Contemporary Mathematics
Volume 648, 2015
http://dx.doi.org/10.1090/conm/648/12999

Dyson—Schwinger equations in the theory of computation

Colleen Delaney and Matilde Marcolli

ABSTRACT. Following Manin’s approach to renormalization in the theory of
computation, we investigate Dyson—Schwinger equations on Hopf algebras, op-
erads and properads of flow charts, as a way of encoding self-similarity struc-
tures in the theory of algorithms computing primitive and partial recursive
functions and in the halting problem.

1. Introduction

There are many deep connections between theoretical physics and information
theory, and in particular the theory of computation, see for instance the account
given in [I]. In the recent papers [24] and [25], Manin developed a new approach to
the theory of computation and the halting problem, based on importing ideas and
techniques from the Hopf-algebraic formulation of renormalization in perturbative
quantum field theory, [3], [9], [I7]. The purpose of this paper is to show that
the Hopf algebra of flow charts introduced by Manin in [24] exhibits self-similarity
structures given by solutions of combinatorial Dyson—Schwinger equations, defined

as in perturbative renormalization, [2], [10], [11], [12], [21], [34]. These can be
thought of as a notion of “equations of motion” in the theory of computation.

Dyson—Schwinger equations [7], [29] are a formulation of equations of motion in
perturbative quantum field theory, expressed in the form of relations between Green
functions. In recent years, an algebraic formulation of the combinatorial structure
of perturbative renormalization for scalar field theories was developed, starting
with the work of Kreimer on the Hopf-algebraic structure of renormalization [17],
followed by the Connes—Kreimer formulation [3] of the BPHZ renormalization pro-
cedure, and the formulation in terms of a Riemann-Hilbert correspondence for
categories of differential systems in Connes—Marcolli [5], [6]. The Connes—Kreimer
formulation of renormalization was given a very general algebraic formulation in
terms of Rota—Baxter algebras in the work of Ebrahimi-Fard, Guo and Kreimer
[9]. Correspondingly, the Dyson—Schwinger equations were also given a combinato-
rial form, reflecting the Hopf-algebraic structure of renormalization, in the work of
Bergbauer, Kreimer, and Yeats, [2], [21], [34] and more recently with an extensive

study by Foissy, [10], [11], [12]

In this paper we investigate the formulation of Dyson-Schwinger equations in
the context of Manin’s approach to renormalization and computation. Our main
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application will be an alternative formulation of a possible “Galois theory of algo-
rithms”, similar in spirit to the approach proposed by Yanofsky in [33], but more
directly related to the Hopf algebra structure of algorithms.

In §2 we review some variants of the construction of a Hopf algebra of flow
charts. These are diagrams, consisting of decorated planar rooted trees, that com-
pute primitive recursive functions. In §3] we discuss how different version of the
Hopf algebra, of flow charts or of “templates”, give rise to slightly different notions
of algorithms, meant in the sense of [32] as intermediate levels between programs
and functions. In §4] we discuss grafting operators and Dyson—Schwinger equa-
tions for flow charts, as a way of identifying certain self-similarity structures in
the computation of primitive recursive functions. We review some known results
about existence and uniqueness of solutions and on conditions under which the
coordinates of the solution generate a Hopf subalgebra. We show that one can
also consider ideals generated by the coordinates of solutions. Under the condition
that the grafting operator is a cocycle, these can give rise to Hopf ideals. The
quotient Hopf algebra determines a subgroup of the affine group scheme dual to
the (commutative) Hopf algebra of flow charts. We propose this subgroup as a
suitable notion of Galois group, following a point of view closely related to Yanof-
sky’s Galois theory of algorithm [33], although the groups we consider are of a
different nature than those considered in [33]. The group we consider consists of
those symmetries that are compatible with the self-similarity structure imposed by
the Dyson—Schwinger equation. We then show an explicit example of a Dyson—
Schwinger equation based on computation by binary trees that does not satisfy the
Hopf algebra condition. In order to accommodate this type of example, that is
relevant to the setting of computation, we show that it is convenient to take an
operadic viewpoint on Dyson—Schwinger equations, which was already suggested in
the work of Bergbauger—Kreimer [2]. In §5l we show that Dyson—Schwinger equa-
tions can be formulated in the operad setting, using a family of grafting operations,
which is not required to satisfy a cocycle condition. We consider Dyson—Schwinger
equations on an operad of flow charts. We prove the existence and uniqueness of
solutions for these operadic Dyson—Schwinger equations and also for a properad
version. The extension from operads to properads is motivated by the more recent
formulation, given by Manin in [27], of a properad of flow charts based on directed
(acyclic) graphs instead of rooted trees. Finally, §0l is more speculative in nature
and it focuses on an algebraic Feynman rule associated to the halting problem pro-
posed in [25]. We also formulate some general questions about the meaning of the
BPHZ renormalization procedure and the role of Dyson—Schwinger equations in the
halting problem.

2. Primitive recursive functions and the Hopf algebra of flow charts

We recall here the setup of Manin [24] on the Hopf algebra of flow charts. First
recall from [23] the following facts about primitive recursive functions.

2.1. Primitive recursive functions. As in §V.2 of [23], we consider the
class of primitive recursive functions as generated by the basic functions

e Successor s: N = N, s(z) =2+ 1;
e Constant ¢" : N” —» N, ¢"(z) =1 (for n > 0);
e Projection 7} : N* — N, nl*(x) = z; (for n > 1);
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With the elementary operations

e Composition (substitution) ¢(y, npy: for f: N7 — N" g:N" — NP,

gof:N" =N, Dgof)=f"(D(9):

e Bracketing (juxtaposition) by, n,): for fi : N™ — N% 4 =1,... F,

f=(f, o fr) N = NMFtme D) = D(f1) N--- N D(fi);

e Recursion t,,: for f: N” — N and g : N**2 — N,
My, ... xn, 1) = fa1, ..., 2,),

h’(xl,"';xnak—’_l) = g(xlv"',:En;k’h’(xl,"';xnak))? k > 17

where recursively (x1,...,2,,1) € D(h) iff (z1,...,2,) € D(f)
and (21,...,2n,k+ 1) € D(h) iff (x1,..., 20,k h(z1,. .., 20, k) € D(g).

2.2. Hopf algebras of decorated rooted trees. We recall here the con-
struction of Hopf algebras of decorated rooted trees and of planar decorated rooted
trees and their main properties, see [I1] and references therein. Throughout this
paper vector spaces and algebras are over a field K of characteristic zero.

2.2.1. Rooted trees. A rooted tree is a finite graph 7, whose geometric real-
ization |7| is simply connected, defined by combinatorial data (F,,V;, v,,dr,7:),
with F, a set of half-edges (also called flags or tails), V. the set of vertices with
a distinguished element v, € V. (the root), a boundary map 9, : Fr — V. that
associates to half-edge its boundary vertex and an involution j, : F, — F,, j2 =1
that performs the matching of half-edges that determines the edges of 7. The re-
sulting graph has edges (or internal edges) given by pairs of half-edges matched by
the involution, and tails (or external edges) given by half-edges that are fixed by
the involution. We denote by F, the set of internal edges and by E¢*! the set of
external edges.

2.2.2. Orientations. We consider rooted trees as endowed with the orientation
that the root vertex as the output, namely where all edges are oriented in the
direction of the unique path to the root.

2.2.3. External edges. We also assume that the root vertex has an outgoing
half-edge and a number of incoming edges, while all other vertices have one outgoing
edge and a number of incoming edges and possibly a number of incoming tails. Each
leaf of the tree has an incoming tail.

2.2.4. Planarity. A planar rooted tree is a rooted tree T together with a fixed
embedding ¢ : |7| <= R? of its geometric realization in the plane.

2.2.5. Decorations. A (planar) decorated rooted tree is rooted tree and with
a map ¢y : V; — Dy of the set of vertices to a set Dy of vertex-labels and a
map ¢p : Fr — Dp to a set D of labels of flags. The assignment of a decoration
(¢v,¢r) to a rooted tree 7 is in general subject to constraints. For example, if
f and f/ in F, are matched by the involution j, to form an edge e € E,, then
they should carry the same decoration ¢r(f) = ¢r(f’). This defines a labeling of
edges. We will see other constraints below, in the specific case of the Hopf algebra
of flow charts. We also consider the forgetful map that forgets the flag labels Dp
and retains the vertex labels Dy and a further forgetful map to unlabeled trees.
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2.2.6. Noncommutative Hopf algebra of planar rooted trees. Given a (planar)
rooted tree 7, an admissible cut C' of T is a modification of the involution j, that
cuts a subset of internal edges e; € E. into two flags f;, f/. Namely, instead of
having j,(f;) = f/, one modifies the involution so that the new 3(fi) = f; and
J(f;) = f!, where the set of edges e; is chosen in such a way that every oriented
path in 7 from a leaf vertex to the root contains at most one e;. The new graph
obtained using the involution j is a forest

C(r) = po(r) Mme(r)
consisting of one (planar) rooted tree pc(7) containing the root vertex of 7 and
a finite disjoint union of other oriented planar trees mo(7) = W;me;(7), where

each tree ¢ ;(7) has a single output external edge, to which we assign as root the
boundary vertex of this output.

The noncommutative Hopf algebra of planar rooted trees H"¢ is defined, as an
algebra, as the free algebra generated by the planar rooted trees, with the coalgebra
structure given by the admissible-cuts coproduct

(2.1) A(T)=T®1+1®T+Z7Tc(7')®pc(7).

c
The coproduct is coassociative and the Hopf algebra is graded by the number of
vertices of rooted trees, hence the antipode is defined inductively by the formula

S(z)=—x— ZS(m’)x”, for A(z)=2®1+1 ®$+Z$/ ® z"

with 2/, 2" terms of lower degree. See [13], [15] for more details on this Hopf
algebra. An element x in a Hopf algebra is primitive if A(z) =1®z 4+ 2z ® 1.

2.2.7. Commutative Hopf algebra of rooted trees. In the Hopf algebraic ap-
proach to perturbative renormalization, as formulated by Kreimer [17] and Connes—
Kreimer [3], one considers a commutative Hopf algebra of rooted trees decorated by
Feynman graphs, with the admissible-cuts coproduct (21]), or else a commutative
Hopf algebra of Feynman graphs, with a coproduct that corresponds to inclusions
of subgraphs (subdivergences) and quotient graphs.

In the case of planar rooted trees, one can also consider a commutative Hopf
algebra H, which is a quotient of H"¢ by imposing the commutativity of multipli-
cation. The generators of H are still planar rooted trees, but monomials in these
generators no longer identify with embedded forests. The grading and antipode are
as above, induced by those of H"c.

2.3. Manin’s Hopf algebra of flow charts. We consider, as in [24], the set
of planar labelled rooted trees, where the label set Dy of vertices is given by the
set of elementary operations

{c(m,n,p)v b(k,m,ni)v tn}

(composition, bracketing, recursion) and the label set D of the flags is the set of
primitive recursive functions. Notice that, because the inputs of the composition,
bracketing and recursion operations are ordered, we need to work with planar rooted
trees.

The data (¢ (v), ¢r(fi)) of a labelings ¢y (v) € Dy and ¢p(f;) of a vertex
v € V; and of all the half-edges f; € F. with 9(f;) = v are admissible if they satisfy
the following conditions:

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



DYSON-SCHWINGER EQUATIONS IN THE THEORY OF COMPUTATION 83

o If v (v) = ¢(sm,n,p), then v must have valence three; the labels hy = ¢r(f1)
and hy = ¢ (f2) of the two incoming flags must have domains and ranges
hy : N™ — N and hg : N — NP and the outgoing flag must be labeled
by the composition hz 0 hy = ¢(y,,p) (h1, h2).

e If ¢y (v) = t,, then v must have valence three; the labels h; = ¢r(f1)
and ho = ¢ (f2) of the two incoming flags must have domains and ranges
h1:N" — N and hy : N**2 = N and the outgoing flag must be labeled
by the recursion h = t,(hq, ha).

o If ¢y (v) = b(k,m,n,) then v must have valence £ + 1 and all the functions
h; = ¢r(f;) associated to the incoming flags must have domain in the
same N™. The outgoing flag must be labeled by the bracketing f =

(f1,-- s Jk) = b mn) (f15 -5 fr)-

DEFINITION 2.1. An admissible labeling of a planar rooted tree T by primitive
recursive functions is a collection of labelings

{(¢v(v),0r(fi)) v € Vr and f; € Fr with O(f;) = v}

such that the admissibility condition above is satisfied at all vertices and such that
6 (f) = or(f) whenever j,(f) = f'.

A vertex labeling of a planar rooted tree T by elementary operations is a collection
of labeling {¢v (v) € {c,v,by} |v € V. } with the only constraint that labels of type
¢ and v can only be assigned to vertices with two incoming flags and one outgoing
flag and labels of type by can be assigned to vertices with k incoming flags and one
outgoing flag.

Via the forgetful map that keeps the vertex labels and forgets the flag labels,
a planar rooted tree with an admissible labeling by primitive recursive functions
determines one with vertex labeling by elementary operations, while not all ver-
tex labeling by elementary operations on a given planar rooted tree will admit a
compatible flag labeling. Notice that, in the case of vertex labelings, we no longer
distinguish between labels ¢, , ), with different choices of m, n and p, since we do
not fix the flag labels: all these vertex labels in Dy, correspond to the same label
¢. Similarly, all the labels t,, of admissible labeling correspond to the same label
v of vertex labeling, and all the b ., n,) correspond to the same by. We retain
the different by as vertex labelings as those correspond to different valences of the
vertex.

Thus, a planar rooted tree with an admissible labeling by primitive recursive
functions can be interpreted as a flow chart that computes the output function
starting from the functions associated to the incoming external edges according to
the operations performed at the vertices.

A planar rooted tree 7 with a vertex labeling by elementary operations, on
the other hand, should be thought of as a template of a possible computational
scheme: when applied to a tuple of primitive recursive functions (hq, ..., hx), with
k the number of incoming flags of 7, it either computes an output functions h, if the
inputs (h1,. .., hy) together with the assigned vertex labels determine an admissible
labeling of 7 by partial recursive function, or else we set its output to be the empty
function.

We then define two slightly different versions of the Hopf algebra of flow charts,
depending on the type of labeling that we want to use on trees.
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DEFINITION 2.2. The noncommutative Hopf algebra H{S, p of flow charts is
the free algebra gemerated by the planar rooted trees with admissible labelings by
primitive recursive functions, with the coproduct [Z1)). We also denote by Haow,p
the commutative quotient of Hiow p- Similarly, the noncommutative Hopf algebra
Hijow,y 15 the free algebra generated by planar rooted trees with vertex labeling by
elementary operations, again with the admissible-cuts coproduct. We denote by

Heow,v its commutative quotient.

Notice that if 7 has an admissible labeling, then the rooted trees pc(7) and
mc,i(T) also inherit induced admissible labelings, so the Hopf algebras are well
defined. There is a Hopf algebra homomorphism Hijow p = Heow,v, determined by
forgetting the flag labels, but as observed above not all generators of Hegy,p are in
the image of this map. Since the rooted trees in Haow,y have no labels attached to
flags, we can represent them as rooted trees without external edges. This will be
implicitly done in the description of the grafting operators in Lemma [£1] below.

In the following, whenever a statement applies to both types of tree decorations
on the Hopf algebras of flow charts, we will drop the P and V subscripts.

2.3.1. Binary versus k-ary operations. It is possible to reformulate the Hopf
algebra of flow charts by using only binary trees. In fact, it is shown in §2 of
[32] that the description of primitive recursive functions in terms of basic func-
tions (successor, constants and projections) and elementary operations (composi-
tion, bracketing and recursion), as recalled above, can be reformulated as repeated
applications of binary operations of these same forms. In fact, the composition
and recursion operations already are binary (they label vertices with two input
flags and one output) so one only needs to verify that the bracketing operation
O (k,m,n;) assigning to k functions f; : N™ — N" 4 = 1,... k their juxtaposition
=001, fx) : N™ — N+t +7% g 4 composition

b(kmni) = B@mng o ttng) © 0 O 0 @ming_ynp)-

This replaces a single vertex with £ inputs and one output with k vertices with
two inputs and one output. Thus, without loss of generality in the algorithmic
representation of primitive recursive functions, one can consider a sub-Hopf algebra
Hgg;f C HiS,, generated by binary planar rooted tree with an admissible labeling by
primitive recursive functions, and the corresponding commutative quotient Hf) , C

Hﬂow-

One the other hand, one can also extend the two binary operations of com-
position and recursion to k-ary operations for arbitrary £ > 2. In the case of
composition, we can introduce a new set of vertex labels ¢ ) that correspond to
the k-ary compositions ¢, n,)(hi) = hg o --- 0 hy of functions h; : N"i-1 — N™,
for ¢ = 1,...,k, with ng = m. In the case of recursion, for £k > 1, one can
consider (k + 1)-ary recursions where the recursion depends on k initial condi-
tions. Namely, we define vjy;, as the operation that computes the function
h = tgn(hi,... k1) s N*T1 — N from the input h; : N* — N for i = 1,...,k
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and hyyq : N2"T1 = N, as
(2.2)
h(zy,...,2n, 1) =hi(2z1,...,25),

M1, ... xn, k) = hip(z1, ... 2,),
h(zy,...;xn, k+L0) =heer (1, .. xn, b (@1, 2n), o he(@y, o xn), b+ € — 1),
for /> 1

These k-ary operations are clearly reducible to compositions of binary oper-
ations, hence any primitive recursive function that can be computed using these
operations can also be computed by the presentation in terms of binary compo-
sitions and recursions. However, as we shall discuss more in detail below, it is
convenient to include these explicitly in the structure of the Hopf algebra of flow
charts in order to have well defined grafting operators that give rise to Hochschild
cocycles and to Dyson—Schwinger equations.

Thus, we propose another minor modification of Manin’s Hopf algebra of flow
charts, as follows.

DEFINITION 2.3. We denote by Hyg, p, and Hig,, \» the noncommutative Hopf
algebras of flow charts where the vertex label sets is enlarged to contain all the k-ary
compositions and recursions ¢,y and vk, and the admissibility condition is re-
stated accordingly. We denote by Haow,p' and Haow, v their commutative quotients.

3. Flow charts, templates, and algorithms

In the above, we have introduced different versions of rooted trees with vertex
and edge decorations. We discuss here briefly the meaning of the objects considered
above from the point of view of computation.

3.1. Flow charts versus templates. A rooted tree with vertices decorated
by elementary operations and edges compatibly decorated by recursive functions is
a flow chart. Tt describes a concrete realization of a primitive recursive function
(the output) in terms of a computation that starts with other primitive recursive
functions, possibly basic (the inputs of the tree) with the operations performed at
the vertices.

By extension, we also refer to arbitrary elements of the Hopf algebra H{S, » as
“flow charts”. These are formal sums of forests, with a planar embedding, decorated
as above by primitive recursive functions at edges and elementary operations at
vertices. In this extended sense a flow charts computes a formal sum of ordered
sequences of primitive recursive functions, given by the collection of the outputs of
each of the trees.

We also considered a different type of objects, given by rooted trees where only
the vertices are decorated by elementary operations, while the edges are undeco-
rated. These are computational architectures where the inputs are open: once a
set of primitive recursive functions is assigned as input of such a tree, one obtains a
primitive recursive function as output, computed according to the operations spec-
ified at the vertices. We refer to these trees with vertex decorations as templates.
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By extension we also refer to an arbitrary element of the Hopf algebra HfS | |, as
a template. These are formal sums of forests with vertex decorations by elementary
operations.

The difference between working with flow charts (vertex and edge decorations)
or with what we call here templates (vertex decorations only) will become more
transparent when one considers implementing certain “reasonable equivalence rela-
tions”, which describe, in the general philosophy of Yanofsky [32], an intermediate
level of algorithms, in between programs (flow charts) and primitive recursive func-
tions.

3.2. The notion of algorithm. Yanofsky’s work [32] provides an in depth
discussion of the notion of algorithm. To summarize quickly his general approach,
one considers equivalence classes consisting of different programs that implement
“the same algorithm”. In this view, algorithms describe any intermediate level
between the programs (the flow charts in our language above) and the primitive
recursive functions they compute. Rather than fixing precisely what the interme-
diate level should be, Yanofsky allows for some freedom, by considering all the
possible quotients of the set of programs by “reasonable equivalence relations” and
organizing all these intermediate levels into a hierarchy governed by a suitable kind
of Galois correspondence, [32], [33].

In Section 3 of [32], Yanofsky gives a list of examples of “reasonable equivalence
relations” one can impose on programs. These include: associativity of composition,
projections acting as identity, distributivity of composition over bracketing, asso-
ciativity of bracketing, almost-commutativity of bracketing, functoriality of brack-
eting, idempotency of twists, Reidemeister moves, relation between recursion and
bracketing, relation between recursion and composition, relation between recursion
and the successor function.

Our viewpoint here follows closely this idea of Yanofsky, but with one important
difference. We consider the existence of a Hopf algebra structure on flow charts as
an essential part of the data and we therefore require that a notion of “reasonable
equivalence relation” should include the compatibility with the Hopf algebra struc-
ture. This means requiring that equivalence relations among flow charts should
define Hopf ideals.

Notice how some of the relations listed above from [32] reflect properties (asso-
clativity, distributivity, almost-commutativity) of the elementary operations, which
are independent of the input functions, while others involve relations between the
elementary operations and certain specific input functions (projections, successor).
The different nature of these two types of relations will be reflected, in our view-
point, in the fact that the first type of relations can be implemented both at the
level of the Hopf algebra of flow charts Hgg, » and at the level of the Hopf algebra

nc

of templates H{S, 1), while the second type of relation can only be implemented in
H;llgw P

To see a concrete example of both cases, let us first consider the relation that
corresponds to associativity of composition, as stated in §3.1.1 of [32]. This implies
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identifying trees of the form

1

(3.1) T =

In order to implement this relation at the level of the Hopf algebra, we need
to construct a Hopf ideal. The ideal Z = (71 — 72) in the underlying algebra would
not, by itself, be a Hopf ideal, because the non-primitive part of the coproduct
A(1y — 72) would not be in H ® Z ® Z ® H, but if we also consider the relation
identifying the trees

1%

(3.2) T =

and the ideal Z = (71 — 72, 7{ —7%), then the coproduct satisfies A(Z) C HRZOIRH.
The resulting Hopf ideal is the appropriate way, in our setting, to implement the
“associativity of composition” relation.

Notice that the relations defining Z do not depend on particular input functions
being assigned to the incoming edges, hence they not only define a Hopf ideal in
the Hopf algebra Hyg p of flow charts, but they also define a Hopf ideal in the
Hopf algebra Hig, |, of templates.

flow
We then consider, as a second example, the relation defined in §3.1.2 of [32],
which represents the fact that projection 7™ = (7') : N* — N" is the identity.
This relation is implemented by identifying, for any primitive recursive function
f+N* — N the decorated rooted trees

P f f g f
¢ ¢ ¢
(3.3) o= >/

As in the previous case, one can associate to this relation a Hopf ideal in Hiow p-
However, in this case, the relation involves not only a property of the elementary
operations that label the vertices but also of a specific choice of input functions,
hence it does not define a Hopf ideal in Hgg, 1.

Thus, from the point of view of computation and algorithms, the difference
between working with flow charts or with templates corresponds to two different
notions of algorithms. In the first case algorithms are equivalence classes of flow
charts under relations that can involve both properties of the elementary operations
that hold for arbitrary input functions and properties that hold for specific input
functions, while in the case of templates, one only allows the first type of relations
in the definition of algorithms.
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3.3. Symmetries: a physics motivated perspective. We will be dis-
cussing, especially in relation to Dyson—Schwinger equations, notions of symme-
try in the context of Hopf algebras. The main motivating example for the notion
of symmetry we adopt is again coming from the setting of quantum field theory,
where gauge symmetries are implemented at the quantum level in the form of Ward
(or Slavonov-Taylor) identities. It was shown by van Suijlekom in [30] that the
Slavonov—Taylor identities define a Hopf ideal in the Connes—Kreimer Hopf algebra
of Feynman graphs. It is therefore a natural approach from the physics perspective
to require that a good notion of symmetry in a setting where the main objects of in-
terest (Feynman graphs, flow charts, etc.) are described in terms of a Hopf algebra
should be expressed in terms of Hopf ideals. We adopt this viewpoint in the follow-
ing, in Y45 where we propose a different approach to Yanofsky’s Galois theory of
algorithms, using Hopf ideals in the Hopf algebra of flow charts as a good notion of
equivalence relations defining intermediate levels (algorithms) between flow charts
and primitive recursive functions, and in §4.4.J] where we consider Hopf ideals
associated to solutions of Dyson—Schwinger equations.

4. Dyson—Schwinger equations in the Hopf algebra of flow charts

Recall here the formulation of combinatorial Dyson—Schwinger equations in
Hopf algebras of decorated rooted trees, following [2], [34] and especially [10], [11],
[12]. We then focus on the specific case of the Hopf algebras of flow charts described
above.

4.1. Insertion operators for decorated planar rooted trees. We work
here with the Hopf algebra of flow charts H{S, 1. By analogy with the setting
of perturbative renormalization [2], [34], we define, for each type of elementary
operation 0 € {b, ¢, t}, a grafting operator B; defined in the following way. Given a
monomial 7" in Hfg |, which consists of a forest with vertex labeling by elementary
operations, we define Bgr (T') as the sum of planar graphs obtained by adding a new
root vertex with a number of incoming flags equal to the number of trees in 7" and
a single output flag, with the vertex decorated by 4.

4.1.1. Hochschild 1-cocyles. In the case of perturbative renormalization, it is
well known [2] that the analogous grafting operators B;r, with vertex decorations
0, define Hochschild 1-cocycles.

The 1-cocycle condition for the operator Bgr then consists of the property that

(4.1) ABf = (id® Bf )A+ Bf @ 1.

LEMMA 4.1. The operators By on Hilow vrs with § € {b,c,t}, satisfy the 1-
cocycle condition ([@1]).

PRrROOF. This case works exactly as in the renormalization setting, see [2]: we
reproduce the argument here for the reader’s convenience. For an element z in a
Hopf algebra H with coproduct

Al)=1@z+z01+) 2'®@a",
where 2’ and z” denote lower degree terms, we use the notation

Az) := Z @2
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One then sees easily that the cocycle condition ([ is equivalent to
(4.2) AB; = (id ® B )A +id ® Bjf (1),

where, as in the renormalization case, with B;‘(l) = vs is a single vertex with
assigned label 6. The argument is then as in the original case, with the first term in
the right hand side of ([@2]) accounting for the admissible cuts where the root vertex
remains attached to the pc(T') part of an admissible cut of T, and the second term
counts the case where the admissible cut separates the root vertex completely. [J

Notice that, for the cocycle condition to hold, we need to be able to assign the
same type of label (b, ¢, or t) to vertices of arbitrary valence, hence the reason for
including in the set of vertex decorations all the k-ary versions of composition and
recursion and working with the version HgS |, of the Hopf algebra of flow charts.

It is possible to define other interesting grafting operators in the Hopf algebras
of flow charts, which, however, do not satisfy the cocycle condition. These can still
be used to construct Dyson—Schwinger equations, but the set of solutions does not
define a Hopf subalgebra. This will be discussed in an example in the following
subsection.

4.2. Systems of combinatorial Dyson—Schwinger equations. Given a
graded Hopf algebra H, we consider the direct product H = [1," o Hn, whose
elements we write as infinite sums x = ZZOZO T,, with x,, € H,,, endowed with the
associative product and coproduct induced by those of H. Following [10], (see also
[2], [34]) given a formal power series

P(t) = Zaktk, with apg = 1,
k=0

and a Hochschild 1-cocycle BT on the Hopf algebra #, the associated Dyson—
Schwinger equation is given by

(4.3) X = BY(P(X)).

One considers this as an equation in H and interprets the infinite sum P(X) =
>, ar Xk as an element in H.

One should read ([43)) as a fixed point equation for the nonlinear transformation
X = BT(P(X))

of H. Solutions to the fixed point equation are elements of H that exhibit a self-
similarity property with respect to the operation of first applying X +— P(X) (in the
case of a polynomial, this operation heuristically replaces X by a sum of multiple
copies of itself weighted by the coefficients of the polynomial) and then grafting
them together according to the cocycle BT.

In fact, the equation (3] has a unique solution given by an element X = >, x;,
with z;, € Hj whose homogeneous components are determined inductively by the
procedure

(4.4) Topr =) Y, apBN(xy ez,

k=1 1+ tjr=n

starting with @1 given by BT (1), see Lemma 2 of [2] and Proposition 2 of [10].
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Notice that we can still define the Dyson—Schwinger equation (£3) for other
types of grafting operators that do not necessarily satisfy the 1-cocycle condition
([@T), such as the examples discussed in the previous subsection. The existence
and uniqueness of solutions, of the form (@A) is also still valid. Where the 1-
cocycle condition is crucially used is in showing that the associative subalgebra of
‘H generated by the components xj of the solution is also a Hopf subalgebra, see
Theorem 3 of [2].

4.2.1. Systems of Dyson—Schwinger equations. As discussed in the work of
Foissy [11], in cases like our HyS, ., where one has different vertex labels J €
{b, ¢, t}, one can consider more complicated systems of Dyson—Schwinger equations,
involving the grafting operators By on Hiow -

For 6 € {b,¢,r}, we consider the grafting cocycles Bgr on the Hopf algebra
Hijow .+ as above. We also consider data of three non-constant formal power series
in three variables X = (Xj)

4
Fs(X)= Y a), nX0xlkxk
k1,k2,k3

To these data we associate the system of Dyson-Schwinger equations as in [11]
(4.5) X5 = By (F5(X)).

As shown in Proposition 5 of [11], these systems of equations also have a unique
solution of the form Xs = > _x, 7, with the sum over all planar rooted trees with
root decorated by 4, with coefficients

3 m
(Zl:k1 Ds1)! (8) P11 D3, my
(4.6) T, = (kl;[1 m)“zizlm,@izl Pago Sy pa T T ey
when
T = B+(Tf711‘1 ... Tfjr;;zl e 7—531’1 o Tgﬁ;:;?’).

4.3. Dyson—Schwinger solutions: a computational perspective. The
solution X5 = Y__x,7 of a Dyson—Schwinger equation X5 = Bj (F5(X)) as above,
is a formal infinite linear combination of templates 7, with coefficients =, given by

recursively defined computable functions of the coefficients a,(i)kz g, Of Fs. It takes

an input finPut = (finput) - consisting of a sequence of primitive recursive functions,
where firPut — ( f;nlp e nput) are the n, inputs of a template 7 given by a
tree with n, leaves. It produces an output given by a formal linear combination
o fOUPUE where fOMPU is the output of the template 7 for the given input
fimput - More precisely, to avoid dealing with infinite linear combinations, one can
consider the individual components of the solution obtained by recursively solving
the Dyson—Schwinger equation.

For simplicity, we look at how this works in a toy-model example of Dyson—
Schwinger equation. Let us restrict to only one possible type of vertex labeling
by composition ¢, and consider an equation of the form X = 1+ Bf(X?). The
components x, of the solution are then obtained recursively as

¢
z0=1, x1= ¢, xgp= ¢
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[d d
T3 =C¢ ¢ +4 ¢, wg=4c¢c ¢ +2¢ ¢ +8
c c c c
c

and so on. More realistically, one would have to count also templates with other
possible labelings of vertices besides ¢, but for simplicity let us focus on this case.
Then, for example, we interpret z3 as a template that, for a given input (f1, f2),
consisting of a pair of primitive recursive functions computes the output function
6 f10fo+8f1. Notice that the self-similar structure of the Dyson—Schwinger equation
is not apparent when one looks at one individual component of the solution but
only in the overall recursive relation z,4+1 = >, _o B (zxzn_p).

Q0O O O

4.4. Hopf subalgebras and Hopf ideals. Bergbauer and Kreimer showed
that, under the assumption that Bgr is a Hochschild cocycle, solutions of Dyson—
Schwinger equations determine a sub-Hopf algebra. Namely, they considered Dyson—
Schwinger equation in a Hopf algebra H of the form

(4.7) X =1+ ca By (X",

n=1
One then considers the associative algebra A defined as the subalgebra of H gen-
erated by the components x,, with n > 0 of the unique solution of this Dyson—
Schwinger equations. In Theorem 3 of [2], they showed that A is in fact a sub-Hopf
algebra, by inductively using the cocycle condition (@1]) to see that
(4.8) Azy,) = ZHZ ®xp, where II} = Z Ty T
k=0 Jittikr1=n—k

This result was extended by Foissy to the more general form (3] of Dyson—
Schwinger equations in [I0] and to systems of Dyson—Schwinger equations in [11].
In Theorem 4 of [I0] it is shown that, for an equation of the form 3], the
subalgebra A spanned by the solutions is a Hopf subalgebra if and only if the
formal series P(t) satisfies the differential equation

(4.9) (1—aBt)P'(t) = aP(t), with P(0)=1,

for some «, 8 € K, again under the assumption that BT satisfies the cocycle con-
dition (@IJ)). Similarly, in [11] combinatorial conditions and conditions on the mul-
tivariable series F; are identified that completely characterize when the solutions
of that systems of Dyson—Schwinger equations generate a Hopf algebra, under the
assumption that the B satisfies the cocycle condition ().

4.4.1. Ideals of Dyson—-Schwinger solutions. It is natural to consider not only
the associative subalgebra A spanned by the components of the solutions of Dyson—
Schwinger equations, but also the ideal Z spanned by the (z,,)n>1. As in the case of
the subalgebra A, it is also natural to ask for conditions that will ensure that it is a
Hopf subalgebra, so with the ideal Z of solutions it is natural to ask for conditions
ensuring that it is a Hopf ideal, so that it makes sense to define a quotient Hopf
algebra, playing the role of the ring of functions on the variety of solutions.

As an example, we consider here the Dyson-Schwinger equation (£3]), with
BT = B;r the grafting operator to a vertex labelled with the bracketing operation.
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Assuming that parallel computations that do not feed into each other can be inputed
in arbitrary order at the vertex, we can regard this grafting operator as descending
to the commutative quotient o,y of the noncommutative Hopf algebra Hig, .
This heuristic rationale for passing to the commutative quotient does not take
into account a proper definition of a notion of parallel processes, which would
require considering the notion of leveled trees and, in the binary case, Hopf algebra

structures related to permutohedra instead of associahedra. We refer the reader to

Let X = > -, %, be the unique solution of ([@3), obtained as in ([.4), with

z1 = B (1) = vp a single vertex labeled with the b operation. We define Z to be
the ideal in the commutative algebra Haow, v generated by the x, with n > 1.

The same conditions that ensures that A is a Hopf subalgebra also ensure that
7 is a Hopf ideal. We verify it in the case of (7). The more general case of [10]
is similar.

LEMMA 4.2. The ideal T generated by the components x,, with n > 1 of the
solution of @) is a Hopf ideal.

ProoOF. Elements of the ideal Z in H = Haow,y are finite sums 2%21 hm®k,,
with A, € H and zj the coordinates of the unique solution of ([@7)). The condition
that Z is a Hopf ideal is that A(Z) C T ® H & H ® Z. Using the formula (L8] for
the coproduct of the elements xj, we see that we obtain a sum of terms of which
the primitive part 1@z + 2, ®1isin HQZ DL R H and all the other terms A(wk)
are in Z ® Z. Then the coproducts A(h,,xk, ) will alsobe in HQZ DI @H. O

Notice that we can also work with the noncommutative Hopf algebra HgS
and the two sided ideal with elements of the form ) hp,ak, £, with hm,ﬁmr €
HiSw v, but for the considerations that follow (see §4.5] below) it is more natural
to work with the commutative quotient.

4.5. Yanofsky’s Galois theory of algorithms. As we have seen above, one
can pass to commutative quotients Haoy of the noncommutative Hopf algebras of
flow charts. The meaning of passing to the commutative quotient Hgoyw is best
expressed as follows: one can think of monomials in HgS, as diagrams for parallel
computations of a certain number of outputs (one for each planar tree in the forest).
Imposing commutativity then corresponds to the reasonable expectation that if one
has two parallel computations that do not feed one into the other, then computing
them in either order will not affect the result. However, when one introduces
operations that graft the output of one tree to the input of another, with ¢ and ¢
labels at the vertices, imposing the commutativity relation is no longer appropriate,
as the result of grafting would not be well defined as a planar tree. In the case of
grafting with ¢ label, we can still pass to the commutative quotient, as argued
above.

4.5.1. Commutative Hopf algebras and affine group schemes. An advantage of
working with commutative Hopf algebras is that they are dual to affine group
schemes. Thus, the Hopf algebra Hgoy, determines an affine group scheme Ggoy
such that, for any commutative K-algebra A, one obtains a group Ghow(A) =
Hom(Haow, A), the set of homomorphisms of K-algebras, with the product (¢ *
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¢2)(x) = (p1 @ P2, A(x)) dual to the coproduct and the inverse determined by the
antipode.

4.5.2. Galois groups of algorithms. The idea elaborated by Yanofsky in the
recent work [33], of a Galois theory of algorithms, aims at considering all possible
“reasonable sets of relations” on programs that would correspond to “implementing
the same algorithm”, viewing “algorithms” as an intermediate level between the
labelled planar rooted trees and the primitive recursive functions they compute.
Our point of view here is similar and directly inspired by the approach proposed
by Yanofsky, with the main difference that we seek to implement relations at the
level of the Hopf algebra HES — of flow charts.

flow

The automorphism groups that arise in Yanofsky’s setting are typically prod-
ucts of symmetric groups and the notion of equivalence relations considered does
not take into account any additional structure on flow charts, such as Manin’s Hopf
algebra point of view. Moreover, a possible drawback of the current formulation of
the approach of [33] lies in the fact that different symmetry groups can have the
same orbit space and give rise to the same equivalence on algorithms. We propose
instead to consider a different approach where equivalence relations on algorithms
are imposed at the level of the Hopf algebra of flow charts.

Our proposal for an alternative approach to a Galois theory of algorithms is to
take into account the Hopf algebra structure as part of the construction. By this
we mean defining as “reasonable relations” between the planar rooted trees of HiS
those that correspond to passing to quotient Hopf algebras. Each such quotient is
determined by a Hopf ideal Z in ‘HjS , the kernel of the map to the quotient Hopf

algebra Hrz.

In the commutative setting Hgow one can view, dually, the quotient Hopf alge-
bras H; as sub-group schemes G; of the affine group scheme of characters Ggoy-.
The group schemes G obtained in this way replace, in our approach, the basic
objects of interest in Yanofsky’s Galois theory of algorithms.

4.5.3. Hopf ideals and Galois groups. In light of Yanofsky’s point of view, it
is natural to consider ideals in Hgoyw generated by solutions of Dyson—Schwinger
equations, and the resulting quotient Hopf algebras, rather than sub-Hopf algebras.
The Hopf ideals and quotient Hopf algebras define, dually, the affine group schemes
that provide our proposed notion of Galois groups of algorithms.

As a heuristic geometric interpretation, in the Hopf algebraic setting, we can
think of the quotient H/Z of a Hopf algebra by a Hopf ideal as an analog of the
algebro-geometric quotient R/I of a polynomial ring R by a prime ideal I, which
provides the coordinate ring of the affine variety V' defined by I. In the case of
the Hopf ideal Z determined by the components of the solution of the Dyson—
Schwinger equation, we can therefore think of H/Z as the “ring of function” of the
variety of solutions. The associated group scheme G consists of those symmetries
in Gaow that are compatible with the self-similarity structure described by the
Dyson-Schwinger equation.

PROPOSITION 4.3. A Dyson—Schwinger equation &) in the commutative Hopf
algebra Haow determines a Galois group Gp C Gow -

This is simply a reformulation of Lemma [£32] with our notion of what we
consider to be an appropriate notion of Galois group. A similar result holds for
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Dyson—Schwinger equations ([A3]) with ([@39). While, on the one hand, our point of
view takes into account more information, coming from the Hopf algebra structure,
at another level it is less structured than Yanofsky’s setting: in fact, we work here
with the Hopf algebra where flow charts only have vertex decorations, so that the
input functions (and the corresponding edge labelings through the graph) are not
specified, while in Yanofsky’s setting the underlying functions are assigned and
preserved by the symmetries.

4.6. A non-Hopf example with binary trees. In the setting of Dyson—
Schwinger equations described above, it is crucial that we consider the planar rooted
trees in HES,, 1 without external edges. In fact, this allows us to define the grafting
operators B;‘ as grafting any number of trees to the same root consisting of a
single vertex decorated by §. If we reintroduce external edges, then the graphs
consisting of a single vertex but with different numbers of incoming edges are viewed
as different generators in the Hopf algebra and they no longer define a cocycle Bgr.

To see this more explicitly, we focus on the case of binary trees, keeping track
of external edges. Consider the following primitive elements in the Hopf algebra
chc)v? V-

(4.10) : :

For each of these graphs 7 one can define a grafting operation B} by setting the
result equal to zero on monomials 7' that cannot be grafted to 7. This B clearly
does not satisfy the cocycle condition because one would have to have B} (1) = 0,
but then the expressions AB; and (id®B;)A, when applied to elements T' = 71117,
that are not in the kernel, would differ by a term corresponding to the cut that
separates 7 from T. On the other hand, if B} (1) = 7 as this case would require,
then the cocycle condition fails on elements in the kernel of Bf.

Another way of defining a grafting operator B with 7 one of the trees (EEI0)
is to define, for a monomial 7' = 71 II - - - I 7,, the grafting B (T) to be obtained
by just gluing one of the outputs of T (say, the first one) to one of the two inputs
of 7 (say, the first one), with the result of grafting taken to be 7 itself if T = (). We
use this choice in the explicit example below. Again, however, one sees that the
grafting defined in this way does not satisfy the cocycle condition. In fact, consider
the case of a monomial T' consisting of a forest with more than one component.
Then only one of the components of T' is glued to 7 by B;. This means that, in
the computation of the term AB;” there is not just one but several admissible cuts
that separate 7 from T, namely all the admissible cuts that include a cut of the
edge used for grafting together with an arbitrary cut of the remaining components
not connected to 7. Thus, the difference between ABY and (id ® B )A does not
consist only of the term id ® By (1) =id ® 7.

However, one can still consider a Dyson—-Schwinger equation of the form

X =1+ Bi(X?),
)
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where the sum is on the three labels 0 € {b,¢,t} of the vertex of the tree 75 as in
(@I0). This admits an explicit solution, as in the general case above, which are of

the form
n
Tpy1 = Z Z B:.; (TrTn—k)-
k=0 &

=0
In Hyy, ), one can see that the first few terms are of the form x¢ = I and

One can continue with the successive coefficients, such as x3 = >, B¢ (27 +
2x9x0), using the facts that for a vertex labeled by recursion, the order of inputs
always matters, as well as for composition, while we can assume that order of
inputs does not matter for bracketing as a consequence of the nature of parallel
computation.

This example shows that, if we want to work with binary trees with external
edges, which is a very natural choice from the point of view of computation the-
ory, and we want to obtain a grafting operation that is non-trivial on monomials
of arbitrary degree, we would have to extend the grafting to include, besides the
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primitive two-valent trees (£I0), also a choice of binary trees with larger numbers
of input flags. This cannot be accommodated in the usual setting of combina-
torial Dyson—Schwinger equations based on Hochschild cocycles in Hopf algebras.
However, we shall see below that such generalizations exist naturally when one
reformulates Dyson—-Schwinger equations in the operadic setting.

5. Operadic viewpoint

Instead of using a Hopf algebraic setup to describe flow charts and primitive
recursive functions, one can also adopt an operadic viewpoint, as suggested by
Manin in [27].

Let us consider, as above, planar rooted trees 7 with vertex labeling by the ele-
mentary operations of type {b, ¢, v}, oriented so that each tree has a single outgoing
flag attached to the root vertex and a certain number of incoming flags.

DEFINITION 5.1. We define the operad of flow charts Ogow,yr by setting O(n)
to the K-vector space spanned by labelled planar rooted trees with n incoming flags
and the operad composition operations

o(’):O(n)@@(ml)@)...@(ﬂ(mn)_>O(m1+...+mn)

are given on generators T T ® - Q T, by grafting the output flag of the tree T; to
the i-th input flag of the tree T.

As pointed out in [2], Dyson—-Schwinger equations admit a natural operadic
interpretation. Namely, given a formal series P(t) = 14+~ a)t* and a collection
B = (Bn) with 8, € O(n), we consider the equation

(5.1) X = B(P(X)),

where X =3, x;, is a formal sum with z; € O(k). In the right hand side we have
B(P(X))1 =1+ (1 0x1, where 1 is the identity in O(1), and for n > 2

n
(5:2) B(P(X))HZZ Z ax Pro(zj, @ @ j,),
k=1ji1++jr=n
with z;, @ --- @z, € O(j1) ® --- ® O(ji), so that the composition S oo (2, ®
- ®xj,) € O(n), since j1 + -+ + ji, = n.

PROPOSITION 5.2. For O = Ogow,yr the operad of flow charts, if 151 # 1 €
O(1), the operadic Dyson—Schwinger equation ([BI)) has a unique solution X €
[1,51O(n) given inductively by

n+1

(5.3) (1-a181)oxpsr = Z Z ax Br o (zj, ® - ®xj,).

k=2 ji+-jr=n+1

PRrROOF. First observe that in the operad of flow charts O(1) is one-dimensional,
since it is spanned by the trees with a single vertex, one incoming and one outgoing
flag, with the operations b, ¢ or v at the vertex, but in the case of a single input, all
of these operations are the identity, so that elements of O(1) are scalar multiples
of the identity map, viewed as operations on primitive recursive functions. Thus,
the element 81 € O(1) is a scalar multiple of the identity and, if we assume that
a11 # 1in O(1), then 1 — a4 3 is invertible. Since we have S(P(X)); =1+ 1021

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



DYSON-SCHWINGER EQUATIONS IN THE THEORY OF COMPUTATION 97

as the term in O(1) in the right hand side of (&), we obtain (1 — a151)z1 = 1,
which fixes 21 = (1 — a181)7! € O(1). At the next step we have, from (E2),
T9 = a1P31 0 X9 + azf o (1 ® x1), which gives 75 = (1 —a181) H(azB2 0 (x1 @ 11)),
with x1 as above. At the (n+ 1)-st step, x,11 is then determined uniquely by (B.3])
in terms of the coefficients a; and the elements £y for k =1,...,n+ 1. O

Let then Og p(n) denote the K-linear span of all the compositions z o (x;, ®
- ®uay,), for k=1,...,n and ji +--- + jr = n, with x; the coordinates of the
solution X = >, x}, of the Dyson-Schwinger equation determined by 5 = (3,) and
P(t). The Og p(n) form a sub-operad under the composition maps induced from
O(n).

For instance, for a choice of one of the operations § € {b,c,t}, we can take
a1 # 1 and the element §y, given by the tree with a single vertex marked by §, with
k incoming flags and one outgoing flag. This choice gives an operadic reformulation
of the Hopf-theoretic Dyson—Schwinger equations with the cocycles Bgr. However,
we can now consider also more general operadic Dyson—Schwinger equations for
different choices of § = (8,) that do not correspond to Hochschild cocycles in the
Hopf algebra setting.

Restricting to the sub-operad Og p(n) generated by solutions of the Dyson—
Schwinger equation should be regarded as considering those operations (formal
combinations of flow charts) that satisfy a self-similarity property with respect to
the transformation X — S(P(X)).

5.0.1. The case of binary trees. In particular, we can now revisit the example
of the binary trees in this operadic setting. Let Ogow,\}(n) be the K-linear space
spanned by the planar binary trees with vertex labeling by the binary operations
b = by, v, c. These form a sub-operad of Ogoy 1 with the induced composition
maps.

For a fixed § € {b,v,c} let 815 be the binary tree with a single vertex, two
incoming and one outgoing flag, as in (@I0). We then consider a choice ,, of
a binary tree with n input flags, for each n > 1, with a fixed choice of vertex
labelings in {b,t,c}, not necessarily all of the same type. Each such choice of
B = (Bn), together with a choice of P(t), now determines an operadic Dyson—
Schwinger equation of the form (5J), in the binary setting, with a corresponding
solution as in Proposition

5.0.2. Systems of Dyson—Schwinger equations in operads. By analogy to what
happens in Hopf algebras, [11], one can pass from the case of a single Dyson—
Schwinger equation to systems of Dyson—Schwinger equations. In the operadic
setting a system of Dyson—Schwinger equations would be determined by the data

of formal series Fj(t1,1l2,t3) = Zkl’k%kg aiﬁ{kz,kSt’flt’g?t’gS and of elements 5®) =
(ﬁﬁf)), where for 6 € {b, ¢, t}, the elements B € O(n) are realized by rooted trees

with root vertex marked by §. The operadic systems of Dyson—Schwinger equations
are then of the form

X5 = B (F5(X)).

The explicit form of the solutions is more cumbersome than in the case of a single
equation in Proposition [5.2] above, and it follows a pattern similar to the derivation
of the explicit solutions of Hopf theoretic systems of Dyson—Schwinger equations
(@3) as in [I1]. These systems detect more elaborate forms of self-similarity in the
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operad of flow charts, involving different families of grafting operations simultane-
ously.

5.0.3. Operads and Properads. As mentioned in [27], one can extend the Hopf
algebra of flow charts by considering, instead of labelled embedded rooted trees,
more general labelled embedded acyclic graphs, namely graphs endowed with an
acyclic orientation. Correspondingly, the operad of flow charts would be replaced
by a properad, where the compositions extend from grafting output and input flags
of trees to grafting outputs and inputs of acyclic graphs.

The notion of properad was introduced in [31I] as an intermediate notion be-
tween operad and prop. Namely, a properad parameterizes operations with varying
numbers of inputs and outputs that are labelled by connected acyclic graphs, while
the operad case uses trees (varying number of inputs and a single output) and props
allow for disconnected graphs.

More precisely, we consider the properad Paow,y» where P(m,n) is the K-vector
space spanned by planar connected directed (acyclic) graphs with m incoming flags
and n outgoing flags, with vertices decorated by operation that include the ele-
mentary b, ¢, v, with m inputs and one output, but also include now a chosen set
of additional operations with m inputs and n outputs. As we have seen in the
case of extending the operations ¢ and t from binary to m-ary inputs, in this case
also such additional operations with m inputs and n outputs acting on primitive
recursive functions can be decomposed in terms of the elementary operations: the
resulting operations associated to vertices with m incoming and n outoing flags can
be regarded as “macros”, in the sense discussed in §2 of [33]. The properad has
composition operations

P(m,n)@P(j1,k1) @---@P(je, ke) = P(j1+---+je,n), for ki+---+k;=m.

5.0.4. Dyson—Schwinger equations in properads. We can define Dyson—Schwinger
equations for properads, extending the operadic case considered above. Namely we
consider again a choice of a formal power series P(t) = 1+, axt* and a collection
B = (Bm,n) of elements with B, , € P(m,n). We then consider the equation

(5-4) X = p(P(X))

as in (B.0)), where now the right hand side has (m,n)-component in P(m,n) given
by

m

(5.5) B(P(X))m,n = Z ag E Bi,n [¢] (;1:]417141 R xjk,ik)'
k=1 jvltl.jvk=7;
Qi =

In order to construct solutions of the properad Dyson—Schwinger equations, we
introduce transformations A,, = A, (a, §) with

An(a,B) : ®F_1P(n, k) = @1 P(n, k), with A,(a,B)ij = a;Bj,-

THEOREM 5.3. If for all n > 1 the transformation I — A, (a, B) is invertible,
with I the identity on ®}_,P(n, k), then the properad Dyson-Schwinger equation

This is a free offprint provided to the author by the publisher. Copyright restrictions may apply.



DYSON-SCHWINGER EQUATIONS IN THE THEORY OF COMPUTATION 99

GA) admits a unique solution, given by x11 = A7*, and for m < n by

(5.6) Ty = Zakﬂk n© Z Z Tjiy @ @ Tj, |

£=1 j1+ - tig=m
i1+ t+ipg=k

while the remaining components ,, , with m > n are determined by
(5.7) Vo(z) = (I —An) " AV (2),
where Y, (x)" = (p1,...,%n,n) and VO (z)t = (V) ()j)j=1,...n

E § Lry,s1 ®"'®x7‘k,8k'

e

PrOOF. By (G.I)) we see that we have 1 1 = 14a1 1 1021 1, which can be solved
for x11 provided the invertibility of 1 — A; = 1 — a;81,1 holds. The components
Tmn With m < n are determined by (B5.6]), where the right hand side only involves
components z, ; with r < m and s < n. The equations for the remaining entries
ZTm,n With n <m break into systems of the form

Tm,1
(I —An) = E : m)ij E , E , Trysy @ & Ty sy,
k=2 r1++rp=m
Tm,m J S14tsp=j

J

Provided that the invertibility condition for the transformation I — A,,, holds, these
systems provide unique values for all the components z,, , with n < m, as a function
of the components z,. ; with » < m, that we have already been determined. O

Notice that one does not expect the invertibility of I — A, (a, ) to hold in
general, as A, (a,8) involves compositions with the elements /;;. The simplest
example in which one has invertibility can be obtained by taking f,,, = 0 for
m # n and I — f3, , an invertible transformation in P(n,n).

As in the operad case, we can define Pg p(m,n) to be the K-vector spaced
spanned by all the properad compositions

Lk O (leail Q- Ijzﬂi)

with j1 +---4j, = m and i1 +- - -+, = k and where all the z,, , are components of
the solution to the properad Dyson—Schwinger equation determined by the choice
of P(t) and of 8 = (Bi,n), with the invertibility condition of Theorem The
Ps,p(m,n) form a sub-properad of Phow,y» with the induced composition.

6. Renormalization of the halting problem

In [25], Manin adapted the formalism of perturbative renormalization to the
halting problem in the theory of computation. To summarize Manin’s approach, the
basic idea is that one considers non-computable functions as an analog of divergent
Feynman integrals. Renormalization consists of a procedure of extraction of finite
values from divergences and in this setting Manin proposes that a suitable form of
renormalization should lead to a procedure of extraction of a “computable part”
from a non-computable function.
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While this whole program is, at present, still in its early stages and some of
the ideas involved are still speculative, we attempt here to give a sense of the
general picture and formulate some of the main questions, as we see them. We will
also discuss how Dyson—Schwinger equations may be accommodated in this general
circle of ideas. While most of what is discussed in this section is more speculative
than the previous parts of the paper, we regard this viewpoint as an important
motivation for further developments.

6.1. The halting problem: regularization and renormalization. We
describe here a setting for renormalization of the halting problem which is a minor
elaboration on the procedure described in §3 of [25]. We do not add any significant
new development beyond what is outlined as a possible program in Manin’s work
[25], but we will try to identify some specific questions that we hope to return to
in future work.

6.1.1. Partial recursive functions and Hopf algebras. We first pass from the
class of primitive recursive functions considered above to the larger class of partial
recursive functions. These have a similar presentation as the one recalled in §2]
above, with the same basic functions (successor, constants, and projections) and,
in addition to the three elementary operations c, b, v of composition, bracketing and
recursion, an additional x4 operation that assigns to an input function f : N**! — N
assigns an output

h:N*" =N, h(xy,...,2,) =min{z,11 | f(z1,...,2p41) = 1},
with domain

D(h) = {(z1, s xn) [Feppr 2 1 flor, o @np) = 1

with (21,...,2n,k) € D(f),Vk < 2p41}. According to Church’s thesis the partial
recursive functions obtained in this way are exactly the semi-computable functions,
namely those for which there exists a program that, for all x € D(f), computes
f(x) and which either computes zero or runs for an infinite time when = ¢ D(f),
see §V of [23]. Notice that it is the presence of the additional operation u that
allows for the construction, starting from the basic functions, of functions that are
only partially defined and semi-computable.

Correspondingly, we enrich the Hopf algebras of flow charts by additional ver-
tex decorations by the p operations. As in the case of the other operations, this
requires defining a version of the p operation for vertices of valence greater than
two. For example, a possible choice may be to use the higher-arity bracketing op-
eration and an application of p coordinatewise. We shall still use the notations
Hiow = and HES, 1, for the resulting Hopf algebras with admissible decorations
by partial recursive functions or with vertex decorations, respectively, and Heow, R/
and Hgow,1+ for their commutative quotients.

6.1.2. Partial recursive functions and the halting problem. As in [25], we regard
the halting problem as a particular instance of the general problem of recognizing
whether a given & € N belongs to the domain of definition D(f) of a partial recur-
sive function f. The halting problem corresponds to the case where, given a partial
recursive function f and a program P computing it, one considers the partial recur-
sive function ¢(P), the computation time, with domain D(¢(P)) = D(f), see [25],
§3.1.(a) and §2.1, and also §IX of [23].
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6.1.3. Algebraic renormalization. The basic algebraic formalism for perturba-
tive renormalization, in its formulation as given in [9] (see also §5 of [28]), consists
of an algebraic Feynman rule

(6.1) 6:H— B

which is a morphism of commutative algebras from a commutative Hopf algebra H
to a Rota—Baaxter algebra B of weight —1.

Recall that a commutative Rota—Baxter algebra of weight A is a commutative,
associative algebra B endowed with a linear operator 7T on it that satisfies the
identity

(6.2) T(z)T(y) = T(2T(y)) + T(T(2)y) + AT (zy).

The field of convergent Laurent series in one variable with the projection 7' onto
the polar part is an example of Rota—Baxter algebra of weight A = —1, which is
widely used in renormalization theory, [3], [5]. The Rota—Baxter operator T of
weight —1 determines a splitting of B into two commutative unital subalgebras,
By = (1 —T)B and B_ given by TB with a unit adjoined. The fact that By are
indeed algebras and not just vector spaces follows from the Rota—Baxter identity
©2).

The BPHZ renormalization of the algebraic Feynman rule (6.1]) is then obtained
by showing the existence of a multiplicative factorization

p=(p_o0S)xpy, with ¢i:H — By,

obtained inductively via the BPHZ preparation formula (see [3], [9])
(6.3)

¢ (x) = =T(p(2)+Y_b_(2)p(x")), and ¢ (z) = (1-T)(d(z)+Y_ ¢ (2")p(z")),

where 2 € H, with A(z) =1®@ 2 +2® 14> 2’ ®2”. The factorization is unique
if normalized by e_ o ¢_ = ¢, where e_ : B_ — C is the augmentation map and
€ is the counit of H. Again, it is the Rota—Baxter property of (B,T) that ensures
that ¢4+ obtained in this way are algebra homomorphisms. The homomorphism
¢y : H — By is the renormalized algebraic Feynman rule, while ¢_ : H — B_ is
the counterterm, the divergence.

6.1.4. An algebraic Feynman rule for the halting problem. We recall here a
proposal made by Manin in [25] of a possible construction of an algebraic Feynman
rule in the setting of the halting problem.

We let B be the algebra of functions ® : N — M(D) from N™, for some k,
to the algebra M(D) of analytic functions in the unit disk D = {z € C : |z] < 1}.
Since the functions ® can have different domains N, the sums and products are
defined by extending them to functions ®(k1, ko, .. ., kp, . ..) from a common domain
N°° which depend on only finitely many variables, ® = ® o 70°, with 70 : N*© —
N™. The Rota—Baxter operator 7" on B is given by componentwise (for each k)
projection onto the polar part at z = 1. Thus, By consists of functions from
N°° (depending only on finitely many k;) to M(D), the algebra of meromorphic
functions in D that extend continuously at z = 1, while B_ consists of functions
that are either constant or have a pole at z = 1.

We define algebraic Feynman rules for the Hopf algebras Haow,z’ and Haow, V-
In the case of Haow,r’, where both vertices and flags in the trees are labeled by
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admissible labelings, there is a well defined partial recursive function f associated to
each labelled rooted tree 7 in Hgow, r/, namely the function f labeling the unique
outgoing flag of 7. Let us first assume that the partial recursive function f has
range in N. We extend this f : N™ — N to a function f : N™ — Zs( that computes
f(z) at © € D(f) and takes value 0 at = ¢ D(f).

We assign to a tree 7 that computes f an element in @, (k, z) in B, defined (as

in §3 of [25]) by

(6.4) O, (k2) = Bk, f.2) = )
Z (1+ nf(k)

The resulting function ®,(k,-) € M(D) has a pole at z = 1 iff & ¢ D(f). We
extend this definition mutiplicatively to cases where the output of the flow chart 7
is a partial recursive function f : N¥ — N, by setting ®,(k,2) = H§:1 O(k, ;. 2).
In this way, the resulting function has a pole at z = 1 if at least one of the f; does,
that is, iff £ ¢ D(f1) N ---ND(fe) = D(f), consistently with the above. We then
extend the definition multiplicatively to the case of a monomial 71 - - - 7, in Haow,r/
and additively to linear combinations of monomials. Thus, we obtain an algebra

homomorphism ® : Haow r — B.

We write ®(k, f,z) := ®;(k)(%) for the function ®;(k) € M(D) of z € D,
associated to a given k € N> and depending on the output f of a given flow chart,
with f a partial recursive functions. If we denote by 7 the decorated planar rooted
tree describing the flowchart, we equivalently write ®(k, 7,z) or Oy ,(2).

n

The specific form (G4]) of the proposed Feynman rule does not appear to be so
important, as much as the two properties:

e The function ®(k, f,-) € M(D) has a pole at z = 1 iff k ¢ D(f)
e The function ®(k, f,-) depends on k through the values f(k) and these
values can be reconstructed from the function ®(k, f, z).

Any other choice of a function with these properties would be a suitable Feynman
rule according to [25]. Thus, it would seem perhaps more convenient to consider
the set of all such functions, possibly up to a suitable equivalence relation. We will
discuss more below why it may be necessary to introduce an equivalence relation
on Feynman rules. This has an analog in the quantum field theory setting, where
the classification of divergences in terms of a Galois theory based on the Tannakian
formalism was obtained in [6] precisely by introducing a suitable equivalence rela-
tion on algebraic Feynman rules. We will not develop this approach further in the
present paper, but we hope to return to it elsewhere.

In Manin’s idea a possible renormalization of the halting problem should pro-
vide a way of extracting a computable part from the halting problem for partial re-
cursive functions that accounts for “subdivergences” created by subroutines within
the flowcharts. Though, at present, how exactly this should be achieved is not yet
fully understood, in the procedure described in [25] one would proceed by applying
the BPHZ factorization (3] to the chosen algebraic Feynman rule. The result of
factorization consists of two new algebra homomorphisms from the same Hopf alge-
bra to the two parts of the target Rota-Baxter algebra. The main question is then
the interpretation of both pieces in terms of computability and partial recursive
functions.
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When we apply the BPHZ procedure to ® defined as in (6.4]), we obtain
(65) (I),(E, f‘rv Z) = —T((I)(E, f‘rv Z) + Z (1)7(&7 fﬂ'c(‘r)u Z)(P(E7 fpc(r)7 Z))
c

Because f = f, is the output function computed by the flow chart, that is, the
label of the outgoing flag of 7, we have f,. () = f, since these trees have the same
root and outgoing flag with the same label. Thus, the expression above is simply
of the form

(66) (I)*(Eu f‘rvz) =-T (é(k7 f‘r>z)(1 + (1)7(@7 Zfﬂc(‘r)az))> .
C

This has the effect of considering not only the pole at z = 1 that is caused by
fr- itself, but also those that come from subdivergences created by all the partial
recursive functions fr.(;) computed in the intermediate steps of the computation
performed by the flow chart 7, which are the outputs of the “pruned parts” m¢(7)
of the admissible cuts on 7.

This suggests that the main role of the negative piece of the Birkhoff factor-
ization should be understood as a way of detecting the presence of a pole not only
in the function ®(k, f, z) itself, but in the analogous functions associated to the
results fr.(r) and f,.(r) computed by subroutines of the program 7 that computes

The role of “subdivergences” in programs computing partial recursive func-
tions is interesting, for example because one can have programs that compute total
functions as output, but involve partial functions, so that the graph itself may be
divergence-free and still contain subdivergences, as the next example (suggested to
us by Joachim Kock) shows.

EXAMPLE 6.1. The identity function can be computed by a tree with one ¢
node and one p node, as a composition of a successor function followed by a partial
predecessor function, u(ly + 1 — z|), undefined at 0 and = — 1 for z > 0.

Thus, replacing the polar part of ®(k, f,z) with the polar part ®_(k, f,z)
can be understood as a way to take into account all possible (and possibly hidden)
subdivergences.

It is more difficult to obtain a good interpretation of the positive piece of the
Birkhoff factorization. The analogy with quantum field theory suggests that it is not
the value itself of @, (k, f,, z) that matters. After all, even in the original physical
setting, there is an intrinsic ambiguity in the renormalized values, coming from the
action of the renormalization group. The main question of Manin’s approach here
appears to be the following (loosely formulated).

QUESTION 6.2. Is there a new function f,en, which is primitive recursive, such
that

(67) ®+(E7 fTaZ) = ‘P(E, frenaz)v
namely, is @ equal to the original ® of another function, this time primitive instead
of partial recursive?

If one could answer this question positively, then one could think of the new
function fren, as an “extraction of a computable piece” from the partial recursive
function f (and the program 7 that computes it). Upon close inspection, it is easy
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to see that, as naively formulated in Question [6.2] it may not be possible in general
to obtain such an fy.,. However, one can perhaps formulate a better question
of whether an identification (G.7)) holds after considering the algebraic Feynman
rules up to an equivalence relation, as with the gauge transformations on germs of
meromorphic functions considered in the quantum field theory setting in [6]. We
will not develop this issue further in the present paper, but we leave it as an open
question.

6.1.5. The case of Haow,v». We make here a sketch of a possible suggestion for
a variation on the construction above, adapted to define an algebraic Feynman rule
on Hgow,v7, where the flags are not labelled and only vertices are. In this case, in
order to define something like (64]), we need a way of assigning inputs to the flow
charts. A reasonable choice is to use the basic functions as input. We then define
the algebraic Feynman rule as

(6.8) O(k,7,2) = H‘I)(E, fros %),

where the product is over o ranging over the set of all possible functions o :
E".(1) — {s,c,7} that label the incoming external edges of 7 by basic functions
(successor, constant, or projection). The target of o contains all the possible basic
functions (of type s, ¢, or 7). Since this is an infinite set (there are infinitely many
possible choices of projection functions 7}*), if one wants to have a finite product in
([E8) one may have to restrict o by making a priori choices of smaller sets of basic
functions as target, or else introduce further conditions on the class of functions ®
that would ensure convergence. The partial recursive function f;, is the output
of the flow chart given by the tree 7 with inputs assigned by o. Each ®(k, fr o, 2)
is computed as in ([64), and ([G8) is extended to arbitrary elements of the Hopf
algebra as before. In this setting, the function ®,(k, z) has a pole at z = 1 iff there
is at least a choice of a basic input o for which & ¢ D(f; ).

With this setting, the BPHZ formula for the algebraic Feynman rule (G.8)
becomes more interesting than in the case of (6.6). We have again (6.5, in the
form

(6.9) b_(k,72) = ~T(B(k,7,2) + ) _ & (k,7c(7), 2)(k, pe(7), 2)),
C

with ®(k, pc(7), z) and ®(k, 7o (7), z) again computed as in ([G@8]), but this time it
is no longer true that f. = f,.(r) because on the tree pc(7) we are using the new
inputs given by basic functions and not the input coming from the output of m¢ (7).
The divergence (6.9) here combines the divergences of the f., with divergences
coming from partial recursive functions fr.(;) - and f,. (), that flowcharts mo(7)
and pc(7) compute starting from inputs of basic functions.

6.2. Dyson—Schwinger equations for the halting problem. Finally, we
tentatively propose a possible role for Dyson—Schwinger equations in the context of
Manin’s approach to the halting problem. These remarks are also, at this stage, very
speculative, as they would depend for a more precise interpretation upon a better
understanding of the main questions about the Birkhoff factorization discussed
earlier in this section.
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If we work with the Feynman rule described above on the Hopf algebra Haow, 1
with only vertex decorations, then we can readily consider Dyson—Schwinger equa-
tions as discussed in §] above. However, if we work with the definition of the
algebraic Feynman rule @ described in (G:4) on the Hopf algebra Haow rs of flow
charts with flag decorations, we need to extend the grafting operators appropriately
that are needed to define Dyson—Schwinger equations from Hgow 1 t0 Heow, . This
can be done by assigning as output the empty function f = (), mapped to the con-
stant function ®(k, (), z) = 1, as the output of any tree 7 that is obtained through
a grafting where the flag labels don’t match.

We can then consider a Dyson-Schwinger equation of the form (@3], with
BT =375 B;r, with 6 € {b,c,v,u} or a more general system of Dyson—Schwinger
equations (LH]), with the condition that the components z,, of the unique solution
span a Hopf subalgebra of Haow,z/. In such case, we can restrict the algebraic
Feynman rule ® constructed above to this Hopf subalgebra and still perform the
BPHZ renormalization.

One can then reformulate the same questions that we have briefly discussed
regarding Manin’s approach to the halting problem, of how to interpret the result-
ing negative and positive parts of the Birkhoff factorization. In this case, the fact
that one is restricting attention to the Hopf subalgebra generated by the compo-
nents of the solution to the Dyson—Schwinger equation means that the negative
part ®_(k, f,,,2) (or ®_(k, fz,, o,2) in the case of Hpow,yr) will now account
for subdivergences that belong to the same Hopf subalgebra determined by the
Dyson-Schwinger equation. This can be thought of, heuristically, as measuring the
“amount of non-computability” that can be produced by sub-flow-charts that are
characterized by a certain self-similarity property (defined by the Dyson—Schwinger
equation). An analog in this setting of Question on the interpretation of the
positive part of the Birkhoff factorization can also be formulated in the Hopf sub-
algebra determined by the Dyson—Schwinger equation.
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