, and vy € Vo N\ (v1).

This exhausts all the possible ways of obtaining linearly independent vectors
with the first one in V; and the second one in V5 and the manifold of frames
F(V4, Vo) is the union of these two loci. The first case describes the locus

(i~ (VinVa)) x (Vo {0})

which is clearly mixed Tate, being obtained by taking products and com-
plements of affine spaces. Its class in the Grothendieck ring is of the form

(L% — Lh2)(Ld2 —1).

The locus defined by the second case can be described equivalently by
the following procedure. Consider the projective space P(V4 N V3), and
the trivial bundles V15 C V5 with fiber V3 NV, C Vo, The tautological line
bundle O12(—1) over P(V;NV3) sits inside V9, hence inside V5. The desired
pairs of vectors (v1,v3) are obtained by choosing a point p € P(V; N 143), a
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vector v1 # 0 in the fiber of O12(—1) over p, and a vector vy in the fiber of
Vo N\ O12(—1) over p. This again defines a mixed Tate locus, using the same
two properties of the existence of distinguished triangles in the category of
mixed motives associated to closed embeddings and homotopy invariance,
as in Theorems 2.6.2 and 2.6.3. The homotopy invariance property, which
is formulated for products, extends in fact to the locally trivial case of
vector bundles or projective bundles, see [Voevodsky (2000)]. The class in
the Grothendieck ring, in this case, is then given by the expression

(Lhz — 1)(L42 —L).
Thus, the class of F(V7,V43) is the sum of these two classes,
[]F(V1, VQ)] — (]Ld1+d2 _ 4 _q d2tdi2 +Ld12) + (]LdZJFdlZ _ L2+l _q d2 +L)

_ Ld1+d2 _ Ldl _ Ld2 _ Ld12+1 + Ldm + L. O

The case of three subspaces already requires a more delicate analysis
of the contribution of the various strata, as in §6.2 of [Aluffi and Marcolli
(2009a)], which we reproduce here below.

Theorem 3.13.13. Let Vi, Vo, V3 be assigned subspaces of a vector space
V. Then the manifold of frames F(V1,Va,V3) is a mized Tate motive, with
class in the Grothendieck ring given by

[F(V1, V2, V)] = (L = 1)(L% = (L — 1)
—(L - 1)((L* —L)(L%s — 1) + (L% - L)(L%* — 1) + (L% — L)(L" — 1)

+(L _ 1)2(Ld1+d2+d3—D _ ]Ld123+1) + (L _ 1)37

where d; = dim(V1), d;; = dim(V; N'V}), dijr = dim(V; N V; N V), and

Proof. This time one can proceed in the following way to obtain a strati-
fication. One can look for a stratification {S,} of V3 which is finer than the
one induced by the subspace arrangement V; N V3, Vo N V3 and such that,
for vz in Sy, the class Fy, := [F(w(V1), 7(V2))], with 7 : V — V' := V/(vs3)
the projection, depends only on « and not on the chosen vector vz € S,.
In other words, we want to construct a stratification of V3 such that the
dimensions of the spaces w(V;), m(V2) and m(V; N V3) are constant along
the strata. The following five loci define such a stratification of V3 ~\ {0}:

(1) S123 1= (‘/1 NVan VE),) N {0},
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(2) 513 = (V1 n V3) AN (V1 N VQ N Vg),

(3) Saz:= (VanVz) N (VinVanVi);

(4) Sazyz = ((Vi+ Vo) NV3) N (ViU Vo) N V3);
(5) S3:= V3~ (Vi +V2)NV3).

The dimensions are indeed constant along the strata and given by

| [ dimz(Vh) [ dimn (V) [ dim(x(Vi) N7 (V) |

S13 dy -1 da dia
Sa3 dy dy —1 dio
Sa2)3 dy da diz +1
53 d1 d2 d12

This information can then be translated into explicit classes [F,] in the
Grothendieck ring associated to the strata S, so that the class of the frame
manifold is of the form

[F(Vi, Vo, Va)] = L**[Fa][Sal, (3.105)

where the number s, is the number of subspaces V;, i = 1,2 containing
the vector vs € S,. This is also independent of the choice of v and only
dependent on « by the properties of the stratification. For the table of
dimensions obtained above the corresponding classes [F,] are as follows.

[l
’ 5123 H Ld1+d272 _ Ldlfl _ Ldzfl _ Ldlz + Ldlzfl + L
St Ldi+dz=1 [ di=1_ [ d> [ dia+l 4 Tdiz | T,
Sas Lditde—1 _di _ [ d2—1 _ ] dia+1 T L2 +L
5(12)3 Lditdz _[di [ dz _ [diz+2 4 [diztl ],
53 Lditda _di _ ] d2 _ [ diz+1 4 L2 + 1L

One then obtains the following values for the class of the stratum [S,]

and the number s,.

] B o]
S123 Ldr2s — ] 2
S13 Lz — T d12s 1
Sos3 Ld23 — [ di23 1
Ldit+dze+ds—D—diz _ [ dis ] d2s | [ di2s 0

0

S(12)3
Ss Ld3 — [d1+dat+dzs—D—dia
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Using the formula (3.105) then gives the stated result. Although the
stratification is used there only to compute the class in the Grothendieck
group, an argument similar to the one of Theorems 2.6.2 and 2.6.3 can be
used to show that the same stratifications used to compute [F(V7, V2)] and
[F(V1, Va, V3)] also show that F(Vy,V2) and F(Vi, Vo, Vs) define objects in
the triangulated category of mixed Tate motives. O

One can use these explicit computations of classes of manifolds of frames
for two and three subspaces to obtain specific information about the motives

m(AEQ N @g, ip AN (ip n @p))
for specific Feynman graphs with up to three loops. For example, we report

here briefly the case of the wheel-with-three-spokes graph (the 1-skeleton
of a tetrahedron) described in [Aluffi and Marcolli (2009a)].

This graph has matrix Mr(t) given by

t1 +1ts+ 15 —t1 —to
—11 t1 +1t3+ 1ty —t3
—19 —t3 to +t3 + g
Labeling entries of the matrix as x;;, we can obtain ¢1,...,%s as pull-backs
of the following;:
t1 = —T12
lo = —o13
i3 = —o3

ty = T21 + To2 + x23

ts = x11 + T12 + Z13

te = x31 + X32 + X33

Thus, we can consider as Sp the normal crossings divisor defined by the
equation

Z12013%23(T11 + 12 + 213) (T21 + T2 + T23) (231 + 232 + 33) = 0.
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In order to compute the class in the Grothendieck ring of the intersection
SrN (A% @3), one can use inclusion-exclusion and compute the classes
for all the intersections of subsets of components of the divisor Sr. This
divisor has 6 components, hence there are 2° = 64 such intersections. Each
of them determines a choice of three subspaces V;, Va2, V5 corresponding
to the linearly independent vectors given by the rows of the matrix (z;;)
in A% All of the corresponding classes [F(V,Va, V3)], for each of the 64
possibilities, were computed explicitly in [Aluffi and Marcolli (2009a)]. We
do not reproduce them all here, but we only give the final result, which
shows that the resulting class is then of the form

[Sr N (D3N 3p)] = L(6L* — 3L% + 212 + 21 — 1)(IL — 1)3.

By arguing as in Theorem 2.6.2, and using the same stratification of the
complement AY \ Dy induced by the divisor $r as in the computation of
the class above, one can improve the result from a statement about the
class in the Grothendieck ring being a polynomial function of the Lefschetz
motive L to one about the motive m(Xr \ (D3 N X)) itself being an object
in the triangulated subcategory DM7g of mixed Tate motives inside the
triangulated category DMg of mixed motives. Then this fact, together with
the fact that the hypersurface complement itself is a mixed Tate motive,
and the distinguished triangle corresponding to the long exact cohomology
sequence, suffice to show that the mixed motive

m(A? \ D3, Sp ~ (Zr N Ds))

is mixed Tate for the case of the wheel with three spokes. The result for
other graphs with three loops can be derived from the same analysis used
for the wheel with three spokes, by restricting only to certain components
of the divisor, as explained in [Aluffi and Marcolli (2009a)].

For the cases of manifolds of frames F(V4, ..., V,) with more than three
subspaces, it would seem at first that one should be able to establish an
inductive argument that would take care of the cases of more subspaces,
but the combinatorics of the possible subspace arrangements quickly be-
comes very difficult to control. In fact, in general it seems unlikely that
the frame manifolds F(V1,...,V;) will continue to be mixed Tate for large
£ and for arbitrarily complex subspace arrangements. The situation may
in fact be somewhat similar to that of “Murphy’s law in algebraic geome-
try” described in [Vakil (2006)], where a sufficiently general case may be as
bad as possible, while specific cases one can explicitly construct are much
better behaved. The connection can probably be made more precise, given
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that both the result of [Belkale and Brosnan (2003a)] on the general mo-
tivic properties of the graph hypersurfaces Xr and Murphy’s law result of
[Vakil (2006)] are based on the same universality result for matroid repre-
sentations of [Mnév (1988)]. Another observation from the point of view
of matroids is that, while the result of [Belkale and Brosnan (2003a)] is
non-constructive, in the sense that it shows that the graph hypersurfaces
generate the Grothendieck ring of motives but it does not provide an ex-
plicit construction of matroids on which to test the mixed Tate property, it
may be that the loci Srn (Ae2 ~ 154) considered here may provide a possible
way to make that general result more explicit, by constructing explicit ma-
troids, along the lines of [Gelfand and Serganova (1987)]. A reformulation
of the problem of understanding when frame manifolds are mixed Tate is
given in [Aluffi and Marcolli (2009a)] in terms of intersections of unions
of Schubert cells in flag varieties. This version of the problem suggests
a possible connection to Kazhdan—Lusztig theory [Kazhdan and Lusztig
(1980)].

3.14 Handling divergences

All the considerations above on the motivic nature of the relative coho-
mology involved in the computation of the parametric Feynman integral,
either in the hypersurface complement P"~! \ Xr or in the complement of
the determinant hypersurface N Dy, assume that the integral is con-
vergent and therefore directly defines a period. In other words, the issue
of divergences is not dealt with in this approach. However, one knows very
well that most Feynman integrals are divergent, even when in the para-
metric form one removes the divergent Gamma factor and only looks at
the residue, and that some regularization and renormalization procedure is
needed to handle these divergences.

In terms of the geometry, after removing the divergent Gamma factor,
the source of other possible divergences in the parametric Feynman integral
is the locus of intersection of the graph hypersurface Xr with the domain
of integration o,,.

Notice that the poles of the integrand that fall inside the integration
domain o, occur necessarily along the boundary do,,, since in the interior
the graph polynomial W takes only strictly positive real values.

Thus, one needs to modify the integrals suitably in such a way as to
eliminate, by a regularization procedure, the intersections Xr Ndo,, or (to
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work in algebro-geometric terms) the intersections Xt N, which contains
the former.

There are different possible ways to achieve such a regularization pro-
cedure. We mention here three possible approaches. We discuss the third
one in more detail in the following chapter.

One method was developed in [Belkale and Brosnan (2003b)] in the log-
arithmically divergent case where n = D{/2, that is, when the polynomial
Pr(t,p) is not present and only the denominator ¥r(t)”/? appears in the
parametric Feynman integral. As we have already mentioned, using dimen-
sional regularization, one can, in this case, rewrite the Feynman integral in
the form of a local Igusa L-function

= /Uf(t)sw

for f = Wr. They prove that this L-function has a Laurent series expansion
where all the coefficients are periods. In this setting, the issue of eliminat-
ing divergences becomes similar to the techniques used, for instance, in
the context of log canonical thresholds. The result was more recently ex-
tended algorithmically to the non-log-divergent case [Bogner and Weinzierl
(2007a)], [Bogner and Weinzierl (2007b)].

Another method, used in [Bloch, Esnault, Kreimer (2006)], consists of
eliminating the divergences by separating ¥, and X performing a series of
blow-ups. Similarly, vvorkmg in the setting of the determinant hypersurface
complement AP < Dy one can perform blowups to separate the locus of
intersection of the determinant hypersurface D, with the divisor 3, g To
make sure that this operation does not change the motivic propertles of the
resulting period integrals, one needs to ensure that blow-ups along S g NDy
maintain the mixed Tate properties if we know that (3.104) is mixed Tate.
For blow-ups performed over a smooth locus one has projective bundles,
for which one knows that the mixed Tate property is maintained, since
one has an explicit formula for the motive of a projective bundle in the
Voevodsky category, which is a sum of Tate twisted copies of the motive of
the base, but when the locus is singular, as is typically the case here, then
the required analysis is more delicate.

Yet another method was proposed in [Marcolli (2008)], based on defor-
mations instead of resolutions. By considering the graph hypersurface X
as the special fiber X of a family X, of varieties defined by the level sets
fY(s), for f = Ur: A" — Al one can form a tubular neighborhood

DE(X) = USEA;*st
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for A* a punctured disk of radius €, and a circle bundle 7 : 0D (X) — X..
One can then regularize the Feynman integral by integrating “around the
singularities” in the fiber 7 '(c N X.). The regularized integral has a
Laurent series expansion in the parameter e.

Motivically, one should take into account the fact that the presence of
singularities in the hypersurface Xr increases the likelihood that the part
of the cohomology involved in the period computation can be mixed Tate.
In fact, if these were smooth hypersurfaces, they would typically not be
mixed Tate even for a small number of loops, while it is precisely because
of the fact that they are highly singular that the X continue to be mixed
Tate for a fairly large number of loops and even though one knows that
eventually one will run into graphs for which Xr is no longer mixed Tate,
the fact that they continue to be singular in low codimension stil makes
it possible to have a significant part of the cohomology that will still be a
realization of a mixed Tate motive.

The use of deformations X, to regularize the integral, which we describe
more in detail in the following chapter, is natural from the point of view of
singularity theory, where one works with Milnor fibers of singularites. The
singularities of the hypersurfaces Xt are non-isolated, but many techniques
of singularity theory are designed to cover also this more general case.

From this viewpoint, it is not clear though how to perform the regu-
larization and subtraction of divergences in a way that does not alter the
motivic properties. In fact, while the special singular fiber may be mixed
Tate, the generic fiber in a family used as deformation can be a general
hypersurface that will not be motivically mixed Tate any longer. However,
there are notions such as a motivic tubular neighborhood [Levine (2005)]
that may be useful in this context, as well as the theory of limiting mixed
Hodge structures for a degeneration of a family of algebraic varieties. It is
not yet clear how to use this type of methods to obtain motivic information
on Feynman integrals after subtraction of divergences.

In general, as we discuss more at length in Chapter 4.2, a regularization
procedure for Feynman integrals replaces a divergent integral with a func-
tion of some regularization parameters (such as the complexified dimension
of DimReg, or the deformation parameter € in the example here above) in
which the resulting function has a Laurent series expansion around the pole
that corresponds to the divergent integral originally considered. One then
uses a procedure of extraction of finite values to eliminate the polar parts
of these Laurent series in a way that is consistent over graphs, that is, a
renormalization procedure.
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3.15 Motivic zeta functions and motivic Feynman rules

As we mentioned briefly in describing the Grothendieck ring as a universal
Euler characteristic, the counting of points of a variety over finite fields
is an example of an additive invariant that, as such, factors through the
Grothendieck ring. The behavior of the number of points over finite fields
is one of the properties of a variety that reveal its motivic nature. For
example, if a variety, say defined over Q, is motivically mixed Tate, then
the number of points of the reductions mod p is polynomial in p.

The information on the number of points over finite fields is conveniently
packaged in the form of a zeta function

Zx(t) = exp (Z #X(Fq) t”) (3.106)

n

Notice that this can be written equivalently in terms of symmetric products
as
Zx(t) =Y #s"(X)(F )",
n>0
where s"(X) denotes the n-th symmetric power of X.

The fact that the counting of the number of points behaves like an Euler
characteristic, hence it descends from the Grothendieck ring, suggested that
the zeta function itself may be lifted at the motivic level. This was done in
[Kapranov (2000)], where the motivic zeta function is defined as

Zx(t) =Y [s"(X)]t" (3.107)

n>0
where [s™(X)] are the classes in the Grothendieck ring and the zeta function
can be seen as an element of Ko(Vk)[[t]]. For example, one has
Zp(t) = (1—t)" (1 —Lt)~".

Kapranov proved that, when X is the motive of a curve, then the zeta
function is a rational function, in the sense that, given a motivic measure
p: Ko(M) — R, the zeta function Zx ,(T) € R[[T]] is a rational function
of T. Later, it was proved in [Larsen and Lunts (2003)] that in general this
is not true in the case of algebraic surfaces.

One recovers the zeta function of the variety, for a finite field K = IFy, by
applying a “counting of points” homomorphism Ky(Vk) — Z to the motivic
zeta function. One obtains other kinds of zeta functions by applying other
“motivic measures” 1 : Ko(Vk) — R, which give

Zxr(t) = ) u(s"(X)t" € R[[H]):

n>0
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It is well known that the motivic zeta function contains all the informa-
tion on the behavior of the number of points of reductions mod p, hence
potentially the information on the mixed Tate nature of a variety. A recent
survey of these ideas is given in [André (2009)], where it is also observed
that the motivic zeta function should play a useful role in the case of mo-
tives associated to Feynman graphs.

There are other reasons why one can expect that, indeed, Kapranov’s
motivic zeta functions may be especially suitable tools to investigate mo-
tivic properties of Feynman integrals. One is, for example, the observation
made at the end of [Marcolli (2008)] which suggests that the function ¥§,
for s a complex variable, that appears in the dimensional regularization of
parametric Feynman integrals, regarded as a zeta function

Zp(T) = %T” = ol
n>0
may be related to a motivic zeta function
Z1og.r(T) := > s"(Logp) T",
n>0
where the motive Logy is the pullback of the logarithmic motive (2.39), via
the map Wr.

Another reason is the formulation of parametric Feynman integrals as
local Igusa L-functions given in [Belkale and Brosnan (2003b)]. There is a
motivic Igusa L-function constructed by [Denef and Loeser (1998)], which
may provide the right tool for a motivic formulation of the dimensionally
regularized parametric Feynman integrals.

In quantum field theory it is customary to consider the full partition
function of the theory, arranged in an asymptotic series by loop number,
instead of looking only at the contribution of individual Feynman graphs.
Besides the loop number ¢ = b1 (I"), other suitable gradings §(I") are given
by the number n = #FE;,+(I") of internal edges, or by #FE;,:(I') — b1(I") =
#V(I') — bo(T"), the number of vertices minus the number of connected
components. As shown in [Connes and Marcolli (2008)] p.77, these all
define gradings on the Connes—Kreimer Hopf algebra of Feynman graphs.

When one considers motivic Feynman rules, these partition functions
appear to be interesting analogs of the motivic zeta functions considered
in [Kapranov (2000)], [Larsen and Lunts (2003)]. For instance, one can
consider a partition function given by the formal series

2t =5 Y #(AJL(lf()F)tN’ (3.108)

N>0§(I)=N
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where 4(T") is any one of the gradings described above and where U(T") =
[A™ \ Xr] € Ko(Vk). Given a motivic measure y : Ko(Vg) — R, this gives
a zeta function with values in R][¢]] of the form

U)) .x
Zr(t)=>_ > Mt .

N>0§(I)=N
In the case of the sums over graphs

NI
Sv= D [Xil #Aut(T)
#V(I)=N
considered in [Bloch (2008)], one finds that cancellations between the classes
occur in the Grothendieck ring Ko(Vk) and the resulting class Sy is always
in the Tate subring Z[LL] even if the individual terms [X] may be non-mixed
Tate. Similarly, it is possible that interesting cancellations of a similar
nature may occur in suitable evaluations of the zeta functions (3.108).
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Chapter 4

Feynman integrals and Gelfand—Leray
forms

We focus in this chapter, following [Marcolli (2008)], on the similarities
between the parametric form of the Feynman integrals and the oscillatory
integrals used in singularity theory to describe integrals of holomorphic
forms over vanishing cycles of a singularity and to relate these to mixed
Hodge structures, see [Arnold, Goryunov, Lyashko, Vasilev (1998)] and
Vol.II of [Arnold, Gusein-Zade, Varchenko (1988)]. In particular, we show
that dimensionally regularized parametric Feynman integrals can be related
to the Mellin transform of a Gelfand-Leray form, whose Fourier transform
is an oscillatory integral of the sort considered in the context of singularity
theory. We show that one can define in this way a regularization procedure
for the parametric Feynman integrals, based on the use of Leray cocycles,
aimed at eliminating the divergences coming from the intersections XrNoy,,
as mentioned in §3.14 above.

4.1 Oscillatory integrals

An oscillatory integral is an expression of the form

I(a) = /n @ () day - day, (4.1)

where f: R" — R and ¢ : R* — R are smooth functions and o € R is a
real parameter. It is well known that, if the phase f(x) is an analytic func-
tion in a neighborhood of a critical point zg, then (4.1) has an asymptotic
development for a — oo given by a series

I(a) ~ €95 33 0y, (6) a*(log a)*, (4.2)

u k=0

119
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where u runs over a finite set of arithmetic progressions of negative rational
numbers depending only on the phase f(z), and the ax, are distributions
supported on the critical points of the phase, ¢f. §2.6.1, Vol.II of [Arnold,
Gusein-Zade, Varchenko (1988)].

It is also well known that the integral (4.1) can be reformulated in
terms of one-dimensional integrals using the Gelfand—Leray forms, defined
as follows.

Definition 4.1.1. Let X; be the level hypersurfaces X; = {z| f(x) = t}.
Then the Gelfand-Leray form wy(z,t) of f is the unique (n — 1)-form on
the level hypersurface X; with the property that

df Nwyi(z,t) =dxi A ANdxy,. (4.3)

Notice that there is an ambiguity given by different possible choices of
an (n — 1)-form satisfying (4.3), but their restrictions to X; all agree so
that the Gelfand—Leray form on X; is well defined.

More generally, given a form «, we say that o admits a Gelfand—Leray
form with respect to f if there is a differential form, which we denote by
a/df, satisfying

@
df N — = a. 4.4
fr g =a (44)
As above, the restriction of the form («/df)(x,t) to X; is uniquely defined.
The form wy(z,t) above is the Gelfand-Leray form of the volume form
a =dxy N --- ANdz,, hence one writes it with the notation

dxi N+ Ndxy,

oylat) = A (45)
The Gelfand—Leray form is given by the Poincaré residue
@ @
—_— = e=0 - 4.
i Resc—o e (4.6)
The Gelfand—Leray function is the associated function
I = [ oy (o). (4.7)

Xt

The oscillatory integral, expressed in terms of Gelfand—Leray forms, is
then written as

I(a) = / giot ( / ¢(m)wf(x,t)> dt, (4.8)
R X (R)
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where X;(R) C R™ is the level set Xy(R) = {z € R" : f(z) = t} and
wys(z,t) is the Gelfand-Leray form of f. For more details, see §2.6 and
§2.7, Vol.II [Arnold, Gusein-Zade, Varchenko (1988)].

Notice that, up to throwing away a set of measure zero, we can assume
here that the integration is over the values ¢t € R such that the level set X}
is a smooth hypersurface.

4.2 Leray regularization of Feynman integrals

We consider here the case of complex hypersurfaces X C A™ = C", with
defining polynomial equation f = 0 (where f will be the graph polynomial
Ur) and the hypersurface complement D(f) C A", such that the restriction
of f to the interior of the domain of integration o, C A" takes strictly
positive real values.

Definition 4.2.1. The Leray coboundary L(o) of a k-chain ¢ in X is a
(k4 1)-chain in D(f) obtained by considering a tubular neighborhood of X
in A", in the following way. If X is a smooth hypersurface, the boundary
of its tubular neighborhood is a circle bundle over X. One considers the
preimage of o under the projection map as a chain in D(f).

The Leray coboundary £(o) is a cycle if o is a cycle, and if one changes
o by a boundary then £(o) also changes by a boundary.

Lemma 4.2.2. Let o, be a k-chain in X, = {t € A"|f(t) = ¢} and let
L(o.) be its Leray coboundary in D(f — ¢€). Then, for a form o € QF that
admits a Gelfand—Leray form, one has

1 o
i ey - e Jog 9
where
d / / do «
— o= — — —. (4.10)
de o(e) o(e) df do(€) df

Proof. First let us show that if o has a Gelfand—Leray form then da also
does. We have a form «o/df such that
@
df N — = a.
if i

Its differential gives

(0% (6%
dazd(df/\df> :—df/\d<df).
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da «
7=(7)

is a Gelfand—Leray form for da.
Then we proceed to prove the first statement. One can write

L () )
211 L(o(e)) f—6_27Ti ~ a(s) 8—6’

where v 2 S! is the boundary of a small disk centered at ¢ € C. This can

Thus, the form

then be written as

Qm//u S—¢€ <2m//g) s—e 27rz//g(e) 86>'

The last term can be made arbitrarily small, so one gets (4.9). To obtain
(4.10) notice that
1 d a 1 o]

—_— af N = - :
2mi de J (o (e)) f—e€  2m Jrio(e (f —e)?

One then uses
d( o )_ da B o
f—€) f—e (f—e?

to rewrite the above as

e o)
2mi \Je@ey f—€  Jowey \f—¢

R NS S a
21 L(o(€)) f — € 271 L(8o(€)) f — €
1 df nde df N &

21 ooty f—€ 2w Loty f—¢€’
where da/df is a Gelfand-Leray forrn such that

df N — =d
Iif /\ 7 f «,
and «/df is a Gelfand—Leray form w1th the property that
df i
df ~

This then gives by (4 9)

il LT
() (o) & oo(e) Af

This completes the proof. ([l
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The formulation given in Proposition 3.4.3 of the parametric Feynman
integrals suggests a regularization procedure based on Leray coboundaries,
which has the effect of replacing a divergent integral with a meromorphic
function of a regularization parameter €, similarly to what happens in the
case of DimReg. We know that the divergences of the parametric Feynman
integral appear at the intersections Xt No,, so we can concentrate only on
the part of the integral that is supported near this locus.

As mentioned briefly in §3.14 above, one considers a neighborhood
D (X) of a hypersurface X in a projective space P!, given by the level
sets

De(X) = Usear X, (4.11)
where X, = {t|f(t) = s} and A} C C* is a small punctured disk of radius
€ > 0. The boundary D.(X) is given by

OD.(X) = Useon: Xs. (4.12)
It is a circle bundle over the generic fiber X, with projection
Te : 0D (X) — X..

Given a domain of integration o, possibly with boundary, we consider
the intersection cND(X). This contains the locus cNX which is of interest
to us in terms of divergences in the Feynman integral. We let £L.(o) denote
the set

L (o)=n"t(oNnX,). (4.13)
This satisfies Lc(0o) = OL:(0).
We consider forms A
™ (1) = f(m""’)7
as in Proposition 3.4.3, where X = {f = 0} with order of vanishing m =
—n+D(+1)/2, and w = Pp(t,p) "+ P20, with w, the standard volume
form. We can then regularize the Feynman integral, written in the form of
Proposition 3.4.3, in the following way.

(4.14)

Definition 4.2.3. The Leray regularized Feynman integral is obtained
from (3.56) by replacing the part

/ W*(nm)—l—/ df p T Cim) (4.15)
donND. (Xr) oD (XT) f
of (3.56) with the integral
/ (1) +/ df p Tl (4.16)
Looo,) € Le(om) f—e

where f = ¥r and m = —n+ D({ +1)/2.
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Thus, the Leray regularization introduced here consists in replacing the
integral over o, N D (Xr) with an integral over L(0,) ~ (6, N Xr.c) x S,
which avoids the locus o, N Xr where the divergence can occur by going
around it along a circle of small radius € > 0. Here Xt . is the e-level set

Off = \I’F.

Lemma 4.2.4. The Leray regularization of the Feynman integral (3.56)
can be equivalently written in the form

1 * W*(nm)
M= . d
uir) C(n, D, ) </8(,mDE(XF)C7T Y )+/a,,mDE(XF)c F A f )

211, / 7T*(77m71) / *
b T Im=t) ™ (1) |,
C(n,D,E) ( 00, NXr,e df onNXTr,e (77 )
(4.17)

with 7™ (M) = A(w)/f™ as in (4.14) and Proposition 3.4.3 and D.(Xr)°
denoting the complement of D.(Xr).

Proof. The result follows directly from Proposition 3.4.3 and Lemma
4.2.2 applied to (4.16). O

We now study the dependence on the parameter ¢ > 0 of the Leray
regularized Feynman integral (4.16), i.e. of an integral of the form

Y B V) :
Ie o /r9cr|’1Xe df - /zrﬁXE " (nm). (4.18)

Theorem 4.2.5. The function I. of (4.18) is infinitely differentiable in
€. Moreover, it extends to a holomorphic function for e € A* C C, a
small punctured disk, with a pole of order at most m at € = 0, with m =
—n+ Dl +1)/2.

Proof. To prove the differentiability of I, let us write

Adln) = / ) (4.19)

with 7*(n) as in (3.57). By Lemma 4.2.2 above, and the fact that dn*(n) =
0, we obtain

df
where X, = {f = €} and 7*(n)/df is the Gelfand-Leray form of 7*(n).

Thus, we can write

d _ T (n)
o Adn) = /6 . , (4.20)

d
Ic = Ac(Mm) — %Ae(nmfly
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Thus, to check the differentiability in the variable e to all orders of I is
equivalent to checking that of A.. We then define T : Q™ — Q" by setting
@
T()=d| — 4.21
@=a(5). (1.21)
where a/df is a Gelfand-Leray form for a. In turn, the n-form T («) also
has a Gelfand—Leray form, which we denote by

r(o) _4(#)
= = . 4.

We then prove that, for k£ > 2,

d* ™ (1)

— A =- 1 —£ ). 4.2

it == () (429
This follows by induction. In fact, we first see that

d? d (1)

A2 de Joorx, df
which, applying Lemma 4.2.2 gives

(=)
:_/aamg a

d* _ k1 (T (n)
dekAe—‘/Wf ( af )

we obtain again by a direct application of Lemma 4.2.2
skt (‘”*d}n) ) >

d
dk+1 / < df
A — — N - 7
OoNX.

dek+17¢ df

=" )

This proves differentiability to all orders.

Notice then that, while the expression (4.16) used in Definition 4.2.3
is, a priori, only defined for ¢ > 0, the equivalent expression given in the
second line of (4.17) and in (4.18) is clearly defined for any complex e € A*
in a punctured disk around € = 0 of sufficiently small radius. It can then be
seen that the expression (4.18) depends holomorphically on the parameter
€ by the general argument on holomorphic dependence on parameters given
in Part III, §10.2 of Vol.II of [Arnold, Gusein-Zade, Varchenko (1988)].

Finally, to see that I. has a pole of order at most m at e = 0, notice
that the form 7* () of (4.14) is given by A(w)/f™ and has a pole of order
at most m at X. ]

Assuming then that
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Notice that the regularization procedure described here is natural from
the point of view of singularity theory and oscillatory integrals, but cannot
be used directly to derive information at the motivic level. To be able to
do so one would have to first derive an algebraic version of the procedure
described here, possibly involving a motivic version of the notion of “tubular
neighborhood”, see e.g. [Levine (2005)], applied to the locus ¥ N X, with
3} a normal crossings divisor containing the boundary do,, of the domain
of integration, such as ¥ = X, the union of the coordinate hyperplanes.
Algebro-geometric notions of tubular neighborhood were also elaborated
upon in Grothendieck’s “Esquisse d'un Programme”. The role of such
notion in the algebro-geometric theory of Feynman integrals awaits further
investigation.
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Chapter 5

Connes—Kreimer theory in a nutshell

So far we focused on individual Feynman graphs and associated algebro-
geometric constructions. However, it is well known in quantum field the-
ory that the process of removing divergences from Feynman integrals via
renormalization cannot be achieved without taking into account the nested
structure of divergences, 4.e. the presence of subgraphs inside a given Feyn-
man graph that already contribute divergences to the Feynman integral.
A process of subtracting divergences that takes into account this hierar-
chy of nested subdivergences was developed in [Bogolyubov and Parasiuk
(1957)] and later completed by [Hepp (1966)] and [Zimmermann (1969)].
A very elegant geometric formulation of the BPHZ renormalization proce-
dure was given in [Connes and Kreimer (2000)] and [Connes and Kreimer
(2001)] in terms of a Hopf algebra of Feynman graphs, where the coproduct
encodes the information on the subdivergences, and the BPHZ procedure
becomes an extraction of finite values via the Birkhoff factorization of loops
in a pro-unipotent Lie group of characters of the Hopf algebra of Feynman
graphs. In this chapter we give a very brief account of the main steps in
the Connes—Kreimer theory. For brevity, we skip several important tech-
nical points, such as how to deal with external momenta and we also do
not reproduce full proofs of the main results. In fact, these are already
described in full detail in the original papers of Connes and Kreimer and
also in the first chapter of the book [Connes and Marcolli (2008)], so we do
not duplicate them here. We restrict to the essential skeleton of what we
need in order to continue with our narrative in the following chapters.

127
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5.1 The Bogolyubov recursion

The main steps of the Bogolyubov—Parasiuk—Hepp—Zimmermann renormal-
ization procedure (BPHZ) are summarized as follows. (Again, for more
details the reader is invited to look at Chapter 1 on [Connes and Marcolli
(2008))).

5.1.1 Step 1: Preparation
One replaces the Feynman integral U(T") of (1.55) by the expression

RT)=UM)+ > CHUT/y). (5.1)
yev(T)

Here we suppress the dependence on z, p and the external momenta p for
simplicity of notation. The expression (5.1) is to be understood as a sum
of Laurent series in z, depending on the extra parameter u. The coeffcients
C(v), themselves Laurent series, are defined recursively in (5.2) below.
The sum in (5.1) is over the set V(I') of (not necessarily connected)
proper non-empty subgraphs v C I' with the property that the residue
Res(v;) of each component ~; of the graph ~ has valence equal to one of the
monomials in the Lagrangian £(¢). Here the residue is defined as follows.

Definition 5.1.1. The residue Res(T") of a connected Feynman graph T is
the Feynman graph consisting of a single vertex and as many half edges
attached to it as the number of external edges of T, i.e. the graph obtained
by contracting all the internal edges of I' to a single vertex.

5.1.2 Step 2: Counterterms

These are the expressions by which the Lagrangian needs to be modified
to cancel the divergence produced by the graph I'. They are defined as the
polar part of the Laurent series R(I),

C(T) = —F(R(T)). (5.2)

Here ¥ denotes the operator of projection of Laurent series onto their polar
part. Notice how the counterterms C(I') are defined here by a recursion,
where in the right hand side of (5.2) only terms C(v) for strictly smaller
graphs v C I' are involved.

We discuss here briefly a property of the operator ¥ that will be useful
later. We'll see in §5.5 below that this property corresponds to the fact



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

Connes—Kreimer theory in a nutshell 129

that the differential field I of convergent Laurent series with the operator
% has the structure of a Rota-Baxter algebra.

Lemma 5.1.2. Let K be the field of convergent Laurent series (germs of
meromorphic functions at the origin). Let T be, as above, the operator that
projects a Laurent series onto its polar part. This satisfies the identity

T()E(f2) = TAT(f2) + TE(f1) f2) — T(f1f2)- (5:3)

Proof. 1If f; = Z;O:le apz® and fy = E:‘;sz b,z" then

-1

T(fif2) = Z Z aib, 2™,
m=—(N1+Nz) k+r=m

On the other hand, we also have

-1 -1

TFO)T(f2) = (Y arz)( D be2").
k=—N =N,
One then finds the identity (5.3), since all the terms that appear in T(f; f2)
are accounted for with multiplicity one by summing
-1

TT(A)f2) =T D az®)( Y be2")
=—N,

k=—N;
and
TAT() =T D ad)( D] b2")
k=—N; =—Nso

and then subtracting T(f1)%(f2), which has the effect of removing the terms
that had been counted twice in the previous sum and leaving exactly the
terms that constitute the polar part T(f1f2). |

5.1.3 Step 3: Renormalized values

One can then extract a finite value from the integral U(T") by removing the
polar part, not of U(T) itself but of its preparation. Namely, one sets

R(I)=RI)+CI) =UD) +CT)+ Y CHUT/Y),  (54)
yeV(T)
which we also write equivalently as

RIT)=UM)+ > CUT/)-T|(UD)+ Y CHUT/) |,
yev(I) yeV(T)
(5.5)
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that is, the minimal subtraction of the polar part not of the original Laurent
series U(T) but of the corrected one R(T).

The main result of BPHZ is that, unlike what happens typically with
the Laurent series U(I") alone, the coefficient of pole of the corrected Lau-
rent series R(I") provided by the Bogolyubov preparation is always a local
expression in the variables of the external momenta, hence one that can be
corrected either by altering the coefficients of the already existing terms in
the Lagrangian or by a adding a finite number of new polynomial terms to
the Lagrangian. Namely, the following statement is the final result of the
combined [Bogolyubov and Parasiuk (1957)], [Hepp (1966)] and [Zimmer-
mann (1969)].

Theorem 5.1.3. The coefficient of pole of R(T') is local.

Here local means that it can be expressed as a local function in the mo-
mentum variables (involving only polynomials and derivatives). In fact, if
one wants to be able to remove the polar part by correcting the Lagrangian
by adding suitable counterterms, these themselves have to be local functions
as the terms already present in the Lagrangian are.

The BPHZ procedure also goes under the name of Bogolyubov recursion,
because of the recursive nature of the definition of the counterterms C(T') in
(5.2). A very nice conceptual understanding of the BPHZ renormalization
procedure with the DimReg+MS regularization was obtained by Connes
and Kreimer [Connes and Kreimer (2000)], [Connes and Kreimer (2001)],
based on a reformulation of the BPHZ procedure in geometric terms. A
detailed account of the Connes—Kreimer theory was given in Chapter 1
of [Connes and Marcolli (2008)], so we limit ourselves to a more sketchy
overview here and refer the reader to that more detailed treatment.

5.2 Hopf algebras and affine group schemes

In the following we work with algebras defined over a field K of characteristic
zero. In fact, for our main application, K will be either Q or C. We also
restrict our attention here to commutative Hopf algebras, because the Hopf
algebras that appear in applications to the theory of renormalization in
quantum field theory are usually of this kind.

Definition 5.2.1. A commutative Hopf algebra over K is a commutative
K-algebra H endowed with an algebra homomorphism A : H — H ® H,



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

Connes—Kreimer theory in a nutshell 131

the coproduct, an algebra homomorphism ¢ : H — K, the counit, and an
algebra antihomomorphism S : H — H, the antipode. These satisfy the
coassociativity

(A®id)A = (id® A)A

as morphisms H — H ®k H ®x H, the compatibility of the coproduct A
with the counit ¢,

(id®e)A = id = (¢ ® id) A

as morphisms H — H, and the compatibility of comultiplication A, an-
tipode S, and multiplication g,

p(id® S)A = p(S®@id)A =1e
as morphisms H — H.
Notice that in general the coproduct will not be cocommutative.
A useful notion we refer to often in the following, which also already
appeared in §2.9 and §2.10, in the context of the Tannakian formalism and
motivic Galois groups, is that of affine group scheme. As we recall briefly

here (see also [Waterhouse (1979)]) this is a functor from algebras to groups
naturally associated to a commutative Hopf algebra.

Proposition 5.2.2. A commutative Hopf algebra H over a field K of char-
acteristic zero determines a covariant functor G from the category Ax of
commutative algebras over K to the category of groups, by setting

G(A) = Homu, (H, A), (5.6)
for A € Obj(Ak).

Proof. We need to show that the set G(A) is a group. Elements of G(A)
are homomorphisms of K-algebras

¢:H—A, ¢xy)=o)dy), Yr,yeM, ¢(1)=1.
There is a product operation on G(A) defined by the coproduct A of H
P1 % P2 (z) = (P1 @ ¢, A(z)). (5.7)

It is associative because of the coassociativity of A. There is a unit element
in G(A) which is determined by the counit ¢ of H by

The property that this is a unit with respect to the multiplication in G(A)
come from the compatibility relation between counit and coproduct in the
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axioms of Hopf algebra. Similarly, there is an inverse ¢ ~! = ¢o.S, defined by
pre-composing a morphism ¢ : H — A with the antipode S : H — H. The
fact that it satisfies the correct properties with respect to the multiplication
and unit,

oot =0T wo=1,

to be the inverse in the group G(A) follows from the remaining axiom of the
Hopf algebra structure that gives the compatibility between the counit, co-
multiplication, and antipode. The map ¢ — ¢! is an anti-homomorphism,
(1 % o)™t = ¢35t * #7!, because S is an anti-homomorphism of the Hopf
algebra H. a

An affine group scheme is a representable covariant functor from the
category of commutative algebras over the field K to the category of groups.
So the above shows that a commutative Hopf algebra determines an affine
group scheme. Any such representable functor will be of the form (5.6), for
some commutative algebra H, which in turn inherits the structure of Hopf
algebra from the group structure of G(A).

The simplest examples of affine group schemes are the additive and the
multiplicative group, G, and G,,, respectively, which correspond to the
Hopf algebras

e The additive group G, corresponds to the Hopf algebra H = K[¢] with
coproduct A(t) =t®1+1®¢t, counit £(¢) = 0 and antipode S(t) = —t.

e The multiplicative group G,, corresponds to the Hopf algebra H =
K[t,t~!], with coproduct A(t) = t ® t, counit &(t) = 1 and antipode
S(t)=t"1

The main examples in the following will be pro-unipotent affine group
schemes. These are projective limits of unipotent algebraic groups, where
by algebraic groups we mean here subgroups of the affine group scheme
GL,,. These pro-unipotent cases arise from Hopf algebras that are graded,
H = ®p>0oH, and connected, Hy = K, as the Connes—Kreimer Hopf al-
gebra is. We discuss more the example of GL,, as an affine group scheme
in Proposition 5.4.2 below. For more detailed information on affine group
schemes, we refer the reader to [Demazure and Grothendieck (1970)] and
[Waterhouse (1979)].
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5.3 The Connes—Kreimer Hopf algebra

The Hopf algebra of Feynman graphs introduced in [Connes and Kreimer
(2000)] depends on the choice of the physical theory, in the sense that it
involves only those graphs that are Feynman graphs for the specified La-
grangian L£(¢), and, as we see below, the coproduct formula also involves
only those subgraphs whose residue graph corresponds to one of the mono-
mials in the Lagrangian.

As an algebra Hog it is the free commutative algebra with generators
the 1PI Feynman graphs I' of the specified physical theory. It is graded by
loop number, or by the number of internal lines, with

deg(I'y - I'y) = Zdeg(l}), deg(1) = 0.

This grading corresponds to the order in the perturbative expansion.
The most interesting part of the structure is the coproduct, which is
given on generators by

AD)=T@1l+1@T+ Y ~v&T/y. (5.8)
yev(T)

The sum is over the class V(T') of proper subgraphs of I with the property
that the quotient graph I'/ is still a 1PI Feynman graph of the same theory.

The subgraphs in V(I') are not necessarily connected. In the case of
several connected components, the quotient graph I'/v is understood as
the graph obtained by shrinking each component of v C I to a vertex.

The condition that I'/+ is a 1PI Feynman graph can be formulated in
terms of residue graphs Res(7) of the sugraphs v C T'. For a given graph T’
the residue Res(T") is the graph that is obtained by keeping all the external
edges of I and shrinking all internal edges to a single vertex. The valence
of this vertex is then equal to the number of external edges. The class of
subgraphs V(T') can then be charcterized by requiring that the components
of v C T are 1PI Feynman graphs with the property that the residue Res(T")
has valence corresponding to one of the monomials in the Lagrangian of the
theory. This in fact ensures that the corresponding vertex in the quotient
graph I' /7 has an admissible valence for it to be a Feynman graph. The fact
that I'/~ is 1PI then follows from the fact that I" and all the components
of v are 1PIL.

The antipode is defined inductively by

S(X)=-X - S(X")X",
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where X is an element with coproduct A(X) = X®@1+10X+> X' ®@ X",
where all the X’ and X" have lower degrees.

The affine group scheme dual to the Connes-Kreimer Hopf algebra is
referred to as the group of diffeographisms. Its set of complex points

G(C) = Hom(Hcek, C)

is a pro-unipotent complex Lie group G(C). It was proved in [Connes
and Kreimer (2000)] that this group acts by local diffeomorphisms on the
coupling constants of the theory.

A variant of the Connes—Kreimer Hopf algebra, which is useful in
algebro-geometric applications, was considered in [Bloch and Kreimer
(2008)], see also [Kreimer (2009)]. It is referred to as the core Hopf al-
gebra and it is simply defined by considering as generators all 1PI graphs
without restriction on the valence of vertices. This would correspond in
physical terms to arbitrarily large powers ¢* in the Lagrangian. Corre-
spondingly, the coproduct is taken over all the subgraphs whose connected
components are 1PI, without restriction on the residue graphs.

The algebro-geometric Feynman rules discussed above and introduced in
[Aluffi and Marcolli (2008b)] define ring homomorphisms from the core Hopf
algebra to the Grothendieck ring of varieties, or to the ring of immersed
conical varieties defined in [Aluffi and Marcolli (2008Db)].

A further important remark about the Connes-Kreimer Hopf algebra:
the version we recalled briefly here is only the combinatorial part of a larger
Hopf algebra, whose generators are pairs (I', o) of a 1PI graph and a dis-
tribution on the space of test functions of the external momenta. This
continuous version of the the Hopf algebra of renormalization is necessary
when taking into account the external momenta of the graphs in the ex-
traction of subdivergences. This additional structure is described in detail
in [Connes and Kreimer (2000)] as well as in Chapter 1 of [Connes and
Marcolli (2008)].

Finally, the Connes—Kreimer construction of the Hopf algebra is given
for scalar quantum field theories. Generalizations to vector valued fields do
not present any problem, while extending the same setting to gauge theories
and chiral theories is more subtle. The results were recently generalized to
gauge theories in [van Suijlekom (2007)], [van Suijlekom (2006)], [van Sui-
jlekom (2008)], by showing that the Ward identities define Hopf ideals. The
case of chiral theories runs into a well known problem of reconciling the use
of dimensional regularization with the chirality operator s, see [Jegerlehner
(2001)]. A way to describe the prescription of [Breitenlohner and Maison
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(1977)] to express the chirality operator 5 within DimReg in terms of
noncommutative geometry was given in the unpublished [Connes and Mar-
colli (2005b)]; see also Chapter 1 of [Connes and Marcolli (2008)]. In this
setting the operation of dimensional regularization is then expressed as a
cup product of spectral triples. Recently, a version of the Connes—Kreimer
renormalization as Birkhoff factorization, based on zeta function regulariza-
tion instead of DimReg and adapted to curved backgrounds was developed
in [Agarwala (2009)]. An extension of the parametric Feynman integrals to
theories with bosonic and fermionic fields, using periods of supermanifolds,
was given in [Marcolli and Rej (2008)], though the most appropriate form
of the Connes—Kreimer renormalization procedure in that context remains
to be properly discussed. Another interesting recent result is a categori-
fication of the Connes—Kreimer Hopf algebra obtained in [Kremnizer and
Szczesny (2008)], where the dual Hopf algebra is identified with the Hall
algebra of a finitary abelian category.

5.4 Birkhoff factorization

We give an algebraic formulation of Birkhoff factorization in the group
scheme G of a commutative Hopf algebra in terms of the Hopf algebra H
and its characters.

Definition 5.4.1. Suppose given an algebra homomorphism ¢ €
Hom(H, KC), where K is the field of convergent Laurent series, i.e. germs
of meromorphic functions at z = 0. Then ¢ has a Birkhoff factorization if
there exist algebra homomorphisms ¢, € Hom(H, O), with O the complex
algebra of convergent power series, and ¢_ € Hom(H, Q), with values in
the polynomial algebra Q = C[z~!], such that

¢ = (¢ 08)xdy, (5.9)

where S is the antipode in the Hopf algebra and x is the product in G
dual to the coproduct in the Hopf algebra. The factorization (5.9), if it
exists, is not unique. To make it unique one also requires the normalization
condition

€_op_ =¢, (5.10)

where e_ : C[z71] — C is the augmentation and ¢ is the counit of the Hopf
algebra H.
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The characters ¢ € Hom(H, K) can be equally interpreted as loops de-
fined on an infinitesimal punctured disk A* around the origin z = 0 in C*
and with values in the prounipotent complex Lie group G(C) = Hom(H, C)
of algebra homomorphisms from H to C, so that the recursive formula for
the factorization of ¢ gives the Birkhoff factorization of loops written in the
more traditional form

Y(2) = 7-(2) "4 (2), (5.11)

with the normalization condition v_(o0) = 1.

Not all commutative Hopf algebras admit a Birkhoff factorization for
arbitrary elements ¢ € Hom(H, ). The following example illustrates a case
where there are elements in Hom(H, K) that do not admit a factorization
of the form (5.9).

Proposition 5.4.2. Consider the commutative Hopf algebra H =
Clzij,t]/(det(z5) — t) with the coproduct

Alzij) = Zﬂﬁik @ Ty
k

Then there exist elements ¢ € Hom(H, K) that do not admit a factorization
of the form (5.9).

Proof. The affine group scheme dual to the Hopf algebra H =
Clzij,t]/(det(z;;) — t) with the given coproduct is the group GL,,. To see
that there exist elements of ¢ € Hom(H, K) that do not admit a Birkhoff
factorization in the form stated above, we can give an equivalent formula-
tion in terms of loops in a complex Lie group. We can use the equivalent
description of characters ¢ € Hom(H, K) in terms of loops v : A* — GL,,
as above. Then, it suffices to notice that, if we use the function v(z) to de-
fine the transition function of a holomorphic vector bundle over the 2-sphere
P1(C), the existence of a factorization (5.11) shows that the resulting bun-
dle is trivial. However, one knows that there are non-trivial holomorphic
vector bundles on P*(C), so it suffices to take one such non-trivial vector
bundle E and a transition function «(z) relating the trivializations of F
on the two contractible sets A and P!(C) \. A to see that this loop cannot
admit a factorization of the form (5.11). O

One of the main results of the Connes—Kreimer theory is a recursive
formula for the Birkhoff factorization in the case of graded connected com-
mutative Hopf algebras. We review this result in the next section.
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5.5 Factorization and Rota-Baxter algebras

Let H be a graded connected commutative Hopf algebra H = @,,>0Hn,
where the H,, are finite dimensional. The connectedness condition means
that Hy = C, for an algebra defined over the field of complex numbers.
Notice that here the condition that H is a commutative graded Hopf algebra
does not mean that it is “graded-commutative”: the commutators are not
graded commutators but ordinary commutators. It behaves like the case of
a graded—commutative Hopf algebra where the graded pieces are non-zero
only in even degrees.

Let K denote the field of convergent Laurent series. We consider, as
above, elements ¢ € Hom(H,K) and we ask whether all such elements
admit a Birkhoff factorization as in (5.9). The Connes—Kreimer formula
[Connes and Kreimer (2000)] gives a positive answer, for the class of Hopf
algebras mentioned above, in the form of an explicit recursive formula. In
fact, for later use, we can formulate their result in a slightly more general
form, as was done for instance in [Ebrahimi-Fard, Guo, Kreimer (2004)],
using the formalism of Rota—Baxter algebras.

To this purpose we recall some preliminary notions on Rota—Baxter
algebras and operators.

Definition 5.5.1. A commutative Rota—Baxter algebra of weight A is a
commutative algebra A endowed with a linear operator R satisfying the
Rota—Baxter identity

R(z)R(y) = R(2NR(y)) + R(R(2)y) + AR(zy). (5.12)
Such an operator is called a Rota—Baxter operator of weight .

The prototype of a Rota—Baxter operator is integration, for which the
Rota-Baxter identity is the integration by parts formula.

Lemma 5.5.2. The pair (K,%) of the field of convergent Laurent series
with the projection on the polar part is a Rota—Baxter algebra of weight
A=-—1.

Proof. This is an immediate consequence of Lemma 5.1.2. O

Lemma 5.5.3. Given a commutative unital Rota—Baxter algebra (A, R) of
weight X = —1, one obtains two commutative unital algebras Ay by taking
as A_ the image R(A) with a unit adjoined (i.e. the smallest unital algebra
containing R(A) as an ideal) and Ay = (1 —R)(A).
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Proof. These are indeed algebras. In fact, for z,y € A_ we have x =
R(a) and y = R(b) for some a,b € A. The product R(a)R(b) = R(aMR(b) +
R(a)b + Aab) is also in the range of MR, hence in A_. Similarly, given
x,y € Ay we have z = a —R(a) and y = b — 2R(b) for some a,b € A. Then

zy = (a — R(a))(b—R(D)) = ab — aR(b) — bR(a) + R(a)R(b)

= ab — aR(b) — bR(a) + R(aR(D) + R(a)b + Aab).
Thus, for A = —1, one obtains

zy = (ab — aR(b) — bR(a)) — R(ab — aR(b) — bR(a)) € Ay. 0

Just as Definition 5.4.1 formulates the Birkhoff factorization for algebra
homomorphisms ¢ € Hom(H, K) we can similarly consider the same prob-
lems for algebra homomorphisms from the Hopf algebra H with values in
any Rota—Baxter algebra (A, R) of weight A = —1. Given ¢ € Hom(H, .A),
we look for algebra homomorphisms ¢4 € Hom(H, .A+) with the algebras
A obtained as in Lemma 5.5.3, satisfying the factorization

6= (6-08) x4, (5.13)

as in (5.9), where here we use the fact that Ay C A so that the equality
above is understood as the equality

O(X) = (6— 0 )(X) x4 (X), VX €M

viewed as an equality of elements in 4. The normalization condition is
also formulated in this case as e_ o ¢_ = ¢, where e_ : A_ — C is the
augmentation map and € is the counit of the Hopf algebra H.

It was proved in [Connes and Kreimer (2000)], and reformulated in the
Rota-Baxter context in [Ebrahimi-Fard, Guo, Kreimer (2004)], that if H
is a graded connected commutative Hopf algebra and (A4,fR) is a unital
Rota—Baxter algebra of weight A = —1, then any homomorphism of uni-
tal commutative algebras ¢ € Hom(H,.A) admits a Birkhoff factorization
(5.13) where the homomorphisms ¢ € Hom(H, A4 ) are defined induc-
tively by the formulae

6-(X) = =% (6(X) + > 6-(X)6(X")), (5.14)

where A(X) = X ®14+ 1@ X + > X' ® X", with X’ and X" of lower
degree, and

6+(X) = (1 =) (6(X) + Y 6-(X)9(X").  (5.15)
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The Rota-Baxter property of the operator R with weight —1 is needed to
show that the ¢4 defined recursively in this way are algebra homomor-
phisms, ¢4 (XY) = ¢4 (X)o+(Y).

Thus, the results of [Connes and Kreimer (2000)] and [Connes and
Kreimer (2001)] show that, in terms of Birkhoff factorization, the formulae
of the BPHZ renormalization procedure (5.2), (5.4), (5.5) are exactly the re-
cursive formulae for the Birkhoff factorization of characters of the Connes—
Kreimer Hopf algebra with values in a Rota—Baxter algebra, namely

U(D)=-%|UTD)+ Y U (NUT/H) ]|, (5.16)
yCI’
U =(1=9) [UD)+ > U-(nUT/) |- (5.17)
yCI'

This is just the same as the formulae (5.14) and (5.14), given above for any
algebra homomorphism from a graded connected commutative Hopf algebra
H to a commutative Rota—Baxter algebra (A, R) of weight —1, applied to
the case where H = Hc i is the Connes—Kreimer Hopf algebra and where
the Rota-Baxter algebra is given by Laurent series in the DimReg variable
z and R = ¥ is the projection onto the polar part, and the homomorphism
U is the usual Feynman amplitude regularized using DimReg. Then the
C(T) = U_(T") are the counterterms and the R(I') = U, (T")|,=0 are the
renormalized values.

5.6 Motivic Feynman rules and Rota-Baxter structure

We have seen, following [Aluffi and Marcolli (2008b)], that one can de-
fine motivic Feynman rules in terms of the class [A” ~ Xp] of the graph
hypersurface complement in the Grothendieck ring of varieties Ky(V).
A variant of such motivic Feynman rules is obtained by setting
u(r) = A Xr] (5.18)
L

with values in the ring Ko(V)[L~!], where one inverts the Lefschetz motive,
or equivalently, via the additive invariant of [Gillet and Soulé (1996)], with
values in the Grothendieck ring of motives Ky(M). Dividing by L™ has
the effect of normalizing the “motivic Feynman rule” [A™ ~. Xp] by the
value it would have if I' were a forest on the same number of edges. For
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the original Feynman integrals this would measure the amount of linear
dependence between the edge momentum variables created by the presence
of the interaction vertices.

In the ring Ko(V)[L ] or Ko(M) one can still consider the Rota—Baxter
structure given by the operator SR of projection onto the polar part in the
variable .. The renormalized Feynman rule

U(T)=1-R) | UD)+ > U ()UT/v)
yCI’

then gives a class in the Grothendieck ring of varieties Ky(V). More inter-
estingly, the renormalized value of the Feynman integral, in this case, gives
some information on the birational geometry of the graph hypersurface.

In fact, we first recall the following useful result of [Larsen and Lunts
(2003)]. We work here with the Grothendieck ring Ko(V¢) for varieties over
the field of complex numbers.

It is proved in [Larsen and Lunts (2003)] that the quotient of the
Grothendieck ring Ko(V¢) by the ideal generated by L = [A!] is isomorphic
as a ring to Z[SB], the ring of the multiplicative monoid SB of stable bi-
rational equivalence classes of varieties in V. Recall that two (irreducible)
varieties X and Y are stably birationally equivalent if X x P™ and Y x P™
are birationally equivalent for some n, m > 0.

We then see that the renormalized value is in this case

Us(D)i=o = (1 =R) (UT) + D U-(0UI/7) | l=o € Z[SB]. (5.19)
ycrl

Notice that the parts of [A™ ~ Xt], [A™ ~ X, ] and [A" )A(F/W] that are
contained in the ideal () C K¢(Vy) contribute cancellations to the L™ in
the denominator. It is possible that this invariant and the Birkhoff factor-
ization of U(T") may help to detect the presence of non-mixed-Tate strata in
the graph hypersurface X coming from the contributions of hypersurfaces
of smaller graphs v C I" or quotient graphs I'/~.

The class of a graph hypersurface Xt in the ring Z[SB] of stable bi-
rational equivalence classes detects some of the properties of the graph
I'. For example, it was shown in [Aluffi and Marcolli (2008b)] that the
class is trivial, [Xr]sg = 1, whenever the graph is not 1PL. In fact, if
a graph is not 1PI then in the Grothendieck ring one has [A™ ~ Xp] =
L-[A" 1\ X/], where I" is the graph obtained by removing a disconnect-
ing edge of T'. Thus, [A" \ Xr]sg = 0 € Z[SB]. Using then the fact that



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

Connes—Kreimer theory in a nutshell 141

[A" < Xp] = L" —1 — (L. — 1)[Xy] in the Grothendieck ring, one obtains
[A" \ Xr]sg = —1+ [Xr]ss = 0.

It would be interesting to see if there are other natural Rota—Baxter
structures on the Grothendieck ring of varieties, or in the ring of immersed
conical varieties, that can be used in defining a renormalized version of
motivic and algebro-geometric Feynman rules.
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Chapter 6

The Riemann—Hilbert correspondence

This chapter is dedicated to the Riemann—Hilbert correspondence of renor-
malization, as derived in [Connes and Marcolli (2004)]. A very detailed
account of this topic is available in [Connes and Marcolli (2008)], hence the
treatment given here will be shorter and will only aim at summarizing the
main steps involved in the main result of [Connes and Marcolli (2004)]. The
interested reader is encouraged to look at [Connes and Marcolli (2006b)]
and at the first chapter of [Connes and Marcolli (2008)] for more extensive
details, and to [Connes and Marcolli (2005a)] for a shorter survey.

The purpose of this approach is to parameterize the data of divergences
in perturbative scalar quantum field theories in terms of suitable gauge
equivalence classes of differential systems with irregular singularities. These
are then classified in terms of the Riemann—Hilbert correspondence, which
means that one shows that these differential systems form a Tannakian
category, hence they can be classified in terms of finite dimensional linear
representations of an associated affine group scheme. The Riemann—Hilbert
correspondence is the equivalence of categories between the analytic data
of differential systems and the representation theoretic data.

6.1 From divergences to iterated integrals

The first step in reformulating the divergences of renormalization in terms
of differential systems consists of writing the negative piece y_(z) of the
Birkhoff factorization as an iterated integral depending on a single element
0 in the Lie algebra Lie(G) of the affine group scheme dual to the Connes—
Kreimer Hopf algebra. This is a way of formulating what is known in physics
as the 't Hooft—Gross relations. These express the fact that counterterms

143
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only depend on the beta function of the theory, that is, the infinitesimal
generator of the renormalization group flow.

The starting point is the observation that, in the Birkhoff factorization,
there is a dependence on a mass scale y, inherited from the same depen-
dence of the dimensionally regularized Feynman integrals U, (T"), discussed
in (1.55) above. Thus, we have

Yu(2) =7 (2)717M,+(z)7

where one knows by reasons of dimensional analysis (see [Collins (1986)])
that the negative part is independent of .

This negative part v_(z) can then be written as a time ordered expo-
nential

1o 2. dn(B)
7_(’2) = Te # fO ait(ﬁ)dt = ]' + Z Z" )
n=1

where
dn(B) = / 00 (B) 0, (B)dsy - dso,
§1>82>->5,2>0

and where 8 € Lie(G) is the beta function, that is, the infinitesimal gen-
erator of renormalization group flow, and the action 6; is induced by the
grading of the Hopf algebra by

0.,(X)=u"X, for veG,,, and X eH, with deg(X)=mn,

with generator the grading operator Y (X) = nX. This result follows from
the analysis of the renormalization group given in [Connes and Kreimer
(2000)] [Connes and Kreimer (2001)], after the recursive formula for the
coefficients d,, is explicitly solved, so as to give the time ordered exponential
above.

The loop 7, (2) collects all the unrenormalized values U, (T") of the Feyn-
man integrals in the form of an algebra homomorphism ¢, : H — C({z})
from the Connes—Kreimer Hopf algebra to the field of germs of meromorphic
functions, given on generators by ¢, (I") = U,(T).

The renormalization group analysis of [Connes and Kreimer (2001)]
shows that ~,(z) satisfies the scaling property

Veru(2) = 01z (7u(2)) (6.1)
in addition to the property that its negative part is independent of p,
0

av,(z) =0. (6.2)
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The Birkhoff factorization is then written in [Connes and Marcolli (2004)]
in terms of iterated integrals as

O N R R

7H7+(Z) zlogu(vreg(z))'

Thus 7,(2) is specified by 3 up to an equivalence given by the regular term
Yreg(2). The equivalence corresponds to “having the same negative part of
the Birkhoff factorization”.

6.2 From iterated integrals to differential systems

Having written the counterterms as iterated integrals has the advantage
that it makes it possible to reformulate these data in terms of differential
systems. In fact, one can use the fact that iterated integrals are uniquely
solutions of certain differential equations.

An iterated integral (or time-ordered exponential) g(b) = Teld @bt g
the unique solution of a differential equation dg(t) = g(¢)a(t)dt with initial
condition g(a) = 1. In particular, suppose given the differential field (K, §),
where K = C({z}) is the field of convergent Laurent series and 6(f) = f’,
and an affine group scheme G. One then has a logarithmic derivative

G(K) > f+ D(f) = f18(f) € Lie(G(K)),

and one can consider differential equations of the form D(f) = w, for a flat
Lie(G(C))-valued connection w, singular at z = 0 € A*. The existence of
solutions is ensured by the condition of trivial monodromy on A*

M(w)(t) =Teh U9 =1, e m(A").

In [Connes and Marcolli (2004)] these differential systems are consid-
ered up to a gauge equivalence relation by a regular gauge transformation,
D(fh) = Dh+h='Df h, for h € G(C{z}), with C{z} the ring of convergent
power series (germs of holomorphic functions). This gauge equivalence is
the same thing as the requirement that solutions have the same negative
piece of the Birkhoff factorization,

W =Dh+h"'wh & f2=7f,
where D(f“) = w and D(f*) = '
The fact that, by dimensional analysis, counterterms are independent
of the energy scale corresponds to the fact that the differential systems

are given by connections satisfying an equisingularity condition, as we re-
call below. More precisely, in [Connes and Marcolli (2004)] a geometric
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reformulation of the two conditions (6.1), (6.2) is given in terms of prop-
erties of connections on a principal G-bundle P = B x G over a fibration
Gy — B — A, where z € A is the complexified dimension of DimReg and
the fiber u* € G,, over z corresponds to the changing mass scale. The
multiplicative group acts by

u(b’ g) = (u(b)vuy(g)) Vu € G-

The two conditions (6.1) and (6.2) correspond to the properties that the
flat connection w on P* is equisingular, that is, it satisfies:

e Under the action of u € G,,, the connection transforms like
w(z,u(v)) =u¥ (w(z,u)).

o If v is a solution in G(C({z})) of the equation Dy = w, then the
restrictions along different sections o1, o9 of B with 01(0) = 02(0) have
“the same type of singularities”, namely

o1 (v) ~03(7),
where fi ~ f, means that f; ! fy € G(C{z}), regular at zero.

The first property of equisingular connections corresponds to the prop-
erty (6.1) for the solutions of the corresponding differential systems, while
the second property expresses geometrically the independence of the coun-
terterms from the mass scale, that is, equation (6.2).

6.3 Flat equisingular connections and vector bundles

The setting described above still depends on the choice of a given physical
theory through the group G of diffeographisms, dual to the Connes—Kreimer
Hopf algebra of the theory.

The affine group scheme G is uniquely determined by its Tannakian
category of finite dimensional linear representations Rep. Thus, without
loss of information, one can replace singular connections on the principal
G-bundle P = B x G with singular connections on associated vector bun-
dles E = B x V obtained by finite dimensional linear representations of
G in GL(V). This provides a natural larger ambient category where the
different diffeographism groups G of different physical theories can be com-
pared. It is obtained by working with all flat equisingular vector bundles.
Among them one will identify a subcategory of those that are obtained
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from representations of a given G, thus reconstructing the data associated
to divergences of a particular physical theory.

It is proved in [Connes and Marcolli (2004)] (see also Chapter 1 of
[Connes and Marcolli (2008)]) that flat equisingular vector bundles form a
Tannakian category. We recall here briefly the main steps of the construc-
tion of this category.

The objects Obj(€) are pairs © = (V,[V]), where V is a finite dimen-
sional Z-graded vector space, out of which one forms a bundle £ = B x V.
The vector space has a filtration W="(V) = @,,>n Vi, induced by the grad-
ing and a G,,, action also coming from the grading. The class [V] is an equiv-
alence class of equisingular connections on the vector bundle E, singular
over the preimage in B of the point 0 € A, which are compatible with the fil-
tration and trivial on the induced graded spaces Gr", (V'), up to the equiva-
lence relation of W-equivalence. This is defined by ToV; = V0T for some
T € Aut(E) which is compatible with the filtration and trivial on Gr" (V).
Here the condition that the connections V are equisingular means that they
are G,,-invariant and that restrictions of solutions to sections of B with the
same o(0) are W-equivalent. The morphisms Homg (0O, ©') are linear maps
T :V — V' that are compatible with the grading, and such that on £ @ E’
the following connections are W-equivalent:

V' 0\ Weequiv (V' TV —V'T
(7 0 (V99T -

Notice that, as usual, the difficult part in defining a good categorical
setting is to have the correct notion of morphisms. The reason why (6.3) is
the correct notion here is that one needs to bypass a well known obstacle,
which also arises when dealing with categories of Hodge structures, namely
the fact that filtered spaces do not form an abelian category, so the first
guess about the choice of morphisms, namely linear maps intertwining the
connections and compatible with the filtrations, has to be corrected to
account for this problem.

6.4 The “cosmic Galois group”

The proof given in [Connes and Marcolli (2004)] and [Connes and Marcolli
(2008)] of the fact that the resulting category £ is Tannakian directly ex-
hibits an equivalence of categories with Repy. for an affine group scheme
U* = U x G, where U is dual, under the relation U(A) = Hom(Hy, A),
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to the Hopf algebra Hy = U(L)Y dual (as Hopf algebra) to the universal
enveloping algebra of the free graded Lie algebra £ = F(e_1,e_g,e_3,- ).

The key step of the proof is showing that, for any given object © =
(V,[V]) in & there exists unique p € Repy+ such that

Dp(w) " AV,
where 7y is the universal singular frame defined as
yo(z,v) = Te™+Jo " (@5
where the element e = >~ 7 | e_,, is the generator of a 1-parameter subgroup
of U* which lifts the renormalization group at the level of the group U*.
Notice that the infinite sum is well defined since the Lie algebra is pro-

nilpotent.

The group homomorphism U — G that realizes the finite dimensional
linear representations of G with equisingular connections as a subcategory
of £ is obtained by mapping the generators e_,, — (3, to the n-th graded
piece of the beta function of the theory, seen as an element § = )" (3, in
the Lie algebra Lie(G).

Thus, the universal singular frame can be regarded as a universal source
for the counterterms for all given physical theories, as it maps to the correct
counterterms under the map of the generators e_, to the graded compo-
nents of the beta function.

It is shown in Proposition 1.98 of [Connes and Marcolli (2008)] that
the universal singular frame is given, in terms of the generators of the Lie
algebra, in the form

e—ky €k, S k-
u(—z,v) = e BT
o TR (v by TR

The occurrence of these coefficients, which also appear in the local index
formula of [Connes and Moscovici (1995)], has a natural explanation in
terms of the combinatorics of Dynkin idempotents and Dynkin operators
for free Lie algebras, as shown in [Ebrahimi-Fard, Gracia-Bondia, Patras
(2007)].

Cartier conjectured the existence of a group, closely related to symme-
tries of multiple zeta values, that would act on all the coupling constants
of scalar quantum field theories, generalizing the renormalization group ac-
tion. He referred to it as the “cosmic Galois group”. The result of [Connes
and Marcolli (2004)] reported here above gives a positive answer to Cartier’s
conjecture. In fact, the Tannakian Galois group U* = U x G,,, obtained as
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above acts on the coupling constants via its map to the Connes—Kreimer
group of diffeographisms given by the 3 function, which in turn acts on the
coupling constants by the result of [Connes and Kreimer (2000)]. The rela-
tion between the affine group scheme U* and symmetries of multiple zeta
values can be seen via the fact that the same group appears as a motivic
Galois group for a category of mixed Tate motives via the result of [Deligne
and Goncharov (2005)].
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Chapter 7

The geometry of DimReg

Usually, as we have seen in the first chapter of this book, the procedure of
dimensional regularization of divergent Feynman integrals, is defined as a
purely formal procedure based on analytic continuation to a complex vari-
able of the integral of a Gaussian in dimension D, as a function of D. This
means that, while this provides an efficient recipe for analytically contin-
uing Feynman integrals to a complexified dimension, typically no attempt
is made to make sense of an underlying geometry in the complexified di-
mension, that would justify the formal procedures used in dimensional reg-
ularization. We describe in this chapter two different possible approaches
to a geometric description of dimensional regularization. The first is based
on motivic notions and it applies to individual motives (motivic sheaves)
associated to given Feynman graphs, in the way we have seen through the
previous chapters. This first method was discussed in [Marcolli (2008)].
The second method is based on the use of techniques from noncommuta-
tive geometry and was first discussed in Chapter 1 of [Connes and Marcolli
(2008)] and in the unpublished manuscript [Connes and Marcolli (2005b)].
We concentrate here especially on the later part of [Connes and Marcolli
(2005b)], which was not reported in [Connes and Marcolli (2008)], and
which makes contact with the motivic notions considered here, through the
language of mixed Hodge structures.

7.1 The motivic geometry of DimReg

Let us consider again the mixed Tate motives (motivic sheaves) defined
by the logarithmic extension Log of (2.39) and its symmetric powers Log"
of (2.40), as objects in the triangulated category DMg(G,,) of motivic
sheaves over G,,.

151
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As we have seen, the period matrix (2.48) for the pro-motive Log™
of (2.47) defines the mixed Hodge structure associated to the motive. In
this Hodge realization, the H° piece corresponds to the first column of the
matrix Mrogn, Where the k-th entry corresponds to the k-th graded piece
of the weight filtration.

Let us consider then the corresponding grading operator, that multi-
plies the k-th entry by T%. One can then associate to the hO-piece of the
Log® motive the following formal expression that corresponds in the period
matrix (2.48) to the H? part in the MHS realization:

k
@.Zlogkﬁﬂ =Q-s’. (7.1)
. !

The formal expression (7.1) has in fact an interpretation in terms of
periods. This follows from a well known result (¢f. e.g. [Goncharov (2001)],
Lemma 2.10) expressing the powers of the logarithm in terms of iterated
integrals. For iterated integrals we use the notation as in [Goncharov (2001)]

b
@O@o...o@:/ N )
a

a § S § <s1<<Ksp<b S1 Sn

We also denote by A, 5(n) the domain
Aop(n) ={(s1,.--,8n) |a<s1 <--- <5, <D} (7.3)

Lemma 7.1.1. The expression (7.1) is obtained as rational multiples of
the pairing

T __
Skmﬂ” (7.4)

with Ay s(00) = Up Ay 5(n) and the form

ds ds,
n(T) ;:Z;/\.../\

S S
n 1 n

" (7.5)

Proof. The result follows from the basic identity (¢f. [Goncharov (2001)],
Lemma 2.10)

d ds, log ()"
/ dsi . ds, _log () (7.6)
Aa,b(n) S1 Sn TL' D

Observe then that, in terms of the motivic sheaves defined as in [Arapura
(2008)] (see the discussion in §2.4 above), one can associate to the graph
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hypersurfaces Xt and the divisors ¥,, with do,, C %, objects in the Arapura
category of motivic sheaves over G,,, by considering the morphism

Ur : AP (X1 — Gy, (7.7)
defined by the graph polynomial ¥r(s) = det(Mr(s)).

Definition 7.1.2. The category of Feynman motivic sheaves, for a fixed
scalar quantum field theory, is the subcategory of the Arapura category of
motivic sheaves over G, spanned by the objects of the form

(\I/p:A"\XrHGm,in\(inﬂXlﬂ),n—l,n—l), (7.8)

with n = #F;,+(I') and where I" ranges over the Feynman graphs of the
given scalar field theory, and where 3, = {t € A™| [], ¢; = 0} is the union
of the coordinate hyperplanes.

The above correspond to the local systems
HE ' (A™ N X7, 3, N (3, N XT),Q(n — 1)). (7.9)

We can then consider the pullback of the logarithmic motive Log &
DM(G,,) by this morphism, as in the construction of the logarithmic spe-
cialization system given in [Ayoub (2007)]. This gives a motive

Logp := ¥ (Log) € DM(Ur), (7.10)

where Up = A#Fr X'p.
In terms of periods, for the product of motivic sheaves defined by (2.23)
one has the following.

Lemma 7.1.3. Suppose given o C X and o' C X', defining relative ho-
mology cycles for (X,X) and (X', X'), respectively. One then has, for the
fiber product (2.23), the period pairing

/ ) A (n) = / WA (), (7.11)

where f : 0 — S and f' : ' — S are the restrictions of the maps X — S
and X' — S.

Proof. First recall that, when integrating a differential form over a fiber
product, one has the formula

/Xxsx/w}(w)Aw}/(n)z/XwA(wX)*n;(/(n):/XwAf*ﬁ(n)’ (712)
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which corresponds to the diagram

X XsX/

X X/
\ /
S
Suppose then given ¢ C X such that 0o C ¥ and ¢’ € X’ with 9o’ C ¥'.
One has

0o x50")=00xsg0'Uo xg00' CX xg X' UX xgY/,

(7.13)

so that o xg ¢’ defines a relative homology class in
(X xg X'\ T xg X' UX xg%).
Given elements [w] € Hy(X,X) and [n] € Hg(X',X'), we then apply the
formula (7.12) to the integration on o xXg ¢’ and obtain (7.11). O
In these terms, the procedure of dimensional regularization can then be
thought of as follows. Consider again the logarithmic (pro)motive, viewed

itself as a motivic sheaf Xrog~ — Gy, over G,,. One can then take the
product of a Feynman motive

(Up: A" N Xp — G, By N (S, N Xp),n—1,n — 1), (7.14)
by the (pro)motive
(Xfog = Gm; A, 0,0), (7.15)
where A is such that the domain of integration A;(oco) of the period
computation of Lemma 7.1.1 defines a cycle. The product is then given by
a fiber product as in (2.23), namely

W;(Logoo) = (A” AN Xr) XG XLOgoo e XLog°°

m

J{ (7.16)
A™ Xr o Gm

We then have the following interpretation of the dimensionally regular-

ized Feynman integrals.

Proposition 7.1.4. The dimensionally regularized Feynman integrals are
periods on the product, in the category of motivic sheaves enlarged to in-
clude projective limits, of the Feynman motive (7.14) by the logarithmic
pro-motive Log™ of (7.15).
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Proof. Consider the product (7.16), with the two projections
mx : Uh(Log™) — A"\ Xr

Ty, - \I/F(Logoo) — XLog“’

and the form 7% (o) A 75 (n(T')), where « is the form involved in the para-
metric Feynman integral, and 7(7T) is the form on Xj.g that gives the
period (7.4). The period computation of Lemma 7.1.1 gives

. _ _ N log(Wr(8)" T
v (Al,s(m) 77(T)> N ‘/A1,~pr(t,)(°0) = ; n! =

(7.17)
We then have, by (7.11),

/ wie(@) A (n(T)) = / o A (mx )t (n(T)) = / vla.
O X Gy A1, wp (1) (00) on On

This is the dimensionally regularized integral, up to replacing the formal
variable T of (7.1) with the complex DimReg variable z. O

7.2 The noncommutative geometry of DimReg

We now discuss a different approach to the geometry of DimReg, based on
[Connes and Marcolli (2005b)], using spectral triples and noncommutative
geometry and we discuss its points of contact with motivic notions.

The notion of metric space in noncommutative geometry is provided
by spectral triples, see [Connes (1995)]. These consist of data of the form
X = (A, H,D), with A an associative involutive algebra represented as an
algebra of bounded operators on a Hilbert space H, together with a self-
adjoint operator D on H, with compact resolvent, and with the property
that the commutators [a, D] are bounded operators on H, for all a € A. A
spectral triple is even if there is a linear involution, 42 = 1, on the Hilbert
space ‘H satisfying [a,~y] = 0 and Dy + D = 0. Assume for simplicity that
the operator D is invertible. Then the spectral triple is finitely summable
if, for some real s, the operator |D|® is of trace class, Tr(|D|*) < oo.

This structure generalizes the data of a compact Riemannian spin mani-
fold, with the (commutative) algebra of smooth functions, the Hilbert space
of square integrable spinors and the Dirac operator. It makes sense, how-
ever, for a wide range of examples that are not ordinary manifolds, such as
quantum groups, fractals, noncommutative tori, etc.
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For such spectral triples there are various different notions of dimension.
The most sophisticated one is the dimension spectrum which is not a single
number but a subset of the complex plane consisting of all poles of the
family of zeta functions associated to the spectral triple,

Dim = {s € C|¢4(s) = Tr(a|D|~*) have poles }.

These are points where one has a well defined integration theory on the
non-commutative space, the analog of a volume form, given in terms of a
residue for the zeta functions.

It is shown in [Connes and Marcolli (2005b)], [Connes and Marcolli
(2008)] that there exists a (type II) spectral triple X, with the properties
that the dimension spectrum is Dim = {z} and that one recoves the DimReg
prescription for the Gaussian integration in the form

Tr(e_)‘Dg) = 7/ 2I\72/2,

The operator D, is of the form D, = p(z)F|Z|'/*, where Z = F|Z| is a
self-adjoint operator affiliated to a type I, von Neumann algebra N and
p(z) = = V2(D(1 + 2/2))Y/#, with the spectral measure Tr(x[,4(Z)) =
3 f[a’b] dt, for the type II trace.

The technical aspects of the difference between ordinary spectral triples
and type II spectral triples are beyond the purpose of this book, and we
simply refer the reader to the relevant literature, especially [Carey, Phillips,
Rennie, Sukochev (2006a)] and [Carey, Phillips, Rennie, Sukochev (2006b)].

The ordinary spacetime over which the quantum field theory is con-
structed can itself be modeled as a (commutative) spectral triple

X = (A7H7D) = (COO(X)=L2(X7 S)7lDX)
and one can take a product X x X, given by the cup product of spectral
triples (adapted to the type II case)
(A H,D)U(A,, H:,D,) = (AR A, HOH,,D®1+~v®D,).

This agrees with what is known in physics as the Breitenlohner-Maison
prescription to resolve the problem of the compatibility of the chirality
operator 75 with the DimReg procedure [Breitenlohner and Maison (1977)].
The Breitenlohner—-Maison prescription consists of changing the usual Dirac
operator to a product, which is indeed of the form as in the cup product of
spectral triples,

DR1+vR®D,.

It is shown in [Connes and Marcolli (2005b)] and [Connes and Marcolli
(2008)] that an explicit example of a space X, that can be used to perform
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dimensional regularization geometrically can be constructed from the adele
class space, the noncommutative space underlying the spectral realization of
the Riemann zeta function in noncommutative geometry (see e.g. [Connes
(1999)] and Chapters 2 and 4 of [Connes and Marcolli (2008)]), by taking
the crossed product of the partially defined action

N = L%(Z x R*) x GL,(Q)

and the trace

T (f) = / f(1,a) da,

ZxR*

with the operator
Z(L,p,N) =X, Z(r,p,A\) =0, r#1€Q".

The type Il factor obtained in this way is dual (in the sense of the duality
introduced in [Connes (1973)]) to the type III; factor associated to the
KMS state at “critical temperature” S = 1 on the Bost—Connes system,
see [Bost and Connes (1995)], [Connes and Marcolli (2006a)], and Chapter
3 of [Connes and Marcolli (2008)].

This setting for the geometrization of DimReg provides a way of com-
puting the anomalous graphs of quantum field theory in terms of index co-
cycles in noncommutative geometry, as explained in [Connes and Marcolli
(2005b)] and Chapter 1 of [Connes and Marcolli (2008)]. Here we concen-
trate on a related aspect that brings us back to motivic notions, namely an
interesting formal analogy between the evanescent gauge potentials in the
noncommutative geometry of DimReg and the complexes of vanishing and
nearby cycles in algebraic geometry.

Suppose given a spectral triple (A, H, D), which may correspond, as
above, to the ordinary spacetime over which a given quantum field theory
is considered. We assume that it is an even spectral triple, so that one has a
chirality operator «y, which is the usual 75 in dimension four. Then consider
the algebra A generated by A and 7, endowed with a 7./27 grading with
deg(a) =1 for a € A and deg(vy) = —1. The usual commutators are then
replaced by graded commutators

[D,a]_ :=Da — (—1)%e@eD (7.18)

We consider then the spectral triple where the Hilbert space and Dirac
operator are given by the product with X,

(HOH,,DR1+~y®D,)
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and the algebra is A, acting by a ® 1. We use the notation
D'=D, D=D®l, D=y9D D'=D+D, (7.19)

as in [Connes and Marcolli (2005b)]. The lack of invariance of D" under the
chiral gauge transformation ~ gives rise to new evanescent gauge potentials
coming from the presence of a nontrivial commutator

[D",7]- = 29D, (7.20)

which disappears when one is back in the case z = 0. These evanescent
gauge potentials figure prominently in the computations of anomalies in
[Connes and Marcolli (2005b)].

We now show that these evanescent gauge potentials also give rise to
a complex reminiscent of vanishing cycles. We use an approach based on
polarized Hodge—Lefschetz modules, which we have already described in a
very similar form in [Consani and Marcolli (2006)] in the context of the
archimedean cohomology of [Consani (1998)] and its relation to noncom-
mutative geometry, [Consani and Marcolli (2004)].

The two geometric settings we will compare are the following. On the
algebro-geometric side, we consider the case of a geometric degeneration of
a family X of smooth algebraic varieties over a disk A C C. Here X is a
complex analytic manifold of dimension dim¢ X =n+1and f: X — Aisa
flat, proper morphism with projective fibers. We assume that the map f is
smooth on X* = X\ 'Y and that Y is a divisor with normal crossings in X.
On the side of noncommutative geometry, we consider the noncommutative
spaces (A", 'H", D"") obtained by taking the cup product of a spectral triple
(A, H, D) with a noncommutative space X, in “complexified dimension”
z € A, with the algebra A" = A as above.

We shall see that the complex of gauge potentials on (A", H"”, D") be-
haves in many ways like a complex of forms with logarithmic poles associ-
ated to the family X of smooth algebraic varieties over the disk z € A. In
particular, in the algebro-geometric case, it is known that the special fiber
f71(0) of f: X — A carries a mixed Hodge structure, [Steenbrink (1976)],
[Guillén and Navarro Aznar (1990)].

To describe the analogous structure associated to the complex of gauge
potentials in the case of a noncommutative space and its deformation to
complexified dimension, we take the point of view of Saito’s polarized
HodgeLefschetz modules, [Saito (1988)] and [Guillén and Navarro Aznar
(1990)], formulated as in [Consani and Marcolli (2006)].
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Let L = &; jezL™ be a finite dimensional bigraded real vector space.
Let ¢1, ¢ be endomorphisms of L, with [¢1, 3] = 0 and
Oy LW — [25 fy LW [BIF2, (7.21)
The data (L, £, ¢5) define a bigraded Lefschetz module if
G L7 S LW and 6 LV LW (7.22)

are isomorphisms for ¢ > 0 and j > 0, respectively.

In the case of a geometric degeneration, with the generic fiber a compact
Kahler manifold, one can obtain such a structure from the action of the
Lefschetz operator on the primitive part of the cohomology (induced by
wedging with the Kéhler form) and of the monodromy: the Lefschetz and
the log of the monodromy give the endomorphisms ¢4, /5.

Bigraded Lefschetz modules correspond bijectively to finite dimensional
representations of SL(2,R) x SL(2,R). We will use the following notation:

= (0) = (g1) e (Yy) @

for A € R* and s € R, and

—(O1) = Ly
“ZNoo) T gs\¥ls=o

In these terms, the representation o = oz ¢, ¢,) satisfies
do(u,1) =1, do(l,u) =Ly, o(x(\),x(t)) = \N't'z, Vo€ LW,

The data (L, {1, ¢2) define a bigraded Hodge—Lefschetz module if all the
L% have a real Hodge structure and ¢;, f are morphisms of Hodge struc-

tures.
A polarization on (L, ¢1,¥¢5) is a bilinear form
Yv:L®L—R (7.24)
which is compatible with the Hodge structure, satisfies
Yz, y) +Y(z, ly) =0, k=12, (7.25)
and is such that
U(-, CO ) (7.26)

is symmetric and positive definite on L=%~7. (Here C is the Weil operator.)
The data (L, £y, £2,1) then define a bigraded polarized Hodge-Lefschetz
module.
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Tt is also convenient (e.g. when working at the level of forms) to consider
differential bigraded polarized Hodge—Lefschetz modules (L, ¢1,42,v,d),
where

d: LW — [l
is a differential (d? = 0) satisfying

[¢1,d] = 0 = [{a,d]
and

w(d% y) = w(% dy)

In this case, the cohomology H*(L,d) inherits the structure of a bi-
graded polarized Hodge—Lefschetz module. Moreover, H* is identified with
Ker(O), where O = d*d + dd*, where

d* = o(w,w) ' odoo(w,w),

for w as in (7.23) and ¢ = o(1 4, 4,), the representation of SL(2,R) x
SL(2,R).

We now introduce an analog of this structure for noncommutative
spaces. We let (A, H, D) be an even finitely summable spectral triple. Let
be the grading operator. We consider the graded algebra A generated by A
and by 7. Let (A", H", D") be the noncommutative space obtained as the
product of (/I, H, D) with the noncommutative space X, in “complexified
dimension” z. Namely, we have

A"=A, H'=HeoH
and
D'=D!=D@l1+~y®D.,

where as above D/, is the Dirac operator on the space X,. We let Q7F,(A)
denote the complex of gauge potentials of a triple (A, H, D), and Hj,(A)
its cohomology.

We begin now by considering the complex Q™% with differentials 6 :
Qmrk o QmALnk and § - QmnE — Q7 rHLE Here we take Q77F to be

the span of elements of the form
Vk(w)D?, (7.27)

with w € Q7 (A). Here we define V(a) = [D?,a] as before, for an element
a € Aora € [D,A], while we set V(ay) := [D?,aly, for all a € A or
a € [D, A
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We consider a descending filtration --- D FP D FPTL > ... on Q*D(fl)
defined by setting

FPQOB(A) = Drgsmmizp Q5 (A), (7.28)

where Q5 (A) = Q1 (A)6* is the span of w #*, with w € Q% (A) and § = yD.
We take

FmEr=kQm(A) = @ty smmsirak VD (A) 6°. (7.29)

In this way, we can endow the complex Q™™ with a tensor product of two
“Hodge structures”, where the second is 1-dimensional with F;"(C) :=

C- D? and FE(TH)((C) = 0. We have
Qmrk = prtr=kQm(4) @c F5"(C). (7.30)

The index of the resulting filtration is i — k, where ¢ = 2r+m, hence we then
take the Q™% with the conditions k > 0 and k > 2r +m. The differential
d = § + ¢ on this complex is the same as described above, induced by
da = [D",a] for a € V¥(A), when decomposing D” = D ® 1+~ ® D, so
that ¢’a = [D, a] and 6" (a) = [D, a].

Notice that the decomposition of the total differential d = § + ¢, where
d is essentially the original de Rham differential on Q5 (A) and §' acts by
wedging with the differential & = D, resembles very closely the case of
geometric degenerations, where one also has a total differential d = § + ¢,
with ¢ the usual de Rham differential and ¢’ given by wedging with the
form 0 = f*(dz/z), for f: X — A and z the coordinate on the base A (cf.
[Steenbrink (1976)]).

We introduce endomorphisms ¢, : Qmnk — QmrtLEtl and ¢y -
Qmrk  QmA2r=LE of () d = § + §') defined as follows:

0 (V¥ (w)D?) = ¢(V¥(w)D?) = VF+1(w) DD (7.31)
lo(VF(w)D?) = /=1V*(w) A 62 D21
(7.32)
= V=1V*w§?) DAr+D),

where for simplicity we write 6 for the term 6 = vD.
We then have the following result.

Lemma 7.2.1. The endomorphisms {1 and o satisfy [¢1,€2] = 0 and are
compatible with the differential, namely, [¢1,d] =0 and [¢2,d] = 0.
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Proof. It is immediate to verify that [¢1,¢s] = 0. We check compatibility
with the differential. We have [¢1,d] = 0. In fact, we can check the result
on elements of the form V*(a)D*" or V*(ya)D?" for a € A. We have

(€16 — 60,)V*(a)D?" = [D?,[D, V*(a)]| D=1
~[D, @)D ~ 0,
since [D?, [D,b]] = —[D,[D?,b]], for all b € V¥(A). We also have
(416 — 6,)V*(ya)D?" = [D?,[D,yV¥(a)]| D21
~[D,AV* (@)D = 0,
where we use the fact that we have set
V(ya) :=V(a)
and we get
[D?,[D,~b]] = [D?,2vbD] = 2[D?,b]yD
and
[D,~[D?, 8] = 2[D? 0]y D.

Similarly, we verify that [¢2,d] = 0. This can be seen easily on elements of
the form bD?", since

[D,b(vD)?] = ~[D,b](vD)?,
and on elements vbD?", where

Uo[D,~b] = 2v/=1b6° = =[D, l5(7b)]. .

Thus, ¢1,¢> induce endomorphisms on the cohomology of the double
complex.

We introduce an SL(2,R) x SL(2, R) representation (o1, o2) on the com-
plex introduced above, which is associated to the operators £1, (5.

Definition 7.2.2. Assume that the spectral triple (A,H,D) is N-
summable with N = 2n. Consider o1 and o5 defined by

a1(x(X) =X oy (u(s)) = exp(sly),  oi(w) =S (7.33)

aa(x(N) = A" oa(u(s)) =exp(sls),  o2(w) = Ss. (7.34)
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Here the operators S; and S; are defined by powers of ¢1, /5, in the following
way. We consider involutions
Svl LQmrk Q7n,—(r+m),k—(2r+m)

S’Q . Qm,r,k N QQn—m,r—(n—m),k

of the form

$1(VE(w)D2r) = £; ™) (Vk (w) D?r)
(7.35)
So(VF(w)D?) = 45~ ™ (VF(w) D?),

for w € QP (A). We set ) = /=175,
These satisfy the following property.

Proposition 7.2.3. The data specified in Definition 7.2.2 define a repre-
sentation of SL(2,R) x SL(2,R) on (Q,d).

Proof. 1In order to show that o = oy, for k = 1,2, defined by (7.33) and
(7.34) is indeed a representations of SL(2,R) it is sufficient ([Lang (1975)]
§XI.2) to check that it satisfies the relations

o(w)? = o(x(-1)),

o(x(N)o(u(s))a(x(A™1)) = o (u(s)?)).
The first relation is clearly satisfied and the second can be verified easily

on elements V¥(w)D?", with w € Q7 (A), where we have

a1 (x(\)) o1 (u(s)) o1 (x(A 1) V*(w)D*" =

(7.36)

2
o1(x(\)) <1 + sy + %ei + - ) A~@r+m) gk () D =

2
<1+)\2(r+1)+m5£1)\(2r+m) +)\2(r+2)+m%€§)\7(2r+m) +> vk(w)D2r

= exp(sA?4y) V¥ (w)D?,
and
a2(X(N) o2 (u(s)) o2 (x(A™1)) VF(w) D> =

2
GQ(X()\)) <1 + sly + %f% + .- ) AR Vk(w)DQT _
(1 + )\—n+m+28£2)\n—m 4 )\—n+m+4§g§)\n—m 4. ) vk(w>D2r _

exp(sA? £y) VF(w)D*". 0
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Notice that, in the case of the representation associated to the “Lef-
schetz” fo, the analog of the Hodge * on forms, which appears in o7 (w), is
realized by a power of 5, by analogy to what happens in the classical case,
where the Hodge * can be realized (on the primitive cohomology) by the
(n —m)-th power of the Lefschetz operator.

This construction parallels exactly what happens in the construction
of the archimedean cohomology of [Consani (1998)] for the fibers at in-
finity of arithmetic varieties, in the form presented in [Consani and Mar-
colli (2006)]. This defines a structure that is analogous to the differen-
tial bigraded Hodge Lefschetz modules, by setting L* = @, Q™" with
i=2r+mand j =—n+m.

We now discuss the polarization. Define the bilinear form i by setting

DTH@DP T (W)DH) = a0 )V DX (1)
where w = nf* and w’ = 1/6* .
Lemma 7.2.4. The bilinear form (7.37) satisfies the relation (7.25).

Proof. For a = V¥(1)0*D? and b= V¥ (17)65 D*>"' we have
Y(li(a),b) = ][Vvkﬂ(n*)vk/ () D=1+,
while
b(a, (b)) = ][W’“(n)v“l(n') D20+’ =1),

Thus, integration by parts gives ¥(¢1(a),b) + 9 (a, €1 (b)) = 0.
We also have

D(la(a),b) = fy(—mvk(n*))vk' (o) D21+,
and
(e (0) = f29¥ ) VT of) D04
Thus, we also have 1(f2(a),b) + ¥(a, £2(b)) = 0. -

We also have the following result, analogous to the requirement (7.26)
for polarizations of Hodge—Lefschetz modules. We work here under an
assumption of “tameness” for spectral triples defined in [Vérilly and Gracia-
Bondia (1993)].
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Lemma 7.2.5. The bilinear form (7.37) has the property that
(a*,b) = 1)(a, (1£5D)

agrees on L~577 with the integral with respect to the volume form of
(A, H,D). Under the assumptions of “tameness” for (A, H,D), it agrees
with the inner product on the complex of gauge potentials.

Proof. For b= V¥ (1)0¥ D> in L~>7 we have
Eé(b) _ Vk’ (n/)93/+2jD2r+2j’
We then have
éﬂé(b) _ vk’+i(77/)05'+2jD2r+2j72i.
This gives
gi@(b) — V’C/+2’r’+m(77/)08'+2(m7n)D727‘72n.

Thus, for a = V¥(n)0°D?" in L=%~7 we obtain
V{0, B0) = (A7) D

Recall that f a = faD*% is the integration with respect to the volume
form D~2" of the spectral triple (A, H, D). Under the assumption of “tame-
ness” this satisfies [ab = [ba and [a*a > 0, so that (a*,b) agrees with
the inner product of forms in Q% (A). O

The fact that the structure described here in terms of Hodge-Lefschetz
modules parallels very closely the construction of the archimedean coho-
mology of [Consani (1998)], in the form presented in [Consani and Marcolli
(2006)], suggests that the formalism of DimReg via noncommutative ge-
ometry may be useful also to describe a “neighborhood” of the fibers at
infinity of an arithmetic variety.

In the algebro-geometric setting of a degeneration over a disk, the lo-
cal monodromy plays an important role in determining the limiting mixed
Hodge structure. In fact, geometrically, the difference between the coho-
mology of the generic fiber and of the special fiber is measured by the van-
ishing cycles. These span the reduced cohomology H* (M, C) of the Milnor
fiber M, := Bp N f~%(z), defined for P € Y, Bp a small ball around P,
and a sufficiently small z € A*. The nearby cycles span the cohomology
H*(M,,C). To eliminate the non-canonical dependence of everything upon
the choice of z, one usually considers all choices by passing to the universal
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cover A* = H of the punctured disk and replacing M, by X* =X xa A%
The identification (cf. [Steenbrink (1976)])

H™(X*,C) = H™(Y, Q% (logY) ®o, Oy) (7.38)

shows that, when working with nearby cycles, one can use a complex of
forms with logarithmic differentials. This approach, with an explicit reso-
lution of the complex, was used ([Steenbrink (1976)], [Guillén and Navarro
Aznar (1990)]) to obtain a mixed Hodge structure on H™(X*,C) deter-
mined by (Hm(ﬁ*,(C),L.,F‘), where F" is the Hodge filtration and L. is
the Picard—Lefschetz filtration associated to the local monodromy.
The analogy described above with the structure of polarized Hodge—
Lefschetz modules allows one to think of the operator
o~ GO =2
O(a) = ;TV (a)D~2", (7.39)
as the logarithm of the local monodromy, with ¢; satisfying e® = 14/, and
with the induced action of (2ry/—1)¢; on the cohomology corresponding to
the residue of the Gauss—Manin connection in the algebro-geometric setting.
The operator © of (7.39) is the derivation that appears in [Connes and
Moscovici (1995)] in the context of the local index formula for spectral
triples.
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Chapter 8

Renormalization, singularities, and
Hodge structures

As we have seen, the graph hypersurfaces Xr are typically singular with
non-isolated singularities and a singular locus of small codimension. Among
various techniques introduced for the study of non-isolated singularities, a
common procedure consists of cutting the ambient space with linear spaces
of dimension complementary to that of the singular locus of the hypersur-
face (cf. e.g. [Teissier (1975)]). In this case, the restriction of the function
defining the hypersurface to these linear spaces defines hypersurfaces with
isolated singularities, to which the usual invariants and constructions for
isolated singularities can be applied.

In many cases one ends up slicing the graph hypersurfaces by planes P2
intersecting the hypersurface into a curve with isolated singular points. This
corresponds to cases where the singular locus is of (complex) codimension
one in the hypersurface. When the singular locus is of codimension two in
the hypersurface, the slicing is given by 3-dimensional spaces cutting the
hypersurface into a family of surfaces in P with isolated singularities.

The parametric Feynman integrals can in turn be expressed in terms of
this slicing, using projective Radon transforms, and we use the resulting
integrals on the slices as a way to relate the Feynman integrals to Hodge
structures for isolated singularities. We follow here the approach outlined
in [Marcolli (2008)].

8.1 Projective Radon transform

We recall the basic setting for integral transforms on projective spaces (cf.
81T of [Gelfand, Gindikin, and Graev (1980)]). On any k-dimensional sub-
space A¥ C A" there is a unique (up to a multiplicative constant) (k — 1)-
form that is invariant under the action of SLj. It is given as in (3.42) by

167
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the expression
k
Q=Y (D) dty A Adt A Ay (8.1)
i=1
The form (8.1) is homogeneous of degree k. Suppose given a function f on
A™ which satisfies the homogeneity condition

fO) = A"Ff(t), Vte A" X € G,y,. (8.2)

Then the integrand f€); is well defined on the corresponding projective
space P*~! € P*~! and one defines the integral by integrating on a funda-
mental domain in A* \ {0}, i.e. on a surface that intersects each line from
the origin once.

Suppose given linearly independent dual vectors & € (A™), for i =

1,...,n — k. These define a k-dimensional linear subspace II = Il C A"
by the vanishing
Il ={t e A" |(&,,t) =0,i=1,...,n— k}. (8.3)
Given a choice of a subspace Il¢, there exists a (k — 1)-form Q¢ on A"
satisfying
(&, dt) N A (Epmg, dE) A Qe = Qy, (8.4)

with Q,, the (n — 1)-form of (3.42), ¢f. (8.1). The form Q¢ is not uniquely
defined on A”, but its restriction to Il¢ is uniquely defined by (8.4). Then,
given a function f on A™ with the homogeneity condition (8.2), one can
consider the integrand f)¢ and define its integral over the projective space
m(llg) € P! as above. This defines the integral transform, that is, the
(k — 1)-dimensional projective Radon transform (§II of [Gelfand, Gindikin,
and Graev (1980)]) as

n—k
An©= [ swew= [ roIlenon. 6

For our purposes, it is convenient to also consider the following variant
of the Radon transform (8.5).

Definition 8.1.1. Let ¢ C A" be a compact region that is contained in a
fundamental domain of the action of G,, on A™ \ {0}. The partial (k —1)-
dimensional projective Radon transform is given by the expression

n—=k
Fat©= [ gwoc=[ o []aten o, ©0)

oNm(Ilg)

where one identifies o with its image (o) C P*~1.
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Let us now return to the parametric Feynman integrals we are consid-
ering.

Proposition 8.1.2. The parametric Feynman integral can be reformulated
as

_ Dt
0y = Tt [ atine) .o, (57)

where § is an (n — k)-frame in A" and F,, 1(f) is the Radon transform,
with o, the simplex Y . t; =1, t; > 0, and with

B Vi(t, p)*+Du?

t) = 8.8
fF( ) \Ijl" (t)D/2 ( )
Proof. We write the parametric Feynman integral as
=Vr(t,p)
— (47)D/2 AR PR
UT) = (4m) /n X+ (1) SNOLIE dty---dty, (8.9)

where X (t) is the characteristic function of the domain R’}.
Given a choice of an (n — k)-frame &, we can then write the Feynman
integrals in the form

v = (am 2 [ ( / m(t)ewp)wg) €y, (30)
M, Up(t)P/?
where (£, dt) is a shorthand notation for
(€, dt) = (€1, dt) A= A (Enr, dt)
and we satisfies
(€,dt) Nwe = wp, =dt1 A -~ Adty,. (8.11)

We then follow the same procedure we used in the derivation of the
parametric form of the Feynman integral, applied to the integral over Il
and we write it in the form

e~ Vr(t,p)
O =

The function fr(t) of (8.8) satisfies the scaling property (8.2) and the
integrand

(8.12)

we (t)
Ur(t)P/2Vp(t, p)k—DL/2
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is therefore G,,-invariant, since the form w¢ is homogeneous of degree k.
Moreover, the domain o,, of integration is contained in a fundamental do-
main for the action of G,,. Thus, we can reformulate the integral (8.12) in
projective space, in terms of the Radon transform, as

Dl — 50 () 212 [ £, 4((E) (o) (813)

where F, 1(fr) is the Radon transform over the simplex o,,, as in Defini-
tion 8.1.1. a

In the following, we will then consider integrals of the form

U(F)é = fan,k(fr)(f) = / 6(1 - ;m \I,F(t)p/;‘ﬁ((?’p)k—m/z (8.14)

e

_ / we(t)
o \IJF (t)D/QVF (ta p)kaZ/Z

as well as their dimensional regularizations

we(t
U(F)E(z) = Lg \I/p(t)(D+Z)/2V1§“((t),p)k(D+Z)E/27 (8.15)

where Il¢ is a generic linear subspace of dimension equal to the codimension
of the singular locus of the hypersurface Xr U Yr, with Xr = {¥p(¢) = 0}
and Yr = {Pr(t,p) = 0} as before, and o¢ = o, N 1IIe.

So far we have always made the simplifying assumption, in dealing with
the parametric Feynman integrals, that the spacetime dimension D is in the
“stable range” where n < D{/2, so that the integral lives on the hypersur-
face complement of the graph hypersurface Xt and the zeros of the second
graph polynomial Pr(¢,p) do not contribute to singularities of the differ-
ential form. Here the corresponding condition would then be k < D{/2,
which is also satisfied in the original stable range, so we continue to restrict
only to that case.

8.2 The polar filtration and the Milnor fiber

Algebraic differential forms w € QF(D(f)) on a hypersurface complement
can always be written in the form w = n/f™ as in (3.46), for some m € N
and some 7 € an deg(f)" The minimal m such that w can be written in the
form w = n/f™ is called the order of the pole of w along the hypersurface
X and is denoted by ordx (w). The order of the pole induces a filtration,
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called the polar filtration, on the de Rham complex of differential forms on
the hypersurface complement. One denotes by Prﬂﬂin C Qflﬁm the subspace
of forms of order ordx(w) < k—r+1,if k—7r+1 >0, or P"QF = 0 for
k—r+1<0. The polar filtration P* is related to the Hodge filtration F'®
by PTQ™ D F™Q™, by a result of [Deligne and Dimca (1990)].

Proposition 8.2.1. Under the generic condition on the external momenta,
and in the stable range n < DL/2, the forms
Q¢
RNLL S (8.16)
\1/113/2‘/15 De/2
span subspaces Pg’k of the polar filtration PT'QS,;}l of a hypersurface com-
plement U(f) C P*~1, where f = Wr and for the index v of the filtration

in the range r < 2k — D(¢+1)/2.

Proof. We are assuming that Pr and ¥r have no common factor, for
generic external momenta. We also have that k£ < D{/2; so that also
k—D({+1)/2 < 0. In this case, we write (8.16) in the form

Ala) Pr—k+De/2QE

fm = \Ij;k+D(€+1)/2’ (8.17)

where

a=P PPy and  f=Upr and m=—k+D({+1)/2. (8.18)
We are considering here the polar filtration on forms on the complement of
the hypersurface Xr defined by ¥ = 0. Varying the external momenta p
correspondingly varies the polynomial Pr(t,p). We then obtain, for generic
¢ and varying p, a subspace of Pg’k of the filtration PTQ]];;}I, for all r <
2k—D(¢+1)/2. |

Suppose then that k& = codim Sing(X), where Sing(X) is the singular
locus of the hypersurface X = {f = 0}, with f as in Proposition 8.2.1
above. In this case, for generic &, the linear space II¢ cuts the singular
locus Sing(X) transversely and the restriction X = X NIl¢ has isolated
singularities.

Recall that, in the case of isolated singularities, there is an isomorphism
between the cohomology of the Milnor fiber F¢ of X¢ and the total co-
homology of the Koszul-de Rham complex of forms (3.46) with the total
differential dyw = fdw — mdf Aw as in (3.51).

The explict isomorphism is given by the Poincaré residue map and can
be written in the form

[w] = [ Awe)], (8.19)
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where j : Fy — Il is the inclusion of the Milnor fiber in the ambient space
(see [Dimca (1992)], §6).

Let M (f) be the Milnor algebra of f, i.e. the quotient of the polynomial
ring in the coordinates of the ambient projective space by the ideal of the
derivatives of f. When f has isolated singularities, the Milnor algebra is
finite dimensional. One denotes by M (f),, the homogeneous component of
degree m of M(f).

It then follows from the identification (8.19) above ([Dimca (1992)],86.2)
that, in the case of isolated singularities, a basis for the cohomology H" (Fy)
of the Milnor fiber, with r = dim Il — 1 is given by elements of the form

t*A
on = (w5)7
fm
where f is the restriction to II¢ of the function of . We then have the
following consequence of Proposition 8.2.1.

with % € M(f)'mdeg(f)flw (8.20)

Corollary 8.2.2. For n < D{/2 and for a generic (n — k)-frame & with
n — k = dim Sing(X), with X = Xr, and for a fized generic choice of the
external momenta p under the generic assumption of Definition 3.5.1, the
Feynman integrand (8.16) of (8.14) defines a cohomology class in H" (Fy),
with r = dimIl¢ — 1 and F¢ C Il¢ the Milnor fiber of the hypersurface with
isolated singularities X¢ = X N1l C Il¢.

Proof. By Proposition 8.2.1, in the stable range for D, the form (8.16)
can be written as

hA(we)

frn ’

where f = Up and h = Plfk+m/2. Let Z¢ denote the ideal of derivatives of
the restriction f|, of f to IT¢. Then let

(8.21)

hg =h mod Ig. (822)

For a fixed generic choice of the external momenta, this defines an element
in the Milnor algebra M (f|m,), which lies in the homogeneous component
M (flre)m deg(f)—k> for m = —k+ D(£+1)/2. Thus, the form (8.21) defines
a class in the cohomology H"(F¢) with r = dim IT¢ — 1. O

We have not discussed so far the dependence of our slicing method upon
the choice of the slice. This will be treated in §8.4 below, where we show
that one can include the choice of slices as additional data in the Hopf
algebra combinatorics, so as to consider all slices simultaneously, with a
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combinatorial organizing principle. In particular, notice that in terms of the
Radon transform decomposition (8.10) only the general slices matter as the
special slices (for instance those where Il¢ is contained in the hypersurface
Xr) form a set of measure zero in the space of (n — k)-frames.

It is also worth pointing out that the construction described in this
section can also be formulated without slicing. Namely, the operations of
taking the ideal of derivatives of f, finding the class of the numerator mod-
ulo these derivatives, and then ranging over all choices of external momenta
to get a subspace can be performed without the slicing operation. What
is missing in this case is the interpretation of the resulting space as the
cohomology of a Milnor fiber.

8.3 DimReg and mixed Hodge structures

We assume here to be in the case of isolated singularities, possibly after
replacing the original Feynman integrals with their slices along planes II¢ of
dimension complementary to that of the singular locus of the hypersurface,
as above.

The cohomological Milnor fibration has fiber over € given by the complex
vector space H*~!(F., C), where the Milnor fiber F. of X¢ is homotopically
a bouquet of x spheres S¥~1, with k = dim Il — 1 and with g the Milnor
number of the isolated singularity. A holomorphic k-form o = hwe/f™
determines a section of the cohomological Milnor fibration by taking the

classes
ad
df

We then have the following results ([Arnold, Gusein-Zade, Varchenko
(1988)], Vol.IT §13). The asymptotic formula for the Gelfand-Leray func-
tions implies that the function of e obtained by pairing the section (8.23)
with a locally constant section of the homological Milnor fibration has an
asymptotic expansion

« Qr X X r
(9-gromr
for e — 0, where 6(¢) € Hi_1(F.,Z). Moreover, there exist classes
nea(e) € H*(F,,C) (8.25)

such that the coefficients a, » of (8.24) are given by
(A (€),6(€)) = arx. (8.26)

FE:| € H"Y(F.,C). (8.23)
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Thus, one defines the “geometric section” associated to the holomorphic

k-form « as

e* log(e)"
r

o(a) = Zn;”;\(e) (8.27)
A

The order of the geometric section o(«) is defined as being the smallest A

in the discrete set = C R such that 7y, # 0. One denotes it by A,. The

principal part of o(«) is then defined as

N log(e)*—t
amax(a)(e) = e)w (UO)\OL + o+ (k(—)]_)!nk_l’)\a 5 (828)

where one knows that
Mrx = N5 2 (8.29)

where N is the nilpotent operator given by the logarithm of the unipotent
monodromy, given by

N = —i. log7T
271

with log7 = > o, (=1)" (T —id)" /r.

The asymptotic mized Hodge structure on the fibers of the cohomological
Milnor fibration constructed by Varchenko ([Varchenko (1980)], [Varchenko
(1981)]) has as the Hodge filtration the subspaces F" C H*~1(F,, C) defined
by

Fr = {[a/df] [ A <k —r -1} (8.30)

and as weight filtration W, C H*“1(F,,C) the filtration associated to the
nilpotent monodromy operator A/. This mixed Hodge structure has the
same weight filtration as the limiting mized Hodge structure constructed
by Steenbrink ([Steenbrink (1976)], [Steenbrink (1977)]), but the Hodge
filtration is different, though the two agree on the graded pieces of the
weight filtration.

We show that, upon varying the choice of the external momenta p and
of the spacetime dimension D, the corresponding Feynman integrands, in a
neighborhood of an isolated singular point of XrNIl¢, determine a subspace
of the cohomology H*~!(Fg, C) of the Milnor fiber of XrNIl¢. This inherits
a Hodge and a weight filtration from the Milnor fiber cohomology with its
asymptotic mixed Hodge structure. We concentrate again only on the case
where k — D{£/2 < 0, so that we can consider, for fixed k, arbitrarily large
values of D € N.
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Proposition 8.3.1. Consider Feynman integrals, sliced along a linear
space Il¢ as in (8.14). We write the integrand in the form

ag = }}Qf (8.31)
with
h— PF—HDe/z
f=Y¥r (8.32)

m=—k+ D({+1)/2,

as in (8.18), with k — D¢/2 < 0. Upon varying the external momenta p in
Pr(p,t) and the spacetime dimension D € N, with k — D£/2 < 0, the forms
ae as above determine a subspace

HE 1  (F.,C)c HY(F., C),

Feynman

of the fibers of the cohomological Milnor fibration, spanned by elements of
the form (8.31), where the polynomials h = hr . p are of the form

—k+De/2

rty= [ Lo ] te (8.33)

8¢Ti

where the T; are spanning trees and the Lr,(t) are the linear functions of
(3.41).

Proof. Consider the explicit expression of the polynomial Pr(¢,p) as a
function of the external momenta, through the coefficients s¢ of (3.18). One
can see that, by varying arbitrarily the external momenta, subject to the
global conservation law (3.39), one can reduce to the simplest possible case,
where all external momenta are zero except for a pair of opposite momenta
P, =p= —P,, associated to a pair of external edges attached to a pair of
vertices vy, ve. In such a case, the polynomial Pr(¢,p) becomes of the form
(3.40). Thus, when considering powers Pp(t,p) *+P%/2 for varying D, we
obtain all polynomials of the form (8.33). O

We denote by H{?‘;,}lman(Fﬂ(C) the subspace of the cohomology
H*=1(F.,C) of the Milnor fiber spanned by the classes [ag/df] with ag
of the form (8.31), with h of the form (8.33), considered modulo the
ideal generated by the derivatives of f = WUr and localized at an iso-
lated singular point, i.e. viewed as elements in the Milnor algebra M(f).

The subspace HE ! (F. C) inherits a Hodge and a weight filtration

Feynman
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F*n H’gc_y;man and W, N H]Pfc_yiman from the asymptotic mixed Hodge
structure of Varchenko on H*~!(F,,C). It is an interesting problem to

see whether the subspace HE ! recovers the full H*~1(F,,C) and if

Feynman

(F*NHE! WenHEL ) still give a mixed Hodge structure, at least

Feynman? Feynman
for some classes of graphs I'.

8.4 Regular and irregular singular connections

An important and still mysterious aspect of the motivic approach to
Feynman integrals and renormalization is the problem of reconciling the
Riemann—Hilbert correspondence of perturbative renormalization formu-
lated in [Connes and Marcolli (2004)] (see Chapter 1 of [Connes and Mar-
colli (2008)]), based on equivalence classes of certain irregular singular con-
nections, with the setting of motives (especially mixed Tate motives) and
mixed Hodge structures, which are naturally related to regular singular
connections. The irregular singular connections of [Connes and Marcolli
(2004)] have values in the Lie algebra of the Connes-Kreimer group of dif-
feographisms and are defined on a fibration over a punctured disk with
fiber the multiplicative group, respectively representing the complex vari-
able z of dimensional regularization and the energy scale p (or rather p?)
upon which the dimensionally regularized Feynman integrals depend. On
the other hand, in the case of hypersurfaces in projective spaces, the nat-
ural associated regular singular connection is the Gauss—Manin connection
on the cohomology of the Milnor fiber and the Picard—Fuchs equation for
the vanishing cycles. We sketch here a relation between this regular sin-
gular connection and the irregular equisingular connections of [Connes and
Marcolli (2004)].

We explain here, following [Marcolli (2008)], how regular singular
Gauss—Manin connections associated to singularities of individual graph
hypersurfaces Xt can be assembled, over different graphs, to give rise to
an irregular singular connection of the kind used in [Connes and Marcolli
(2004)].

In the following we let

{Zf} i=1,...,pu (8.34)
be a basis for the vanishing cohomology bundle, written with the same
notation we used above for the Gelfand—Leray form. Then the Gauss—
Manin connection on the vanishing cohomology bundle, which is defined by
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the integer cohomology lattice in each real cohomology fiber, acts on the
basis (8.34) by

v {Zﬂ = zj:pij(s) {Zﬂ E (8.35)

where the p;;(s) are holomorphic away from s = 0 and have a pole at s = 0.
The Gauss—Manin connection is regular singular and its monodromy agrees
with the monodromy of the singularity (see [Arnold, Goryunov, Lyashko,
Vasilev (1998)], §2.3). Given a covariantly constant section d6(s) of the
vanishing homology bundle, the function

_ “ d 1}
= ([ 5[ 5) (830

is a solution of the regular singular Picard—Fuchs equation

d .
%I(S) = P(s)I(s), with P(s);; = pi;(s). (8.37)
Similarly, suppose given a holomorphic n-form w and let w/df be the
corresponding Gelfand-Leray form, defining a section [w/df] of the vanish-
ing cohomology bundle. Let d1,...,6, be a basis of the vanishing homology,
9i(s) € Hp—1(Fs,Z). Then the function

w w
I(s) = (/Ms) df/“) df> (8.38)

satisfies a regular singular order ¢ differential equation
IO(s) + pr ()T (s) + -+ + pe(s)I(s) = 0, (8.39)

where the order is bounded above by the multiplicity of the critical point
(see [Arnold, Gusein-Zade, Varchenko (1988)], §12.2.1). One refers to
(8.39), or to the equivalent system of regular singular homogeneous first
order equations

d%z(s) — P(s)Z(s), (8.40)
with
Z,(s) = s" LV (s), (8.41)

as the Picard—Fuchs equation of w. For the relation between Picard—Fuchs
equations and mixed Hodge structures see §12 of [Arnold, Gusein-Zade,
Varchenko (1988)] and [Kulikov (1998)].
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We also recall some of the properties of the irregular singular, equisin-
gular connections of [Connes and Marcolli (2004)] which we need here.

We let g denote the Lie algebra g = Lie(G). Let K denote the field of
germs of meromorphic functions at z = 0. We also let B denote a fibration
over an infinitesimal disk A* with fiber the multiplicative group G, and we
denote by P the principal G-bundle P = B x G. We consider Lie(G)-valued
flat connections w that are equisingular. As we recalled earlier, this means
that they satisfy the following conditions.

e The connections satisfy w(z, \u) = AYw(z,u), for A € G, with Y the
grading operator.

e Solutions of Dy = w, have the property that their pullbacks o*(7) €
G(K) along any section ¢ : A — B with fixed value ¢(0) have the same
negative piece of the Birkhoff factorization o*(vy)_.

The first condition and the flatness condition imply that the connection
w(z,u) can be written in the form
du

w(z,u) = u¥ (a(2)) dz +u* (b(2)) " (8.42)

where a(z) and b(z) are elements of g(K) satisfying the flatness condition

db

i Y(a) + [a,b] = 0. (8.43)
Recall that the Lie bracket in the Lie algebra Lie(G) of the Connes—

Kreimer Hopf algebra is obtained by assigning (see [Connes and Kreimer

(2000)], [Connes and Kreimer (2001)])

[T,1'] = Z Lo, I" — Z "o, T, (8.44)
)

veV (T) v EV(TY

where I"o, I denotes the graph obtained by inserting I into I" at the vertex
v € V(I') and the sum is over all vertices where an insertion is possible.
Counting all possible ways in which a given graph can be inserted into
another at a specified vertex attaches multiplicities to each insertion that
appear in the form of symmetry factors.

The equisingularity condition, which determines the behavior of pull-
backs of solutions along sections of the fibration G,, — B — A, can be
checked by writing the equation D f = w in the more explicit form

7_13—2 =a(z), and 'Y (y)=0b(z). (8.45)
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When one interprets elements v € G(K) as algebra homomorphisms ¢ €
Hom(H, K), one can write the above equivalently in the form
do
(¢poS)x* - = and (¢o0S)xY(¢) =0, (8.46)
where S is the antipode in H and * is the product dual to the coproduct
in the Hopf algebra. This means, on generators I' of H,
do

(poS)® - A)) =ar, and ((¢0S5)®Y(¢), A(l) =br, (8.47)

where

AT =T@l+10T+> yaTI/y
Y

with the sum over subdivergences, and the antipode is given inductively by
S(X)=-X - S(X")X", (8.48)

for AX)=X®1+10X+> X' @ X" with X’ and X" of lower degree.

We now show how to produce a flat connection of the desired form
(8.42), with irregular singularities, starting from the graph hypersuraces
Xr, a consistent choice of slicing Il¢, and the regular singular Picard—Fuchs
equation associated to the resulting isolated singularities of Xp N 1le.

We begin by introducing a small modification of the Hopf algebra and
coproduct, which accounts for the fact of having to choose a slicing II.. This
is similar to what happens when one enriches the discrete Hopf algebra by
adding the data of the external momenta.

Let Sr denote the manifold of planes Il¢ in A#FED) with dim I <
codim Sing(Xr). We can write Sr as a disjoint union

codim Sing(Xr)

Sl" = U SF,ma (849)

m=1

where St ;, is the manifold of m-dimensional planes in A#ET)  We denote
by C*°(Sr) the space of test functions on Sp and by C°°(Sr) its dual space
of distributions.

Lemma 8.4.1. Suppose given a subgraph v C T'. Then the choice of a
distribution o € C;*°(Sr) induces distributions o, € C;*°(Sy) and op /- €
C;OO(SF/'y)
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Proof. Given v C I', neglecting external edges, we can realize the affine
X, as a hypersurface inside a linear subspace A#EO) < A#EM) and sim-
ilarly for the affine X/, seen as a hypersurface inside a linear subspace
A#FET/7) « A#EM)  where we simply identify the edges of 7 or I'/y with a
subset of the edges of the original graph I'.

One then has a restriction map 7% : S, — S, where Sr, C Sr is the
union of the components Sr ,,, of Sr with m < codim Sing(X,),

codim Sing(X )

Sry = U Sr,m, (8.50)
m=1
which is given by
T, (Tl¢) = I N A#ED), (8.51)

This induces a map T, : C*(S,) — C>(Sr) given by

T, (IT)) Te € Sr
Tv(f)(H5)={f( (T} T € (8.52)

0 otherwise.

In turn, this defines a map T, : C;>°(Sr) — C.>°(S,), at the level of
distributions, by

T, (0)(f) = o(T5(f))- (8.53)

The argument for I'/v is analogous. One sets 0., = T, (or) and op/, =
TF/fy(O-F>~ O

We then enrich the original Hopf algebra H by adding the datum of the
slicing II¢. We consider the commutative algebra

H = Sym(C;™(S)), (8.54)
where S = UrSr, endowed with the coproduct
A, 0)=T,0)@1+1®(T,0)+ Y (v,0,) @ (T/7,01/5).  (8.55)
¥
The following result is then proved by the same argument used in

[Connes and Marcolli (2008)], Theorem 1.27.

Lemma 8.4.2. The coproduct (8.55) is coassociative and His a Hopf al-
gebra.
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We then proceed as follows. We pass to the projective instead of the
affine formulation and we fix a small neighborhood of an isolated singular
point of Xt N1lg, for Il a linear space of dimension at most equal to the
codimension of Sing(Xr). Suppose given a holomorphic k-form a¢ on II.
Then there exists an associated regular singular Picard—Fuchs equation

TEL(s) + pa(s) IV (8) + -+ pels) Jre(s) = 0, (8.56)
with the property that any solution Jr ¢(s) is a linear combination of the
functions

Q¢
Jrei(s) = / — (8.57)
¢ si(s) 4
where d1,...,d, is a basis of locally constant sections of the homological

Milnor fibration, 0;(s) € Hy—1(Fs,Z), and ¢ /df is the Gelfand-Leray form
associated to the holomorphic k-form cr.

This depends on the choice of a singular point and can be localized in a
small neighborhood of the singular point in Xr NIl¢. In fact, introducing
a cutoff x, that is supported near the singularities of Xr N Il amounts
to adding the expressions (8.57) for the different singular points. Thus,
to simplify notation, we can just assume that we have a single expression
Jre(s) at a unique isolated critical point.

We then have the following result, which constructs irregular singular
connections from solutions of the regular singular Picard—Fuchs equation.

Theorem 8.4.3. Any solution Jr¢ of the regular singular Picard—Fuchs
equation (8.56) determines a flat g(K)-valued connection w(z,u) of the form
(8.42). Moreover, if the k-form c¢ is given by Plng as above, then the
connection is equisingular.

Proof. We consider the Mellin transform

.7-'115(2) = /Ooo s* Jp’g(s) ds. (858)

As in §7 of [Arnold, Gusein-Zade, Varchenko (1988)], the function Fr ¢(z)
admits an analytic continuation to a meromorphic function with poles at
points z = —(A+1) with A € Er ¢ a discrete set in R of points related to the
multiplicities of an embedded resolution of the singular point of Xt N Il.
We look at the function Fr¢(z) in a small neighborhood of a chosen point
z = —D. It has an expansion as a Laurent series, with a pole at z = —D if
—-D e Ep’g.
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After a change of variables on the complex coordinate z, so that we have
z € A* a small neighborhood of z = 0, we define

gf)#(r, O’)(Z) = ,ufz bl(F)a (fp’g(—D ;_ Z)) , (8.59)

where we consider Fr ¢ as a function of £ to which we apply the distribution
o. More precisely, after identifying Fr ¢ with its Laurent series expansion,
we apply o to the coefficients seen as functions of £. This defines an algebra
homomorphism ¢, € Hom(H, K), by assigning the values (8.59) on genera-
tors. Here p is the mass scale. The homomorphism ¢ defined by (8.59) can
be equivalently described as a family of G(C)-valued loops ,, : A* — G(C),
depending on the mass scale u. Here G denotes the affine group scheme
dual to the commutative Hopf algebra H. The dependence on p of (8.59)
implies that v, satisfies the scaling property

'Vetu(z) = 9t2(7#(z))7 (8.60)

where 6, is the one-parameter family of automorphisms of H generated by
the grading, %Gth:o =Y. Then one sets

0(2) = (B0 8) + 0u and bu(z) = (6,08) £ Y (), (861)

where S and * are the antipode of H and the product dual to the coproduct

A of (8.55). These define elements a,, b, Q'(g(K)), which one can use to

t
’

define a connection w(z,u) of the form (8.42). More precisely, for u = e
one has

d d
-1 _ -1 _ Y
T dZVH et(’y deY) u (a(z))’

where we set u¥ = €'Y and then extend the resulting expression to

u € G,(C) = C*. Similarly, we get 7,'Y(y,) = u”(b(2)). Thus, the
connection w(z,u) defined in this way satisfies by construction the first
condition of the equisingularity property, namely w(z, Au) = A\Y w(z,u), for
all A € G,,,. One can see that the connection is flat since we have

L) - i) = Py 0,0 12 0 L o)
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= —[a(2),b(2)].

The second condition of equisingularity is the property that, in the
Birkhoff factorization

Y (2) = Y- (2) " (2),
the negative part satisfies

%W(z) 0.
By dimensional analysis on the counterterms, in the case of dimensional
regularization and minimal subtraction, it is possible to show (see [Collins
(1986)] §5.8.1) that the counterterms obtained by the BPHZ procedure
applied to the Feynman integral U, (I")(z) do not depend on the mass pa-
rameter p. This means, as shown in [Connes and Kreimer (2000)] (see also
Proposition 1.44 of [Connes and Marcolli (2008)]), that the Feynman in-
tegrals U,(I')(z) define a G(C)-valued loop 7, (z) with the property that
Ouvu,—(2) = 0. The integrals (8.58) considered here correspond to slices
along a linear space Il¢ of the Feynman integrals, localized by a cutoff x.
near the singular points. The explicit dependence on p in the Feynman
integrals is as in (8.59), which is unchanged with respect to that of the
original dimensionally regularized Feynman integrals. Thus, the same ar-
gument as in [Collins (1986)] §5.8.1 and Proposition 1.44 of [Connes and
Marcolli (2008)] applies to this case to show that 9,7, —(z) = 0. O
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Chapter 9

Beyond scalar theories

In this final chapter we give a few examples of how the theme of Feynman
integrals and motives, based on the parametric representation of Feynman
integrals and the associated algebraic varieties, can be extended beyond
the original setting of scalar quantum field theories. We concentrate here
only on two simple kinds of extensions, where one can already see some
new feature appearing. The first extension we discuss is to theories with
fermionic fields, based on the results of [Marcolli and Rej (2008)]. In this
case one can again express a parametric form of the Feynman integral
in terms of periods, this time on a supermanifold, with the determinant
defining the graph polynomial replaced by a Berezinian, which is a natural
analog in the supergeometry context. The second case we discuss is that
of scalar quantum field theories, and in particular the ¢* theory, over a
spacetime that is deformed to a noncommutative manifold with a Moyal
product. In this case it is also known that a parametric formulation of
Feynman integrals exists, and we report some observations of [Aluffi and
Marcolli (2008a)] on computations of characteristic classes for the resulting
graph hypersurfaces.

9.1 Supermanifolds

We describe here an extension of the parametric Feynman integral and
its motivic interpretation to the case of theories with both fermionic and
bosonic variables, where we can reformulate the parametric integral as a
period of a supermanifold, defined in terms of Berezinians instead of de-
terminants and fermionic integration. The results reported here are from
[Marcolli and Rej (2008)].

We report a few basic facts about the geometry of supermanifolds, fol-

185
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lowing [Manin (1988)].

By a complex supermanifold one understands a datum X = (X, .A)
with the following properties: A is a sheaf of supercommutative rings
on X; (X,0x) is a complex manifold, where Ox = A/N, with A/ the
ideal of nilpotents in A; the quotient & = N/N? is locally free over Ox
and A is locally isomorphic to the exterior algebra A, (), where the
grading is the Z/2Z-grading by odd/even degrees. The supermanifold is
split if the isomorphism A = Ag, (€) is global. Thus, in local coordi-
nates, a supermanifold is parameterized by bosonic and fermionic variables
(zoy...,Tn;01,...,0m), where the z; are ordinary, commuting, scalar vari-
ables, while the 0; are anticommuting Grassmann variables. The bosonic
variables x; generate the order zero, or even degree, part and the fermionic
variables 0; the order one, or odd degree part with respect to the Z/2Z-
grading.

A simple example is given by the projective superspaces. The complex
projective superspace P*™ is the supermanifold (X, A) with X = P" the
usual complex projective space and

A= A*(C™ @c O(-1)),

with the exterior powers A® graded by odd/even degree. It is a split super-
manifold.

A morphism F : Xy — X5 of supermanifolds X; = (X, 4;), i = 1,2,
consists of a pair F' = (f, f#) of a morphism of the underlying complex
manifolds f : X; — X, together with a morphism f# : Ay — f.A; of
sheaves of supercommutative rings with the property that at each point
x € X; the induced morphism f¥ : (A2) () — (A1), satisfies f#(my(,)) C
m,, on the maximal ideals of germs of sections vanishing at the point (cf.
[Manin (1988)], §4.1).

In particular, an embedding of complex supermanifolds is a morphism
F = (f, f#) as above, with the property that f : X; < X5 is an embedding
and f# : Ay — f. A, is surjective. As in ordinary geometry, we define the
ideal sheaf of X; to be the kernel

Tx, = Ker(f7 : Ay — f.Ay). (9.1)

An equivalent characterization of an embedding of supermanifold is
given as follows. If we denote by E;, for i = 1,2 the holomorphic vec-
tor bundles on X; such that O(E;) = & = N;/N?, with the notation as
above, then an embedding F' : X7 — X5 is an embedding f : X; — X5 such
that the induced morphism of vector bundles f* : E; — Fj is surjective.
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Thus, we say that Y = (Y, B) is a closed sub-supermanifold of X = (X,.A)
when there exists a closed embedding Y C X and the pullback of E4 under
this embedding surjects to Epg.

An open submanifold Y = (U, B) — X = (X, A) is given by an open em-
bedding U — X of the underlying complex manifolds and an isomorphism
of sheaves A|y = B. When Y C X is a closed embedding and U = X \ Y/,
the ideal sheaf of Y satisfies Zy|y = Aly.

A subvariety in superprojective space is a supermanifold

X = (X P, (A*(C" @c O(-1))/1)|x), (9.2)
where 7 = Zy is an ideal generated by finitely many homogeneous
polynomials of given Z/2-parity. In other words, if we denote by
(20, ..., Tn,01,...,0,) the bosonic and fermionic coordinates of P™™ then

a projective subvariety can be obtained by assigning a number of equations
of the form

\I/CV/Odd(xo,...,l‘n,el,...,em): Z Pj(xo,...,xn)9i1~-~9ik :0,
i < <idg
(9.3)
where I = (iy,...,1x), and the P;(xoq, ..., x,) are homogeneous polynomials
in the bosonic variables.
In [Marcolli and Rej (2008)] an analog of the Grothendieck ring of va-
rieties is considered for supermanifolds, defined as follows.

Definition 9.1.1. Let SV¢ be the category of complex supermanifolds
with morphisms defined as above. Let K¢(SVc) denote the free abelian
group generated by the isomorphism classes of objects X € SV¢ subject
to the following relations. Let F' : Y — X be a closed embedding of
supermanifolds. Then

[X] =[]+ [xX N )], (9.4)
where X’ \\ ) is the supermanifold
X\y: (X\K.Ax‘x\y). (95)

Here the notation .Ax means the following, see [Kashiwara and Shapira
(1990)] §I1.2.3. Given a locally closed subset Y C X and a sheaf A on X,
there exists a unique sheaf Ay with the property that

.Ay|y = .A|Y and Ay‘x\y =0. (9.6)

In the case where Y is closed, this satisfies Ay = i,(A|y) wherei:Y — X
is the inclusion. When Y is open it satisfies Ay = Ker(A — j.(A|lxv)),
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where in this case j : X \Y — X is the closed embedding of the comple-
ment.

In particular, in the case where A = Ox is the structure sheaf of X,
the relation (9.4) reduces to the usual relation

(X]=[Y]+[X\Y]. (9.7)
in the Grothendieck group of ordinary varieties, for a closed embedding
Y CX.

Proposition 9.1.2. The Grothendieck ring Ko(SVc) of supervarieties is
a polynomial ring over the Grothendieck ring of ordinary varieties of the
form

Ko(SVe) = Ko(Vo)[T1, (9.8)
where T = [A%1'] is the class of the affine superspace of dimension (0,1).

Proof. We show that all supermanifolds decompose in Ky(SV¢) as a
finite combination of split supermanifolds, and in fact of supermanifolds
where the vector bundle E with O(E) = & = N//N? is trivial. This is a
consequence of the dévissage of coherent sheaves, see [Shafarevich (1996)],
§3.3, Propositions 1-3. Namely, for any coherent sheaf A over a Noetherian
reduced irreducible scheme there exists a dense open set U such that Ay
is free. The relation (9.4) then ensures that, given a pair X = (X, .A) and
the sequence of sheaves

0—i(Aly) = A= ji(Aly) =0,
associated to the open embedding U C X with complement Y = X \ U,
the class [X, A] satisfies
(X, Al =[U, Aulv] + [V, Ay |y].

The sheaf Ay on X, which has support Y, has a chain of subsheaves Ay D
Ay D -+ D A = 0 such that each quotient A;/A;11 is coherent on Y,
[Shafarevich (1996)], §3.3, Proposition 3. Thus, one can find a stratification
where on each open stratum the supermanifold is split and with trivial
vector bundle. The supermanifold X = (X, .A) decomposes as a sum of the
corresponding classes in the Grothendieck group. It is then clear that the
product makes Ko(SV¢) into a ring with

[X]Y] =[x < V],
and the stated result then follows. The fact that it is indeed a polynomial
ring in the class [A%'] without further relation is a consequence of the fact

that A" is parameterized by a single Grassmann variable and that the
A% are non-isomorphic supermanifolds. O
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The fact that the vector bundle that constitutes the fermionic part of a
supermanifold is trivial when seen in the Grothendieck group is the analog
for supermanifolds of the fact that any locally trivial fibration is equivalent
to a product in the Grothendieck group of ordinary varieties.

Notice that, in the supermanifold case, there are now two different types
of Lefschetz motives, namely the bosonic one Lj = [A'1°] and the fermionic
one L; = [A°']. The formal inverses of Ly and L; correspond to two
types of Tate objects for motives of supermanifolds, respectively fermionic
and bosonic Tate motives. The contribution of the fermionic part of a
supermanifold to the class in the Grothendieck ring is always of (fermonic)
Tate type, while only the bosonic part can provide non-Tate contributions.

The analog of the determinant in supergeometry is given by the
Berezinian. This is defined in the following way. Suppose given a matrix

M of the form
M4 M12>
M= ,
(M21 Moo

where the M1 and M5 are square matrices with entries of order zero and
the My and My have elements of order one. Then the Berezinian of M
is the expression
det(M11 — M12M231M21)
Ber(M) := .
er(M) det(Mas)
It satisfies Ber(MN') = Ber(M)Ber(N).

Grassmann variables integration is defined in terms of the Berezinian
integral, which is determined by the property that, for a form w =
> fi(@o, ... x,)0" in the local coordinates (zo,...,xn;01,...,0,), the
integral gives (see Chapter 4, §6 of [Manin (1988)])

/w = /fl,“,’m(xo,...,xn) dxy -+ dxy, (9.10)

or equivalently by the property that

/(ho(m) + oy (2)0) df = hy(z), (9.11)

(9.9)

for  an ordinary and 6 a Grassmann variable. It is shown in [Bernstein
and Leites (1977)] that Grassmann integration satisfies a change of vari-
able formula where the Jacobian of the coordinate change is given by the
Berezinian Ber(J) with J the matrix J = %‘iﬁ; with X, = (24,&-) and
Yﬁ = (yj7 773)'
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There is also a well developed theory of divisors on supermanifolds,
originating from [Rosly, Schwarz, Voronov (1988)]. A Cartier divisor on
a supermanifold X of dimension (n|m) is defined by a collection of even
meromorphic functions ¢; defined on an open covering U; — X, with qbl-(bj_l
a holomorphic function on U; N U; nowhere vanishing on the underlying
U;NU;. Classes of divisors correspond to equivalence classes of line bundles
and can be described in terms of integer linear combinations of (n — 1|m)-
dimensional subvarieties ) C X.

9.2 Parametric Feynman integrals and supermanifolds

Consider now the case of Feynman propagators and Feynman diagrams
that come from theories with both bosonic and fermionic fields. It is well
known that for such theories the form of the possible fermionic terms in
the Lagrangian is severely constrained: for instance, in dimension D = 4
renormalizable interaction terms can only involve at most two fermion and
one boson field, see [Ramond (1990)], §5.3.

The perturbative expansion for such theories corresponsingly involve
graphs I' with two different types of edges: fermionic and bosonic edges.
The Feynman rules assign to each bosonic edge a propagator of the usual

form we have encountered so far, and to fermionic edges a propagator
p+m i

e T (9.12)

More generally, in cases with tensor indices, we would have p = p'~y,,
involving y-matrices expressing fermions in spinorial form.
In the following we use the notation

a(p) =p* —m?,  {(p) =i(p +m) (9.13)
for the quadratic and linear forms that appear in the bosonic and fermionic
propagators. In the following, again just to simplify notation, we also
drop the mass terms in the propagator, i.e. we set m = 0, and ignore, for
simplicity, the resulting infrared divergence problem.

Thus, the terms of the form (q; - - - ¢,) !, which we encountered in the
purely bosonic case, are now replaced by terms of the form

dl"‘gf
g qn’ (6.14)

where n = #E(T) is the total number of edges in the graph and f = #E(T")
is the number of fermionic edges.
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We have an analog of the Feynman trick we saw in the first chapter,
where we now introduce an extra set of Grassmann variables associated
to the fermionic edges. The derivation we present suffers from a kind of
“fermion doubling problem”, as each fermionic edge contributes an ordinary
integration variable, which essentially account for the denominator ¢; in
(9.12) and (9.14), as well as a pair of Grassmann variables accounting for
the numerator ¢; in (9.12) and (9.14). Other formulations of parametric
Feynman integrals for theories with fermionic variables are possible, for
example as done in [Medvedev (1978)].

Let Qy denote the 2f x 2f antisymmetric matrix

0 ¢gir 0 0--- 0 0
~410 0 0--- 0 0
0 0 0 ¢2--- 0 0
Q=] 0 0—¢20--- 0 0 (9.15)
00 0 0-- 0 ¢
0 0 0 0-—¢0

Lemma 9.2.1. Let 0,25 denote the superspace o, X AY2f . Then the fol-
lowing identity holds:

dty - dt,_1dO; - --db
di---dy :Kn,f/ 1 e (9.16)
QL Qn Onj2f (thl + .. tnqn —+ 59 Qfa)n*f

with

B 27 (n —1)!

T+ f—k+1)

Proof. We first show that the following identity holds for integration in
the Grassmann variables 0 = (61, ..., 602¢):

0y - - do v
[ @ g~ ()i @17

In fact, we expand using the Taylor series

(1+x)° = :0 (i) z*

K, ¢

and the identity

f
1
509th9 = Z qi62i—162,

=1



September 28, 2009 17:33 World Scientific Book - 9in x 6in FeynmanMotivesBookFinal

192 Feynman Motives

together with the fact that the degree zero variables x; = 05;_162; commute,

to obtain
S f
1 P —a —Q k
(1+ 59 Q0) > = ,;:0 ( k )(;_1 dib2i—102;)".

The rules of Grassmann integration then imply that only the coefficient of
61 - -- 025 remains as a result of the integration. This gives (9.17).
For simplicity of notation, we then write T' = t1q1 + - - - t,qp, SO that we
have
1

‘/Un2f (thl + o tagn + %Hthﬁ)”—f

:g}(_n;—f)dl"'df/ T T=F qty - dt,

_ S PN dty - dtn—y

- 2f< f )ql s /a (tigr + -~ + tngn)"
_ N <—n+f)¢1~--¢f
S 2f(n -1\ f

Consider now the case of graphs that have both bosonic and fermionic
legs. We mimic the procedure described earlier in this chapter to obtain
a parametric form for the Feynman integral. We will deal here with a
particular class of graph, which can be considered an equivalent, in the
case with fermionic variables, of the log divergent graphs, for which the
parametric form of the Feynman integral is simplified by the lack of the
second graph polynomial (see §3.1). As we are going to see below, here the
condition that characterizes the class of graphs with this property will no
longer depend only on the number of internal edges and loops but also on
a particular choice of a basis of loops.

dty - dt, 1 d6y - dfyy

g1 Q4n O

Theorem 9.2.2. Suppose given a graph I' with n edges, of which f are
fermionic and b = n — f bosonic. Assume that there exists a choice of a
basis for Hq(T') satisfying the condition

D
n_g+§(€f_€b)zo' (9.18)
Then the following identity holds:
dr---ds p D, D D / A(?)
LS 5 cood d cood = SV — TR
. S1 sg, d” 01 O, . Ber(M(¢))D72 1

(9.19)
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Proof. We divide the edge indices 7 = 1,...,n of the Feynman graph into
two sets i, = 1,...,mp and iy = 1,...,ny, with n = ny + ny, respectively
labeling the bosonic and fermionic legs. Consequently, given a choice of a
basis for the first homology of the graph, indexed as above by r =1,...,¢,
we replace the circuit matrix 7, of (3.1) with a matrix of the form

<77ifrf nifrb> . (920)

Nivry Miyry
Here the loop indices » = 1,...,¢ are at first divided into three
sets {1,...,¢¢s}, labelling the loops consisiting of only fermionic edges,
{1,..., Ly} labelling the loops consisting of only bosonic edges, and the
remaning variables {1,..., 0,y =€ — ({s5 + {y)} for the loops that contain
both fermionic and bosonic edges. We then introduce two sets of momen-
tum variables: ordinary variables §,., € AP withry, =1,...,0, = Loy Loy,
and Grassmann variables o,., € AP with re=1,... 8y =Lps+Lpp. That
is, we assign to each purely fermionic loop a Grassmann momentum vari-
able, to each purely bosonic loop an ordinary momentum variable, and to
the loops containing both fermionic and bosonic legs a pair (§,,0,) of an
ordinary and a Grassman variable. In (9.20) above we write ry and 7y, re-
spectively, for the indexing sets of these Grassmann and ordinary variables.

We then consider a change of variables

%ib = %lb_‘_z NiyrsOry +Z nibTb‘?/T'w ﬁif = ¢1f+z NigrsOry +Z nif7'b¢7'b-
’I“f Ty T’f Ty

(9.21)
analogous to the one used before, where now, for reasons of homogeneity,
we need to assume that the ;. , are of degree one and the 7, are of degree
zero, since the p; are even (ordinary) variables.

We apply the change of variables (9.21) to the expression

Ztip? + Zozif—ﬁzifﬁif- (9.22)
i ir

We assume again, as in the purely bosonic case (c¢f. (18.35) of [Bjorken
and Drell (1965)]), the relations

>ty =0

for each loop variable r =, and r = 7.
We can then rewrite (9.22) in the form

Z tiug + Z O2i; —102i ks
; i
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+ Z (Z tinirbnirl’)@/rbgr{) - Z (Z tinirf nir})orf U’r‘}
Ty, Ty b rerl 4
3 (St = St
THTf 7 7
0 02,10 i ), + D (O O2iy 1020 i yr, )
Ty if Tf o if

Notice the minus sign in front of the quadratic term in the o, since for

order-one variables o, Nir!, = —Mir}, O We write the above in the simpler

notation

T+ §"My(t)§ —o" My(t)o+ 0" Myp(t)d — §7 Mys(t)o + No(0)d + N¢(0)o,
(9.23)

where 7 denotes transposition, § = (¢,,), o = (ov,), and
T =3, tw; + 2, 021023 thi
Mb(t) = Zz tinirbnirl’,)
My (t) = S, tatir iy, = — My (1),
be(t) = Zz tinirbnina
No(0) =325, 02i;—102i,Mipry s
Ng(0) = 225, 02i,—102i i yr; -
Since the n; .. , are of degree one and the 7;,, of degree zero, the matrices
My and My are of degree zero, the My and My of degree one, while the
Ny and Ny are, respectively, of degree zero and one. Thus, the expression
(9.23) is of degree zero. Notice that, since the 7., are of order one, the

matrix My(t) is antisymmetric. We also set My ¢(t) = Mpp(t) = Mpp(t)7.
We then consider an integral of the form

/ dD;b/r"dD#ebdDUr“dDUef B
(Xt} + 325, O2ip 1020, i, )"

(9.24)

P4y ---dPdy, dPoy - dPoy,
/ R, 0. 0.0 ) (9:25)
where
R(§,0,0,t) =T+ §"My(t)§ + Np(0)§ — o™ My(t)o
(9.26)

+O’Tbe(t)¢ - #Tbe(t)TU + Nf(9)0'
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and where the integrations in the variables d°o; = doy; - - - do;p are Grass-
mann variables integrations satisfying the properties of the Berezinian in-
tegral (9.10) and (9.11), while the integrations in dP¢; are ordinary inte-
grations.

Recall that for Grassmann variables we have the following change of
variable formula. Suppose given an invertible antisymmetric N x N matrix
A with entries of degree zero and an N-vector J with entries of degree one.
Then we have

1 1
o Ao + i(JTU —o"J)=nTAn+ ZJTA_lJ, (9.27)
forn=0— %A‘lJ. This follows immediately since A™ = —A and we have

1 1 1
n"An=o0" Ao + EJTU — iaTJ — ZJTA_IJ.

We then use this change of variable to write
—0" My (t)o + o7 Mpp(t)f — 4" Mp(t)7o + 53 (07 Ny(0) — Ny (0)70) =

7 Myt — S (Mp(0)9 + ANAO) My (Mp (0 + EN5(0))
. (9.28)
n=0 = M50 (M0 + 33,0) ) (9.29)
We have

TR0 + SNFO) M0 (Mp(0)f + 5N;(6)) =
DM (OM () My (1)

+é(Nf(9)TMf(t)_leb(t)¢ + 47 Myp () My ()~ N (0))

e NF0) My (1) N5 ().

We then let
Ut,0,4) =T+ C(t,0)+ ¢ Ap(t)§ + Bu(t,0)4, (9.30)
where
Ap(t) = My(t) — § Mg (t) My (8) " M (t)
By(t,0) = Ny(0) = §N;(0) M (t) " Mo (1) (9.31)

C(t,0) = — 35N (0)" My ()~ Ny (6).
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Thus, we write the denominator of (9.25) in the form

n—f
1
U0 (14 Grr X0 m) (0.32)
where we use the notation

X5 (t,0,4) = 20(t,0, )" My(t). (9.33)

Thus, the Grassmann integration in (9.25) gives, as in Lemma 9.2.1,

dD . dD QDZf/Q
/ : m Ney P :Cn’f,ffmdet(Mf(t»D/%
(1+ 307 X4 (8,0, 4)n) 0587

(9.34)

where C,, 7 ¢, is a combinatorial factor, as we have already encountered in
the case of ordinary parametric Feynman integrals for ordinary variables.

We then proceed to the remaining ordinary integration in (9.25). We
have, dropping a multiplicative constant,

D oo D
)2 [ R (9.39

We use the change of variables ¢ = ¢ + 3 M;(t) "' N, (0)". We then have
YT A ()Y = §7 A ()4 + 547 By(t,0)7
+3Bu(t,0)4 + 3Bu(t,0) Ay (£) 7 By(t,0)7,

where A(t)” = Ay(¢) and (By(t,0)§)™ = By(t,0)4.
We then rewrite (9.35) in the form

dD¢1~--dD¢g
det(M(t D/Q/ y :
€ ( f( )) (T+ C o iBbAngg +¢TAb’¢)n7f+D£f/2
Set then

T(t,0) = T(t,0) + C(t,0) — iBb(t, 0) AL (1) By(t,0)7, (9.38)

(9.36)

(9.37)

so that we write the above as

det (M (t))P/? / dPyy - dPy,
Te.oy 1057 | (T g X007

with
Xy(t,0) = T(t,0) L Ay(t).
Then, up to a multiplicative constant, the integral gives

2ty 4 ooy det(My (1)) P/

P i) 1y
det(Ay(t))P/2

(9.39)
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Consider first the term
det(M;(t))"2
det(Ay(t))P/?
in (9.39) above. This can be identified with a Berezinian. In fact, we have
det (M (t))"2

det(My(t) — § My (t) M (t) =1 My (t))P/? = Ber(M(t))"P/2,  (9.40)

where
Mb(t) 1be(t))
M(t) = ( 2 . 9.41
O = img o) mst0) (041
~ le D2y
We now look more closely at the remaining term 7~ "*f~—="+=" in

(9.39). We know from (9.38), (9.31), and (9.24) that we can write T'(t,0)
in the form

T(t, 9) = Z ufti + Z %,‘92]‘_192]‘ + Z Oij (t)02i_192i02j_102j, (942)
i J

i<j
where the first sum is over all edges and the other two sums are over
fermionic edges. We set \; = 69;_105;. Using a change of variables

~ 1
we rewrite the above as

~ 1
T(t,0) = ujt; - WO+ > Ciimzio1n2im2;-1m2;,
i

i<j
with
S\i = 1M2i—172i-

We write

T(0) = 3wt — iy

[e'e] 15 N k
~ . —a sATCA
T =T« 2 _ ,

S ()

where we use the notation

1o <
5)\ C\= Z CiM2i—1M2iM25 - 1725 -

i<j

and we write
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Thus, we can write the Feynman integral in the form

MdDﬁ --dPsy, dPoy - ..dD% =

ql .. 'qn
A, - - -
Ii/ 7 £ D( m 2 dty -+~ dty dmny - - - dnag, (9.43)
Sas T0) FF B0 Ber(M(1) /2

where A(t) is 77/ times the coefficient of 7; - - - 725 in the expansion

oo 1Y7 Y k
3 (—a> (2)\ CA)
k=0 k T
More explicitly, this term is of the form
At) = Ciyiy(t) -+~ Ciy_yif (B),

over indices i, with ia,—1 < i, and for k = f/2. The multiplicative
constant in front of the integral on the right hand side above is given by

_ (—n+f — 5t —fb)>
a f/2 '
After imposing n — g + 2(¢; — ) = 0 and performing the Grassmann
integration of the resulting term

A(t)m - - m2g
—— = dty -ty dnpy - - - diay, (9.44)
/Uan Ber(M(t))P/2
the result follows directly from (9.43). O

9.3 Graph supermanifolds

The result of the previous section shows that we have an analog of the
period integral

/ dty---dty
o, det(Mr(t))P/?
given by the similar expression

/ Ber(/tl(;t)))[’/?dtl e dty,. (9.45)

Again we see that, in this case, divergences arise from the intersections

between the domain of integration given by the simplex o,, and the variety

defined by the solutions of the equation
Ber(M(t))P/? B

AT (9.46)
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Lemma 9.3.1. For generic graphs, the set of zeros of (9.46) defines a
hypersurface in P, hence a divisor in P*~'12f of dimension (n—2|2f). The
support of this divisor is the same as that of the principal divisor defined

by Ber(M(t)).

Proof. The generic condition on graphs is imposed to avoid the cases
with M (t) = 0. Thus, suppose given a pair (I', B) that is generic, in the
sense that M(t) is not identically zero. The equation (9.46) is satisfied by
solutions of

det(My(t) — %Mb FOMp(t) " My (t)) =0 (9.47)

and by poles of A(t). (The factor 1/4 in (9.47) comes from the change of
variable formula (9.27).) Using the formulae (9.31) and (9.24) we see that
the denominator of A(t) is given by powers of det(M(¢)) and det(Ay(t)) =
det(My(t) — 3 My (t)My(t)"*Mypy(t)). Thus, the set of solutions of (9.46)
is the union of zeros and poles of Ber(M(t)). The multiplicities are given
by the powers of these determinants that appear in A(t)Ber(M(t))~"/2.0

Definition 9.3.2. Let I' be a graph with bosonic and fermionic edges and
B a choice of a basis of Hy(I'). We denote by X ) C P"~!2/ the locus
of zeros and poles of Ber(M(t)) = 0. We refer to X(r p) as the graph
supermanifold.

In the degenerate cases of graphs such that M;(¢t) = 0, we simply set
Xr,p) = P"~ 112/ Examples of this sort are provided by data (I, B) such
that there is only one loop in B containing fermionic edges. Other special
cases arise when we consider graphs with only bosonic or only fermionic
edges. In the first case, we go back to the original calculation without
Grassmann variables and we therefore simply recover

X(F,B) = Xp = {t:det(My(t)) =0} C pr-tlo

In the case with only fermionic edges, we have det(My(t) —
TMyp(t)My(t) " Myy(t)) = 0 since both My (t) and Mys(t) are identically
zero. It is then natural to simply assume that, in such cases, the graph
supermanifold is simply given by X gy = Pf=112f,
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5

Consider the example of the figure, with a choice of the basis of loops
satisfying the condition (9.18). It is easy to see that such a choice is possible:
it has two generators, one of them a loop made of fermionic edges and the
second a loop containing both fermionic and bosonic edges. Let us assign
the ordinary variables ¢; with ¢ = 1,...,5 to the edges as in the figure
above. We then have

My(t) =t1 +t2 +t3

since only the second loop in the basis contains bosonic edges, while we
have

Myp(t) = (t1 + ta, t1 +t2 + t3)

= tl(l, 1) + tg(l, 1) + t3(0, 1) + t4(0,0) + t5(0, O)

and

0 t1+t
Mf(t)z(—(tﬁh) "0 2)'

Thus, we obtain in this case

Mg () Mp(t) ™ My (t) =

0o —L t1 + to
t by, by +tg 1 EED)
(1+2’1+2+3)< Lo )(t1+t2+t3

t1+t2

—(t1+t2+ts)
= (t1 +ta,t1 +t2 + t3) “Jlrt?

Z—(t1+t2+t3)+t1+t2+t350.

Thus, in this particular example we have Mys(t) M (t) " My, (t) = 0 for all
t=(t1,...,t5), so that

Ber(M(t)) = det(My(t)) det(My(t)) ™ = (t1 + b2 +t3)/(t1 +12)°
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and the locus of zeros and poles X(r gy C P°I8 is the union of t1 +ty+t5 = 0
and t; +t = 0 in P® (the latter counted with multiplicity two), with the
restriction of the sheaf from P5I3.

It is also shown in [Marcolli and Rej (2008)] that the universality result
of [Belkale and Brosnan (2003a)] implies a similar result for the super-
manifold case, using the simple relation of Proposition 9.1.2 between the
Grothendieck ring of ordinary manifolds and of supermanifolds.

9.4 Noncommutative field theories

Scalar quantum field theories, especially ¢* theories, over a noncommuta-
tive spacetime have been investigated extensively in recent years, especially
in relation to their renormalization properties. Such theories arise as effec-
tive limits of string theory [Connes, Douglas, Schwarz (1998)], [Seiberg and
Witten (1999)], where the underlying spacetime is deformed to a Moyal
type noncommutative space.

We do not give here a detailed exposition of these theories, and we re-
fer the reader to the lectures [Grosse and Wulkenhaar (2008)] for a nice
and detailed overview. We only recall that in dimension D = 4, when
the underlying R* is made noncommutative by deformation to R} with the
Moyal product, the theory suffers from a new type of divergences, coming
from UV/IR (ultraviolet/infrared) mixing. These render the theory non-
renormalizable. However, perturbative renormalization can be restored in
the ¢* theory in different ways. In the Grosse-Wulkenhaar model [Grosse
and Wulkenhaar (2005)], this is done by the addition of a harmonic oscilla-
tor term that is quite natural from the point of view of the Moyal product,
but which breaks the translation invariance of the theory. More recently, a
different approach to restoring renormalization for the ¢* theory on Moyal
spaces, which maintains translation invariance, was introduced in [Gurau,
Magnen, Rivasseu, Tanasa (2009)]. Both models are renormalizable to all
orders.

What interests us most here is the fact that, in these theories, it is also
possible to obtain a parametric representation of Feynman integrals. Due
to the fact that the underlying spacetime coordinates no longer commute,
ordinary Feynman graphs are replaced in this context by ribbon graphs and
the planarity or non-planarity of the ribbon graphs plays an important role
in the properties of the corresponding Feynman integrals. We concentrate
on some special examples among the parametric representation described
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in [Gurau and Rivasseu (2007)], [Tanasa (2007)].

Among the family of “banana graphs”, whose motivic properties were
described in [Aluffi and Marcolli (2008a)], the only ones that can appear
as Feynman graphs of a ¢* theory are the one-loop case (with two external
edges at each vertex), the two-loop case (with one external edge at each
vertex) and the three-loop case as a vacuum bubble. Excluding the vac-
uum bubble because of the presence of the polynomial Pr(t), we see that
the effect of making the underlying spacetime noncommutative turns the
remaining two graphs into the following ribbon graphs. (Notice how the
two-loop ribbon graph now has two distinct versions, only one of which is

a planar graph.)
N7

F2 F3

The usual Kirchhoff polynomial ¥ (t) of the Feynman graph, as well as
the polynomial Pr(t,p), are replaced by new polynomials involving pairs of
spanning trees, one in the graph itself and one in another associated graph
which is a dual graph in the planar case and that is obtained from an em-
bedding of the ribbon graph on a Riemann surface in the more general
case. Unlike the commutative case, these polynomials are no longer homo-
geneous, hence the corresponding graph hypersurface only makes sense as
an affine hypersurface. The relation of the hypersurface for the noncom-
mutative case and the one of the original commutative case (also viewed as
an affine hypersurface) is given by the following statement.

Proposition 9.4.1. Let T’ be a ribbon graph in the noncommutative ¢*-
theory that corresponds in the ordinary ¢*-theory to a graph T with n inter-
nal edges. Then instead of a single graph hypersurface Xr one has a one-
parameter family of affine hypersurfaces Xf,s C A™, where the parameter
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s € Ry depends upon the deformation parameter 6 of the noncommutative
Rg and on the parameter ) of the harmonic oscillator term in the Grosse—
Wulkenhaar model. The hypersurface corresponding to the value s = 0 has
a singularity at the origin 0 € A™ whose tangent cone is the (affine) graph
hypersurface Xr.

Proof. This follows directly from the relation between the graph poly-
nomial for the ribbon graph T given in [Gurau and Rivasseu (2007)] and
the Kirchhoff polynomial Ur. It suffices to see that (a constant multiple
of) the Kirchhoff polynomial is contained in the polynomial for T for all
values of the parameter s, and that it gives the part of lowest order in the
variables t; when s = 0. O

In the specific examples of the banana graphs I's and I's of the fig-
ure above, the polynomials have been computed explicitly in [Gurau and
Rivasseu (2007)] and they are of the form

Up, = (1 +4s%)(t1 + b2 + titz + 1113), (9.48)

where the parameter s = (40Q)~! is a function of the deformation pa-
rameter 6 € R of the Moyal plane and of the parameter €2 in the harmonic
oscillator term in the Grosse-Wulkenhaar action functional (see [Grosse and
Waulkenhaar (2008)]). One can see the polynomial Ur, () = ¢ + t2 appear-

ing as lowest order term. Similarly for the two graphs I's that correspond
to the banana graph I's one has ([Gurau and Rivasseu (2007)])

Wi (t) = (14 8% + 165" (trta + tats + tits + titats + tit5ts + t1lat3)

+ 165213 + t3t2)
(9.49)
for the planar case, while for the non-planar case one has
Wi (1) = (1485 + 165" (tata + tats + tits + tTtats + tit5ts + t1lat3)
+ 48 (13 + 1313 + 13 + 1363 + 13 + 1363 + 1 + 13t343).
(9.50)
In both cases, one readily recognizes the polynomial Wr, () = ¢1t2 + tats +
t1ts as the lowest order part at s = 0. Notice how, when s # 0, one finds
other terms of order less than or equal to that of the polynomial ¥r,(¢),
such as 3 in (9.49) and 1+ 3 + t2 + tZ in (9.50). Notice also how, at the
limit value s = 0 of the parameter, the two polynomials for the two different
ribbon graphs corresponding to the third banana graph I's agree.
For each value of the parameter s = (40Q)~! one obtains in this way
an affine hypersurface, which is a curve in A2 or a surface in A3, and that
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has the corresponding affine Xt as tangent cone at the origin in the case
s = 0. The latter is a line in the n = 2 case and a cone on a nonsingular
conic in the case n = 3.

Following [Aluffi and Marcolli (2008a)], we now look at what happens
to the invariants such as the Chern-Schwartz-MacPherson (CSM) class of
the graph hypersurfaces, when passing to the nocommutative case. An
interesting observation one obtains in this way is that the CSM classes
detect certain special values of the deformation parameter s = (46)7!
where the hypersurface X i, becomes more singular and gives a quantitative
estimate of the amount by which the singularities change.

The CSM class is naturally defined for projective varieties. In the case
of an affine hypersurface defined by a non-homogeneous equation, one can
choose to compactify it in projective space by adding an extra variable
and making the equation homogeneous and then computing the CSM class
of the corresponding projective hypersurface. However, in doing so one
should be aware of the fact that the CSM class of an affine variety, defined
by choosing an embedding in a larger compact ambient variety, depends on
the choice of the embedding. An intrinsic definition of CSM classes for non-
compact varieties which does not depend on the embedding was given in
[Aluffi (2006)]. However, for our purposes here it suffices to take the simpler
viewpoint of making the equation homogeneous and then computing CSM
classes with the Macaulay2 program of [Aluffi (2003)].

Proposition 9.4.2. Let X3 C P3 denote the affine surface defined by the
equation (9.49) and let st C P2 be the hypersurface obtained by making
the equation (9.49) homogeneous. For general values of the parameter s =
(40Q)~1 the CSM class is given by

o(Xp,) = 14H® + 4H. (9.51)
For the special value s = 1/2 of the parameter, the CSM class becomes of
the form
o(Xp,)ls=1/2 = 5H® + 5H” + 4H, (9.52)
while in the limit s — 0 one has
o(Xp,)ls=0 = 11H® + 4H. (9.53)

It is also interesting to notice that, when we consider the second equa-
tion (9.50) for the non-planar ribbon graph associated to the third banana
graph I's, we see an example where the graph hypersurfaces of the non-
planar graphs of noncommutative field theory no longer satisfy the positiv-
ity property conjectured for the the graph hypersurfaces of the commutative
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field theories in [Aluffi and Marcolli (2008a)]. In fact, as in the case of the
equation for the planar graph (9.49), we now find the following result.

Proposition 9.4.3. Let X3 C P3 denote the affine surface defined by the
equation (9.50) and let Xf3 C P? be the hypersurface obtained by making

the equation (9.50) homogeneous. For general values of the parameter s =
(40Q)~t the CSM class is given by

o(Xp,) = 33H® — 9H? + GH. (9.54)
The special case s = 1/2 is given by
o(Xp,)lso1j2 = 9H® — 3H + 6H (9.55)

Notice that, in the case of ordinary Feynman graphs of commutative
scalar field theories, all the examples where the CSM classes of the corre-
sponding hypersurfaces have been computed explicitly (either theoretically
or numerically) are planar graphs. Although it seems unlikely that pla-
narity will play a role in the conjectured positivity of the coefficients of the
CSM classes in the ordinary case, the example above showing that CSM
classes of graph hypersurfaces of non-planar ribbon graphs in noncommu-
tative field theories can have negative coefficients makes it more interesting
to check the case of non-planar graphs in the ordinary case as well. It is
well known that, for an ordinary graph to be non-planar, it or a quotient
by a subgraph has to contain a copy of either the complete graph K5 on
five vertices or the complete bipartite graph K33 on six vertices. Either
one of these graphs corresponds to a graph polynomial that is currently
beyond the reach of the available Macaulay2 routine and a theoretical ar-
gument that provides a more direct approach to the computation of the
corresponding CSM class does not seem to be easily available. It remains
an interesting question to compute these CSM classes, especially in view of
the fact that the original computations of [Broadhurst and Kreimer (1997)]
of Feynman integrals of graphs appear to indicate that the non-planarity
of the graph is somehow related to the presence of more interesting periods
(e.g. multiple as opposed to simple zeta values). It would be interesting to
see whether it also has an effect on invariants such as the CSM class.
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