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Disclaimer: this is a largely speculative talk, meant for an informal
discussion session at the workshop “Novel approaches to the finite
simple groups” in Banff
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Quantum Statistical Mechanics and Class Field Theory
QSM approach to Class Field Theory: number field K

e QSM system (A, oy)

e partition function Z(f) is Dedekind zeta function (x (/).

e phase transition spontaneous symmetry breaking at pole 5 =1
e unique equilibrium state above critical temperature

e quotient Cx/Dk (idele class group by connected component)
acts by symmetries

e subalgebra Ay of A: values of extremal ground states on Ag are
algebraic numbers and generate K?°

e Galois action by Cx/Dg via CFT isom

6 : Cx/Dk — Gal(K?*/K)
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Quantum Statistical Mechanics
A = algebra of observables (C*-algebra)
State: ¢ : A — C linear

e(1)=1, ¢(a*a)>0

Time evolution o, € Aut(.A)
rep m : A — B(H) on Hilbert space H

d
Hamiltonian H = —o¢|i=
dt t|t 0

m(o¢(a)) = et r(a)e ™
Symmetries
e Automorphisms: G C Aut(A), gor = o:g; inner: a+— vau™ with
u = unitary, o(u) = u,
e Endomorphisms: po: = op e = p(1) (need ¢(e) # 0)
p(p)=—=pop

(2) p(e)

inner: u = isometry with o;(u) = \tu
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Equilibrium states (inverse temperature § = 1/kT)

Zélﬂ)Tr (ae*'BH) Z(B)="Tr (efﬁH)

More general: KMS states ¢ € KMSg (0 < 3 < 00)
Va, b € A 3 holom function F, ,(z) on strip: Vt € R

Fa,b(t) = Qp(aat(b)) Fa,b(t + Iﬁ) = @(Ut(b)a)

At T > 0 simplex KMSg  ~» extremal £3 (points of NC space)
At T = 0: KMS,, = weak limits of KMSg

pel@) = Jim 5()
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The Bost—Connes system
Algebra Ag gc = Q[Q/Z] x N generators and relations

Mnltm = Hnm
nfl = Hmitn  When (n,m) =1
Pntin =1

e(r+s)=-e(r)e(s), e(0)=1

pule(r)) = ey = — 3 efs)

ns=r

C*-algebra C*(Q/Z) x N = C(Z) x N with time evolution
or(e(r) = e(r), oelun) = n"pn

Rep on (?(N), partition function Tr(e=#") = ¢(B)

e J.B. Bost, A. Connes, Hecke algebras, Type Ill factors and phase
transitions with spontaneous symmetry breaking in number theory,
Selecta Math. (1995)
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KMS states of the BC system
e Representations 7, on ¢2(N):

Hn€m = €nm, 7"'p(e(r))em = C;nem

¢, = p(e(r)) root of 1, for p € Z*
e Low temperature extremal KMS (3 > 1) Gibbs states

Ti(r () ) .
pp.p(a) = Wa peZ

e phase transition at S = 1; high temperature: unique KMS state
e Zero temperature: evaluations ¢ ,(e(r)) = ¢,

Poo.p(a) = (€1, mp(a)er)
Intertwining: a € Ag sc, 7 € 7*
Poo,p(13) = 01(o0,p(a))
0:7* 5 Gal(Q**/Q)

Class field theory isomorphism
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Gibbs states near the phase transition
e Gibbs states of BC system are polylogs at roots of unity

25,(e(r) = (B 30 50 = ¢(8) MLin(¢)
n>1
Lis(z) = z

ns
n=1

e The zeta function (/) has a pole at 5 =1
e Behavior of these KMS states as § — 1: near criticality behavior
of expectation values
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Useful polylogs identities
e Fourier sums: ((s, a) = Hurwitz zeta function

Li ( 27rlm/p —SZ e27rlmk/p< )

e multiplication formula:
p—1
> Lig(2e*™™/P) = p'~* Lis(2P)
m=0

e Fermi—Dirac distribution —Lis;1(e™#)
e —log(—pu) limit as s — 1:

Lis(e") = M1 - )~ + 3
k=0 '

k

lim (C(Sk_!k)uk +I(1— s)(—,u)s_1> = %(Hk — log(—p))

s—k+1
Hn =Y 1_11/k harmonic numbers



QSM systems and complex multiplication
(Connes—Marcolli-Ramachandran)

K = Q(v/—D) imaginary quadratic field

e 1-dimensional K-lattice (A, ¢): fin gen O-submod A C C with
A ®o K=K and O-mod morphism ¢ : K/O — KA/A (invertible
is ¢ isom)

e (A1,¢1) and (A2, ¢2) are commensurable if KA; = KA, and

¢1 = ¢ modulo A1 + Ay

e space of 1-dim K-lattices O X &+ (A /K*): adelic description of
lattices (A, ¢) as (p,s), p € O and s € A% /K*, mod

(p,s) = (x"1p,xs), x € O

e commensurability classes: Ay /K* with Ay = Ag ¢ x C*
(nontrivial archimedean component)
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e Groupoid algebra of commenAsurabiIity of 1-dim K-lattices
Co(Ak) x K*, up to scaling: O x 5. (Ag/K*) mod C* is

@, X o« (Ak ¢/K*) and commensurability by (p, s) — (s,p, s]ls),
J C O ideal adelically J = s;O0 NK

C(O xgp. (A f/K")) x it

e Class number from A /(K" x O*) = C1(0)

e OF acts by automorphisms, semigroup on Ak ¢ by
endomorphisms, O* by inner
e time evolution

it

Covol(N) F((A, ), (N, ¢))

at(F)((N, ¢), (N, ¢)) = ’cOo/(A)

by n(J) on commens class of invertible (positive energy)
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e Arithmetic subalgebra from modular functions evaluated at CM
points in H (using restriction from GL,-system of Connes—Marcolli)

e Partition function (x(3) Dedekind zeta function

e Gibbs states low temperature; phase transition at 5 = 1; unique
KMS above

e At zero temperature intertwining of symmetries and Galois
action (Class Field Theory)

1 —K* — GL;(Ag r) — Gal(K?*/K) — 1

|

1 —— Q" — GLy(Af) ——— Aut(F) — 1.

using Shimura reciprocity and GLj-system
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General systems for number fields (Ha—Paugam)
Ag = C(Xg) x S, with Xg = Ggb X o Ok,

Ok = ring of finite integral adeles, J = is the semigroup of
ideals, acting on Xk by Artin reciprocity

e Crossed product algebra Ag := C(Xg) x Jif, generators and
relations: f € C(Xk) and pn, n € Jif

Unlly = €n; tnpin = 15 pu(F) = pnf s,

O'n(f)en = M;fun; Un(pn(f)) = f; pn(gn(f)) = fey
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e Artin reciprocity map Uk : Ag — Gﬂzb, write U (n) for ideal n
seen as idele by non-canonical section s of

Ay r — Jx : (a)p> [T pot)
’\f/ p finite
e semigroup action: n € Jif acting on f € C(Xk) as
pa(F) (7, p) = F(Die(n) 7, 5(n) "' p)en,

en = /il projector onto [(v, p)] with s(n)~1p € Ok

e partial inverse of semigroup action:
ou(F)(x) = f(nxx)  with  nx[(y,p)] = [(Jx(n) "7, np)]
e time evolution on Jif as phase factor N(n)"
oxt(f)=f and ox(pun) = N(n)it fin

for f € C(GZ x4, Ok) and for n € J
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Properties of QSM systems for number fields
e Partition function Dedekind (x(3); symmetry action of GZ°

e Complete classification of KMS states (Laca—Larsen—Neshveyev):
low temperature Gibbs states; phase transition at 8 = 1; unique
high temperature state

e Reconstrution (Cornelissen—Marcolli): isomorphism of QSM
systems (Ag, ox) ~ (Ags, ox’) preserving suitable algebraic
subalgebra determines field isomorphism K ~ K’

e Arithmetic subalgebra for Class Field Theory via endomotives
(Yalkinoglu)
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Gibbs states near the phase transition:
e Partition function = Dedekind zeta function has pole at § =1

e Residue given by class number formula

21 (27) 2 h
fim(s - 1)cx(s) = 20 RSE

with [K: Q] = n=r + 2r (r1 real and ry pairs of complex
embeddings), hx = #Cl(O) class number; Regy regulator; wg
numer of roots of unity in K; Dk discriminant

e For a quadratic field (x(s) = ((s)L(x,s) with L(x,s) Dirichlet

L-series with character x(n) = (%) Legendre symbol

1 asquare mod p (a # 0 mod p)
(=) =< =1 anot square mod p
0 a=0modp
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e KMS states at low temperature

Sﬁwﬁ Z N“*’Y)

e Also know (Cornelissen—Marcolli) L-functions with
Grossencharacters related to values of KMS states:
character y € Gﬁb gives function

-1 / . A
X (vox(p)) iV [y pv € Ok
f, = v
(7p) { 0 otherwise,

with o/ € O% such that pl, = p, for all v | f,

1
PpA(f) = OO Lx(x, B)

e Case of CM field: values at s = 1 of L-functions with
Grossencharacter (see Birch and Swinnerton—Dyer conjecture for
CM elliptic curves)
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From Class Field Theory to Conformal Field Theory

e Can one construct a (Rational) Conformal Field Theory from the
data of the behavior near the phase transition of the KMS states
of the QSM system for an imaginary quadratic field?

e There are RCFTs associated to imaginary quadratic fields
(Gukov—Vafa)

e Near critical behavior of statistical systems often determines a
conformal field theory (Ising model)

e Natural question: are the RCFT of imaginary quadratic fields
related to the QSM systems of imaginary quadratic fields near
criticality?

e All information about K is encoded in (Ag, ok) and in its low
temperature KMS states, and the RCFTs are determined by data
of K
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The Gukov—Vafa RCFTs

sum over momentum lattice

/ 1 D T oT
\/27'2;)2 1 1% T pPT
T=m+im €H, p=p1+ips € H (complex and Kahler
parameter), E = C/(Z + 77) and Dedekind n-function

n=q"*[[1-q"
n=1
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Properties of these CFTs

e Rational: g C I} finite index sublattice
Fo={p| ( g > e M@} i ={p| < . ) ereay

e Rational < 7,p € Q(v/D) (D < 0) imaginary quadratic field
(both the elliptic curve E; and its mirror are CM same field)

e diagonal form of partition function
wa )X (3)

when 7 solution of ar? 4 br + ¢ = 0 discriminant D = b?> — 4ac
and p = far (p € Oj order with conductor f)

e dim of chiral algebra 2D, where f coeff of intersection form of Iy
1 v+w 2
Xo( el Z gz
Vero

w = reps of chiral algebra (w € ' /Tp)
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Data that classify diagonal ¢ = 2 RCFTs:
e D < 0 square free discriminant: K = Q(+/D)

e § > 0 conductor of order Of
f={a € O|aO C Os}: for imaginary quadratic gen over Z by
multiple of discriminant (§2D discriminant of order)

e an element in the class group C1(O) (equiv class of integral
binary quadratic form discriminant D); C1(O) = Gal(K(j(7))/K)
acts transitively on the j(7)

= extract these data from low temperature KMS states of QSM
system for imaginary quadratic field
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Gukov—Vafa RCFTs and the QSM system for CM fields

e Elements of C1(O) from action by symmetries
1— 0" /0" — Af ¢/K* — Cl(0) — 1
where (’A)*/(’)* automorphisms

fF((N,s714),(N,s71¢')) both divisible by J

0 otherwise

0s(F)((A. ), (N, ¢')) = {

forse O NAgrand J = sO NK; divisibility by J: ¢ well defined
modulo JA

e Also A (as O-module) determines a class in Ky(O); for invertible
K-lattice invariant of commensurability; Ko(O) = Z + C1(O) (here
rank € Z is one so just Cl(O))

e low temperature KMS states < invertible K-lattices
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Orders
e O5 C O subring and Z-module rank [K : Q]

e an order O in an imaginary quadratic field K determines an
abelian extension IL of K, unramified over the conductor f with
Gal(L/K) = CI(0y) (ring class field of Oy)

e see abelian extensions and ramification from KMS states

e can describe ramification through ranges of projectors
ek,n = Unity and abelian extensions through the L-functions
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