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Feynman integrals and periods in configuration spaces

Ozgiir Ceyhan and Matilde Marcolli

ABSTRACT. We describe two different constructions related to Feynman am-
plitudes in configuration spaces. Omne of them corresponds to the physical
Feynman amplitude, while the second problem is, in a suitable sense, a com-
plexification. We show that the two problems, while similar in form, lead to
very different mathematical techniques and results. In the first case, we use an-
alytic methods related to the expansion of the Green function of the Laplacian
in Gegenbauer polynomials, while in the second case we use algebro-geometric
techniques related to wonderful compactifications of configuration spaces. In
the first case, we identify a contribution to the Feynman integral, which has
a natural description in representation theoretic terms, which is expressible in
terms of Mordell-Tornheim and Apostol-Vu series, even when the remaining
terms of the integral might not be expressible in terms of multiple zeta val-
ues. In the second case, we can always express the resulting integral as an
integral of an algebraic differential form over a variety whose motive is mixed
Tate, even though the argument does not directly ensure that the algebraic
differential form will be defined over the rationals.

1. Introduction

The past decade has seen the development of a new field of inquiry, aimed
at understanding the geometric and algebraic structure underlying regularization
and renormalization of Feynman integrals as well as the number theoretic prop-
erties of the residues of Feynman graphs obtained in perturbative quantum field
theory. In particular, an unexpected connection between quantum field theory
and Grothendieck’s theory of motives of algebraic varieties was uncovered. The
main idea behind this relation is that (regularized) integrals associated to Feynman
graphs can be interpreted as periods of some algebraic varieties, and the nature of
the motive of the variety can predict what class of numbers can arise as periods.
An especially interesting class of numbers that occur as periods are the multiple
zeta values, which occur as periods of an especially interesting class of motives, the
mixed Tate motives. Thus, within the general framework of the relation between
quantum field theory and motives, specific questions have often revolved around
whether the specific motives are mixed Tate, and the periods expressible as combi-
nations of multiple zeta values. This area of research has grown rapidly in the past
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few years, hence the list of relevant references is extensive. Without any claim of
completeness, we refer the reader to some of the relevant literature, starting with
the paper of Bloch, Esnault and Kreimer [22], including several other contributions
to the subject: [7], [8], [9], [10], [24], [27], [30], [31], [32], [33], [40], [44], [67].

In the perturbative expansion in Feynman graphs of a Fuclidean scalar massless
quantum field theory, one can compute the contributions of individual Feynman
graphs either in configuration or in momentum space. A good part of the literature
on the subject of motives and periods in quantum field theory has focused on the
momentum space picture, and especially the Feynman parametric form, where the
contribution of a Feynman graph is interpreted as the (possibly divergent) integral
of an algebraic differential form on the complement of a hypersurface (the graph
hypersurface) in a projective space. In this setting, the relevant motivic question
is the nature of the motive of the graph hypersurface. General results of Belkale
and Brosnan [16] show that the graph hypersurfaces additively span a localized
version of the Grothendieck ring of varieties, hence they can be arbitrarily far from
the mixed Tate case, and more concrete recent results of Doryn, Brown and Doryn,
and Schnetz, provided explicit non-mixed-Tate examples, [30], [31], [44].

In this paper, we will focus on the dual picture in configuration space. We will
consider both the physical case of the Feynman amplitude and some mathematical
generalizations that show similar but different behavior. Clearly, momentum and
configuration space approaches are dual pictures, related by a Fourier transform
of the propagators, as we will show more precisely in Section [3.4] below. However,
Fourier transform is not an algebraic operation, hence there is no a priori reason
why it should preserve the nature of motives and periods, other than a general
philosophical belief in the consistency of the universe. In other words, Fourier
transform preserves the L? but not the L' norm, hence it does not preserve period
integrals. These also take place in different dimensions: due to momentum con-
servation, integration takes place in a space of dimension b;(I') in the momentum
space formulation, and in dimension #Vr in the configuration space case. All this
simply means that one cannot just appeal directly to Fourier duality to explain the
equivalence of the two pictures, in terms of the arithmetic information encoded in
the Feynman integrals. One has to develop a mathematical argument that shows
what happens in both cases and how they are related.

1.1. Integrals in configuration spaces. In the present paper we will con-
sider two different cases of integrals in configuration spaces. The first case, which
we refer to as the real case, corresponds to the physically relevant Feynman integral,
while the second case, which we call the complexified case is a simple mathematical
generalization. We find it instructive to compare these two cases, because although
they at first look very similar, they lead to different mathematical techniques and
different results.

In both cases, for consistency, we use the following general setting and notation.
Let T" be a Feynman graph of the given Euclidean scalar massless quantum field
theory. We assume chosen an orientation of I'. Let D € N be the spacetime
dimension of the theory. Let X be a D-dimensional algebraic variety, which contains
a dense big cell AP C X. Let Confr(X) = X7 \U.cp. A, denote the configuration
space of the graph I', where A, = {z = (2,,) | ¥5(e) = T4(e) } are the diagonals. The
geometry of these configuration spaces and of their wonderful compactifications is
described in [36], [61], [62].
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Note: here and elsewhere in the paper, for a space X and a finite set S we use
the standard notation X¥ = Maps(S, X) = X#5 where #S is the cardinality, and
the identification is through a choice of a bijection S — {1,...,#S}. Thus, in the
above, any such bijection identifies X' =2 XV with N = #V7r.

1.1.1. The real case. In this case, we associate to the graph I' the differential
form of middle-dimensional degree DN, with N = #Vp,

wr = H 1Zs(e) — Tee) |2 /\ v,

e€Er veVr
where D = 2\ + 2, and where || - || is the Euclidean norm on APV (C).
This a C>°-differential form with singularities along diagonals x4,y = x4(.). The
domain of integration in this case is the middle dimensional locus of real points
or = X(R)'T.
For later purposes, let us emphasize the following two facts:

(1) wr is not an algebraic form;
(2) wr is not a closed form on Confp(X).
1.1.2. The complezified case. In this other case we consider the variety Z =
X x X with projection p: Z — X, p: 2z = (x,y) — x. We associate to the graph T’
a differential form of middle-dimensional degree 2DN, with N = #Vp,

H D2 /\ dx, N dz,

ecEr veEVT

Hxs (e) — xt(

where |[zgc) — Ti(e)|| = |P(2)s(e) — P(2)¢(e)||. As chain of integration, in this case,
we consider the middle dimensional locus

7Y = XV (C) = XV x {y = (yu)} € 2V = X x X"*
for a fixed y = (y, |v € V). In this case, we have the following situation:
(1) wl(ﬂZ) is not an algebraic form;
(2) wl(ﬁZ) is a closed form on Confp(X) x X'T.

1.2. Algebraic versus smooth differential forms. In the typical physical
situation, the relevant integral is over a locus of real coordinates, corresponding to
the physical momenta, or positions. It is in general convenient, in order to apply
geometric methods, to extend the differential form from the real locus to an ambient
space with complex coordinates. In general, there are inequivalent ways of doing
this, which agree on the physically relevant locus of real coordinates. Since the
extension to complex coordinates is an artifact and the values on the real locus are
all that matters to the computation of the integral, the result is independent of the
chosen extension. However, different extensions have different properties and lead
to different methods of dealing with the question of the arithmetic nature of the
Feynman integral.

1.2.1. Algebraic formulations. Typical algebraic formulations of Feynman inte-
grals extend the integration form from real to complex variables using a quadratic
form (algebraic) instead of a Euclidean norm. For example, in momentum space
amplitudes, for n = #Er, one writes the amplitude at

/ S(300y ik + Y50 €0,3p;)

Ul =
@) q1--"dn

dPky---dPk,,
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where €,; and €, ; are incidence matrices for internal and external edges, that
express the linear constraints of momentum conservation at vertices, and the de-
nominator is written as a product of quadratic form (in the case with non-zero mass
m)

D
Ge(ke) = Z kg’j +m?2.
j=1

In configuration space, with mass m = 0, the analogous approach would corre-
spond to an integral, for N = #Vp,

1
U(F) = / mdD.Ivl e deUN’

where the quadratic forms in the denominator are given by
D

Qe(s(e)s Te(e) = Y _(Tu(e) g — Te(e) )
j=1
This point of view for configuration space integrals was discussed in [36].

The advantage of this algebraic approach to extending the form from real to
complex coordinates is that one directly deals with an algebraic differential form.
Thus, the interpretation of the Feynman integral as a period (modulo the conver-
gence issue), is completely transparent, as it is manifestly written as an integral of
an algebraic differential form on a locus defined by algebraic equations inside an
algebraic variety.

The disadvantage of this method is that the singularities of the algebraic dif-
ferential form occur along a hypersurface defined by the vanishing of the product of
quadratic forms Q1 - - - @, and typically the motive of this hypersurface is difficult
to control.

1.2.2. Non-algebraic formulation. The non-algebraic formulation, which is our
main focus in the present paper, extends the form from real to complex coordinates
using a Euclidean norm. The resulting form

1
wr = _ dx
' g ser = @) 12 Q ’
is manifestly not an algebraic differential form. It is a smooth C°°-form on the
complement of the diagonals A., where it is singular.

The advantage of this approach is that now the locus of singularities of the
form is not a hypersurface, but a union of diagonals, which, as we will see more in
detail, is much easier to control in geometric and motivic terms.

The obvious disadvantage lies in the fact that, since the form is not algebraic,
one cannot directly describe the integral as a period, and one should either use
cohomological methods for replacing the form with an algebraic one in the same
cohomology class (closed form case) or proceed via some explicit computation that
identifies the result as a period by direct inspection (non-closed form case).

1.3. Structure of the paper. Section [2 gives a quick overview of the ques-
tions and methods developed to investigate the relation between Feynman integrals
and motives from different viewpoints.

Section B introduces algebraic varieties X VT and ZVr that describe configu-
ration spaces associated to a Feynman graph I', and smooth differential forms on
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these varieties, with singularities along diagonals, that extend the Feynman rules
and Feynman propagators in configuration spaces to varieties containing a dense
affine space that represents the “physical space” on which the Feynman diagram
integration lives.

We consider three possible variants of the geometry, and of the corresponding
differential form, respectively given by the forms [B.2), 89) and BI2), because
this will allow us to present different methods of regularization and integration and
show, in different ways, how the relation between Feynman integrals and periods
of mixed Tate motives arises in the setting of configuration spaces.

These include the “real case” and “complexified case” discussed above, as well
as another variant that is related to some interesting integral kernels we will discuss
in Section [8

The geometric setting builds upon our previous work [36], and we will be re-
ferring to that source for several of the algebro-geometric arguments we need to use
here. In terms of the Feynman amplitudes themselves, the main difference between
the approach followed in this paper and the one of [36], as we mentioned above, is
in the non-algebraic nature of the differential form. In our previous work [36] we
extended the Feynman propagator to the configuration space X VT as an algebraic
differential form, which then had singularities not only along the diagonals, but
also along a quadric Zr (the configuration space analog of the graph hypersurfaces
describing singularities of Feynman amplitudes in momentum space). In this pa-
per, we extend the Feynman propagator to a C* (non-algebraic) differential form
on XVr which then has singularities only along the diagonals.

In the real case, we will deal with the resulting integrals through analytic
methods, and identify a term that is expressible through multiple zeta values. In
the complexified case, we will appeal to cohomological arguments to replace the
form with an algebraic one. In this second case, we will also use the fact that,
having singularities only along diagonals allows us to keep a good control over the
motive, which does not leave the mixed Tate class.

Section Ml deals with the “real case” (the physical Feynman amplitude). We
consider the first form ([B2)) as the Feynman amplitude and its restriction to the
affine space APVr(R) in the real locus in the graph configuration space X Vr, with
X = PP(C). We first describe a setting generalizing a recent construction, by
Spencer Bloch, of cycles in the configuration spaces X Vr. Our setting assigns a
middle-dimensional relative cycle, with boundary on the union of diagonals, to any
acyclic orientation on the graph. We then consider the development of the propaga-
tor into Gegenbauer orthogonal polynomials. This is a technique for the calculation
of Feynman diagrams in configuration spaces (known as z-space technique) that is
well established in the physics literature since at least the early '80s, [38]. We split
these z-space integrals into contributions parameterized by the chains described
above. The decompositions of the chains of integration, induces a corresponding
decomposition of the Feynman integral into an angular and a radial part. In the
case of dimension D = 4, and for polygon graphs these simplify into integrals over
simplexes of polylogarithm functions, which give rise to zeta values. For more gen-
eral graphs, each star of a vertex contributes a certain combination of integrals of
triple integrals of spherical harmonics. These can be expressed in terms of isoscalar
coefficients. We compute explicitly, in the case D = 4 the top term of this expan-
sion, and show that, when pairs of half edges are joined together to form an edge
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of the graph, one obtains a combination of nested sums that can be expressed in
terms of Mordell-Tornheim and Apostol-Vu series. This result means that, even
when the overall Feynman amplitude would contain non-mixed Tate periods, one
can isolate a contribution, which is defined in representation theoretic terms, which
remains a mixed Tate period.

Starting with g5 we consider what we called the “complexified case”. Here we
deal with a different integration form, given by ([B.9]), which is a generalization of
the Feynman amplitude previously considered. This is defined after performing a
doubling of the dimension of the relevant configuration spaces ZVr ~ (X x X)Vr.
The advantage of passing to this formulation is that one is then dealing with a
closed form, unlike the case of (.2 considered in the previous section, hence coho-
mological arguments become available. We first describe the simple modifications
to the geometry of configuration spaces, with respect to the results of our previ-
ous work [36], which are needed in order to deal with this doubling of dimension.
We introduce the wonderful compactification F(X,T") of the configuration space
ZVr, which works pretty much as in the case of the wonderful compactification
Confr(X) of XVr described in [36], [61], [62], with suitable modifications. The
purpose of passing to the wonderful compactification is to realize the complement
of the diagonals in the configuration space explicitly as the complement of a union
of divisors intersecting transversely, so that we can describe de Rham cohomology
classes in terms of representatives that are algebraic forms with logarithmic poles
along the divisors. We also discuss, in this section, the properties of the motive of
the wonderful compactification and we verify that, if the underlying variety X is
a Tate motive, the wonderful compactification also is, and so are the unions and
intersections of the divisors obtained in the construction. We also describe iterated
Poincaré residues of these forms along the intersections of divisors, according to
the general theory of iterated Poincaré residues of forms with logarithmic poles,
2, [3], [42], [52].

In g6l we consider a first regularization method for the Feynman integral based
on the amplitude ([B.3]), which is essentially a cutoff regularization and is expressed in
terms of principal-value currents and the theory of Coleff-Herrera residue currents,
[18], [39]. We show that, when we regularize the Feynman integral as a principal
value current, the ambiguity is expressed by residue currents supported on the
intersections of the divisors of the wonderful compactification, which are related to
the iterated Poincaré residues described in §5l In particular, when evaluated on
algebraic test differential forms on these intersections, the currents describing the
ambiguities take values that are periods of mixed Tate motives.

In §7l we introduce a more directly algebro-geometric method of regularization
of both the Feynman amplitude form ([B.39) and of the chain of integration, which
is based on the deformation to the normal cone [46], which we use to separate the
chain of integration from the locus of divergences of the form. We check again
that the motive of the deformation space constructed using the deformation to the
normal cone remains mixed Tate, and we show once again that the regularized
Feynman integral obtained in this way gives rise to a period.

Section[§lis an Appendix, where we present additional material that can be read
independently of the rest of the paper (or can be skipped by readers more directly
interested in the main results on periods). Its main purpose is to explain the relation
between the Feynman amplitudes (32), (39) and (3I2) and real and complex
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Green functions and the Bochner—-Martinelli integral kernel operator. In particular,
we show that the form of the Feynman amplitude leads naturally to a Bochner—
Martinelli type theorem, adapted to the geometry of graph configuration spaces,
which combines the usual Bochner—-Martinelli theorem on complex manifolds [53]
and the notion of harmonic functions and Laplacians on graphs.

2. Motives and Periods in Feynman Integrals

This introductory section was added at the request of the volume editors as a
short overview of the occurrence of motives and periods in quantum field theory.

The empirical observation of the pervasive presence of multiple zeta values
in Feynman integral of massless scalar field theories illustrated in the extensive
analysis carried out by Broadhurst and Kreimer [28] suggested a possible deeper
relation between periods and Feynman integrals. Indeed, it was known by [51] that
multiple zeta values can be realized as periods of motives (moduli spaces of curves of
genus zero) that are mixed Tate, and it was conjectured and later proved by Brown
[29] that indeed all periods of mixed Tate motives over Z are Q[(2mi)~!]-linear
combinations of multiple zeta values.

At the level of formal categorical structures, the work of Connes and the second
author [40] (see also Chapter 1 of [41]), showed that the divergences of a scalar
field theory can be organized into a Tannakian category of irregular-singular differ-
ential systems, whose Tannakian Galois group has the same kind of pro-unipotent
structure as the motivic Galois groups of mixed Tate motives. While this approach
is also suggestive of a direct relation between quantum field theory and motives, it
does not provide a way to associate a specific motive to a specific Feynman integral.

In order to analyze motives and periods arising from individual Feynman inte-
grals, one can consider different ways of writing the (possibly divergent) integrals
associated to individual Feynman graphs. For a (massive) Euclidean scalar field
theory in dimension D, the unrenormalized Feynman integral of a Feynman graph
is given, up to a divergent I'-factor, by the expression

C/ oev ) 0 cepin r) vcke + Xjep, . r) €0.iPi) H dPk.
[Leck,,. ) 2 (ke) (2m)P

where ¢.(k.) is a quadratic form in the momentum variables k. and the mass
parameters m,. associated to the internal edges e € F;,+(T),

e€Eint(T)

D
Ge(ke) = Z kg,i +m.
i=1

The constant is given by

=] 0"

with A, the coupling constant of the ¢*(*) term in the Lagrangian, with t(v) the
valence of the vertex v, and where p; are the momenta associated to the external
edges e; € Eeyt(I) of the graph I'. The matrix (€,.¢)vev(r),eeE,, (1) is the incidence
matrix with entries £1 or 0 according to whether v = s(e), or v = t(e) or v ¢
0(e), and similarly for €, ;j, with e; running over the external edges. The explicit
derivation of the perturbative expansion with this form of the Feynman integrals
from the Lagrangian of the quantum field theory and the formal infinite dimensional
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integral is recalled briefly in the first chapter of [65], or in the first chapter of [41],
see also standard quantum field theory textbooks like [20], [57].

Under the assumption that the parameters p; and A, are rational numbers,
the integral above (if convergent) could be seen as a period of the complement of
a union of quadrics. It is important to notice that, in general, in the massive case
with m = (m.) # 0, one does not expect to find mixed Tate motives even for very
simple graphs like the sunset graph and other so called banana graphs (two vertices
with a set of parallel edges between them). Indeed, it was shown in [23], [23], [85]
that non-mixed-Tate motives and periods occur in the case of the sunset and the
3-banana graph. This massive case should be contrasted with the massless case,
where the banana graphs provide a very simple example where one can compute
explicitly the motive (at least at the level of classes in the Grothendieck ring) and
see easily that it is mixed Tate, [6].

Indeed the case of the massless Feynman integrals is significantly different from
the massive case, in terms of their motivic properties and one encounters mixed-
Tate motives for all graphs up to a significant size. The integral computation, in the
massless case, can be reformulated in Feynman’s parametric form (see [20], [71],
and also Chapter 3 of [65]). When rewritten in terms of Feynman parameters, the
Feynman integrals for a massless field theory take the form

C PF(tap)_n+Dé/2 W,
Wp ()P /2

g,

where C € Q is a constant, p are the external momenta, n = #F;,;(I') and
¢ = by (T), with locus of integration o, the n-simplex, and volume form w,. The
integrand is a rational function with polynomials ¥ and Pr consisting of the
Kirchhoff (or first Symanzik) polynomial

vr(t)=> ]t

TCT e¢T

and the second Symanzik polynomial

Pp(t,p) = Z S¢ H te

ccr seC

with the sum over cut-sets C of T' (collections of b1 (I") + 1 edges consisting of
the complement of a spanning tree plus one edge), with s¢ a quadratic function
of the external momenta. In the case where all the parameters are rational and
—n + Dl/2 > 0, the integral (if convergent) would be identified with a period of
the complement of the graph hypersurface Xt = {¥r = 0}.

Kontsevich conjectured that the motives of the graph hypersurfaces X would
always be mixed Tate, which would explain the occurrence of multiple zeta val-
ues. This conjecture was disproved by Belkale and Brosnan [16], who showed that
the graph hypersurfaces generate the localization of the Grothendieck ring at the
multiplicative subset S generated by L™ — IL, where L = [A!] is the Lefschetz mo-
tive, as a module over the localization S~'Z[L]. This implies that, for sufficiently
large graph, not only the classes of the graph hypersurfaces will leave the mixed
Tate world but they will become arbitrarily complicated as motives. This can be
contrasted with the remarkably simple behavior of the Grothendieck classes of the
graph hypersurfaces in the quotient of the Grothendieck ring obtained by killing
the Lefschetz motive, as described in [1].
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Even though the general result of [16] shows that the classes of the graph
hypersurfaces are not always mixed-Tate, explicit examples are difficult to come by
and only occur for graphs that are considered to be very large from the quantum
field theory perspective. Indeed, it was first proved by Stembridge [81] that all
graphs up to 12 edges contribute mixed Tate motives, and the first explicit non-
mixed-Tate examples, found by Doryn [44] and Schnetz [75] occur only at 14 and
16 edges.

Most of the results on the relation between quantum fields and motives have
been obtained so far using the Feynman parametric form of the integrals and study-
ing the graph hypersurfaces, and the problem of divergences has been approached
in terms of blowups and deformations of the graph hypersurface, see [22], [24], [66].
Other methods involved mapping the integrals to the complement of determinant
hypersurfaces and their compactifications, [7], [67]. In all of these cases, one is
dealing with the formulation of Feynman integrals in momentum variables. In this
paper instead, following the approach developed in [36], [37], we consider instead
Feynman integrals written in terms of position variables in configuration spaces.

3. Feynman amplitudes in configuration spaces and complexifications

In the following we let X be a D-dimensional smooth projective variety, which
contains a dense subset isomorphic to an affine space AP, whose set of real points
AP(R) we identify with Euclidean D-dimensional spacetime. For instance, we can
take X = PP. We assume that D is even and we write D = 2\ + 2.

3.1. Feynman graphs. A graph I is a one-dimensional finite CW-complex.
We denote the set of vertices of I' by Vr, the set of edges by Fr, and the boundary
map by dr : Er — (Vr)2.

When an orientation is chosen on I', we write dr(e) = {s(e),t(e)}, the source
and target vertices of the oriented edge e.

A looping edge is an edge for which the two boundary vertices coincide and
multiple edges are edges between the same pair of vertices. We assume that our
graphs have no looping edges.

3.1.1. Induced subgraphs and quotient graphs. A subgraph v C T' is called an
induced subgraph if its set of edges E, is equal to 61?1 ((V)?), that is, 7 is determined
by a choice of a set of vertices V, C Vp with all the edges of I on the same set of
vertices V. We will denote by SG(I") the set of all induced subgraphs of I" and by

(3.1) SGi(I') = {y € SG(I') | [V;| = k},
the subset SG(I") C SG(T') of all induced subgraphs with k vertices.
For v € SG(I"), we denote by I'//v the graph obtained from I" by shrinking

each connected component of v to a separate vertex. The quotient graph I'/ /7y does
not have looping edges since we consider only induced subgraphs.

3.2. Feynman amplitude. When computing Feynman integrals in configu-
ration space, one considers singular differential forms on X'7, integrated on the
real locus of this space.

DEFINITION 3.1. The Euclidean massless Feynman amplitude in configuration
space is given by the differential form

(3.2) wr = H Hzx; /\ dz,.

2
— X
c€Ep s(e) t(e)H veEVE
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The form ([B.2) defines a C*°-differential form on the configuration space
(3.3) Confr(X) = X' N Ueep. Ao,
with singularities along the diagonals

(3.4) A ={(z|v € VD) | Ty(e) = T4(e)}-

REMARK 3.2. The diagonals (3.4)) corresponding to edges between the same pair
of vertices are the same, consistently with the fact that the notion of degeneration
that defines the diagonals is based on “collisions of points” and not on contraction of
the edges connecting them. This suggests that we may want to exclude graphs with
multiple edges. However, multiple edges play a role in the definition of Feynman
amplitudes (see Definition 3.1l above and §4 of [36]) hence we allow this possibility.
On the other hand, the definition of configuration space is void in the presence of
looping edges, since the diagonal A, associated to a looping edge is the whole space
X" and its complement is empty. Thus, our assumption that graphs have no
looping edges is aimed at excluding this geometrically trivial case. Looping edges
can also occur in Feynman graphs, for instance in tadpole graphs, but the geometry
of the configuration spaces Confr(X) is just not suitable for treating these cases.

REMARK 3.3. As we already discussed in the Introduction, our choice of the
(non-algebraic) Euclidean norm ||y — @4(¢)||* in the Feynman propagator differs
from the customary choice of propagator (see for instance [36]) where the algebraic
quadratic form (z,(e) — xt(e))2 is used instead, but these two expressions agree on
the locus X' (R) of real points, which is the chain of integration of the Feynman
amplitude. The latter choice gives a manifestly algebraic differential form, but at
the cost of introducing a hypersurface Zr in X'T where the singularities of the
form occur, which makes it difficult to control explicitly the nature of the motive.
Our choice here only gives a C*° differential form, but the domain of definition is
now simply Confr(X), whose geometry is much easier to understand than that of
Confr(X) \ Zr, see [36].

Formally (before considering the issue of divergences), the Feynman integral is
obtained by integrating the form (B.2)) on the locus of real points of the configuration
space.

DEFINITION 3.4. The chain of integration for the Feynman amplitude is taken
to be the set of real points of this configuration space,

(3.5) or = X(R)'".

The form (3:2)) defines a top form on or. There are two sources of divergences in
integrating the form (B2) on or: the intersection between the chain of integration
and the locus of divergences of wr,

or NUA: = U AL (R)

and the behavior at infinity, on A, := X ~ AP. In physics terminology, these
correspond, respectively, to the ultraviolet and infrared divergences.
We will address these issues in §4] below.
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3.3. Complexification and other variations upon a theme. In addition
to the form ([B:2) considered above, we will also consider other variants, which will
allow us to discuss different possible methods to address the question of periods and
in particular the occurrence of multiple zeta values in generalizations of Feynman
integrals in configuration spaces. As mentioned in the Introduction, comparing two
apparently very similar cases of the Feynman amplitude (3:2) and of the complexi-
fied version (3.9) will allow us to illustrate how these lead to the use of very different
mathematical methods.

3.3.1. Complezified case. In this setting, instead of the configuration space X7
and its locus of real points o = X "7 (R), we will work with a slightly different space,
obtained as follows.

As above, let X be a smooth projective variety, and Z denote the product
XxX. Letp: Z— X, p:2z=(x,y) = x be the projection. This trivial doubling
of the space X and projection are introduced purely as a simple artifact to ensure
that (as in the real case) the differential form and locus of integration we will be
considering in this complexified setting will still be middle-dimensional. In essence,
the “complexification” consists of the fact that we will be replacing real affine spaces
AP (R) in the chain of integration with complex AP (C).

Given a graph I', the configuration space F(X,T') of ' in Z is the complement

(36) 2%\ |J AP = (x x x)\ | a2,
ecEr ecEr

in the cartesian product Z'* = {(2, | v € Vr)} of the diagonals associated to the
edges of T,

(3.7) AP 2= {(z v e W) € 2 | plzg(e) = Pla1(e)}-
The relation between the configuration space F(X,T") and the previously con-
sidered Confr(X) of (B3] is described by the following.
LEMMA 3.5. The configuration space F(X,T') is isomorphic to
(3.8) F(X,T) ~ Confr(X) x X'T,
and the diagonals B1) and related to those of [B.4) by AP = A, x X0

PROOF. The map realizing the identification (B8] is induced by the identifica-
tion Z = X x X through (B8], so that

F(X,I)=2"\ | A
ecEr

= (X x X))\ [J AP = (X' Ay xx'E
ecEr ecEr

since Agz) =A, x X', O

3.3.2. Amplitudes in the complexified case. We assume that the smooth pro-
jective variety Z contains a dense open set isomorphic to affine space A%P, with
coordinates z = (Z1,...,Zp,Y1,---,YD)-

In principle, our setting could also be generalized by just requiring that the
variety X (hence Z = X x X) contain a dense open subset {2 that is isomorphic
to an open set in an affine space AP, that is, by considering the case of a rational
X. However, in this more general case one will have to consider Green functions

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply



46 OZGUR CEYHAN AND MATILDE MARCOLLI

for the Laplacian on the domain €2, for a suitable elliptic boundary value problem,
and those will in general be less explicitly accessible than the Green functions on
the whole affine space AP,

DEFINITION 3.6. Given a Feynman I' with no looping edges, we define the
corresponding Feynman amplitude (Weight) as

3.9 W) = dz, A dz
39) 1 e A
e vevr
where [Ty — Tye)ll = [[P(2)s(e) — P(2)¢(e)|| and where the differential forms dz.,

and dz, denote, respectively, the holomorphic volume form dx, 1 A -+ Adz, p and
its conjugate. The chain of integration is given, in this case, by the range of the
projection

(3.10) o@Y) = XV x {y = (y,)} € 27 = X7 x X'I,
for a fixed choice of a point y = (y, |v € Vr).

The form (3.9) is a closed C* differential form on F(X,T) of degree 2 dim¢ X'T =
dime ZY" = 2DN, with N = #Vp, hence it defines a cohomology class in the group
H?PN(F(X,T)), and it gives a top form on the locus ¢(%¥).

In this case, the divergences of [ ., wl(,Z) are coming from the union of the

diagonals Uee gy A and from the divisor at infinity
(3.11) ALY =029 L APN(C) x {y}.

with N = #Vr. We will address the behavior of the integrand near the loci
eeEFA(Z) and A r and the appropriate regularization of the Feynman ampli-
tude and the chaln of integration in g5 below. When convenient, we will choose
coordinates so as to identify the affine space APN(C) x {y} C o (Z) with a real
affine space A2PN(R), with N = #Vr.
3.3.3. Complezxified amplitudes and complexr Green forms. A variant of the am-
plitude wl(q ) of 3), which we will discuss briefly in §8 is related to the complex
Green forms. In this setting, instead of (B8] one considers the closely related form

D
k—1 -
(3.12) H l2s0) — 2o )||2D 5 /\ Z(—l) Ay, () N ATy k)

ecEr veEVr k=1

where the forms dz, ;) and dz, ) denote
Ay ) = Ay A~ AdTpg A Aday p,

dZy 5] = dZy1 A+ ANdZyp A AdTyp,

respectively, with the factor dz, ; and dz, j removed.

Notice how, unlike the form considered in (3], which is defined on the affine
APN ¢ 7Vr | with N = #Vf, the form (B.I2) has the same degree of homogeneity
2D —2 in the numerator and denominator, when the graph I' has no multiple edges,
hence it is invariant under rescaling of the coordinates by a common non-zero scalar
factor.
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3.3.4. Distributional interpretation. In the cases discussed above, the ampli-
tudes defined by ([32) and () can be given a distributional interpretation, as a
pairing of a distribution

(3.13) II

eCFr ” s(e)_xt(e)”a

where « is either 2\ = D — 2 or 2D — 2, or 2D, and test forms given in the various
cases, respectively, by

(1) forms ¢(zy) A, ev; dTv, where ¢ is a test function in C>®(APN(R)), with
N = #Vr;
(2) forms ¢(z) A, ey doo A dZy, With ¢(2,) = d(p(20)) = () a test func-
tion in C*°(X'7(C)).
This distributional interpretation will be used later in the paper, when we
introduce Principal Value Currents, see Definition [6.0l
3.3.5. Relation between complezified amplitudes. We have introduced here above
two simple mathematical generalization of the Feynman amplitude [B2)), respec-
tively given by (89) and ([BI2). These are related by a simple operation.
Let m denote the form

D
(3.14) AN (Z(—nmkd%,k A dzv,k> ‘

veEVr \k=1
LEMMA 3.7. The forms w(F ) and G of BI) and BI2) are related by
(3.15) WP = 70 Adr.

PrROOF. We have

N D
/\ Z(_l)p—l(_l)j—ldij/\di:w,j /\ <Z

k 1dCCU ]/\d.’[:v [k])
weVr \j=1 vEVr \k=1
/\ dzy A dZo,.
vEVP

O

3.4. Amplitudes and Fourier transform. We expand here, briefly, on the
comment made in the Introduction regarding amplitudes in momentum and con-
figuration space and Fourier duality between the propagators. This was discussed
in greater detail in [37].

In real momentum space, with momentum variables k. € AP (R), for each edge
e € Br, the form of the Feynman amplitude is a product of edge-propagators

1
(m? + [|kel|*)"

In configuration space, as we have seen above, one considers in 2] a product
of propagators of the form

(3.16) G07R(Is(e) (e)) with D =2\42,

1
Hxs (e) — Tt(e) ||2)\,
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in the massless case. The massive case (which we will not consider in this paper)
has a somewhat more complicated expression

A
m _
GmR(Ts(e) — Ty(e)) = W ||$s(e) - $t(e)|| /\’CA(mes(e) - fEt(e)H)a

with K, (%) the modified Bessel function.

The expression Gor(T4(e) — Ty(e)) of (B.I6) is the Green function of Laplacian
on AP (R), with D = 2\ + 2:

Grlar,y) =
r(@Y) = 0

[l — y||?*
Similarly the expression G, g (2 s(c)—Z¢(e)) above is fundamental solution of Helmholtz
equation (A +m?)G = 4.

For test functions ¢ € S(RP), Fourier transform of convolution with the Green
function gives

— 4nP/2 1
— 1 N
(Gmr, *p)(k) = R P(k).

This shows that, in the real case, the amplitude (B:2)) we are considering is indeed the
dual picture, under Fourier transform, of the momentum space Feynman integral.

When we pass from the Feynman amplitude ([3:2) to the complexified amplitude
(33), we replace the real Laplacian on AP(R) with the complex Laplacian on
AP(C),

The Green function of the complex Laplacian is given by
—(D —2)!
(2mi) Pl — y||2P—2’

which is the expression that replaces [B.I6]) when passing from B2]) to (B3). This
shows why (B3] can be regarded as a natural generalization of (32)).

(3.17) Ge(z,y) =

4. Feynman amplitudes: integration over the real locus

In this section we consider the physical Feynman amplitudes wr, defined as
in (32), and the domain or defined in [B3H). We give an explicit formulation of
the integral in terms of an expansion of the real Green functions ||z, — 24() | =2
in Gegenbauer polynomials, based on a technique well known to physicists (the
x-space method, see [38]). We consider the integrand restricted to the real locus
X(R)Vr, and express it in polar coordinates, separating out an angular integral and
a radial integral. We identify a natural subdivision of the domain of integration
into chains that are indexed by acyclic orientations of the graph. In the special case
of dimension D = 4, we express the integrand in terms closely related to multiple
polylogarithm functions.

Spencer Bloch recently introduced a construction of cycles in the relative homol-
ogy H.(XVr U.A.) of the graph configuration spaces, that explicitly yield multiple
zeta values as periods [21]. We use here a variant of his construction, which will
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have a natural interpretation in terms of the z-space method for the computation
of the Feynman amplitudes in configuration spaces.

4.0.1. Directed acyclic graph structures. We recall some basic facts about di-
rected acyclic orientations on graphs.

DEFINITION 4.1. Let T' be a finite graph without looping edges. Let Q(T)
denote the set of edge orientations on I' such that the resulting directed graph is a
directed acyclic graph.

It is well known that all finite graphs without looping edges admit such orien-
tations. In fact, the number of possible orientations that give it the structure of a
directed acyclic graph are given by (—1)Vr Pr(—1), where Pp(t) is the chromatic
polynomial of the graph T, see [79].

The following facts about directed acyclic graphs are also well known (see for
instance §2.6 of [68]), and we recall them here for later use.

e Each orientation o € Q(I") determines a partial ordering on the vertices
of the graph I', by setting w >, v whenever there is an oriented path of
edges from v to w in the directed graph (T, o).
e In every directed acyclic graph there is at least a vertex with no incoming
edges and at least a vertex with no outgoing edges.
4.0.2. Relative cycles from directed acyclic structures. Given a graph I' we con-
sider the space X VT. On the dense subset AP (R) = X(R) \ A, (R) of the chain

of integration or, we use polar coordinates with z, = r,w,, with r, € R} and
D-1
wy €8 .

DEFINITION 4.2. Let o € Q(I') be an acyclic orientation. Define the chain
associated to the acyclic orientation o of I' as

(4.1) Yo i= {(z,) € XVT(R) : 7 > 7, whenever w >, v}.
It is a middle dimensional relative homology class in X Vr.

Points on a diagonal A, = {xe) = Z4()} have ry) = r4(c), hence the locus
UA. of singularities of the Feynman amplitudes is contained in the boundary 0%,.

The following simple observation will be useful in the Feynman integral calcu-
lation we describe later in this section.

LEMMA 4.3. Let o € Q(T") be an acyclic orientation and Lo the chain defined
in (&1). Then So \ Uy{r, = 0} is a bundle with fiber (SP~1)VT over a base
(4.2) So = {(ry) € RV ¢ 1y > 1, whenever w >, v}

PROOF. This is immediate from the polar coordinate form z, = r,w,, with
r, € R and w, € §P~1, O

4.1. Gegenbauer polynomials and angular integrals. One of the tech-
niques developed by physicists to compute Feynman amplitudes, by passing from
momentum to configuration space, relies on the expansion in Gegenbauer polyno-
mials, see for instance [38] and the recent [72].

The Gegenbauer polynomials (or ultraspherical polynomials) are defined through
the generating function

4.3 _ C(’\) ",
(43) (1 — 2tz + 2)X Z
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for |t| < 1. For A > —1/2, they satisfy

! 1-2X\
() 0 _a2\A-1/2 2! (n + 20)
(4.4) /_lCn (2)CS) (2) (1= 2*)M 2 dz = 6 m, TSV

We use what is known in the physics literature as the z-space method (see [38])
to reformulate the integration involved in the Feynman amplitude calculation in a
way that involves the relative chains of Definition

THEOREM 4.4. In even dimension D = 2\ + 2, the integral fgr wr of the form
B2) on the chain or can be rewritten in the form

— Tsoe n
(45) Y eQ)m, / I 2 <Z<#> CSLA)(wso(e)-wto(e))) av,

o ecEr rto(e)

for some positive integers mq, and with volume element

av = [[d x, = [[rl " dry dw,.
v v

Proor. We write the integral in polar coordinates, with

dw = sin”"2(¢y) sin? " (¢2) - - - sin(¢p_2)dey - - dpp_1

the volume element on the sphere S?~! and d”z, = rq’?*ldrv dwy.
In dimension D = 2\ + 2, by (&3], the Newton potential has an expansion in
Gegenbauer polynomials, so that

1 1
||xs(e) - xt(e)Hz)\ B pgk(l + (;_2)2 - 2%(")5(6) ’ wt(e))k

_ = Te n
= Pe 2 Z(_) C’£LA) (ws(e) : wt(e))a
n=0 p

(4.6)

€

where Pe = ma‘X{”Is(e)”7 ||It(e)||} and re = IIliIl{Hl’S(e)H, th(e)H} and with w, €
SP-1
We can subdivide the integration into open sectors where, for each edge, either

Ts(e) < Ti(e) OF the converse holds, so that each term po 2 s rig))‘ (or r;(g‘) and

each term (re/pe)™ is (T5(e)/Te(ey)” (or its reciprocal). In other words, let b denote
an assignment of either ry.) < 7ye) OF r4) > Ty(e) at each edge, which we write
simply as b(r,(e), 7¢(e)), and let

ﬁb = {(Tv) S (Ri)vr \b(rs(e),rt(e)) for e € EF}

and Ry, = Rp x (SP~1)Vr. Then we identify the domain of integration with Up Ry,
up to a set of measure zero. The set Ry, is empty unless the assignment b defines
a strict partial ordering of the vertices of I', in which case b determines an acyclic
orientation o = o(b) of T', as described in Definition BTl In this case, then, the
chain of integration corresponding to the sector Ry, is the chain 3, of Definition
42 with p. = 7., and 7 = 75,,. Thus, the domain of integration can be
identified with Uscqr)mo Yo, where m, is a multiplicity, taking into account the
fact that different strict partial orderings may define the same acyclic orientation
(for example, the cyclic graph with four vertices has 24 different possible vertex
sequences and 14 acyclic orientations). (]
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The integral ({3 can be approached by first considering a family of angular
integrals

(4.7) Amno)eery :/ [T @ste) - wiey) [T dove
§P—1)Vp ’ )

labelled by all choices of integers n. for e € Ep. The evaluation of these angular
integrals will lead to an expression A, in the n., so that one obtains a radial

integral
(4.8) Z mo/ H F(Tsoteys Ttage)) HrD Ydr,
0eQ(I) Yo ccEr
where
— rso e n
(4.9) FTsoiey Ttowe) =74 %)\) ZAne ().

Ne Tto(e)

4.2. Polygons and polylogarithms. We first discuss the very simple exam-
ple of a polygon graph, where one sees polylogarithms and zeta values arising in the
expression ([9) and its integration on the domains ¥,. In the following subsections
we will analyze the more general structure of these integrals for more complicated
graphs.

4.2.1. The angular integral for polygons in arbitrary dimension. The angular
integral for polygon graphs has the following explicit expression.

PROPOSITION 4.5. Let I' be a polygon with k edges. Then the angular integral
D) depends on a single variable n € N and is given by

(4.10) A, = (AQW—AH)k dim H,, (S***1)
: AT+ D (n+N) " ’
and H,,(S* 1) is the space of harmonic functions of degree n on the sphere S* *1.
PrOOF. The angular integral, in this case, is simply given by

/ C(/\)(ka wv1)Cfr(L>2\)(wU1 'wvz) C()\)(ka 1 ka H dwv?
(§P-1)Vr

vEVP

which is independent of the orientation. We then use the fact that the Gegenbauer
polynomials satisfy ([I4] Vol.2, Lemma 4, §11.4)

AVol(SP—1

O e s A !

with Vol(SP~1) = 2021 /T(A + 1), for D = 2\ + 2. Thus, we obtain

A2\ A 1
412 = N (w - w)d
(4.12) A (P()\+1)> (n+ \F1 /SDA www)d,
where n = ny, = --- = ng and where the remaining integral is just

/ O (w - w)dw = C (1) Vol(SPD).
SD*I
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The value of C,(z)‘)(l) can be seen using the fact that the Gegenbauer polynomials
are related to the zonal spherical harmonics (see §4 of [80] and also [49], [70], [87])

z5 (w2) by
(4.13) CM (w1 - wa) = epn ZUM (w2),
for D = 2)\ + 2, with wy,ws € SP~1, where the coefficient cp ,, is given by
Vol(SP~1) (D —2)
2n+D -2

In turn, the zonal spherical harmonics are expressed in terms of an orthonormal
basis {Y;} of the Hilbert space H,,(SP~1) of spherical harmonics on SP~! of degree
n, as

(4.14) CDn =

dim H,,(SP~1)

(4.15) ZW ()= Y Yj(w)Y(wa).
j=1

The dimension of the space H,,(SP~1) of spherical harmonics is given by
D—-1 D —
n n—2
Using (&I5), we then have
/ CN(w - w)dw = cDm/ Z (w)dw
SD*I SD*I

dim M, (SP71)

2 D—1
= ¢pin }: dw=cpnd S
=c¢p /SD 1 W= cp,dimH,( )s
which gives C};” (1):%};5\?)&@D=2>\+2. D

4.2.2. Polygon amplitudes in dimension four. We now specialize to the case
where D = 4 (hence A\ = 1) and we show how one obtains integrals of polylogarithm

functions
> 2"
Lis(z E —
— n’

PROPOSITION 4.6. Let I' be a polygon with k edges and let D = 4. Then the
Feynman amplitude is given by the integral

2
2\k : Tw,
(4.16) (2m7) Eo Mo /EO le,g(lil 7"12)) IUI Ty drry,

where the vertices v; and w; are the sources and tails of the oriented paths deter-
mined by o.

PROOF. We write the terms in the integrand [@3]) as

(4.17) II »* (Z el CM (ws(ey 'Wt(e))> =

ecEr n

— T1\n n
(preeepi) ™ 30 (O (™ O e ) - O e )

N1y Nk
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and we perform the angular integral as in ([.I0). In the case D = 4 we have

dim H,, (5%) = ("”’) - (”“) — (n+ 1)

n n—2
Thus, the angular integral of Proposition becomes
(272)*
4.18 A, = ————.
( ) (n+ 1)]672

We then write the radial integrand as in (£8). An acyclic orientation o € Q(I‘),
subdivides the polygon I' into oriented paths «; such that s, = s,,_, and ¢,, = t,,,
or s,, = s,,, and t,, = t,,_,. Correspondingly, the set of vertices is subdivided
into Vr = {v; } U {wz} U{v ¢ {v;, w;}} with v; the sources and w; the tails of the
oriented paths and the remaining vertices partitioned into internal vertices of each
oriented path. We then have

1 r2
F(rsee)srice)) = Hrt(e) Z n+1)k72(H rT)n
i ws

1 7“3 n
g H >Z—nk_2<HTT> -
;T n>1 i Wi
Since each w; is counted twice as target of an edge and the internal vertices of the
oriented paths are counted only once, we obtain
2

(4.19) H]—" roes i) [[ride = @r2)F - Lioo([ ] :jgi) I1r.dr..

i Vi v

O

4.2.3. Zeta values. After a cutoff regularization, these integrals produce com-
binations of zeta values with coefficients that are rational combinations of powers of
2mi. To see how this happens, we look explicitly at the contribution of an acyclic ori-
entation of the polygon consisting of just two oriented paths v, and o with source
v and target w, respectively with k; and ks internal vertices. The other summands
can be handled similarly. By changing variables to t = r2/r2 t; = r2 /r2 for v;
the internal edges of 71 and s; = r7 /r7, for v; the internal edges of 7, we obtain

N rodr, =222 ey dt J\ dt; A ds;.
veV, 7

After factoring out a divergence along A, = X \ A%, coming from the integration
of the ry, term, which gives a pole along the divisor A, one obtains an integral of

the form
o2k / Lip_o(t) dt [ [ dtds;,
ilmiz i

where ¥, = %1 N8y with %y = {(t,t;,8:) [t <t1 < -+ < tg,—1 < 1} and Xy =
{(t, tiysi) |t <81 <--- <sp,—1 < 1}. One can use the relation [45]

1 1
4.20 ™ Lin (2) dv = ———2" " Lip(z) - ——
(4.20) /a: in(x)dx o in(x) o

to reduce the integral to a combination of zeta values. Further results on zeta values
and multiple zeta values, beyond the relations in [45], can be found in [], [26].

™ Liy—1 (z)dz,
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We will return to discuss cutoff regularizations in §5.8 and §0l in the case of
the complexified amplitudes.

4.3. Stars of vertices and isoscalars. To see how more complicated expres-
sions can arise in the integrands, which eventually lead to the presence of multiple
zeta values, it is convenient to regard graphs as being built out of stars of vertices
pasted together by suitably matching the half edges, where by the star of a vertex
we mean a single vertex v of valence k with £ half-edges e; attached to it. One can
then built the Feynman integral by first identifying the contribution of the star of
a vertex, which is obtained by integrating in the variables 7, and w, of the central
vertex v, and results in a function of variables r,; and w,,, for each of the edges
e;j. One then obtains the integral for the graph, which gives a number (possibly af-
ter a regularization), by matching the half edges and identifying the corresponding
variables and integrating over them.

We first introduce the analog of the angular integral (7)) for the case of a
graph with half-edges. While in the case of a usual graph, where all half-edges
are paired to form edges, the angular integral (£7) is a number, in the case with
open (unpaired) half-edges it is a function of the variables of the half edges, which
we denote by A, (w), where n = (nq,...,n¢) and w = (w1,...,we) are vectors
of integers n; € N, for each half-edge e;, and of variables w; € SP~1. We will
sometime denote these variables by w,;, where v; simply denotes the end of the
half-edge e;. We will equivalently use the notation A, (w) or A, ,)(w,,). In the
case of the star of a vertex, the angular integral is of the form

(4.21) A,(w / HC’(”\) wj - w) dw, with n = (nj)e,ekr, W = (W))e,cBr-
SD 1 N

LEMMA 4.7. Let T’ be the star of a valence k vertex v. Then the angular integral
EZ20) is given by the function
Ay (@o;) = €Dy =+ Dy Agmy) (@),
(4.22)
n ) (k) (n1) ()
Apon) = 3 V)Y 0 [ Y)Y ) de

where {Ye" Ye=1...4, is an orthonormal basis of the space H,(SP~1) of spherical
harmonics of degree n, and d,, = dimH,,(SP~1Y), with the coefficients cp ., as in

E14).
ProoOF. Consider first the angular integral as written in ({.1). Using (.11,
we can write each edge contribution C,(li‘) (Ws(e) " We(e)) in (A7) in terms of an integral

Ne + A

_ (N) . Ny,
AVol(SP-T) /SLL1 CyY (Ws(ey - w)Cp (W - wyey) dw.

Thus, we can think of the edge contribution C’y(b)e‘) (Ws(e) - Wi(e)) as obtained by a
contraction (integration on a common variable) of contributions C’flz)(ws(e) -w) and

C’,({Z)(w - Wy(e)) associated to two half-edges, with a factor depending on ne, A, D.
This gives us an angular integral associated to a star of half-edges, which is of the
form (£Z2I)). Using the relation (@I3]), (£I5) between the Gegenbauer polynomials
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and the spherical harmonics, we then rewrite the angular integral ([21)) in the form

E22). 0

Thus, the evaluation of the angular integrals ([@.22)) for stars of vertices relates to
the well known problem of evaluating coupling coefficients for spherical harmonics,
(4.23) iy = /SD?I Y (@) Y (w) duw.

In the following we will be using the standard labeling of the basis {Yé(n)}
where, for fixed n, the indices ¢ run over a set of (D — 2)-tuples

(mp—2,mp_1,...,ma,mq) with n>mp_9>--->mg>|m.

(n)

The spherical harmonics Y, have the symmetry

(4.24) G A
where, for £ = (mp_o,mp_1,..., Mg, m), one has
0= (mezamel, ceey M2, —m1)-

In the simplest case of a tri-valent vertex, these coefficients are also referred to
as the Gaunt coefficients, and have been extensively studied, see for instance [5],
[59], [77]. The Gaunt coefficients arising from the integration of three harmonic
functions determine the coefficients of the expansion formula

(4.25) Y(n1 Y(n2 ZICD nomitnt Y3

that expresses the product of two harmonic functions in terms of a linear combi-
nation of other harmonic functions, with the cases where some of the factors are
conjugated taken care of by the symmetry (£24]). In the more general case ([£23)
one can therefore repeatedly apply (£2H), hence we focus here on the example of
the star of a tri-valent vertex.

The Gaunt coefficients <Y(n1) Y("Q), Y(Sn3)>D can be computed via Racah’s fac-
torization lemma ([5], [69]) in terms “of isoscalar factors and the Gaunt coefficients
for D — 1, according to
(4.26)

(n1) yr(n2) y(ns)y _ ( M1 N2 N3 (n}) y-(nz) 3-(n3)
e = (),

where ¢; = (n},¢;) with n, = mp_o,; and ¢, = (mp_3,,...,m1,). An explicit
expression of the isoscalar factors

ny N2 N3
(.27 (o)

ny M2 M3 ) ppa

is given in [5], [59]. We will discuss this more in detail in §4.4 and §4.5] below.
4.3.1. Gaunt versus Clebsch—Gordon. There is some inconsistency of terminol-
ogy in the literature on spherical harmonics and coupling coefficients between what
is referred to as “Gaunt coefficients” and what is termed “Clebsch—Gordon coeffi-
cients”. The two notions are very closely related, but the respective explicit expres-
sions considered in the literature vary by a factor and the terminology adopted is
not always consistent. For example, the definition of Gaunt coefficients adopted in
[77], as the integral of three spherical harmonics, differs from the notion of Gaunt
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coefficient used in [89] (see equation (10) of [89]) by a factor as in equation (21)
of [77]. In turn, the Gaunt coefficients considered in [89] differ from the Clebsch—
Gordon coefficients computed for instance in [86] as indicated in equation (46) of
[89]. Given the frequent inconsistencies of terminology in the literature, we urge
the reader to check for the specific conventions followed by specific authors and not
simply consider Gaunt and Clebsch—Gordon as interchangeable synonyms.

4.4. Gluing two stars along an edge. We now consider the effect of patch-
ing together two trivalent stars by gluing two half edges with matching orientations.

LEMMA 4.8. Let Ay nymy(w,wi,ws) and Ay pyn, (W' w3, wa) be the angular
integrals associated to two trivalent stars, as in Lemma BT Then the angular
integral of the graph obtained by joining the two stars at an edge is

4 _
(@ict,an) = 3 [ epims Y™ (i) Ky (n),

(428) A(m)q‘,:l .....
4 i=1
with coefficients KC,, ¢(n) given by
dn
(4.29) ’qu‘li ('n,) — C%,n Z<Yé(n)’ Y€(1m)7 Yg(2n2)>D . <Y€(n), Ye(;w)’ Yéin4)>D'
=1

PROOF. As shown in Lemma[L7 above, using (ZI1]) one reduces the contribu-
tion C’r({\)(wv -w,) of an edge e with s(e) = v and t(e) = v’ to an integration along
an angular variable w of a product e (wy -w)C’ff‘)(w -wy ) (with a proportionality
factor that depends on D, n,\). One should think here of the variable w as associ-
ated to a half-edge attached to the vertex v and contracted with the corresponding
variable associated to a half-edge attached to the vertex v’ when the half edges
are joined to form the edge e. That is the meaning of [{@II]). By rewriting the
Gegenbauer polynomials in terms of spherical harmonics one can identify, as shown
in Lemma [4.7], the contribution to the angular integral of a star of half-edges asso-
ciated to a vertex, in the form written in (.22]). In particular, consider a trivalent
star of half-edges attached to a vertex. According to Lemma 7 the expression
associated to this trivalent star is of the form

Y @V (0n) Y () / Y (@)Y (w00) Y (w0 oo,

SD—1

where w, € SP~1 is the angular variable associated to the vertex v, and w,ws,ws
are the angular variables associated to the three half-edges. This can be visualized
graphically as in the figure, with the Gaunt coeflicient

2

Y Y = /S Y @)Y @)Y (w0 deo,

associated to the vertex v of the star and the spherical harmonics YZ(") (w), YZ(I"1 ) (w1)

and YZ(;L?) (w2) associated to each of the half-edges, respectively.
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st_l }/Z(")(wv)}/z(lnl)(wv))/é(zn’z)(wv)dwv 05 ( 2)

Y (wr)

Yé(n) (W)

Consider then a second trivalent star, for which the expression of Lemma .7
will be of the form

Y @)Y (o) Vi (wa) /S Y @)Y ) Y (.

We again represent this graphically with the Gaunt coefficient

(¥ Y ) = / Vi (@ur) Y (wur) Y (s o

3

associated to the vertex v’ of the star and with the spherical harmonics Y(,n,)(w’ ),

Ye(:e')(w?,) and YKEL"“)(wAL) placed on the half-edges, as in the figure.

v ()

Y (wa)
ngns)(w?)) fSDfl }/é(," )(@)Ye(gls)(w)yégm;) (w)dw
Gluing together the half-edges labeled, respectively, by the spherical harmonics

V™ (w) and Y™ (w') corresponds to the integration of @IT)), which corresponds
to

/SDﬂ yz(n) (W)Yé(’nl) (w') dw.

This is represented graphically in the following picture.

n n n Y(n2)
Joms Y (@)Y ()Y (@, ) ooy b (@)

Ye(lnl)(wl) Jsp-1 Yé(n) (w)Yg(/" (w)dw

Y (wa)
B PV f Y(n’)((b)y(ns)(a)y(m;) (@)do
Yy, " (ws) so-1te e A
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Thus, the angular integral A,,),_, . ,((wi)i=1,....4,n) is obtained by integrating
along the variables of the matched half edges,

4
A("i)i:l,.,.A((wi)i=17-~747 n) = CDJLCDJL'(H CD,W) ! "Zl(m)i=1,,.,,4((wi)i=17~--»4’ n)’

i=1

where /Nl(m)i:l“ﬂ((wi)i:17_“74,n) is given by

(n) ('n/) (n4) n ny Ng n’ ng nNg
d V" (w)Y, V") (w;
[ e ST (70 ) (0 R ),

where we used the shorthand notation

nony N2 () y(n1) y(n2)
(1.30) (70 ) =

Using the orthogonality relations for the spherical harmonics, this gives

4
I eom) D Vi)V (o) V" (ws) V"™ (wa) Kngln),

£1,€2,03,¢4
with the coefficients as in ([£.29)). O

REMARK 4.9. Note that, since according to (£11]) each edge e carries an integral
of a product of Gegenbauer polynomials C’T({\)(wv -w)C’T({\) (w-wy ), when viewed as a
contraction of two half-edges this corresponds to viewing stars of vertices as carrying
a Gaunt coefficient at the vertex (of order equal to the valence of the vertex) and
spherical harmonics attached to the half edges, as in ([22). Thus, for the case
of gluing two trivalent stars along one edge we only need triple Gaunt coefficients
and not quadruple ones, which would instead occur in the presence of valence four
vertices.

The coefficients K,, ¢(n) are usually very involved to compute explicitly (see
(3.3), (3.6) and (4.7) of [5]). However, some terms simplify greatly in the case
D = 4, and that will allow us to show the occurrence of functions closely related
to multiple polylogarithm functions in §4.35] below. For later use, we give here
the explicit computation, in dimension D = 4, of the coefficients IC,, ¢(n), in the
particular case with £ = 0.

PROPOSITION 4.10. In the case where D = 4, the coefficient K,, ¢(n) with £; =0
has the form

(4.31) K0 = (] ) o
| e B )7

in the range where n + ny1 + no and n + ng + ng are even and the inequalities
In; —nk| <n; <nj+ng hold for (n;,nj,ng) equal to (n,nq1,n2) or (n,n3,na) and

transpositions, and are equal to zero outside of this range.

PRrROOF. We use the fact that ([5], (4.9) and [59], (22) and (23)) the coefficients
(Yo("l), Yb(nz), YO("3))D are zero outside the range where

(4.32) an is even and  |nj; —ng| < n; < nj+ ny,
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while within this range they are given by the expression

(4.33)
1 (J+D—3) (it 2 DT —ni+ 2 -1\
1o -9+ oo L 2D (o ’

where €p is a sign, J = 3. n;, and dsl?) = dim H,, (SP~1). In the particular case
where D = 4, the expression ([{33)) reduces to

ny ne N3 (n; +1)1/2 _ ~1/2
(0 0 ) 4H (@172 =i [Jta e 7,

(2

using again the fact that dim H,,(S?) = (n + 1)2. Thus, we obtain

(D=4) 2 n ny ng n ng N4 o
lCn,-,éi:O(") - C4JL < 0 0 0 )4 ( 0 0 0 )4 o
4

C(2val($%H\ 1 1 B 1 4m
_<2(n+1)> (n+1)H(ni+1)1/2 =]+ 1) /m'

i=1 i=1

O

4.5. Gluing stars of vertices. We now consider the full integrand, including
the radial variables and again look at the effect of gluing together two half edges of
two trivalent stars. We will see that one can explicitly identify the leading term in
the resulting expression in the integrand with a function closely related to multiple
polylogarithms.

LEMMA 4.11. Consider the star of a trivalent vertex, and let D = 4. Af-
ter a change of variables t; = ry, /v, with v = r, for v the central vertex of the
star, the integrand [@8), for an orientation o, can be written as an expression
To(r, t1, ta, t3,w1,w2,w3) drdtydtadts of the form

3
130 OIS A i [ dn,

=1 ni,N2,n3

where o; = 1 and ¢; = 1 if the half-edge e; is outgoing in the orientation o and
a; =3 and ¢; = —1 if it is incoming, and where A, (w) = A(n,)(w;) is the angular
integral of Lemma 7 with D = 4.

PRrROOF. The integrand of (L), for the case of a trivalent star, is of the form

3 3
(4.35) H F(Tse;)s rt(ei))rgdr H rg dry,,
with
3 3 ) Ts(e) ny Ts(e) no Ts(e) ns
Flraenrien) = ([[ri2) An(g)( > ( > ( )
i];[l s(en)s Tt(er) 1;[1 ies) Eni w9 {70 Faten oo

When combined with the volume form as in (£.35]), this can be rewritten as

(4.36)  roopoipgey ”‘SZA ( )" (T—Q)” (7”—3)” dr dridradrs,

r r

where the exponents «a; are given by the table
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Op O; O2 Og
(670} -3 3 -1 1

g 1 3 1 1
(6%} 1 3 3 1
Qs 1 3 3 3

where the orientation oy has all the half-edges of the star pointing outward, o; all
pointing inward, oy has e; outward and es eg inward and ogz has e; and es outward
and ez inward. All the other cases are obtained by relabeling of indices. After we
change variables to t; = r,, /r, we obtain dr A A>_;dr; = r3dr A A3_;dt; and ([E36)
becomes

(4.37) To(r, (t:),w) = rt1 5245 ZA (t1)"™ (t2) "2 (t3)™ drr dtydtodts.

]

We can now perform the gluing of two stars by matching an oriented half-edge
of one trivalent star to an oriented half edge of the other, so that one obtains an
oriented edge. We rewrite ([437) as

(4.38) To(r, (t:),w) = To((t:),w) r° dr
where we set

(4.39) To((ts),w) = 1515215 ZA (t1)™ (t2)2" (t3)"° dtydtadts.

LEMMA 4.12. The gluing of two stars by matching an oriented half-edge corre-
sponds to an integration

(140)  Toftiw) = [ [ Taltit,to,woor,wnlTalt, t b, 0) did,
S SD—1

where the domain of integration ¥ = (ty,ta,t3,t4) for the variable t is given by

= M i,5:t(e;)= s(e),s(ej):t(e){t | t; <t < tj}v
and a cutoff reqularized divergence

AlO

10 To(ti,wi)-

A
(4.41) / To(ts,wi) 2 dr ~p_soo
0

PrOOF. Gluing of two stars by matching an oriented half-edge means integrat-
ing

o0
(4.42) / / / To(ryt, ty, to, w, wy, wo)Zo(r, t, 3, ta,w, ws,wy) dr dt dw.
$ SD-1

This gives rise to an overall divergent factor (£A4I]) arising from the integration of
([#42) in the variable r, which can be taken care of by a cutoff regularization. The in-
tegration in the remaining variables gives the integrand Z(t1, ta, t3, t4, w1, w2, w3, W4 ),
as the result of gluing two trivalent stars by matching oriented half-edges to form
an oriented edge e, which is given by (4.40). a

In the following we write t = (t1, t2, t3, t4) and similarly for w, n and £.
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By combining ([@28) with ([@.22]), we can rephrase ([£.40) in terms of isoscalars.
This gives a decomposition of Z,(¢;,w;) into a sum of terms of the form

tmwl ZIOHZ tlawl

We denote by Zo o(t,w) the leading term

(443) 00 tmwi ZIonO tz,wz

involving only the isoscalars with all £; = 0. We have the following result computing
the terms Zo o(t;, w;).

LEMMA 4.13. In the case D = 4, the integrands Lo o(t,w) are given by

(4.44)  Toolt, ZH ,)4t?i+q"id_t)/ dt274ﬁ2 gen
. oO w CD?’L@ ( +1)1/2 - ~ (’I’L—l—l)?’ )

where the sum over the indices n and n is restricted by the constraints n + ni + no
and n + n3 + ny are even and the inequalities |n; — ng| < n; < n; + ny hold for

(ni,nj,nk) equal to (n,ny,n2) or (n,ng,na) and transpositions.

ProoF. Using (40) and (£28), (£29), [@34]), we obtain for Z,(t,w) the ex-

pression

ZZ Hch 74 (4 )0 ) /t4dt Z’CM ) ten.

The expression ([@A44]) then follows directly from the form ([@3T]) of the coefficients

IC(D 4)( ). The factor t* in the integral comes from the exponents o = 1 and a = 3
of the two half edges, which have matching orientations. ([l

Notice that, without the constraints on the summation range of the indices
n,n;, we would obtain again an integral of the general form (€20, involving poly-
logarithm functions Li,(¢€), with s = 3 = k — 2 as in the case of polygons analyzed
above. However, because not all values of n, n; are allowed and one needs to impose
the constraints of the form (@32]), one obtains more interesting expressions. We
first introduce some notation.

4.5.1. Summation domains and even condition. In the following we let R de-

note a domain of summation for integers (ni,...,ng). We consider in particular
the cases
k .
R=RY ={(n1,...,n)|ni>0, i=1,....k}
k
(4.45) R=R, ={(n1,...,nx) [nk > - >ny >ny >0}
3
R:R(T) = {(n1,n2,n3) |n2 >ny1, na—ny <ng<ng+ni}.
We denote by Lilzl,...,sk (#1,...,2;) the associated series
ni Nk
.R z PRI Z
(4.46) Ll o Gom) = > Gk
nl e nk

(n1,...,ng)ER
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In the first two cases of ([£45H), this is, respectively, a product of polylogarithms

Lizﬁ..,sk (21505 21) = Hj Li, (z;) and a multiple polylogarithm

LilvP (21, 2k) = Lis,, o (21, 21).
We will discuss the third case more in detail below. We then define
(4.47)
Ligf_’_‘fi‘k (21,0, 28) = % (Lifh_“,sk (z1,- -y 2) + Liz,msk (=21, 00y —zk))
Lifl’f_’flik (21,0, 28) = % (Liﬁ,...,sk (z1,-+, 2) — Liz,...,sk (=21, 00y —zk)) .

The odd Lif°% (z1,...

sk ,2r) 1s a direct generalization of the Legendre y function,

while the even Llfleve;‘k (#1,...,2x) corresponds to summing only over those indices
in R whose sum is even,
ni Nk
<R,even _ 1Ry
(4.48) Lig v (21,005 21) = E o T
(n1,...,mp)ER, >, ni€2N 1 Kk
More generally, one can also consider summations of the form
ni Nk
R,E1 o E _ 21 Ry
(4.49) Ligwhy (21,0 2k) = g P Ta—
(n1,...,np)ER, N EE; 1 k
where, foreachi =1,...,k, & = 2N or & = N\ 2N, that is, some of the summation

indices are even and some odd.

4.5.2. Matching half-edges. We now illustrate in one sufficiently simple and
explicit case, what the leading ¢ = 0 term looks like when all the half-edges of
stars are joined together. We look at the case of two stars of trivalent vertices with
the half edges pairwise joined, that is, the 3-banana graph (two vertices and three
parallel edges between them).

PROPOSITION 4.14. In the case of D = 4, consider the graph with two vertices
and three parallel edges between them. The £ = 0 amplitude Zo o s given by

1
(4.50) Too = /0 £9 (20 Ligr ot h e (¢ 1) + 2LiNE U (¢, ¢, 1)) dt.

PROOF. There is a unique acyclic orientation of this graph, with the three

edges oriented in the same direction. Thus, there is a single variable t € [0,1] = X
in the integrand of Z, o, and the latter has the form

ni+no+n
E : ICnlan27n3t ! 2 3’
(n1,n2,n3)€D

where the coefficients Cp,, 1, n, are given by

2 2 4 2\3
C4ny Cans Capng (47T )

(n1 + 1)(112 + 1)(713 + 1) (n1 + 1)3(7L2 + 1)‘3(7L3 + 1)‘3,

according to Proposition[4.10, and the fact that all the half-edges of the two trivalent
stars are matched. The summation domain D is given by

Icnl yM2,M3 =

D = {(n1,n9,n3) |n; > 0 |n; —ngk| <n; <nj +nyg, an even}.

2
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We subdivide this into separate domains D = Dy U Dy U D3 U Dy U D5, where
Dy = {n1 =0, ng >0, n3 =na}
:{77,2:0, ny >O7 ngznl}
D3 = {Tll > O, ng =Ny, 0<ng < 2711, n3 even }
Dy ={0<ng <ni, ni —ng <ng<ny+ng, >, n;even }
D5 ={0 <ni <ng, ng—ni <ng<ni+ng, y 6 n;even }.

We have
tn +ns+4ng t2n

Z (n1+1)3(n2—|—1) (n3+1 - 722

(n1,m2,n3)€D1

=t 72 Lig(t?),

i +n2+ns

Z (n1+1)3(na+1)3(n3 + 1 £ Z =12 Lig(t*) — 1

(n1,m2,n3)€D2

Z nitnatng Z t2(n+é)
(n1,m2,n3)€Ds (nl + 1)3(n2 + 1)3(n3 + 1)3 N n>0,0<4<n (2€ + 1)3(n + 1)6
63 Z 2n+2+20+1
=—-1+2" 3 -
n>0,0<0<n (20+1)%(2n +2)
=-1 26t_3 M -1 26t_3 L~'RMP,0dd,even tt
i Z m?mg o + 16,3 (t, )

0<my<mg
mq odd ,mg even

i +no+ng

Z (n1+1)3(n2 4+ 1)3(ng + 1)3

(n1,m2,n3)€Dy

=t 3L ?ggmn(t tt) + 1 —t 2 Lig(t?)

AL +na+nsg

Ll a0 17

(n1,n2,n3)€D5

=t 3 Lifay " (¢, t,1) + 1 — t 2 Lig(?),

where in the last two cases the term ¢~2 Lig(#?) — 1 corresponds to the summation
over mg = 1, m; > 1 and mg = my (respectively, m; = 1, ma > 1, mg = my), with
m; = n1 + 1. The integrand has a factor of ¢t* for each edge, as in Lemma E13]
which gives a power of t'2 that combines with the ¢t~ factor in the result of the
sum of the terms above to give the tY factor in (Z50). O

For more general graphs, where more vertices and more stars are involved, one
gets summations involving several “triangular conditions” |n; —ng| < n; < n; +ng
around each vertex, and the integrand can correspondingly be expressed in terms
of series with a higher depth. Moreover, notice that we have focused here on
the leading terms lCn — %,(n) only. When one includes all the other terms K, ¢(n)
with ¢; # 0, the expressions become much more involved, as these coefficients are
expressed in terms of the isoscalars ([@27]) and of the standard 3j-symbols for SO(3),
through the factorization ([@.26]) that expresses the triple SO(4) Gaunt coefficients
in terms of isoscalar factors and triple SO(3) Gaunt coefficients. The isofactors are
known explicitly [5], [69] so the computation can in principle be carried out in full,
but it becomes much more cumbersome.

Next we show that the functions Lls1 55,55 (71, 22, 23) that appear in these Feyn-
man amplitude computations can be related, via the Euler-Maclaurin summation
formula, to some well known generalizations of multiple zeta values and multiple
polylogarithms.
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4.5.3. Mordell-Tornheim and Apostol-Vu series. We consider two generaliza-
tions of the multiple polylogarithm series, which arise in connection to the Mordell—
Tornheim and the Apostol-Vu multiple series. The Mordell-Tornheim multiple

series is given by [69], [83]
(4.51) Cur k(815 -, 8k3 Skt1) = > ny oty %R (ng 4 e ng) T
(’I’Ll,..‘,’nk)ERg_f)

with an associated multiple polylogarithm-type function

(4.52)
ni ng (ni+-+ng)
LiMT . . 21 R R
181,...,Sk;5k+1(217'"7Z]€azk+1) = 51

R 'n}ik(nl + o g )SE ’
(n1,..., ng)ERP

Similarly, the Apostol-Vu multiple series [12] is defined as
(4.53) Cavik(S1s---, Sk; Sk41) = Z nyt g R (ng 4 e 4 ng) T
(n17...,nk)67€§§>P

and we consider the associated multiple polylogarithm-type series

(4.54)
ny o nk (nitetng)
L.AV ( . ) - 21 2y Zk-i-l
Lspessssppr VPl o o0 Zhs Zk+1) = 51 ;

( ) R(k) nl ...nzk(nl +...+nk)sk+1
ni,..Nk)ER N p

4.5.4. Euler—-Maclaurin formula. A way to understand better the behavior of

the functions ([@48) with R = Rg,? ) that appear in this result, is in terms of the
Euler-Maclaurin summation formula.

LEMMA 4.15. Let f(t) = 2't~*. Then

k .
(455)  fR@E) =) (-1 <k> (3 - : :*; a 1) (k — )t~ CHE=d)gt log(z)d.

=0 J
PROOF. Inductively, we have
k

FEE) = (-1)r (lf)s(s 1) (st = — 1) TR ot Tog(z),
=0 J
where s(s+ 1)+ (s +k = j = 1) = ("N 227 (k= )L 0

The Euler-Maclaurin summation formula gives

b b 1
S i) = [ e+ 570+ f(@)
N

(4.56) +3 %( FED ) — fED(a))
k=2 """

where by are the Bernoulli numbers and By the Bernoulli polynomials. We then
have the following result.
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. . R .
PROPOSITION 4.16. Consider the series Li, ., ¢ (21, 22, 23) defined as in ([A.48]),

with R = Rg,i)’). When applying the Fuler—Maclaurin formula to the innermost sum,
the summation terms in [L50) give rise to terms of the form

(457) :tFj’k(Sg, 23) LiAV (2’1, 2923 23)

81,82;834+k—j

or
(458) :EFj’k(S:;,Zg) Li\i\{£3+k—j§52(217z2;23)7
where
by (k\ (s+k—j—1 , .
(159) Fiats ) = 5 (5) (TR0 ) -t oy
ProOF. For Lig,52,53(217 29, 23), with R = Rg:?), the summation

252
(4.60) > -
na—ni<ng<na+ni 9
can be expressed, using Lemma [£I5] through the Euler-Maclaurin summation
formula (£50). Up to a sign, each summation term in the right-hand-side of (58]
is the product of a function of z3 of the form Fj j(ss3,z23), as in (£353), and a term
of the form

aner L2
=3 or =
(n2 _|_ n1)53+k*j (n2 — n1)53+k*j

When inserted back into the summation on the remaining indices ny > nj, this
gives summations of the form

ni N2  ni+nz

(4.61) 3 1 %3 %

S$1,,52 s3t+k—j’
nin n n 3
na>n1 >0 1772 ( 1 2)

in the first case, or in the second case, after a change of variables m = ns — nyq,
n = ny in the indices

m . n+m

(4.62) 3 21252

n51m53+k*j n m P
n>0,m>0 ( + )

which are respectively of the form ([£52) and [@54). O

4.6. Conclusion. In this section we have seen that, in the “real case” of the
physical Feynman amplitude ([B2]), in dimension D = 4, one can identify a specific
contribution to the integral, which, after applying (£.26]) that expresses the SO(4)
Gaunt coefficients in terms of isoscalars and SO(3) Gaunt coefficients, is described
naturally in representation theoretic terms as the £ = 0 (deepest) term in the SO(3)
isofactors. This term contributes an integral that is always expressible in terms of
summations like Mordell-Tornheim and Apostol-Vu series, which are ultimately
expressible in terms of multiple zeta values. Thus, even when, for sufficiently large
graphs for which the Feynman integral would involve non-mixed Tate periods, this
specific term remains within the class of mixed Tate periods. We do not have, at
present, a direct motivic interpretation of this term.

Note, however, that here we only see this mixed Tate term at the level of the
period integrals and not at the level of the motive. Thus, for instance, we can keep
track of graph operations such as pasting two half edges through what happens to
the integral, as illustrated for instance in Proposition £.14] but not at the level of

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply



66 OZGUR CEYHAN AND MATILDE MARCOLLI

the motive itself. So, in particular, what we see in terms of the integrals does not
directly imply any kind of “motivic decomposition” in the motive that would split
off a mixed Tate summand. The question of whether anything of that sort may be
the case would require a different investigation.

5. Wonderful compactifications and complexified amplitudes

We move now to discuss a different problem of regularization and renormaliza-
tion of integrals in configuration spaces, based on our generalization of the Feyn-
man amplitude [32)) given by the complexified version ([33]) introduced in §3.32
As in Definition B0l the locus of integration is, in this case, the complex variety
XV x {y = (y,)}, for a fixed choice of a point y = (y,), inside the configuration
space Z'T with Z = X x X.

We described in detail in our previous work [36] the geometry of the wonderful
compactifications of the configuration spaces Confr(X). We recall here the main
definitions and statements, adapted from Confp(X) to F(X,I"). The arguments
are essentially the same as in [36].

5.1. Arrangements of diagonals. A simple arrangement of subvarieties of
a smooth quasi-projective ambient variety Y is a finite collection of nonsingular
closed subvarieties S = {S; C Y, € I} such that

e all nonempty intersections (), ; S; for J C I are in the collection S.

e for any pair 5;,5; € S, the intersection S; N S; is clean, that is, the
tangent bundle of the intersection is the intersection of the restrictions of
the tangent bundles.

5.1.1. Diagonals of induced subgraphs and their arrangement. For each induced
and not necessarily connected subgraph v C T, the corresponding (poly)diagonal is

(5.1) AP ={z=(2) € Z" | p(2s) = plzw) for {v,v'} = dr(e), e € E,}.
We have the following simple description.

LEMMA 5.1. The diagonal AE,Z) is isomorphic to X"Vr//v x XV and has di-
mension
(5.2) dim A% = dim X"7//7 x XV© = (2Np — N, + bo (7)) dim(X)
with Nr = #Vr, and with by(y) the number of connected components of .

We then observe that the diagonals form an arrangement of subvarieties. This
is the analog of Lemma 5 of [36].

LEMMA 5.2. For a given graph I, the collection
(5.3) Sr={AP |y e sG(I)},
with SG(T") the set of all induced subgraphs of T', is a simple arrangement of diag-
onal subvarieties in Z'T.

PROOF. Let 71 and ~» be a pair of induced subgraphs. If 41 Ny = 0, then
v = 7 U~ is in SG(T"), and the corresponding diagonal ASYZ) is given by the
intersection Ag) N A%). On the other hand, if v; N~ # (), we consider the
connected components 7; of the union . Then, the intersection A»(f) N Agf) can
be written as N; Ag(ZﬁY)') where i(v;) is the smallest induced subgraph of I' containing

J
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7. All diagonals are smooth and the ideal sheaf of intersection AE,Z) is the direct

sum of the ideal sheaves of the intersecting diagonals AEY]Z.). By Lemma 5.1 of [62],
their intersections are clean. (]

5.1.2. Building set of the arrangements of diagonals. A subset G C S is called
a building set of the simple arrangement S if for any S € S, the minimal elements
in {G € G : G D S} intersect transversely and the intersection is S.

A G-building set for the arrangement S can be identified by considering further
combinatorial properties of graphs. A graph I' is 2-vertez-connected (or biconnected)
if it cannot be disconnected by the removal of a single vertex along with the open
star of edges around it. The graph consisting of a single edge is assumed to be
biconnected. We then have the analog of Proposition 1 of [36].

PROPOSITION 5.3. For a given graph I', the set
(5.4) Gr = {AE/Z) |y CT induced, biconnected}
is a G-building set for the arrangement Sr of (B.3)).

PRrROOF. The intersection of a bi-connected subgraph of I' with an induced
subgraph is either empty or a union of bi-connected induced subgraphs attached at
cut-vertices. We decompose induced subgraphs into bi-connected components. The
diagonals corresponding to these bi-connected components are the minimal elements
in the collection Sp. For a pair of bi-connected induced subgraphs 1, v, with v =
~v1 U~a, we have the following equalities due to Lemma 5.1} dim Agf) + dim Ag) —
dim A% = dim(XY/mn x XV0) + dim(XVe/m2 x XVP) — dim(XVerm x XW) =
2dim(X)Nr = dim Z'7, with Np = #Vi. These guarantee the transversality of
the intersection A(f) N A%). O

5.2. The wonderful compactifications of arrangements. To be able to
analyze the residues of Feynman integrals, we need a compactification Z[I'| of the
configuration space F'(X,T") satisfying certain properties. In particular, Z[I'] must
contain F'(X,T) as the top dimensional stratum, and the complement Z[I']\ F(X,T")
of this principal stratum must be a union of transversally intersecting divisors in
Z[T']. The transversality is essential for the use of iterated Poincaré residues, which
we will discuss in 7l below.

There is a smooth wonderful compactification Z[I'] of the configuration space
F(X,T') which is a generalization of the Fulton-MacPherson compactification [48].
The construction is completely analogous to the construction of the wonderful com-
pactifications Confr (X ) considered in our previous paper [36]. Again, we illustrate
here briefly what changes in passing from the case of Confr(X) to the case of
F(X,T).

5.2.1. The iterated blowup description. As in the case of Confr(X) (see §2.3 of
[36]), the wonderful compactification Z[I'] is obtained by an iterated sequence of
blowups. The following is the direct analog of Proposition 2 of [36].

Let N = #Vr and let G, r C Gr be the subcollection

(5.5) Grr = {AEYZ) |7 € SG;(T") and biconnected} for k=1,...,N —1.
Let Yo = Z'" and let Y, be the blowup of Y;_; along the (iterated) dominant

(2)
5

transform of A € GN—k+1,0. If I' is itself biconnected, then Y; is the blowup

of Yy along the deepest diagonal A%Z), and otherwise Y7 = Y. Similarly, we have
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Y, = Y, _ if there are no biconnected induced subgraphs with exactly N — k + 1
vertices. The resulting sequence of blowups

(5.6) Yoy ==Yy =Y, - 2Z'T

does not depend on the order in which the blowups are performed along the (it-
erated) dominant transforms of the diagonals AEYZ), for v € Gn_k41,1, for a fixed
k. Thus, the intermediate varieties Y), in the sequence (B.0]) are all well defined.
The variety Yy _1 obtained through this sequence of iterated blowups is called the
wonderful compactification;

(57) Z[F] = YN—1~

Note that Z[['] is a smooth quasi-projective variety as can be seen through its
iterated blow-up construction, see [62].

5.2.2. Divisors and their intersections. A flag F in the arrangement St consists
of a sequence A, CA,, C---A, of (poly)diagonals associated to disjoint unions
of induced subgraphs «;. Recall from [62] and Definition 3.7.1 of [68] that a Gr-
nest N for the arrangement Sr is a collection {71, ...,v¢} of biconnected induced
subgraphs with the property that there exists a flag F such that A is the set of all
the Gr-factors of the flag. The Gp-factors of an element A% of the flag are defined
as the minimal elements of the building set Gr that contain Aw

The flags F of the arrangement St are in one-to-one correspondence with the
forests of nested subgraphs 7z (Proposition 3 of [36] and Proposition 3.7.3 of [68]).
The latter are finite collections of rooted trees, where each component is a finite
tree, where the vertices are labelled by connected induced subgraphs of I", in such
a way that, if there is an edge from a vertex v; to a vertex v; (oriented away from
the root), then the corresponding connected induced subgraphs satisfy v, C ;.
Graphs assigned to vertices on different branches of a tree, or on different trees in
the forest, are disjoint.

Given a subgraph v C I', we denote by ¢(y) the smallest induced subgraph
containing v. By Proposition 3.7.3 of [68], given two biconnected induced subgraphs
v,7', the set N = {A,, A/} is a Gp-nest if and only the graphs satisfy one of the
following conditions:

(1) vy =0;
(2) t(yU~') is not biconnected;
(3) yCy ory Cr.

REMARK 5.4. In [62] and in Proposition 3 of [36], the Gr-nests are charac-
terized in terms of a list of properties similar to the above, with the possibility of
t(yU~') not biconnected replaced by v N+’ = {v}, a single vertex. However, the
latter condition does not always correspond to a Gr-nest, as observed by Martin
and Sabbah, [68], [73]. This fact does not affect the results recalled below on the
strata of the wonderful compactification.

We then have the following analog of Proposition 4 of [36] and Proposition
3.8.1 of [68].
PROPOSITION 5.5. For a given biconnected induced subgraph v C T, let DEYZ)

be the divisor obtained as the iterated dominant transform of A(VZ) in the iterated
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blowup construction [B.0) of Z|I'|. Then

(5.8) ZI\F(x,1)= |J D¥.

AS,Z)EQF

The divisors D»(YZ) have the property that

(5.9) D,(ylz) Nn---nN D,(yf) £0< {y,...,v} is a Gr-nest.

5.3. Motives of wonderful compactifications. As in the case of the won-
derful compactifications Confr(X) analyzed in [36], one can obtain the explicit
formula for the motive of the compactifications Z[I'] directly from the formula for
the motive of blow-ups and the iterated construction of §5.2.1]

We first introduce the following notation as in [36], [61]. Given a Gr-nest N,
and a biconnected induced subgraph v such that NV = N U {~} is still a Gr-nest,

we set
(5.10) Ty =Ty N = dim(Nyepiycy Ay ) —dim A,
(5.11) My :=A{(py)aegr + 1 < py <y =1, py € Z},

(5.12) lull == pye

A, €gr

We write here m(X) for the motive in the Voevodsky category. This corresponds
to the notation M, of [88].

The following result is the analog of Proposition 8 of [36], see also [61] for the
formulation in the case of Chow motives.

PROPOSITION 5.6. Let X be a smooth projective variety. The Voevodsky motive
m(Z[[)) of the wonderful compactification is given by

(513) m(ZI)=m(Zz" e P B mx v x XY (|| ull)[20] ]
N€EGr-nests pEMy

where T' /o (T) is the quotient T'/dar(T) :=T//(y1 U---U~,.) for the Gr-nest N' =

{v,

PROOF. Let Y — Y be the blow-up of a smooth scheme Y along a smooth

closed subscheme V' C Y. Then m(Y') is canonically isomorphic to

codimy (V)—1
m(Y) & m(V)(k)[2k],
k=1
see Proposition 3.5.3 in [88]. The result then follows by applying this blow-up for-
mula for Voevodsky’s motives to the iterated blow-up construction given in Section

E2T O
A simplified form of (BI3) (in the case of the Grothendieck class) was given in

Theorem 4.3.3 of [68].
We obtain from Proposition 5.6 the following simple corollary (see §3.2 of [36]).

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply



70 OZGUR CEYHAN AND MATILDE MARCOLLI

COROLLARY 5.7. If the motive of the smooth projective variety X is mized
Tate, then the motive of Z|TU'| is mized Tate, for all graphs T'. Moreover, the ex-

ceptional divisors D»(YZ) associated to the biconnected induced subgraphs v C T and
the intersections DEHZ) n---N Dgf) associated to the Gr-nests {y1,...,ve} are also

mized Tate.

ProoOF. This is an immediate consequence of the construction of Z[I'] since the
motive of Z[I'] depends upon the motive of X only through products, Tate twists,

sums, and shifts. All these operations preserve the subcategory of mixed Tate

motives. The reason why the intersections Dgf) n---N Dgf) are also mixed Tate is

because one has an explicit stratification, as described in [36] and [62], where one
has a description of the intersections of diagonals in terms of configuration spaces
of quotient graphs and by repeated use of the blowup formula for motives. ]

REMARK 5.8. One can also see easily that, if the variety X is defined over Z,
then so is Z[I'] and so are the DEYZ) and their unions and intersections. Moreover,
all these varieties then satisfy the unramified criterion of §3.5 and Proposition 3.10
of [50].

5.4. Complexified amplitude and wonderful compactifications. We now
consider the form WIQZ) defined as in (39) and discuss its behavior when pulled back
from Z'* to the wonderful compactification Z[I'].

5.4.1. Loci of divergence. For massless scalar Euclidean field theories, the pole
locus {wl(ﬂz) = oo} in ZVT is

(5.14) Zr = { IT Ipze.) = w2 )12 = o} .

ecEr
Since we have used the Euclidean norm in the definition of the amplitudes, rather
than an algebraic quadratic form, the locus of divergences is simply a union of
AEZ) = A, x X'7 hence we can restate the above as follows.

LEMMA 5.9. The divergent locus of the density wl(ﬂZ) of B3) in Z'T is given
by the union |J NS

e€cEp —¢
5.4.2. Order of singularities in the blowups. Let ﬂ,’;(wl(ﬂz)) denote the pullbacks
of the form wl(ﬂz) of (33) to the iterated blowups of ZVr along the (dominant
transforms of ) the diagonals ASYZ) , for v C T" a biconnected induced subgraph.

PROPOSITION 5.10. Let T’ be a connected graph. Then for every biconnected
induced subgraph v C T', the pullback W;(wl(—\z)) of wlgz) to the blowup along the

ominant transform o as singu, arities of order

domi form of) A has singularities of ord

(5.15) ordoo (7% (wr), DY) = (2D — 2)#E, — 2D(#V, — 1) +2
— 2Dby(y) — 2#E, +2

along the exceptional divisors D»(YZ) in the blowup. Here by(7y) denotes the first Betti
number of graph .

Proor. Let m = DNp, with Npr = #Vpr and L C A2m~be the coordinate
subspace given by the equations {z; = -+ = 23 = 0}, and 7 : A>™ — A?™ be the
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blowup along L C A?™. If one chooses the coordinates w; in the blow up, so that
w; = x, for i = k,...,2m, and w;wg = x; for i < k. The exceptional divisor is
given by wy = 0 in these coordinates. Then, one obtains

T (dey AdTy A - Adag A dEy) = |[w]?FVdwy A divoy A - A dwpy, A diy,.

This form has a zero of order 2 (codim(L) — 1) along the exceptional divisor of the
blowup.

The codimension of the diagonal A, C X VI associated to a connected subgraph
v CcT'is D (N, —1), with N, = #V, On the other hand, the form wl(ﬂz) has
singularity along AE,Z) of order (2D — 2)#E.,. Hence,

ordeo (W,j;(wl(ﬂz)), D,(YZ)) = (order of co) — (order of zeros)
(2D —2)ny, —2D(N, — 1) + 2.
with n, = #E, and N, = #V,. O

REMARK 5.11. Note that the orders of pole are different from the case of the
form wr on Confr(X), see §4.3 of [36]. In particular, note that we have order
of singularity (2D — 2)n, along A(WZ), with n, = #E,, because the form wl(ﬂz) of
B9) is built using the Green functions of the complex Laplacian, (8.17), which has
exponent 2D — 2 instead of the exponent D — 2 of the real case. In particular, in
the real case of the physical Feynman amplitude one has the familiar log divergent
condition for graphs, given by the relation (D —2)n, = D(N, —1), with N, = #V,,
or equivalently n, = b1(y)D/2. In the complexified case we are considering here,
this relation is replaced by the condition (D — 1)n, = D(N, — 1), or equivalently
ny = bi(y)D. This is compatible with the usual log divergent condition, since in
the complexified case D is the complex dimension.

On the basis of the remark here above, we make the following definition, which
replaces the usual definition of log divergent graphs of the real case.

DEFINITION 5.12. A graph I' is primitive C-log divergent if it satisfies the
following conditions:
(1) #Er = Dby (D)
(2) all subgraphs v C T satisfy #E., > Dby (7).
Lemma and Proposition B0 then imply the following.

COROLLARY 5.13. Let Wl’i(w(FZ)) denote the pullback of w(FZ) to the wonderful
compactification Z[[']. The divergence locus of WF(MIEZ)) in Z[['| is given by the
union of divisors
(5.16) pr= |J DY.

ASZ)EQF

5.5. Chain of integration and divergence locus. When pulling back the
form wl(ﬂz) along the projection 7 : Z[['] — Z'T, one also replaces the chain of
integration 0'1(12711) = XY x{y} of (BI0) with 5(FZ’y) C Z[I'] with ﬂp(&lgz’y)) = J(FZ’y),
which gives

(5.17) 5% = Confr(X) x {y} C Z[I'] = Confp(X) x X'F.
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LEMMA 5.14. The chain of integration 61£Z’y) of BID) intersects the locus of

divergence ([&.I0) in

(5.18) U Dy x{y} c Confr(X) x {y}.
AE,Z)EQF
PrOOF. This follows directly from Corollary B13] and (&.17). O

Notice that, since Gr-factors intersect transversely (see Proposition 2.8 of [62]

and Proposition 4 of [36]), the intersection (BI8) of the chain of integration 5(FZ’y)
with the locus of divergence consists of a union of divisors D., inside X' inter-

secting transversely, with D, N---ND,, # () whenever {71, ..., v/} form a Gr-nest
(see [36] and [62]).

5.6. Smooth and algebraic differential forms. Consider the restriction of
the amplitude 7. (WIQZ)) to the chain &lgz,y)_ It is defined on the complement of the
divergence locus, namely on

(5.19) G| U Dyx{y|=Cofr(X)~| J Dy,
AP egr AP egr

which is a copy of Confr(X) inside Z[I']. The form =} (wlgz)) is a closed form of
top dimension on this domain.
Our next goal is to replace the form (wl(qz)) with a cohomologous form with

logarithmic poles along the divisor Dp = U DEYZ) of the compactification.

AP eg
As we see below, this could be done easily if one rgmains within the class of C*°-
forms, by directly applying the Griffiths-Schmid theorem of [54]. However, in view
of identifying our regularized integrals with periods, we want something stronger,
namely an algebraic form with logarithmic poles. We first need to recall some
general well known facts about de Rham cohomology and forms with logarithmic
poles.

5.6.1. Forms with logarithmic poles. Let X be a smooth projective variety of
dimension m and let D be a union of smooth hypersurfaces intersecting transversely
(strict normal crossings divisor). Let 4 = X N D and let j : U — X denote
the inclusion. Let M%, 5 denote the meromorphic de Rham complex, namely the
complex of meromorphic forms on X with poles (of arbitrary order) along D. Let
% (log D) denote the complex of differential forms on X with logarithmic poles
along D. We recall some general facts about cohomology classes, algebraic forms,
and forms with logarithmic poles:

(1) Grothendieck Comparison Theorem, [55]: the natural morphism (de
Rham morphism)
Mp v — RjCy
is a quasi-isomorphism. This implies that the de Rham cohomology
Hj;n(U) is computed by the hypercohomology of the meromorphic de

Rham complex. If i/ is affine, then the hypercohomology can be replaced
by the ordinary cohomology of the complex of global sections.
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(2) Logarithmic Comparison Theorem, [43]: for D a simple normal cross-
ings divisor, the natural morphism

Q% (log D) = M5

is also a quasi-isomorphism. Combined with the previous statement, this
implies that the de Rham cohomology H},(U) is computed by the hyper-
cohomology of the logarithmic de Rham complex,

(5.20) Hn(U) ~ H* (X, Q% (log D).

However, even in the affine case, it is not always possible to replace the
hypercohomology in (5.20) with ordinary cohomology and global sections,
see Example

(3) Stein open sets (Lemma 2.5 of [34]): the Logarithmic Comparison The-
orem is equivalent to the statement that, for all Stein open sets V C X,
there are isomorphisms H*(I'(V, Q% (log D))) ~ H} (VD). Namely, the
hypercohomology in (E20) can be replaced with ordinary cohomology of
global sections when restricted to Stein open sets.

(4) Hodge filtration, [43]: there is a mixed Hodge structure on U with
Hodge filtration given by

FPHE,(U) = Im(HF (X, Q37 (log D)) — H* (X, Q% (log D))).

The de Rham cohomology classes that lie in the term F™ HJ} (i) of the
Hodge filtration can be realized by global forms with logarithmic poles,
since there is an isomorphism

(5.21) F"HRU) = H(X, Q% (log D)).

This follows from the degeneration at the F; term of the Frolicher spectral
sequence associated to the Hodge filtration (see Proposition 5.16 of [67],
which we reproduce below as Proposition [E16).

(5) Griffiths-Schmid Theorem, [54]: Let Q¢e(x)(logD) denote the C*°-
logarithmic de Rham complex, with D a simple normal crossings divisor
in a complex smooth projective variety X. Then there is an isomorphism
of cohomologies H}jp(U) = H*(Qce(x)(log D)).

EXAMPLE 5.15. The hypercohomology in (520 cannot, in general, be replaced
by cohomology of global sections, even assuming that U is affine. Let U be the
complement of a finite set of n points in a smooth projective curve X. Then
dim H é r(U) =2g+n —1, while by Riemann-Roch the space of global sections of
the sheaf of logarithmic differentials has dimension g + n — 1.

Let X be a smooth projective variety of dimension n = dim X', with D a simple
normal crossings divisor with affine complement &/ = X . D. The Hodge filtration
FPHE.(U) is induced by the naive filtration on Q% (log D).

The following fact is very well known, see [43]. We recall it here simply for the
reader’s convenience.

PRrROPOSITION 5.16. The Hodge filtration satisfies
(5.22) FrH(U) = H(X,Q%(log 2)).
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ProOF. Given a complex K* that comes from a double complex K?7, the
spectral sequence of a filtration F' with

FPK" = ©p>prys=—nK"*
is given by
EP? = GrngJrq = FPKPTa/prHigrta — [Pa
EP? = HPTY(Gry K*) = HY(K™™)
EPA = Grl HPTI(K™).
In particular, the Frolicher spectral sequence associated to the Hodge filtration
FPHE.(U) has
EPT = HY(X, 0% (log D))
B2 = FPHE ) /PP H ).
In particular, E}" 0 = H°(Xx,02%(log D)) and E%° = F"H'(U). Deligne proved in

[43] that, if D is normal crossings, then this spectral sequence degenerates at the
E; term. This gives (5.22)). O

5.7. Order of pole and Hodge filtration. It is in general difficult to es-
timate where a given class lies in the Hodge filtration. However, in the case of
meromorphic forms, one can estimate the position in the Hodge fitration in terms
of a filtration on the complex of meromorphic forms determined by the order of
pole. More precisely, if X' is a smooth projective variety and D C X a simple nor-
mal crossings divisor, and M7, o denotes the complex of meromorphic differential
forms, one defines the polar filtration by taking P* MR 7. x to consist of meromorphic
m-~forms with poles of order at most m — k + 1, if m — k > 0 and zero otherwise.
Deligne showed in §II.3, Proposition 3.13 of [42} and Proposition 3.1.11 of [43],
that the natural morphism

(Q*X(log D)7 F*) - (M%,X7 P*)
is a filtered quasi-isomorphism.

THEOREM 5.17. Let T' be a primitive C-log divergent graph in the sense of
Definition B.I2. Then there is a meromorphic form with logarithmic poles 51(?)

such that w( ) can be replaced, up to coboundaries, by a form nr = eﬁ BIEZ),
where € is a sign.

PrROOF. We proceed as in Proposition .10l It suffices to check on a local
model, with local coordinates. In A?™ with coordinates {z1,...,x2,} consider a
subspace of codimension k, given by L = {x1 = --- = a3 = 0}, for some k < m.
Consider a smooth differential form

where 0y = dzgi1 A dZTgp1 A - Adzy, A dZ,y,. The set E is a subset (with repe-
titions) of the coordinates x; with ¢ = 1,..., k. The form w can be rewritten, for
convenience, as a product w = e A &, where € is a sign and « is the meromorphic
form

a = H /\de ANdxgi1 A Adxy,.
jEE ]z 1
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Let m : A2 — A2?™ be the blowup of A2™ along L. On A2™ we have local
coordinates w; with w; = x; for ¢ > k and w;wy, = x; for i < k, where {w;, = 0} is
the exceptional divisor of the blowup. The pullback gives

k k
w*(/\ dr;) = wp™* /\ dw;
i=1 i=1

and 7 (dxgy1 A -+ Adxy,) = dwger A -+ A dwy,, hence the pull back 7*(w) =
en*(a) A m*(a) has a meromorphic form 7*(«) with a pole of order re — k+ 1 along
the exceptional divisor, where e = #E. The form n*(«), which is of degree m and
pole of order re — k + 1 is therefore in the term P! of the polar filtration, with
{=m-—(re—k+1)+1=m—re+k. This implies that its class is in the term of
the Hodge filtration of order at least m — re + k.

When we apply this to the form WIEZ) and the blowup along a diagonal A(VZ) of
codimension k = D(N,—1), with N, = #V,, and withr = D—1 and e = e, = #E,,,

we obtain wl(ﬂz) = eozl(ﬂz) A &%Z), where al(qz) is a meromorphic form of degree DNr,

with poles of order (D — 1)e, — D(N, — 1) + 1 along the divisor DE,Z). Thus, the
class of the form a!?) is in the term FPNr+D(No=1)=(D=1)es FDNr (14) of the Hodge
filtration, unless the pole order is lowered by cancellations due to exact forms, which
would result in a higher level in the filtration. In particular, if the graph I is C-log
divergent, then the subgraphs v C I' satisfies D(N,—1)—(D—1)e, > 0, see Remark
[EIT and Definition Then the meromorphic form ozfqz) is in FPNr FDNr(14),
In this case, by the general result on the Hodge filtration and the Frélicher spectral

sequence mentioned in (521 above, we can replace al(ﬁz) by a global DNrp-form

l(ﬂz) with logarithmic poles along D.(YZ) . One then checks that, if the meromorphic

%Z) can be replaced, up to a coboundary, by BIEZ), then the closed form wI(‘Z)

form o
can also be replaced, up to a coboundary, by n(FZ) = eﬁéz) A Blgz). Indeed, if afﬂz) =
Bl(az) +d§1(~Z) then wfﬂz) _nlgz) = €10r /\dfl(az) +€2d€1(—\z) /\Bl(az) +€3d§1(az) Adé@, where

the ¢; are signs. Since da%Z) = dBI(‘Z) = 0, the expression above is a coboundary. O

5.8. Toy model regularization. Consider the simple toy model example of
the differential form

B dz/\dfidz dz

2 e _
(5:23) EERERAE

on G,,(C) = C*.
LEMMA 5.18. A cutoff reqularization of the integral on C* of ([B23) has a

logarithmic divergence in the cutoff scale, with a coefficient expressible in terms of
a period integral of the form with logarithmic poles dz/z.

PROOF. Using polar coordinates z = e’ we can write w as

w:—2iﬁ/\d9.
r

The integral on C* has divergences at both » = 0 and r — oo: integrating with

cutoffs leads to
21 A
A
—Qi/ d9/ dr = —4milog(—).
0 € T €
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The coefficient is an integer multiple of the period of the meromorphic form with
logarithmic poles

d
(5.24) 2m’=/ il
S1 z

]

Note that the divergent integral f((:* w also admits other forms of regularization:

(1) Gaussian cutoff:

o0 d 2
L) = [ e = Bi(-ae) ~ doglae) +7 —ae+ U4
e T
with Ei the exponential integral function;
(2) Pauli-Villars regularization: Z(a) — Z(b) = [~ % (e7" — e7"") = log($);
(3) Dimensional regularization:

> d’l" a 1 a
Is(a):'u%/ e—ar:_I‘(S)(_)—sN;+7+10gﬁ+...
0

rlfs

As a similar, higher dimensional, toy model, we consider the case of the 2n-form
(5.25) W= —— A— A A2

on the torus G}, inside the affine space A”. As before, we can regularize the integral
of w on G}, with a cutoff regularization (or with one of the other regularization
methods listed above).

LEMMA 5.19. A cutoff reqularization of the integral on G,,(C)" of (B28) has a
logarithmic divergence in the cutoff scale, with a coefficient expressible in terms of a
period integral of an n-form with logarithmic poles n, integrated on an n-dimensional
locus ¥ (a real torus) inside the Leray coboundary L(D) = U, L(D;) of the divisor
D = U; D; of coordinate hyperplanes D; = {z; = 0}.

PROOF. One simply applies the previous lemma coordinatewise and obtains a
product integral with one logarithmic divergence in each variable. The coeflicient
of this divergence is (up to a sign) of the form 2" fz 1, where 1 = dz% Ao A dz%
and X =T" = St x -+ x §*. We view ¥ C U;L(D;) where £(D;) is the boundary
of a unit disk tubular neighborhood of D;. |

With this toy model case in mind, we see how one can approach the computation
of a regularized integral of the form BI(‘Z) A BIQZ) obtained in Theorem [B.17 with the
period ([B.24]) replaced by period integrals of iterated Poincaré residues of the form
with logarithmic poles Bl(ﬁz), on components and intersections of components of the
divisor Dl(qZ) of the compactification, or equivalently integrals of the form 5§Z> along
iterated Leray coboundaries. We will discuss this procedure in the coming sections.
For the remaining of this section, we discuss how one can proceed, in the case of
graphs that are not C-log divergent, to use forms with logarithmic poles.
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5.9. Cellular structures, torifications, and constructible torifications.
We now sketch a possible approach for the more general case, where the graph I is
not necessarily C-log divergent. In this case, unlike the previous result of Theorem
B.I7 we cannot appeal to the Hodge filtration result to replace the meromorphic
form 7. (a%z)) in the pullback 7} (WIQZ)) = eny. (a%z)) AWF(@%Z)) with a meromorphic
form Béz) with logarithmic poles. Thus, we need to proceed in a different way. A
useful observation, for this case, is the “Stein open sets” method mentioned in
§5.6.1] based on Lemma 2.5 of [34]. More precisely, we will show that if a smooth
projective variety X has a decomposition into cells (cellular structure), or more
generally into tori (torifications, or the certain weaker structures of constructible
torifications) then the restriction of a meromorphic form « to each top dimensional
set in the decomposition can be replaced by a form 8 with logarithmic poles. We will
then use results of [15], [64] on the existence of (constructible) torifications on the
compactifications Confr(X), under the assumption that X has a cell decomposition.

As before, suppose given a smooth projective variety X with a normal crossings
divisor D, and a form w = a A &, where « is a meromorphic form on X with poles
along D. The first observation (see Proposition 5.8 of [67]) is that, if X has a
cellular decomposition, with top dimensional cells X}, then by Lemma 2.5 of [34]
the restrictions aly, can be replaced with cohomologous meromorphic forms S
on X with logaritmic poles along D. These forms do not necessarily match on
the boundaries of the cells, due to the existence of nontrivial Cech cocycles: the
hypercohomology cannot be replaced globally by cohomology, but it is possible
locally in the Stein open sets Xj. The regularized integral of w on X ~\ D can
then be replaced by a sum of regularized integrals >, [ XpD w|x,. After replacing

w|x, with S A B, one can apply, within each cell X}, the regularization procedure
modeled on the toy model case of §5.8 This results in a logarithmic divergence
with coefficient a period integral | XinE Bi. The nature of this period now depends
on how the divisor D and its Leray coboundary £(D) intersect each cell X} and
the nature of the motives m(D N X},).

In order to apply this method to our situation we need a further step. Indeed,
the compactifications Confr(X) do not necessarily admit a cellular structure, even
assuming that the variety X does. However, an argument similar to the one outlined
above applies to other decompositions of the variety.

A torification of a variety X' is a decomposition of X into a disjoint union of tori
T; = Gy (see [63] for more details). By the same argument as above, if T denotes
the subcollection of top dimensional tori, the restrictions a7, can be replaced by
meromorphic forms with logarithmic poles along D, again by Lemma 2.5 of [34]. As
in the previous case, the forms with logarithmic poles S on T} do not necessarily
extend to a single form n on all of X . D. One can proceed, as in the case of
cellular decompositions, to compute regularized integrals on each Tj. In each case
the coefficient of the logarithmic divergence will be a period integral that depends
on the nature of the motive m(D N T}).

A further level of generality is the notion of constructible torification introduced
n [64]. In this case, one only requires that the variety X admits a decomposition
into a disjoint union of pieces that are constructible sets obtained, starting from G,,
by repeated applications of products, disjoint unions, and complements. Roughly
speaking, in a constructible torification the building blocks are complements of tori
inside other tori.
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Under the assumption that X is a smooth projective variety with a cellular
decomposition (in particular, for a projective space X = PP), Lemma 8.1 of [64]
shows that the blowup of X' along a diagonal A, admits a torification. When
one iterates the blowup construction, one obtains a (constructible) torification on
Confr(X). The top dimensional pieces Cj, of this decompositions are, up to sets
of measure zero, complements of hypersurfaces in top dimensional tori, to which
Lemma 2.5 of [34] can still be applied. The resulting periods, which appear as
coefficients of the logarithmic divergences in the regularized integrals on the top
dimensional pieces of this decomposition, depend on the nature of the motives

6. Regularization and residue integration

In this section, we describe a regularization of the Feynman integral

z
(61) [ 2.
o W Dr
which is based on a generalization of the toy model case of §5.8 applied to the form
with logarithmic poles nlgz) = BIQZ) A BIQZ) described in the previous section. We

present the regularization in distributional terms, using the theory of principal val-
ues and residue currents. This will show that one can express the resulting residue
integrals in the regularization procedure in terms of the iterated Poincaré residues,
or equivalently in terms of an integration along a locus in a Leray coboundary of
an intersections of divisors DS,Z).

As we will discuss more in detail in the proof of Proposition [6.1] below, the Leray
coboundary of a hypersurface is dual to the Poincaré residue map and assigns to a
k-dimensional ¥ in the hypersurface a k + 1-dimensional chain in the hypersurface
complement that is a circle bundle over ¥. The Leray coboundary of a transverse
intersection of r hypersurfaces is dual to the iterated residue map and assigns to a
Y in the intersection of the hypersurfaces a T"-torus bundle over X. The precise
definition of iterated residues and Leray conboundaries and their main properties
are also recalled in the proof of Proposition 6.1l For a general treatment of Leray
cobondaries and their properties, we refer the reader to [13].

6.1. Iterated Poincaré residues. One can associate to a holomorphic dif-

ferential form SOr with logarithmic poles along Dr a Poincaré residue on each non-

empty intersection of a collection of divisors DSYZ)

N = {71)"%77‘}-

PROPOSITION 6.1. Let Npr = #Vp. Let Br be a meromorphic D Np-form with
logarithmic poles along Dr. For every Gr-nest N' = {y1,...,7}, there is a Poincaré
residue Rr(Br), which defines a cohomology class in HPNt =" (Vi;), on the complete
intersection VJS[Z) = Dgf) N---N DE,TZ,). The pairing of Rr(nr) with an (DNp —1)-

cycle Xnr in Vj\(fz) is equal to

1

6.2 R -
(62 [ R = [
where Lar(Xnr) is the DNp-cycle in Z[T'] given by an iterated Leray coboundary of
Ynr, which is a T -torus bundle over Xnr. Under the assumption that the variety
X is a mized Tate motive, the integrals [6.2)) are periods of mized Tate motives.

that corresponds to a Gr-nest

Br,
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PRrROOF. As shown in Proposition 5.5, the divisors DE,Z) in Z[I'] have the prop-
erty that

(6.3) VJS[Z) = Dglz) N---N Dg) #0< {v,...,%} isaGr — nest,
with transverse intersections.

Consider the first divisor Dg) in the Gr-nest A/, and a tubular neighborhood
Nr., = Nz[p](DEf)) of Dgf) in Nr_,. This is a unit disk bundle over Dﬁf) with

projection m : Nr ,, — DEYIZ) and with o : Dg?) — Nr, the zero section. The
Gysin long exact sequence in homology gives

- = Hy(Nr, ~ D) 55 Hy(Nr,y,)

Z Hk72(D£/f)) o Hy—1(Nr5y N Df)) -

where 7' is the Leray coboundary map, which assigns to a chain ¥ in Dg) the

homology class in N, \Dg) of the boundary d7~1(X) of the disk bundle 7~1(X)
over ¥, which is an S'-bundle over ¥. Its dual is a morphism

Ry, o HFPH(Np o, Dg?) - Hk(DEf)),

which is the residue map. The iterated residue map is obtained by considering the
complements Uy = Nr ,, \ D,(le) and

=D U D?),

1<k<r

Z)
Uy = (D nD?)~ ) D7,
2<k<r

and so on. One obtains a sequence of maps
R R
HYUo) =3 HYL(y) % HM2(thy) — - 3 HF=" (VD).

The composition Ry = R,, o --- o R, is the iterated residue map. Because
the residue map is dual to Leray coboundary, under the pairing of homology and
cohomology one obtains

(R (B), %) = (B, Ly (%)),

where Lnr = L, 0o---0 L, is the compositions of the Leray coboundary maps of

the divisors D»(Yf). The resulting Lxr(X) is therefore, by construction, a T"-torus
bundle over ¥. At the level of differential forms, the residue map R, is given by
integration along the circle fibers of the S'-bundle 97 ~1(X) — ¥. Thus, the pairing
(Rar(B), %) contains a 27i factor, coming from the integration of a form df / f, with
f the local defining equation of the hypersurface, along the circle fibers. This means
that, when writing the pairings in terms of differential forms, one obtains (G2)). As
shown in [36], if m(X) is mixed Tate, the divisors D, and their intersections in
Confr(X) are mixed Tate motives, and so are the DS,Z) and their intersections
v{? i Z]T]. O

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply



80 OZGUR CEYHAN AND MATILDE MARCOLLI

Given a Gr-nest N' = {y1,...,7.} let Vosr = D,, N---N D, be the intersection
of the corresponding divisors in Confr(X). The residues Ras(fr) of Proposition [6.1]
), with Np = #Vr,

Pr.

pair with a DNp — r-dimensional cycles ¥ C Vpr x {y} C V

(6.4) Rc(6r). 2000 = [ Racli) = o [

XN (27”) LT (Zn)

We can then reinterpret and extend the toy model case of §5.8in the following

way. We write 7 = Br A Br (ignoring a possible sign), with Br holomorphic with

logarithmic poles along Dr. We will also ignore some rational constant factors in
the computation, as they will not affect the nature of the resulting periods.

COROLLARY 6.2. Suppose given a Gr-nest N = {vy,...,7} as above, with
Vv =D, N---ND,,.. Thereis a reqularization of the integral (G1)), such that, its
restriction to a neighborhood of Vs is an iterated Poincaré residue.

ProoOF. When integrating the 2D Np-form nr in a neighborhood U of Vy, we

have (up to a sign)
/ﬂr :/UABNABM
u u

where we can locally write the form in coordinates

df dfr
ﬁN fl " " fr ’
with f; the function that locally defines the divisor D, , and with n a (2DNp —r)-
form which is regular along Vys. The integral of Sa A Bar can be modeled as in the
toy model case of §5.81 Thus, up to a rational factor, the integral of Sy A S can

be regularized as in §5.8) so that it results in a periods integral

BArs
T’r

where the torus T7 is the fiber of the Leray coboundary £ (Vy), identified with a
T7"-bundle over V), while the remaining term 7 is integrated along Vjr-directions.
Indeed, the chain of integration &%Z’y) = Confr(X) x {y} intersects the loci Vj(vZ) =
Vn x X7 along Vi x {y}, where the Vy are the intersections Vyr = D, N---ND.,.

of the divisors D,, in Confr(X). Thus, ¥ = Vy x {y} defines a 2DNp — r-
dimensional cycle in VJ(\/Z), with Np = #Vp, which can be paired with the form 7 of
degree 2D Nt —r on Vj(\/Z). Thus, we write the integral equivalently (up to a rational
factor) as a residue integral
/ nA BN
L7(Vn)

REMARK 6.3. The reason for passing to the wonderful compactification Z|[T']
and pulling back the form w%Z) along the projection 7r : Z[['] — Z'* is in order
to pass to a setting where the locus of divergence is described by divisors D,
intersecting transversely in Confr(X), while the diagonals A, in X' have higher
codimensions and do not in general intersect transversely. These transversality
issues are discussed in more detail in [36]. There is a generalization of the theory
of forms with logarithmic poles and Poincaré residues [74], that extends the case
of [42] of normal crossings divisors to more general classes of divisors, but in this

O
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more general setting the Poincaré residue gives meromorphic instead of holomorphic
forms.

6.2. Current-regularization of complexified amplitudes. We review here
briefly some well known facts about residue and principal value currents and we ap-
ply them to reinterpret the regularization procedure described above for the integral
(61) in terms of currents and principal values.

6.2.1. Residue currents and Mellin transforms. Recall that, for a single smooth
hypersurface defined by an equation {f = 0}, the residue current [Z¢], supported
on the hypersurface, is defined as

1

1 _
Zs| = =—0
2] = 52015
This is known as the Poincaré—Lelong formula. It can also be seen as a limit
.1 daf
@ =lim — — N .
/Zf 0 2mi Jygi=c f

A generalization is given by the Coleff-Herrera residue current [39], associated to

| Adf = iéalogm?.
21

a collection of functions {fi,..., fr}. Under the assumption that these define a
complete intersection V = {f; = --- = f, = 0}, the residue current
=1 =1
6.5 Rf=0]—]A---NI[—
(6.5) r=0l fl] [ fr}

is obtained as a limit
: P
R¢(p) = lim _—
s 0=0 )1, 55y J1o S
with Tei5)(f) = {|fr| = ex ()}, with the limit taken over “admissible paths” €(4),

which satisfy the properties

, o ek(9)
1 - 1 =
ey =0 o
for k =1,...,r and any positive integer £. The test form ¢ is a (2n—r)-form of type

(n,n — r), where 2n is the real dimension of the ambient space, and the residual
current obtained in this way is a (0, r)-current. For more details, see §3 of [18] and
[84]. Notice that, while in general one cannot take products of distributions, the
Coleft-Herrera product ([G.5)) is well defined for residue currents, as well as between
residue and principal value currents.

Moreover, the Mellin transform

(6.6) re(y) = /R T e

with

T%(€) = L4
7 /:a(f) fiofr

1l de = 61\1_1 - '67):7'_1 dey A -+ ANde,y,

and with

can also be written, as in [18], [84], as

1

(6.7) 70 = G

f

/ FPODTF A,
X
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where the integration is on the ambient variety A and where
[FPOTD = [P £ PO and df = dfy A A

When {fi,..., fr} define a complete intersection, the function A;---AT'F(A) is
holomorphic in a neighborhood of A = 0 and the value at zero is given by the

residue current ([18], [84])
(6.8) Ri(p) = M- A TE(N) [a=o-
Equivalently, ([G7) and (G.8]) can also be written as

: / Ofr| P A AO|fr M
A p,
x froo i

where the factor A on the left-hand-side stands for A; --- A, as in ([E38)).
The Poincaré-Lelong formula, in this more general case of a complete inter-

. (P . .
(6.9) Jm ATFO) = fim 5

section defined by a collection {fi,..., f;}, expresses the integration current Z
as
(6.10) Z/] = ——— B[ A AB[ =] Adfy A--- A df

' = Criyr U, Ao "

The correspondence between residue currents and the Poincaré residues on
complete intersections, discussed above in §6.1 is given for instance in Theorem
4.1 of [4].

6.2.2. Principal value current. The principal value current [1/f] of a single
holomorphic function f can be computed as [56], [76]

1 . ¢d¢ A dC
6.11 =], ¢) = hm/ —_—
(6.11) (Gho =t [ 2%
where ¢ is a test function. More generally, for {f1,..., f-} as above, the principal
value current is given by
1 ¢
6.12 —],¢) = lim ,
(6.12) <[f] ) = lim o T

with ¢ a test form and with

(6.13) Ne(f) = {lful > e}

More generally we will use the following notation.

DEFINITION 6.4. Given a (p, ¢)-form 7 on an m-dimensional smooth projective
variety X', with poles along an effective divisor D = Dy U --- D,., where the com-
ponents Dy are smooth hypersurfaces defined by equations f; = 0, the principal
value current PV (n) is defined by

(6.14) (PV(n),¢) = liH(l) nA o,
TOIN(S)

for an (m — p, m — q) test form ¢, with N.(f) defined as in ([@I3)).

The following simple Lemma describes how the principal value current and the
residue currents are related.
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LEMMA 6.5. When the test form ¢ is modified to ¢ + 0, the principal value
current satisfies

1 = 1 =1
(6.15) (5] 0+09) = (5] 9) = O] ¥,
where O[1/f] is the residue current Ry of (6.5).
PrOOF. By Stokes theorem, we have
Loy o _ . |
=], 09) =1 — = lim — — = —(0[=],v).
(ppon=tm [ Z=im- [ L=

O

We now return to the case of the complexified amplitudes ([3.9) and describe
the corresponding regularization and ambiguities.

6.2.3. Principal value and complezified amplitude. We can regularize the com-
plexified amplitude given by the integral (G.II), interpreted in the distributional
sense, as in §3.3.4] using the principal value current.

DEFINITION 6.6. The principal value regularization of the amplitude (6.1J) is
given by the current PV(nl(ﬂZ)) defined as in ([6.14)),

Z .
(PV (i), ¢) = lim @,

for a test function ¢.
We can also write the regularized integral in the following form.

LEMMA 6.7. The regqularized integral satisfies

(PV). ) = Tim | fa PR

A=0 J5(Z.y)
o v

where n = nr is the cardinality ny = #Gr of the building set Gr and the fi are the
defining equations of the DSZ) in Gr

ProoF. The form nlgz) has poles along the divisor Dr = UA(Z)EQF DE,Z). Thus,
if we denote by fi, with £k = 1,...,n with n = #Gr the defining equations of the

DEYZ), we can write the principal value current in the form

[fal o P

I
AZ0 EASR fno fa ’
with h an algebraic from without poles and ¢ is a test function. (|
6.2.4. Pseudomeromorphic currents. If {f1,..., fn} define a complete intersec-
tion V. ={f1 = --- = f. = 0} in a smooth projective variety X, an elementary
pseudomeromorphic current is a current of the form
1 1 =1 =1
(6.16) Crni=[7]A A JAO[=—] A AO[—],
o f n f r+1 f T f 1

for some 1 < r < n, where the products of principal value and residue currents
are well defined Coleff—-Herrera products and the resulting current is commuting

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply



84 OZGUR CEYHAN AND MATILDE MARCOLLI

in the principal value factors and anticommuting in the residue factors. These
distributions also have a Mellin transform formulation (see [18]) as

LA /T\a<|fg| g Y no

6.3. Ambiguities of regularized integrals. We can use the formalism of
residue currents recalled above to describe the ambiguities in the principal value
regularization of the complexified amplitudes of Definition

6.3.1. Complezified amplitude and residue currents. As in §6.1] consider a Gr-

nest {y1,...,7-} and the associated intersection V(Z) gl) N Dgf). Also let

nr = #Gr and let fi, for k =1,...,nr be the defining equations for the Dgz)’ for
~ ranging over the subgraphs defining the building set Gr. For € = (¢;), we define

(6.17) (Crn, @) =

/\—)0 X - 1

(6.18) 52" = 67" ANS),

with Nc(f) defined as in (613). The principal value regularization of Definition
can then be written as

PV ) =lim | oni™,
e—0 5;Zéy)
where the limit is taken over admissible paths.
Similarly, given a Gr-nest N' = {y1,...,7:}, we introduce the notation

(6.19) G0 =57 N I (f) N Niv e (f),

where The(f) = {|fe] = e, k = 1,...,7} and Ny o(f) = {|fe] > ¢, k = r+
1,...,n}, where we have ordered the n subgraphs 7 in Gr so that the first r belong
to the nest V.

PROPOSITION 6.8. For a Gr-nest N = {v1,...,7%}, as above, the limit

2 i (Z,y)
(6.20) lim - Py
determines a pseudomeromorphic current, whose residue part is an iterated residue
supported on VJ{,Z) = Ds,f) Nn---N DS,TZ,), obtained as in Corollary 6.2

PRrROOF. Let fi, with k =1,...,n with n = #Gr, be the defining equations of
the DS,Z). We assume the subgraphs in Gr are ordered so that the first r belong to
the given Gr-nest N. We can then write the current (6.20)) in the form (C, ,,, hp),
where C,. , is the elementary pseudomeromorphic current of (€.16]) and h is algebraic
without poles. Using a local coordinates model, as in Corollary one can identify
the resulting residue current with the regularization computed there. ]

6.3.2. Residue currents as ambiguities. With the same setting as in Proposition
[6.8, we then have the following characterization of the ambiguities of the principal
value regularization.

are

PROPOSITION 6.9. The ambiguities in the current-regularization PV (n (Z’y))

given by iterated residues supported on the intersections V(Z) Dgf) N---N DE,TZ,),
of divisors corresponding to Gr-nests N = {vy1,...,7}-
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PROOF. As above, we have

(Zy) % (Zy) _ [l LM
(PV(nr™™), ) = lim sz O = lim e R h

If we replace the form h¢ with a form hy + On, where N is a Gp-nest and the
notation dare) means a form

ONY =ty - 1 O A= A O,

for test functions ¥y, k =1,...,n, we obtain a pseudomeromorphic current

(Zv)y 7 _ gt 1 1 ks
<PV(77F ),8N'l/}> = <[fn fr—i—l fr fl]aw>,

with ¢ =1, - - - 1. Notice then that the residue part

(6.21) @% %m = Rar(4)

is an iterated residue supported on VJ&Z) = DSIZ) n---N Dgf). (]

JA-A[=——]AO[—]A---AD|

JA--AD[

By the results of §6.I1 and the relation ([G2I) between residue currents and
iterated Poincaré residues (see [4]), when evaluated on algebraic test forms on the
varieties VJ\(/Z), these ambiguities can be expressed in terms of periods of mixed Tate
motives. In other words, the mixed Tate nature of the period is not changed by
the presence of these ambiguities, as these are themselves expressible in terms of

mixed Tate periods of intersections of components of the boundary divisor.

7. Other regularization methods

We now discuss a regularization method for the evaluation of the integrals of
the complexified amplitudes,
z
[ oy T,
3 Y)

with the pullback 7 (wlgz)) to Z[I'| as in Corollary E.I3l The chain of integration

51&2,;,) is as in (5I7), obtained from the form w%Z) and the chain UIQZ) of Definition
The geometric method of regularization we describe in this section is based on
the deformation to the normal cone.

A general method of regularization consists of deforming the chain of integration
so that it no longer intersects the locus of divergences. We first describe briefly why
this cannot be done directly within the space Z[I'] considered above, and then we
introduce a simultaneous deformation of the form and of the space where integration
happens, so that the integral can be regularized according to the general method
mentioned above.

7.1. Deformations and linking. To illustrate where the problem arises, if
one tries to deform the chain of integration away from the locus of divergence in
Z|I'], consider the local problem near a point z € D,(YZ) in the intersection of &l(ﬂz’y)
with one of the divisors in the divergence locus of the form 77 (wr). Near this point,

the locus of divergence is a product D, x X VI We look at the intersection of the

integration chain 61(12"1’) with a small tubular neighborhood T¢ of D, x X o We
have
5EY N oT. = on M (D) x {y},
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with ¢ : T.(D,) — D., the projection of the 2-disc bundle and dn71(D,) a circle
bundle, locally isomorphic to D., x S*. Thus, locally, &lgz,y) N T, looks like a ball
B?PIVrl x {0} inside a ball B*PNr | with Ny = #Vp. Locally, we can think of the
problem of deforming the chain of integration in a neighborhood of the divergence
locus as the question of deforming a ball B2PNr x {0} leaving fixed the boundary
S§2PNr =1 % [0} inside a ball B*PNr 50 as to avoid the locus {0} x B?PN+ that lies
in the divergence locus, with N, = #V,. However, we find the following simple
topological fact.

LEMMA 7.1. The spheres S?PNr=1 x {0} and {0} x S?PN+=1 are linked inside
the sphere S4PNr—1,

ProoF. This can be seen, for instance, by computing their Gauss linking in-
tegral (see [78])

1 Qk g(a)
1 Lk(M,N) = —=< ———|z,d d
(7.1) (M, N) Vol(S) /MxN sin” («) [z, dz, y, dy]
with M = S* x {0}, N = {0} x S*, S = S”, and with k = ¢ = 2D|Vyp| — 1 and
n =4D|Vp| — 1, where

Qpe(a) == / sin® (0 — ) sin’()d,
0

=«
a(z,y) = distgn (z,y), x € M,y € N,

or ox dy Jy
d dy] :=det(x, =—, ..., =—, Y, =—, ..., —)dsdt
[z7 x’ y7 y] e (z7 asl Y ) aSk ) y’ 6t1 3 ) atz) S )
with z,% the embeddings of S* and S* in S™ and s,t the local coordinates on S*
and S’. Then one can see (§4 of [78]) that in S™ with n = k + £ + 1 the linking

number is Lk(S* x {0}, {0} x S%) = 1. O

This type of problem can be easily avoided by introducing a simultaneous
deformation of the form 7§ (wr) and of the space Z[I'] as we show in the following.

7.2. Form extension. We first embed the configuration space Z'T as the
fiber over zero in a one parameter family Z'T x P'. We extend the form w(FZ) to
ZV" x P! using the additional coordinate ¢ € P! to alter the differential form in a

suitable way.

DEFINITION 7.2. The extension of the complexified amplitude w(FZ) on the space

ZVr x P! is given by

-(2) 1 - =
7.2 ol = dxy, NdT, NdCAdC,
2w’ = U mo—marreee A chde

where ( is the local coordinate on P'.

LEMMA 7.3. The divergent locus {d)éz) = oo} of the form ([L2) on ZVr x P!
s given by the locus ueeEFAéZ> c ZVr x {0}.

PrOOF. The locus of divergence is the intersection of {{ = 0} and the union
of the products Agz) x Pl = {Zs(e) — Ty(e) = 0} O
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Notice that we have introduced in the form (.2) an additional variable of
integration, d{ A d(. The reason for shifting the degree of the form will become

clear later in this section (see 7.0l below), where we see that, when using the

deformation to the normal cone, the chain of integration Ul(ﬂZ’y) is also extended by

an additional complex dimension to U(Z’U) x P!, of which one then takes a proper
transform and deforms it inside the deformatlon to the normal cone. In terms of the
distributional interpretation of the complexified amplitudes of §3.3.4] the relation

between the form (7.2)) and the original amplitude [B.9) can be written as

(¢ =0) ) _
(3)  wr’ / I e —xt(e>||2+|<| o1 [\ dro Az ndCAG,

ecEr vEVD

where the distributional delta constraint can be realized as a limit of normalized
integrations on small tubular neighborhoods of the central fiber ( = 0 in the trivial
fibration ZVr x P!

7.3. Deformation to the normal cone. The deformation to the normal
cone is the natural algebro-geometric replacement for tubular neighborhoods in
smooth geometry, see [46]. We use it here to extend the configuration space Z'T
to a trivial fibration Z'* x P! and then replacing the fiber over {0} € P! with the
wonderful compactification Z[I']. This will allow us to simultaneously regularize
the form and the chain of integration. For simplicity we illustrate the construction
for the case where the graph I' is itself biconnected.

PROPOSITION 7.4. Let T' be a biconnected graph. Starting with the product
ZVt x P, a sequence of blowups along loci parameterized by the A(VZ) x {0}, with ~
induced biconnected subgraphs yields a variety D(Z[T']) fibered over P! such that the
fiber over all points ¢ € P with ¢ # 0 is still equal to Z'7 , while the fiber over ¢ =0
has a component equal to the wonderful compactification Z[I'] and other components

given by projectivizations P(C @ 1) with C the normal cone of the blowup locus.

PROOF. We start with the product Z'* x P!. We then perform the first blowup

of the iterated sequence of §5.2.Tlon the fiber over ¢ = 0 namely we blowup the locus
2) x {0} , with A%Z) the deepest diagonal, inside ZVr x PL. (Note that this is
where we are using the biconnected hypothesis on I', otherwise the first blowup may
be along induced biconnected subgraphs with a smaller number of vertices.) The
blowup BIA(FZ)X{O}(ZVF x P1) is equal to Z'" x (P! \ {0}) away from ¢ = 0, while
over the point ¢ = 0 it has a fiber with two components. One of the components
is isomorphic to the blowup of Z'* along A{ﬂz), that is, BIA(Fz>(ZVF) = Y1, with
the notation of §6.2.11 The other component is equal to P(C 4w (A(FZ)) @ 1) where
Cyv (A;Z)) is the normal cone of A;Z) in Z". Since A%Z) ~ X x X'' is smooth,
the normal cone is the normal bundle of A;Z) in ZVr. The two Cartier divisors
Y7 and P(Czw (A(FZ)) @ 1) meet along P(C,w. (A(FZ))). We can then proceed to
blow up the further loci A»(YZ) with v € G,,—1r inside the special fiber 771(0) in
BIA(FZ)X{O}(ZVF x P1), where

7 B1A<FZ>X{O}(ZVF x Py — 7't x P!

is the projection. These loci lie in the intersection of the two components of the
special fiber 771(0). Thus, at the next stage we obtain a variety that again agrees
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P(C(Y)®1)

FIGURE 1. Deformation to the normal cone.

with ZV* x (P! \ {0}) away from the central fiber, while over ( = 0 it now has a
component equal to Ys and further components coming from the normal cone after
this additional blowup. After iterating this process as in §5.2.1] we obtain a variety
that has fiber Z'" over all points ¢ # 0 and over ¢ = 0 it has a component equal
to the wonderful compactification Z[I'] and other components coming from normal
cones. (]

Notice that one can also realize the iterated blowup of §5.2.T]as a single blowup
over a more complicated locus and perform the deformation to the normal cone for
that single blowup. We proceed as in Proposition [[4] as it will be easier in this
way to follow the effect that this deformation has on the motive.

The main reason for introducing the deformation to the normal cone, as we
discuss more in detail in §7.06] below, is the fact that it will provide us with a
natural mechanism for deforming the chain of integration away from the locus of
divergences. The key idea is depicted in Figure [Il where one considers a variety X
and the deformation Bly o} (X x P'). If 7 : Bly, (o3 (X x P') — P! denotes the
projection, the special fiber 7=1(0) has two components, one given by the blowup
Bly(X) of X along Y and the other is the normal cone P(Cx()) @ 1) of ) inside
X. The two components meet along P(Cx())). As shown in §2.6 of [47], one
can use the deformation to the normal cone to deform ) to the zero section of
the normal cone. Thus, given a subvariety Z C ) the proper transform Z x P!
in Blyy {0} (X x P') gives a copy of Z inside the special fiber 771(0) lying in the
normal cone component, see Figure [T

7.4. Deformation and the motive. We check that passing from the space
Z'" to the deformation D(Z[I']) described in Proposition [Z.4] does not alter the
nature of the motive.
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It is easy to see that this is the case at the level of virtual motives, that is,
classes in the Grothendieck ring of varieties.

PROPOSITION 7.5. If the class [X] in the Grothendieck ring of varieties Ko(V)
is a virtual mized Tate motive, that is, it lies in the subring Z[L] generated by the
Lefschetz motive L = [A], then the class of D(Z[T)) is also in Z[L].

PROOF. As shown in Proposition [Tl the space D(Z[I]) is a fibration over P!,
which is a trivial fibration over P! \. {0} with fiber Z'T. By inclusion-exclusion, we
can write the class [D(Z[['])] in Ko(V) as a sum of the class of the fibration over
P!\ {0}, which is

(27 x ('~ {0})] = [X]**" L,

with Np = #Vr, and the class [771(0)] of the fiber over ¢ = 0, with 7 : D(Z[[]) —
P! the fibration. The component [X]|* TL is in Z[L] if the class [X] € Z[L] as
we are assuming, so we need to check that the class [771(0)] is also in Z[L].
The locus 7~ 1(0) is constructed in a sequence of steps as shown in Proposition
[[4 At the first step, we are dealing with the deformation to the normal cone
BIA(FZ) (ZVr x P!) and the fiber over zero is the union of Y3 and P(Cyv;. (A{ﬂz)) @1),

intersecting along P(C ;v (A%Z))). Since A%Z) ~ X x X' is smooth and a Tate
motive, P(Cyv (A(FZ)) @ 1) is a projective bundle over a Tate motive so it is itself

a Tate motive. So is P(C v (A;Z))), for the same reason. So is also Y; because of
the blowup formula for Grothendieck classes [19],

codim(Al(ﬂz) x{0})—1
vi] = [2""] + 3 (AP LE.
k=1

By the inclusion-exclusion relations in the Grothendieck ring, it then follows that
if the two components of the fiber over zero are in Z[L] and the class of their
intersection also is, then so is also the class of the union, which is the class of the
fiber itself. At the next step the fiber over zero is blown up again, this time along
the (dominant transforms of) AEYZ) with v € G,_1 r. Each of these is a blowup of a
variety whose class is a virtual mixed Tate motive along a locus whose class is also
a virtual mixed Tate motive, hence repeated application of the blowup formula in
the Grothendieck ring and an argument analogous to the one used in the first step
shows that the Grothendieck class of the fiber over zero is also in Z[L)]. O

We can then, with a similar technique, improve the result from the level of
Grothendieck classes to the level of motives.

PROPOSITION 7.6. If the motive m(X) of the variety X is mized Tate, then the
motive m(D(Z[T]) of the deformation D(Z[T]) is also mized Tate.

PROOF. As in the case of the Grothendieck classes, it suffices to check that, at
each step in the construction of D(Z[I']), the result remains inside the category of
mixed Tate motives. It is clear that, if m(X) is mixed Tate, then m(Z), m(Z'") and
m(Z'" x P!) also are. At the next step, we use the blowup formula for Voevodsky
motives (Proposition 3.5.3 of [88]) and we obtain

m(Bly=),, {0}(ZVF x P1)) =
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codim(Al(ﬂz) x{0})—1
T Z
m(Z'" x PY)) @ <5 m(AP) (k) [2k].
k=1

NG ><{()}(ZVF x P1)) is mixed Tate if m(X) is. The successive
(2)

steps are again obtained by blowing up loci Ay™ whose motive m(AgZ) ) is mixed
Tate, inside a variety whose motive is mixed Tate by the previous step, hence
repeated application of the blowup formula for motives yields the result. O

This implies that m(B1

The analog of Remark [5.8 also holds for the motive m(D(Z[I']).

7.5. Amplitude form on the deformation. Let LDng) be the regularized

form defined in (T2). In order to allow room for a regularization of the chain of
integration, we pull it back to the deformation to the normal cone described above.

DEFINITION 7.7. The regularization of the form wl(ﬂz) on the deformation space
D(Z[I']) is the pullback

w~(Z
(7.4) @),
(z

where 7 : D(Z[T]) — Z'* x P! is the projection and @, ) is the extension [2) of
the complexified amplitude to Z'T x P*.

The locus of divergence {7} (ch(ﬁZ)) = oo} inside the deformation space D(Z[I'))

is then given by the following.
LEMMA 7.8. The locus of divergence of the regularized Feynman amplitude

g (031(12)) on the space D(Z[I']) is a union of divisors inside the central fiber,

(7.5) U b cr o),
AP egr

where 7 : D(Z[T']) — P! is the projection of the fibration.

ProOOF. When pulling back the regularized form LZJIEZ) from ZVr xP! to D(Z]I)),
the poles of QIQZ) along the diagonals A»(YZ) x {0} yield (as in Proposition .10l and

Corollary B.T3) poles along the divisors DSYZ), contained in the central fiber 7=1(0)
at ¢ =0 of D(Z[T)). O

7.6. Deformation of the chain of integration. We now describe a reg-
ularization of the chain of integration, based on the deformation to the normal
cone.

PROPOSITION 7.9. The proper transform of the chain 0'1(12711) x P! inside D(Z[I'])
gives a deformation of the chain of integration, which does not intersect the locus

of divergences of the form Ty (JJ%Z))-

PRroOF. Consider the chain gl(“Zﬁy) = X'* x {y} of (BI0), inside Z'". Extend it

to a chain Ul(ﬂz,;,) x P! inside Z'© x P'. Let Ul(ﬂZ’y) x P! denote the proper transform

in the blowup D(Z[I']). Then, as illustrated in Figure [Il we obtain a deformation
of U(FZ’y) inside the normal cone component of the special fiber 771(0) in D(Z[T])
that is separated from the intersection with the component given by the blowup

Z[r]. O
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7.7. Regularized integral. Using the deformation of the chain of integration
and of the form, one can regularize the integral by

v ~(2)
(7.6) /E(Fz’y) ap(@r ),

where Z%Z’y) denotes the (2Np + 2)-chain on D(Z[I']), with Np = #Vr, obtained
as in Proposition As in ([Z3), one also has a corresponding integral on the
intersection of the deformed chain X(%¥) with the central fiber, which we can write
as

[, 1o 7@,
PN

7.7.1. Behavior at infinity. The regularization (8] described above avoids di-

vergences along the divisors DE,Z) in Z[I']. It remains to check the behavior at
infinity, both in the P'-direction added in the deformation construction, and along
the locus Do, in D(Z[I']) defined, in the intersection of each fiber 7=1(¢) with the

chain of integration Z;Z’y), by Ar s = XV CAPNT with Np = #Vp.

PROPOSITION 7.10. The integral ([T0) is convergent at infinity when D > 2.

PROOF. For the behavior of (Z.6) when ¢ — co in P!, we see that the form
behaves like 7=2P+2rdr, where r = |(|. This gives a convergent integral for 2D —
3 > 1. For the behavior at Ar ., consider first the case where a single radial
coordinate 1, = |z,| — oo. In polar coordinates, we then have a radial integral
ry GPTD#Ee .D1g  where Er, ={e€ Er|v € d(e)} is the valence v(v) of the
vertex v. This gives a convergent integral when (2D — 2)v(v) — D +1 > 1. Since
v(v) > 1 and 2D —2 > 0, we have (2D —2)#FEr,—D+1 > D —1, so the condition
is satisfied whenever D > 2. More generally, one can have several r, — co. The
strongest constraint comes from the case that behaves like 7~ (2P=2) 2, v(v) pDNr—1
with Ny = #Vr. In this case the convergence condition is given by (2D — 2)vpr —
DNr > 0, where vr = ZUEVF v(v). Again we have vr > Np, and we obtain

(2D — 2)’UF — DNrp > (D — 2)NF > 0,

whenever D > 2. In this case the condition for convergence at || — oo is also
satisfied. O

8. Appendix: Amplitudes and Bochner—Martinelli kernels

In this Appendix we present some additional complementary material. Using
the relation between the Feynman amplitude wr of (B2) and the Green functions
of the Laplacian, we compute dwr in terms of an integral kernel associated to the
graph T' and the affine space APNt ¢ XVr| with Ny = #Vp. We also discuss
the relation between the complexified amplitude wl(ﬂz) of (B3) and the Bochner—
Martinelli kernel.

8.1. Real Green functions and differentials. As before, we consider the
Green function of the real Laplacian on AP (R), with D = 2\ + 2, given by

1

(8.1) Gr(z,y) = EETIES
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Consider then the differential form w = Ggr(z,y) dz A dy. This corresponds to the
Feynman amplitude (2] in the case of the graph consisting of a single edge, with
configuration space (X x X)~\ A, with A = {(z,y) | = y} the diagonal.

LEMMA 8.1. The form w = Gr(x,y)dx A dy is not closed. Its differential is
given by

D
(8.2) dw = _)\Zw (dx A\ dy N\ dzy, — dx A dy A dgy) -

PROOF. We have

2. 0Gx
dw—(?w—g dx/\dy/\dxk E
k=

8— dx N\ dy N dyg.

We then see that

o _ —2X\ _ b _ —2)\ _
e —l =% _ (o yz;), and Az —wll™ (o y;;),
Oz, I = yll O I = yll
so that we obtain (82). O

8.2. Feynman amplitudes and integral kernels on graphs. We first con-
sider the form defining the Feynman amplitude wr of [3.2)). It is not a closed form.
In fact, we compute here explicitly its differential dwr in terms of some integral
kernels associated to graphs.

Recall that, given a graph I and a vertex v € Vr, the graph ' \ {v} has
(83) VF\{'U} =Vr~ {U}v and EF\{'U} =Er ~ {6 € Er ‘ CAS 8(6)},
that is, one removes a vertex along with its star of edges.

DEFINITION 8.2. Suppose given a graph I' and a vertex v € Vp. Let Np = #Vp.
Let €, = (—1)"r¢/, where €, is the sign determined by

€ (/\ dry) A dr, = /\ Az,
w#v v €Vr
Let St,, and Tt ,, be the expressions defined as

! 1
®4)  Sro= H N — o 12N Tr, = H N~ — o [[2X°
e€Eriv=s(e) ||$v B xt(e)” e€Er:v=t(e) Hxs(e) - xv“

Also denote by Ky 1 the expression

(xv k— Tw k)
8.5 Bypwlk = ——————=.
( ) v,w, ”Iv _IwHD

We define the differential form
(8.6)
D

R . -
Ry = € Z SF,U Z TF\e,UHU,t(e),k _TF,U Z SF\e,'uK?s(e),U,k dxv/\dxv,kv

k=1 e:v=s(e) e:v=t(e)

in the coordinates © = (z, |v € Vr). Given an oriented graph I', we then consider
the integral kernel

(8.7) ’CRI = Z Wwr{v} A '%ngvv

vEVP
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where wr {,} is the form (B.2) for the graph (8.3)).
PROPOSITION 8.3. The differential dwr is the integral kernel Krr of &71).

PRrROOF. First observe that, for wr the Feynman amplitude of (3.2), we have
dwr = Owr, that is,

for = Y Y

veEVTr k=1

wr N dZy ks,

with Nt = #Vp. We introduce the notation

(8.8) vre =[] ” L

e:wgd(e) Ts(e) — Ti(e) H2A .

We can then write, for any given v € Vp,

[

eCFr ” s(e)_xt(e)H”\

and we obtain

xl, k H —2)\ = UF,'USF vaxl, kTF,'u + UF,UTF,vaiU‘k SF,'U-
s(e) = Lt
Ts(e) — Tt(e)

We also have

1o} T (xs(e) kE— Ty k)
:Z v A e, v : .
OTpr Z e, 1Zs(e) — zo||P
’ e:v=t(e)

0
6:fv7k

SF,v_)‘ Z SF\ev ka (6) k)’

L T = o 1P

where we used the fact that, for z,w € AP, one has

0 1 A(wy — 2x)

owg |z —w® —flz =P

This gives

Oz, 1 <H m) =Mru| Y SreewTrokviei— P, Stwltevbis(e) ok

v=s(e) v=t(e)

Thus, we find
dwp = MN(—1)Vr Z Uy /\ dx,, A nﬂﬁyv.
vEVD wH#v
We then identify the term vr , Awxy do, with the form wp g, O

It is easy to see that this recovers (82)) in the case of the graph consisting of
two vertices and a single edge between them.
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8.3. Complex Green functions and the Bochner—Martinelli kernel.
On AP(C) C X the complex Laplacian

D

has a fundamental solution of the form (D > 1)
—(D -2)!
(2mi) Pl —y[2P 2

The Bochner—Martinelli kernel is given by

(8.9) Ge(z,y) =

D )' Tk
8.10 Kc )F LT Tk g Ad
10 0= e §: o — oD 7

where we write
de =dey N---Ndep  and  dipy = dZ A--- AdTp A--- AdTp,
with the k-th factor removed. The following facts are well known (see [53], §3.2

and [60]):
D
(8.11) => (-1 —dx[k] A dz
k=1
D
= (*I)DilaxG(c A Zdi‘[k] A dI[k].
k=1

where 9, and 0, denote the operators 9 and 0 in the variables z = (k). For fixed
y, the coefficients of K¢ (z,y) are harmonic functions on AP \ {y} and Kc¢(z,y)
is closed, d,K(z,y) = 0. Moreover, the Bochner-Martinelli integral formula holds:
for a bounded domain ¥ with piecewise smooth boundary 93, a function f € C2(X%)

and for y € X,
(8.12) / F@)Ke(z,y) /A 2) Ge(, y)dzAdo— / Gele,y) py (@),
where 17 (x) is the form
N~ ypik1 O _
(8.13) () = ’;(—1) o dzp A dz.

The integral (812]) vanishes when y ¢ X. A related Bochner-Martinelli integral,
which can be derived from [8I2]) (see Thm 1.3 of [60]) is of the form

(8.14) f(y) = ﬂwm@m—/wAmmm
o >

for y € ¥ and f € CL(X), with 0f =", 0x, f dZy.
Similarly, one can consider Green forms associated to the Laplacians on (P4
forms and related Bochner—Martinelli kernels, see [82].

8.4. Complexified amplitudes and the Bochner—Martinelli kernels.
We now consider the Feynman amplitude wr of (BI2) in the complexified case
discussed in §8:3.31 We first introduce a Bochner—Martinelli (BM) kernel for graphs.
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8.4.1. Bochner—Martinelli kernel for graphs. We define Bochner—Martinelli ker-
nels for graphs in the following way.

Suppose given an oriented graph I' and vertices v,w € Vr. In the coordinates
Ty, Ty € X VT, consider the forms

D _ -
1 Lok — Tw,k _

8.15 cw = (mDF IR TR dp, Ad
( ) Koyw ;( 70 — :z:w||2D Ty Lo, (k]

D x x

Cx _ _q)k-1 2ok T Pwk 7
(8.16) kS = ;( 1) I 72D dz, 1y A dTy.
We construct two kinds of integral kernels, in terms of the ngw and H‘E;;jj and of
expressions
1 1

8.17 SE, = TF, = .
( ) Ty H |z, — xt(e)HzD—z’ o H ||x5(e) — x,||2P-2

ecEr ecEr
v=s(e) v=t(e)

which are the analogs of (84) in the complexified case.

DEFINITION 8.4. For an oriented graph I' and a vertex v € Vp, we set

(818) K’F’U - Z SF ’L)TF\E’L) v,t(e Z SF\ev v s(e v*
erv=s(e) e:v=t(e)

(819) Z SF UTF\ev vte) Z SF\evTFv 3(3 v*
e:v=s(e) e:v=t(e)

We also define a simpler BM kernel for graphs, of the form

W BMC _ _
(8.20) Kiy Z € KS(e) (o) A0 N ATy (1]
e:wed(e)
and
(BM.Cox C,* _
(8.21) Ky 7= Y R e Qo k) A dE,
e:wed(e)

where the sign e, is +1 depending on whether v = s(e) or v = t(e).

8.4.2. Complezified amplitude and Bochner—Martinelli kernel. The Bochner—
Martinelli kernel of graphs defined above is related to the Feynman amplitude

BI12) by the following.
PROPOSITION 8.5. Let &r be the Feynman amplitude B812). Then

(8.22) 8(21F = Z €v C:)F\{v} A '%(I;,v
veEVE
(8.23) 5@1“ = Z €v ‘DF\{D} A (_1)D 1"{%;7
vEVE

where the sign €, is defined by

€v /\ Z(_l)kildxwv[k] AT, k) | A (Z(—l)kldiﬂv,[k] /\dfu,[k]> =

w#v k k
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/\ Z(—l)kildl‘v/)[k] N dfvl7[k].

v'eVr k

PRrROOF. The argument is analogous to Proposition B3] a

8.5. Bochner—Martinelli integral on graphs. There is an analog of the
classical Bochner—-Martinelli integral ([814) for the kernel (8IS]) of graphs.

We first recall some well known facts about the Laplacian on graphs, see
e.g. [17]. Given a graph T, one defines the exterior differential § from functions on
Vr to functions on Er by

(0h)(e) = h(s(e)) — h(t(e))
and the * operator from functions on edges to functions on vertices by
= > - D> e
e:v=s(e) e:v=t(e)
Thus, the Laplacian Ar = §*6 on I is given by

(Arf)) = Y (Av) =h(t(e) = Y (h(s(e)) = h(v))

e:v=s(e) e:v=t(e)

=N, h(v) = Y h(ve),
e:wed(e)
where N, is the number of vertices connected to v by an edge, and v, is the other
endpoint of e (we assume as usual that I" has no looping edges). Thus, a harmonic
function h on a graph is a function on Vr satisfying

1
(8.24) h(v) = N, Z h(ve).
e:wed(e)
Motivated by the usual notion of graph Laplacian Ar and the harmonic con-
dition (824)) for graphs recalled here above, we introduce an operator

(8.25) (Arof)@) = > flx,),

e:wed(e)

which assigns to a complex valued function f defined on AP C X a complex valued
function Ar, f defined on Xr,
We then have the following result.

PROPOSITION 8.6. Let f be a complex valued function defined on AP C X.
Also suppose given a bounded domain ¥ with piecewise smooth boundary 0% in AP
and assume that f is C' on . For a given v € Vp consider the set of x = () €
APIVrl ¢ XVr | such that x,, € ¥ for all v, # v endpoints of edges e with v € d(e).
For such x = (x,,) we have

(8.26)

@re) = ok ([ et = [ o slo) nwB2 )

with Iiﬁjy’c and nF,JX[’C as in B20) and BZI), where the integration on ¥ and 0%
is in the variable x,, and A, f is defined as in (825]).
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PrOOF. We have

D _
Ts(e — Tt(e k:)
[ eofiw = Y« [ sty b,
>

e:ved( e) 9% k=1 ||'/Es(e — Ty )HQD

where
Ny = dwv A d‘f'u,[k]
We write the integral as

S [ ) Syt Eek Tk

% et 20 — o, |

D (Zoo ke — Tu )
_ Z f(zv)Z(_l)kfl Ve, k v,k o
k=

20 — 2o, ||?P

e:v=t(e) 0% 1
2 (Zok — To k)
— v,k T Lo,k
- Fla) St ek )
e:vezﬁ(e) 0% : ; H.’Iiv—.’ljvﬁ”2D !

The case of the integral on ¥ is analogous. We then apply the classical result (814)
about the Bochner—Martinelli integral and we obtain

[ ot~ [ o) e = B S fe),

! e:wed(e)
O

8.6. Bochner—Martinelli kernel and forms with logarithmic poles. In
view of our discussion about replacing the complexified amplitude by an algebraic
form with logarithmic poles, we mention here a well known property of the Bochner—
Martinelli kernel, which provides a completely explicit toy model model case for
the kind of substitution we aim for in the more general case of the complexified
amplitude.

Consider then the Bochner-Martinelli form, for z,w € CP

D

(8.27) U(z,y) = Z(—l)k_lﬁ dx A dZpy
k=1

Let QP~! be the pullback, under the projection p : C” \ {0} — PP~1(C),
of the Kihler volume form of the Fubini-Study metric on PP~1(C), and let 7 :
Bl,(CP) — CP denote the projection of the blowup of C” at a point y. We then
have the following result.

LEMMA 8.7. The pullback n* () of the Bochner—Martinelli form B27) is
(8.28) (W) =ConQP1,

where 2 is as above and 6 = dlog(\) on the fibers {\x}rcc, and with the constant
C € Q(2mi).

PROOF. The result follows as in [53], pp. 371-373. One checks with a direct
computation that the constant is given by C' = (2ri)P?~1/(D — 1)L O
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LEMMA 8.8. The form

D
(8.29) Gy = 20 — 2ol TP (1) T day iy A dZy,
satisfies
(8.30) 00y 1y = U(Xy, Toy).

where the 0-operator is taken in the x, variables.

Proor. The form 0w, ,, is given by

1 k 1
Z s (o aoes) oo AZ B A B = H s )

O

Note that the form @, ,, of (829) is the form &r for the graph I' consisting
of two vertices v, w and a single edge between them. We then have the following
result, which shows that the form &, ,, can be replaced by an algebraic form with
logarithmic poles, up to a coboundary.

PROPOSITION 8.9. Let 7 be the projection of the blowup along A = {x, = Ty}
The form &y 4, satisfies, for some form &,
(8.31) T (Dy0) = C log(\) QP71 4 de,
with C = (2mi)P~1/(D — 1)L

Proor. By (B28) and (B30), we have o1 (0, ) = CONQP L and On* (0 1) =
0. Thus, we have

A(T* (y.0) — C log(N) QP71 = 0.
The cohomology of the blowup is given additively by (see [63], p. 605)
H*(Bla (PP~ x PP71)) = 7 H* (PP~ x PP~ @ H*(E) /n*H*(A).

This has no odd dimensional cohomology, hence for the above form of degree 2D —1
we obtain that 7*(&, ) and C log(\) QP! differ by a coboundary, with C as in
Lemma [R71 |

In particular, as a direct consequence of the previous result, in the case of a
tree we obtain the following.

COROLLARY 8.10. If the graph T is a tree, then

* ((2}1") = /\eeEFﬂ_* (‘Ds(e),t(E))

is cohomologous to a differential form with logarithmic poles.
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