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Abstract. We obtain an explicit formula for the full expansion of the spec-
tral action on Robertson—Walker spacetimes, expressed in terms of Bell
polynomials, using Brownian bridge integrals and the Feynman—Kac for-
mula. We then apply this result to the case of multifractal Packed Swiss
Cheese Cosmology models obtained from an arrangement of Robertson—
Walker spacetimes along an Apollonian sphere packing. Using Mellin
transforms, we show that the asymptotic expansion of the spectral ac-
tion contains the same terms as in the case of a single Robertson—Walker
spacetime, but with zeta-regularized coefficients, given by values at inte-
gers of the zeta function of the fractal string of the radii of the sphere
packing, as well as additional log-periodic correction terms arising from
the poles (off the real line) of this zeta function.
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1. Introduction

The spectral action was proposed in the 1990s by Chamseddine and Connes [5]
as a possible action functional for gravity coupled to matter that extends to
non-commutative spaces. It was successfully applied to the construction of
particle physics models [13], where its asymptotic expansion reconstructs the
Lagrangian of the Standard Model with right-handed neutrinos and Majorana
masses, [9], see also [42]. It was also shown in [9] that, in the gravity sector,
the asymptotic expansion of the spectral action gives rise to a modified grav-
ity model that includes, in addition to the Einstein—Hilbert action and the
cosmological term of General Relativity, also a conformal gravity term (Weyl
curvature) and a Gauss—Bonnet gravity term (which is non-dynamical and
topological in dimension four).

It was shown in [4,35,36] that one can incorporate in the spectral action
functional a scalar field, seen as a perturbation of the Dirac operator. The
action functional then determines a potential for this scalar field that has the
shape of a slow—roll potential, suitable for a cosmological inflation scenario.
This slow—roll potential was used in [4,35,36] to study how an action functional
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model of gravity can address the cosmic topology question. For an overview of
spectral action models in cosmology, see [34].

The spectral action, with its full asymptotic expansion, has been com-
puted explicitly for various types of solutions of the Einstein equations, in-
cluding Robertson—Walker metrics [7,22,23] and Bianchi IX gravitational in-
stantons, [19-21].

The starting point of this paper is the computation of [7] of the spectral
action for (Euclidean) Robertson—Walker metrics and the results of [23], show-
ing that the coefficients of the asymptotic expansion of the spectral action for
these metrics are recursively given by rational functions of the scaling factor
of the metric and its derivatives, with Q-coefficients.

We obtain here a different and more explicit derivation of the full ex-
pansion of the spectral action for Robertson-Walker metrics with a general
expansion factor a(¢). As in [7], it is based on Brownian bridge integrals, but
a more convenient choice of variables leads to more easily computable inte-
grals and to a completely explicit form of the coefficients in terms of Bell
polynomials.

This explicit form suggests that a deeper algebraic and combinatorial
structure is present in the asymptotic expansion of the spectral action, at least
for very regular geometries like the Robertson—Walker metrics. This structure
is closely related to the Hopf algebra structure of renormalization in quantum
field theories, manifested here through the Faa di Bruno Hopf algebra and its
relation to the Bell polynomials.

We then consider the case where, instead of a single Robertson—Walker
cosmology with spatial sections given by a sphere S3, we have a multifractal
arrangement in the form of a Robertson-Walker cosmology over an Apollo-
nian packing of spheres. This type of multifractal cosmology models is known
as “Packed Swiss Cheese Cosmology”, [38]. They model spacetimes that are
isotropic but non-homogeneous, based on a construction originally introduced
n [39]. A model of the spectral action for Packed Swiss Cheese Cosmologies
was developed in [3], based on a simplified static model with constant scal-
ing factor. We extend the results here to the full model with an arbitrary
underlying Robertson—Walker metric.

We consider an Apollonian packing of spheres S with a sequence of radii
L = {ay,}. We endow each 4-dimensional spacetime R x S? with a Robertson-
Walker metric dt? + a(t)?do?, scaled by the corresponding radius ai,k in two
possible ways, see (5.2) and (5.1). For a particular choice of a scaling factor
of the form a(t) = sin(t), this general setting includes the case of packings of
four-spheres.

We first illustrate a lower-dimensional example based on a special class
of Apollonian circle packings, the Ford circles, where we show explicitly the
terms arising in the spectral action that detect the fractal structure, which are
expressible in terms of zeros of the Riemann zeta function. This example also
illustrates the fact that the very restrictive condition on the sphere packing
used in the simplified model of [3], based on an approximation by self-similar
fractal strings with lattice property, is too strong for the general setting we
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need to consider here. The method we use in this paper to obtain the full
asymptotic expansion of the spectral action is independent of this approxi-
mation assumption and only requires a milder condition on the fractal string
L = {an} of the sphere packing, namely the property that the zeta func-
tion {(z) admits analytic continuation to a meromorphic function on C with
simple poles located away from the set of integers less than or equal to 4.

We obtain the full expansion of the spectral action on these multifrac-
tal Packed Swiss Cheese Cosmologies in terms of the expansion for a single
Robertson—Walker metric obtained in the first part of the paper, using a Mellin
transform argument. The resulting expansion has two series of terms, one that
corresponds to the terms in the expansion of a single Robertson—Walker met-
ric, where the coefficients are modified by a zeta-regularized sum of powers
of the packing radii, so that the coefficients are no longer rational numbers
but they contain the zeta values (,(4 — 2M), for M € N. The second series
of terms corresponds to the poles of the fractal string zeta function {(z) and
give rise to a series of log-periodic terms as already observed in the simpler
model of [3]. In this case, the coefficients are values of the zeta function of the
Dirac operator of the underlying model Robertson—Walker metric.

2. Spectral Gravity and Robertson—Walker Metrics

We discuss here some general preliminary facts about Robertson—Walker met-
rics and the spectral action functional, which will be useful in the following
sections.

2.1. Spectral Gravity

The spectral action functional can be defined on ordinary manifolds or more
generally on non-commutative geometries, described in terms of the spectral
triple formalism [12]. The functional is defined in terms of a regularized trace
of a Dirac operator

Sy ="Tr <f (f)) = > f (2) : (2.1)

A€Spec(D)

where A € RY is an energy scale and f(x) is a smooth test function (which
one can think of as a smooth approximation to a cutoff function). In the
commutative case, one assumes that the underlying manifold is Riemannian
and compact, so that the Dirac operator has compact resolvent; hence, the
series in (2.1) makes sense. The general spectral triple axioms in the non-
commutative case [12] are modeled on the analytic properties of Dirac oper-
ators on compact Riemannian spin manifolds. While definition (2.1) does not
directly extend to Lorentzian geometries, it is often the case, including the
case of Robertson—Walker metrics considered in the present paper, that the
local terms in the asymptotic expansion of the spectral action may admit Wick
rotations to Lorentzian signature and can be used in gravity and cosmology
models [1,2,46].
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Throughout this paper, we will work only with spacetimes with Euclidean
signature, and in particular, with Robertson—Walker metrics of the form d¢? +
a(t)?do? on R x S3, where the geometry is given as a warped product of the
flat metric on R and the round metric do? on the 3-dimensional sphere S of
radius one. Here the real line R is used to parametrize the cosmic time ¢, and
the spatial section of the universe is a 3-sphere, expanded by the scaling factor
a(t).

The asymptotic expansion of the spectral action is obtained from the
heat kernel expansion for the square D? of the Dirac operator. Suppose that
the heat kernel has a small time asymptotic expansion at 7 — 07 of the form

7‘rD
E CaT 7

where we assume that the terms a > 0 are integers, then, using a test function
of the form f(x fo o7 dp(7) for some measure pu with normalization
= ;7 du(7), we obtain an expansion (see [5,7,42])

(D/A ~ > faca A Fagf(0) + D faca ATO, (2.2)
a<0 a>0

where the coefficients f, are given by:

J. ““ldy a<0
- {(O)f(“() 0 >0 aeN )

Thus, the problem of computing the full spectral action expansion amounts to
computing the heat kernel expansion coefficients.
In the case of R x S with a Riemannian Robertson—Walker metric of the
form
dt? + a(t)?do® = dt* + a(t)® (dx®sin® y (d6? + sin® 0 d¢?)) ,
the square D? of the Dirac operator has the explicit form (see [7])

9 0 3a’ (1) \ 2 1 5 a(t
br=- (aﬁ 2a<(t>)> a0 Dy - a2(<t)>”0D3’

with
0 1 o 1 1 0
Dy =~ = t 2 to -
=7 <8X+CO X>+7 sin x (80 2 )+'y sin x sin 6 0¢
Using a basis of eigenfunctions of the Dirac operator on S, the operator D?
was decomposed into a direct sum of operators of the form

<d2_ (n+37 <n+§>a’>
dt? a? a? ’

which are then used to compute the spectral action expansion via a Feynman—
Kac formula. We will discuss this setting more in detail in Sect. 3, where
we present a different method of computing these coefficients, also in terms
of the Feynman—Kac formula and the Brownian bridge integrals, but with a
computationally simpler choice of coordinates.

HE = —

n
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The heat kernel semi-group of a Dirac Laplacian is trace class when the
underlying manifold is compact. In the case of a non-compact manifold R x S3
with a Robertson-Walker metric, this trace class property may hold or not
depending on the specific form of the scaling factor a(t). For certain cosmolog-
ical models (such as an expanding universe) where the scaling factor introduces
divergences, a regularization method (such as a cutoff) would need to be in-
troduced. Our main results in the present paper focus on the coefficients of
the heat kernel expansion prior to integration in the time variable, hence as
functions as,(t) (as explained more explicitly in the next subsection) that
apply to arbitrary choices of the scaling factor a(t).

2.2. Pseudodifferential Calculus

We let D be the Dirac operator of the Robertson—Walker metric with a general
cosmic factor a(t):

ds* = dt* + a(t)*do?. (2.4)

We can express the heat kernel as

—rD? 1 —TA( )2 -1
= — D= —X)7 dA, 2.5
e el G (25)

for v a contour in the complex plane traveling clockwise around the nonneg-
ative reals. Since D? is an elliptic operator of order 2, we can approximate
(D? — X\)~! by a right parametrix with symbol

o0

U(RA) ~ er(xagv)‘)a (26)

Jj=0

where each of the r;(x,£, \) is a pseudodifferential symbol of order —2 — j so
that r;(z, 7, 72X) = 772 7rj(x, & N). Tt is then possible to determine recur-
sively the homogeneous pseudodifferential symbols r; in the expansion of the
parametrix, with ro(z,&,\) = (p2(z,€) — A)~1, and for any n > 1

ralm, 6 0) = =3 éagrj (2, €, N pi (2, E)ro (@, £, V), 2.7)

where the summation runs over all a € Zi, jeo0,l,....n—1,k € {0,1,2}
such that |«|+ j+ 2 — k = n, and the py are the homogeneous components of
the symbol of D?, see [19,23].

The small time asymptotic expansion of the heat kernel

e 2 _(n—4)/2
Tr(e ) ~r—ot Z W/tr(en(x)) dwol, (2.8)
n=0

and (2.5) with the parametrix expansion (2.6) give

en(x) - \/det(g) = —%/e*m(x,g,x) dAdg, (2.9)
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and the coefficients a,, of the heat kernel expansion can be written as in [23]
in the form:

1
n = 157 /53 tr(en) dvoly

27 27 /2
— Wlﬂ"l /0 /0 /O tr(en)a3 (t) sin(n) cos(n) dndepy dgs.  (2.10)

In fact, only the even coefficients as,, are non-trivial. The coefficients as,, can
then be determined in terms of the recursive formula (2.7) for the parametrix.
Using this method, it is proved in [23] that the coefficients a,, satisfy a ra-
tionality phenomenon conjectured in [7]. Namely, if we denote by as,,(¢) the
coefficient as, prior to time integration, that is, as,, = fagm(t) dt, then the
result proved in [23] shows that each ag,,(t) is described by a polynomial in
several variables whose coefficients are rational numbers,

~ Qam (a(t), a(t),... ,a2m) (t))
agm(t) = (1) 3 , (2.11)

where Qap, € Q[xo, 1, . .., ZTam]. Moreover, the degree of each monomial ap-
pearing in o, is either 2m — 2 or 2m. More concretely,

ko .k Eam
ng (330, Tlyenny l‘gm) = Z Cgm)}g .’1?001,‘11 s .’I,‘an 5 (2.12)
k
where co; 1 € Q, and for each multi-index k = (ko, k1, ..., kopm) in the sum-

mation we have:

2m

2m 2m 2m
either ij :ij;j =2m —2 or Zk;j =ijj = 2m.
j=0 §=0 j=0 j=0

(2.13)

As we will see later, structure (2.13) of the summation in the polynomials
(2.12) is reminiscent of the structure of a combinatorially very interesting
family of polynomials, the Bell polynomials, that describe the combinatorial
structure of derivatives of composite functions. Indeed, we will prove in the
next sections that the coefficients ag,,(t) can be computed explicitly in terms
of Bell polynomials.
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2.3. Physical Examples: Expansion Models

The first few coefficients ag, as, a4, ag in the expansion of the spectral action
for the Robertson—Walker metric, as computed in [7], give the following ex-
pressions (written without time integration)

ao(t) = =a’(t),

) (a0) (@ (0) 1
w0 =2 (G5 + )

alt) = o ( 2(1)a® (1) + 9a(t)a’ ()a®) () + 3a(t) ("))

ST

4@ (t)a" () 5a”<t>),
)

as(t) = — a'(t)?a”(t) d'()a’(t) | a"(t)*  d'(t)’a"(t)® o)
0 24042 (t) 84a2(t) ' 120a(t) 21a(t) 90
a'()a®(t) " a()a®(t) a'()a"(t)a® () a(t)a®(t)?
240a(t) 84al(t) 20 1680
_a(4)( ) a(t) 2a™ (1) n a(t)a” (t)a P (t) N a(t)a’ (t)a®)(t)
240 120 840 140
a(t)*al® (1)
+ 560 '

While the spectral action is computed for a compact 4-dimensional Rie-
mannian manifold (for example, the sphere S* for which a(t) = sin(t)), the
expressions obtained above for the coeflicients as functions of the scaling factor
a(t) of the Robertson-Walker metric continue to make sense for more realis-
tic universe models where the scaling factor describes different phases of the
expansion of the universe. In the case of an expanding universe (as opposed
to the expansion and contraction case of the sphere S%), the time integra-
tion of the expressions above may introduce divergences that requires cutoff
regularization.

Throughout this paper, we will not assume any fixed form for the scaling
factor a(t) and we will work in complete generality for an arbitrary smooth
function. We list here some cosmologically relevant examples of scaling factors
of an expanding universe and the corresponding form of the first few coeffi-
cients of the spectral action expansion, computed using the pseudodifferential
calculus discussed above.

2.3.1. Inflation Dominated Universe. For an inflation dominated universe
model, the scaling factor derived from the Friedmann equations and the
Robertson—Walker metric produces an exponentially expanding universe, [15],
with scaling factor a(t) = ef!. This gives
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1
ao (t) = 7e2Ht )

2
2H263Ht _th
wlt) ==
as(t) = 11H*3H — 52t
_31 1
0 = HOe3HE | 1 pra HE
as(t) = g e + gpte

2.3.2. Radiation-Dominated Universe. In the radiation-dominated phase of
the universe expansion, the scaling factor grows like a(t) = (2Ht)'/2. This
gives terms of the form

ao(t) = V2(H)*?,

2Ht
as(t) = — T
aalt) = - V2Ht(—11H + 30t)
14402 ’
ao(t) = —919 - 2/ %t + 189 - 2Y/S Ht? + 30 - 61/3 H(Ht)5/6
20160 - 22/3t5\/Ht

+21 -6Y/3t(H1)®/6 + 126 - 32/3H (Ht)7/6
20160 - 22/3t5\/Ht '

2.3.3. Matter-Dominated Universe. In a matter-dominated universe model
[15], the scale factor has an expansion rate of the form a(t) = (3Ht)*/® and
gives terms

9
ao(t) = §H2t27
H? 1/3\%®
== (2} (Hy¥s
) =5 -1(3) w0,
1 H2 1 2\
)= —— 4+ — | = e
a1l) = 57672 +72<3) e
5 H? 11 H?/3

a6(t) = 3916 31 T+ 810 22/3 3173 11073

2.3.4. Empty Universe. In an empty universe with scaling factor a(t) = Ht,
the spectral action coefficients take the form

1
= ~(Ht)®
S (HD)?,

_ H*t—Ht
=1

aq (t)
as(t)

with vanishing higher terms.
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3. Combinatorial Structures in the Spectral Action Expansion

We work here and in the rest of the paper with a Robertson—Walker metric
with an arbitrary choice of the scaling factor a(t).

In [7], a method for computing the spectral action expansion on
Robertson-Walker metrics based on the Feynman—Kac formula and Brownian
bridge integrals was developed. The main steps of their argument are summa-
rized as follows. Let D? be the square of the Dirac operator on a Euclidean
Robertson—Walker metric. The spectral action, for a test function of the form
flu) =e™*%, is written as

Te(f(D?) ~ Y u(n) Te(f(Hy)),
n>0

with multiplicities pu(n) = 4(n + 1)(n + 2) and with the operator H,, of the
form

d2
Hy, = ——5 +Vi(t),
gz T Valt)
Vo = "2 (3 _a (3.1)
" a(t)? 2 ’ '
In order to evaluate the trace Tr(e=*H»), one then uses the Feynman-Kac

formula of [41], Theorem 6.6,

1 1

e sHn(t t) = %/exp (—8/0 Vo (t + @a(u))du) Dla].  (3.2)

Here D[a] denotes the Brownian bridge integrals, [41], where the Brownian
bridge is the Gaussian process characterized by the covariance

E(a(vr)a(ve)) =v1(1 —vg), 0<wv; <wy <1, (3.3)

One then uses the Euler—-Maclaurin formula to replace the summation
> p(n)e*Hn(t, 1)
n

by a continuous integration over x > 3/2, which gives

> 1 kg(3/2)
/3/2 Ra(r) da + oha(3/2) - 2y

with the functions

ko(z) = (422 — 1)

eu(bfz)z .
1
u = s/ a2 (t + V2sa(v)) dv,

0

ub=s /1 a'a”(t + V2sa(v)) do. (3.4)
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The asymptotic expansion is then obtained in [7] using Taylor expansions of
the form

1 (k)
/O F(t+v2sa(v))dv=F(t) + Y E k!(t) (V2s)Fap(a),
k

where

() = /0 (o)t dv. (3.5)

In computational terms, the Laurent series expansion for b, which is given as
the quotient

fol a”2(t 4+ V2sa(v)) dv
fol a’a=2(t 4+ v/2sa(v)) dv

introduces a considerable amount of complication that slows down the compu-
tation. We argue here that a simpler choice of variables significantly simplifies
the computational complexity of the terms of this expansion and provides a
more transparent description of the resulting terms of the asymptotic expan-
sion, which reveals the presence of a richer combinatorial structure.

b= (3.6)

3.1. A Convenient Choice of Variables for Brownian Bridge Integrals
We set

A(t) =1/a(t), B(t) = A(t)% (3.7)
We can then write the potential V;,(¢) of (3.1) in the form
Vo(t) = 2? A(t)? + A/ (t) = 2 B(t) + 2 A'(t),  with 2 =n+3/2. (3.8)
We then write the integral in the Feynman-Kac formula (3.2) as

- s/l Vit + V25 a(v)) dv = —22U — 2V, (3.9)

in terms of the expressions

= S/o A? (t + @a(v)) dv = s/o B (t + @a(v)) dv, (3.10)
= s/ Al (t+ \/%a(v)) do. (3.11)
0

In order to do the summation over n using the Poisson summation formula
(cf. [6,7]), we set

fo(z) = (:vQ - i) e~ U=V, (3.12)

and we obtain

/ e \Few (—U2+2U+V2)' (3.13)

1572
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Considering the variables U and V' given in definitions (3.10) and (3.11),
the task of computing the terms of the asymptotic expansion becomes signif-
icantly easier (even for the computer) compared to the series for the specific
functions (3.4) and (3.6) of the u and b defined in [7]. It is in particular the
Laurent series (3.6) of b in [7] which creates a great amount of unnecessary
computational difficulties.

Using (3.12), we obtain the function that generates the full expansion in
the form

1 el (U2 4204+ V2) 1 ¥ (—U? 42U 4+ V?)
\/Ts 4U5/2 s 4U5/2

We consider then the Laurent series expansion of the function given by (3.14)
in the variable s.

(3.14)

3.2. Laurent Series Expansion

In order to keep the notation concise and more efficient, we let 7 = s/2 and
write:

Uzrzi)%rn, _7_22% " (3.15)

where

- 100 (3

k=0

( ) A (1) AR (¢ )> 22 (a),

v = ATV ()22 1 (),
with A and B as in (3.7) and with z;(«) as in (3.5).

Lemma 3.1. For r € R and m € Z>o, we have

¥ Ty = £2(rm) > clrm M, (3.16)
M=0
where
oy

(7’”749+T) (2n;m) —n+r—=k 2n+m pug o ufkvql e qu

- Z 4nn)! Yo Yo ly!

|
0<k.p.N<M g gp
0<n<M/2
N+2n=
1<tq,..., Lr\q1s..-, qp<N
b+l +qittgp=N
(3.17)

with the convention that when k = 0 we have wy, - --ug, =1, and when p =0
we have vy, -+ vy, = 1. Note that it follows that when k = p = 0 one considers

Upgy ** " Ugy Vgy ~ Vg, = L.
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Proof. By direct computation, we find that

v2 r m __ 1 —n+r 2n+m
e UTV™ =) yowid 1%

n=0
o 1 o o k
_ Z u6n+7‘ —2n-+27r Z (777’ =+ 7’) Z Uy TZ T4n+2mv§n+m
4np! k YARTTS

n=0 : k=0 =1
2n+m (%) P
2n+m v
) (S
- p — q'vo
p=0 q=1
—n—+r, 2n+
= r2rbm) 5 o v " (‘" + 7‘) <2n + m) 2n
!
b0 4nn! k P
u " > v, P
L ¢ a _q
(Z e' uo ) (Z q' UOT )
=1 q=1
—ntr, 2n+
= p2m) 3 Mo R (—n + 7") <2n + m) L2n
!
kPO 4nn! k P
oo
« Z Z ’U,[l L'LZ;C ’Uq1 .“/U'qpp TN’
N=0 \jel1al= Nt byl uf qi!- - gplvh
where the inner summation is over all ¢1,...,¢;, > 1 and ¢1,...,q, > 1 such

that ¢4 4---4+£€r +q1 +---+q, = N with the convention that when p =k =0
the sum is equal to 1. For simplicity we denoted this condition by [¢|+|q¢| = N

We then obtain an explicit formula for the general term in the full ex-
pansion of the spectral action.

Theorem 3.2. As 7 = s'/2 — 0%, we have:

oo

Tr(exp(—rzDQ)) ~ TQM_4/a2M(t) dt,

M=0
where

1 _(_

ao(t) = 5Cy Y, (3.18)
and
_ [ (Lots20 1 (a522) o120 p Mez

azm (t) = 5%2nm T G2 2M=2 [a], € Li>1.

(3.19)

Proof. Using Lemma 3.1, we write the desired expansion for the function given
by (3.14) as

1 ef7 (—U2 42U + V?)
T AU/

NS —5/2,2) (—=1/2,0)\ _m—2 | 1 . —-3/2, 0) M-4
-1 ( —of; )T +35 2. Cl (3.20)
M=0 M=0
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The statement of the theorem then follows directly from this expression for
the expansion of (3.14). O

Form (2.12) with relations (2.13) of the terms in the expansion of the
spectral action for Robertson-Walker metrics, obtained in [23], suggests that
the explicit terms obtained above should be expressible in terms of Bell poly-
nomials. We show in the next subsections that this is indeed the case.

3.3. Bell Polynomials

Bell polynomials arise naturally in the Faa di Bruno formula that expresses
the derivatives of composite functions, [26,40]

n

(9()) = > f(9(8) B (g (1), 9" (1), g™ (1), (3:21)

m=1

d’rL
an

More precisely, the multivariable Bell polynomials are defined as

Bgg(z1,. s Tp—kt1)

=2 . (E)A (E)A (e ) (3.22)
— Aol Ag_pa! V1 2! (B—k+1)! T

where the summation is over all sequences A = (A1, Ag,...) of nonnegative
integers such that

o0 o0

N =Y =8 M=) N=k
i=1 i=1
Note that these conditions imply that Ag_xy2 = Ag—j43 = --- = 0. We shall

use the following conventions:

Boo(71) =1,
Bg7o($1,...,$ﬁ+1) ZO, ﬁ>07
Bﬁ’kzo, 0<B<k.

The structure of polynomials (2.12) that arise in the spectral action ex-
pansion of the Robertson—Walker metric [23] suggests that the combinatorial
structure of the asymptotic expansion may be describable in terms of Bell
polynomial, arising from the time-derivatives of expressions depending on the
scaling factor a(t) in the recursive formula (2.7). Although it may be possible
to see this directly at the level of the recursive formula obtained by the pseu-
dodifferential calculus, it seems difficult to control the terms explicitly by that
method. We show instead that the explicit form of the terms of the asymptotic
expansion obtained in Theorem 3.2 can indeed be expressed directly in terms
of Bell polynomials.
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Proposition 3.3. Forr € R and m, M € Z>q, we have:

(—n+7") (2n+m) (2M—2n

1!
C(Tam) —_ § k P B ) k'p'u—n+r—kv2n+mfp
2M 4nn! (2M — 2n)! 0 0
0<k,p<2M
0<n<M
0<F<2M—2n
XBpgk (U1, ..., us—k+1) Banr—2n-p8,p (V1, -+ VaM—2n—B—pt+1)

Proof. We have

(r,m)
Conr
(—n+r) (2n+m)
Z ke Sug MRyt ey~ Uy Vg """ Vgp
4nn) Ol bt qi! - gp!

0<k,p,N<2M
0<n<M
N+2n=2M
1<y, 8k,q15--,qp <N
b+ ALl +qi+-+gp=N

(e

k P ) —n4r—k, 2ntm—p Ul " UL Vg " Vg,

Z 4np) %o Yo 1ol aq! !

0<k,p<2M n: 1- k-q1- Qqp-
0<n<M

1<y, Lk,q1,5-..,qp <2M —2n

L1t let a1+ +gp=2M—2n

(—n-H") (2n+m)
_ k P —n+r—k_2n+m—p
= — U, v,
0 0
4nn)
0<k,p<2M
0<n<M
2M —2n

% Z Z “&"'uékvql"'”qp'

o 0V ay! gl
B=0 1<ly,...lp,q1,m qp<2M—2n G- blar! - gp!
Gt 628
g1+ +qp=2M—2n—p3

In the inner summation, assume the integers £1, ..., f; consist of \; copies of
1, ..., Ag copies of 3, and the integers ¢q1,. .., g, consist of ;1; copies of 1, ...,
Hon—2n—g copies of 2M — 2n — 3. We then obtain
(r,m)
Conr
(7n+r) (2n+m)
_ Z k p —n+r—k 2n4+m-—p
N 4nn) Yo Yo
0<k,p<2M
0<n<M
2M—2n i »
X
Bgo % <>\17 L) Aﬂ) (:u‘la ey /U‘QM—Qn—ﬂ)
" ui\l e 'UJ;B 'Ulll’l e UQLX/[M—72277LL:Z
(1[)>\1 L (B'))\ﬂ (1!);1«1 . ((QM — 9 — 5)!)/»021%—2n—ﬁ
—n+r\ (2n+m 2M —2
_ Z ( k )( P )u7n+r7k1)2n+mfp Z " k'p'
o npl 0 0 ] — o — B)!
o< ptont 4nn) = B'(2M —2n — B)!

0<n<M
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o! 2M —2n — (3)!
oy ( )

o il gl ! (em—2n—p)!

. W .ug%fl S e
(1[)>\1 - (ﬁ[))\ﬂ(]_!)uq - ((QM — 99 — ﬁ)!)l&M—Qn—ﬂ ’

where the last summation is over all sequences of nonnegative integers A and
w such that

AMA2ot+B8=08 Attt =k
p1 +2p2 + o+ (2M —2n — B)parr—2n—p = 2M — 2n — f3,
M1+ po + 0+ o —2n—p8 = P-

Now we can use the Bell polynomials to write:

—n+r\ (2n+m 1!
C(T’m) = Z ( k )( P )k'p'ufn+r7kv2n+mfp
M 4n ! (2M —2n)! ° 0
0<k,p<2M
0<n<M
2M —2n IM — o,
Z 3 Bk (w1, ug—k+1)
B=0
X B2M—2n—ﬁ7p (vla s av2M—2n—5—p+1)
This gives the stated result. O

4. Brownian Bridge and Combinatorial Structure

In this section, we compute explicitly the Brownian bridge integrals and obtain
the full combinatorial structure of the spectral action expansion for Robertson—
Walker metrics.

4.1. Brownian Bridge Integrals

We provide combinatorial formulas for the Brownian bridge integrals that we
need in order to write combinatorial expressions for the integrals in Theo-
rem 3.2 describing the coefficients a2y (t) in the full expansion of the spectral
action for the Robertson—Walker metric.

We need a preliminary result about integrals of monomials on the stan-
dard simplex.

Lemma 4.1. Let A" denote the simplex

A" ={(v1,v2,...,0,) ER":0< vy < <+ <, < 1}
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1k2.. k

Then, the integral of a monomial vi*v Sy

ki k ko
/ vy 052 v, dog dog - - - doy,
n

n is given by the expression

1
= . 4.1
(k1+1)(k1+k2+2)~~-(k1+k2+~-~+kn+n) ( )
In particular, we have the following case.
Corollary 4.2. If1 < j1 < jo < -+ < jr <m, then
G2 +1)0Us+2)---Gr+k—1)
/An Vj, Vg, + - - U5, dvg dog -+ - dop, = CEWA] . (4.2)

Proof. The case of (4.2) is a special case of Lemma 4.1. The right-hand side
is directly obtained from the corresponding expression in (4.1). O

We then consider the Brownian bridge integrals. The defining property
(3.3) of the Brownian bridge implies the following.

Lemma 4.3. For (vy,vs,...,v2,) € A%", n € Z>, the Brownian bridge inte-
grals can be computed as

[ atenates) - afos) Dlal = 3 v (1= 31— 0303, (1= 03,

(4.3)
where the summation is over all indices such that iy < ji, 13 < Jo, -+, tn < Jn,
and {ilujlaiQ)jQ? e ain7jn} = {17 27 DR 72n}

It is convenient to reformulate expression (4.3) in a slightly different
notation as follows.

Corollary 4.4. For (vi,va,...,v2,) € A?", n € Z>, we have
/a(vl)a(vg) -+~ afvay) D]a]

= Z 'Uc;(l)(l - UJ(Q))UU(g)(l — 06(4)) R Ug(gn,l)(l — UJ(Qn))7 (4.4)

oceSs,

where S, is the set of all permutations o in the symmetric group Sa, such
that o(1) < 0(2), 0(3) <o(4), ..., c(2n—1) < o(2n).

This then gives a reformulation that will be useful in the following.

Lemma 4.5. For (vi,vs,...,ve,) € A* n € Zxq, we have
/a(vl)a(vg) -+~ a(vey) D]

= Z Vs (1)Vs(3) " Vo (2n—1)

oc€eSs,

14> (-1)* > Vo(21)V0 (2j2) """ Vo (241)
k=1

1<j1 <2< <jr<n
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Proof. This follows directly from Lemma 4.4. O

Definition 4.6. For any nonnegative integer n, we let 7 ,, be the set consisting
of the O-tuple. For any £ = 1,...,n, we let J, , be the set of all k-tuples of
integers J = (41,72, .--,Jk) such that 1 < j; < jo < -+ < jx < n. For any
J € Jin, and o € S5, we define 05(1), 0;(2), ..., os(n+ k) by the property
that

oi(l)y<o;(2) < - <os(n+k),
and that the set of such o;’s is given by

{os(1) <0s(2) <~ <os(n+k)}
={o(1),0(3),...,0(2n—1),0(241),...,0(27%)}.

Using notation (3.5) as in [7],
1
oula) = [ a()*do,
0

we can then write the Brownian bridge integrals of the x(«) in the following
form.

Lemma 4.7. We have

/xl(a)%p[a} —/(/Ola(v) dv)2"D[a]

o 2 - (ojn+k)+n+k—1
2o Z S (-1 (1) (04(2) + )(3n(+11(€)!+ ) +n+ )

c€S5, k=0JETkn

Proof. This is obtained using the expression of Lemma 4.5 and the notation
as in Definition 4.6. g

We can then formulate the monomial Brownian bridge integrals as fol-
lows:

Proposition 4.8. For (vi,vs,...,v,) € A" and for i1,is,...,4, € Z>o such
that iy + o + - - + iy, € 2Z>0, we have

i i in _ || -1 |1]! (,1/2)\1\/2
/a(vl) o(v2)" -+~ vn) D[@]‘(I) (V=D ([1]/2)!

. (Z <|1|/2> i i Z T(o1ymols ) (5)

r1=07r2=0 r,=0p=1

where I = (iy, iz, ..., iy), the first summation is over all nonnegative integers
kjm, jym=1,2,...,n such that

n

- I
Zk’j,m:%7 Z (kjm + km,j) =1 forall j=1,2,.

j,m=1 m=1
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and we set for each m =1,2,...,n,
m—1
Ko = kmm + Y (kjm + Fm.j)
Jj=1

Proof. First observe that, for Brownian bridge integrals in exponential form,
we have the identity

n 1 n
/exp V-1 Zuja(vj) Dla] = exp —3 Z CimUjlm |,

j=1 j,m=1
where the terms c; ,, are given by
Cim =01 —vy) if j<m, and Cim =vm(l —v;) if m<j
This implies that we have

(ﬁ)il+i2+"'+in/ i1 iy 4+ iy,
(iy + g+ +ip)! 11,12, -+, 0n
(_1/2)(i1+i2+"‘+1n,)/2

) [ atatey - atu) Dl

(i Fig e in)/2)!
(i14io+-+in)/2

. i1, 12 P . .
x | Coefficient of uj'uy’ - - u;» in E CjmUjUm

j,m=1

(—1/2)(iatiatFin)/2 (i1 + g+ +1ip)/2 n Ky
ko) 1L €

(i1 +ig 4+ +1in)/2)! ki, ki, o kin, ko, =1 gm
where the summation is over all nonnegative integers k; ,,, j,m = 1,2,...,n
such that

n
Z k‘,nL:(il +12++7'n)/2

Jj,m=1

and, for any j =1,2,...,n,

2k;; + Z (k‘j’m + km,j) = ij.

1<m<n,m#j

This then gives

/04(“1)“04(02)” < a(vn)™ D]

CINTT iy (S ATy e
() o g (2 () I

J,m=1

C(INTY e (=12 1112 s )
_<I> (V=D (]1]/2)! (Z (km) H”m B (1 —vpn)® )

m=1
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where I = (i1,1i9,...,4,) and for each m = 1,2,...,n,
m—1

Km = km,m, + Z (kj,m + km,j)
j=1

Therefore, we obtain

[ ) ate)® - a(w.) Dla
-1 ! |11/2 n Ea i
<|I|> (ﬁ)m( (|11/|2/)2), <Z <|I|/2> II > -y r’"( )””T m)

m=1r,,=0 T'm

[T\~ IIU (—1/2)l11/2
:< > m

(111/2)!
11/92 K, K, K, n Ko\ ir
(= <LLQ > 3 3 Tl (7))

0

We then obtain the following expression for integration over a simplex of
Brownian bridge monomial integrals.

Lemma 4.9. For i1,1a,...,1, € Z>o such that i1 +io + -+ + i, € 2Z>¢, we

have
/ /O‘(Ul)il a(v2)™ - - - a(v,) ' D[a] dvy dvg - - - du,
_ (Lﬂ)l I (~1/2)11072
I (vV=DH (|1]/2)!
K1 K> Ky r (Kp
I|/2) —1) p( )
(Z() XTI ,

< r1=07r2=0 r,=0p= 1p+z Z*TF)

where I = (1,12, ...,i,) and the first summation is over all nonnegative inte-

gers kjm, j,m=1,2,...,n such that

ij,m:|l|/2, Z (kjm + km,j) =1, forall j=1,2,.
7,m=1 m=1
and where, for each m =1,2,...,n, we set
Z jom + Kom,j)
Proof. This follows directly from Lemma 4.1 and Proposition 4.8. O

4.2. Shuffle Product

We introduce the following notation for the integrals described combinatorially
in Proposition 4.8.
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Definition 4.10. For (vi,vs,...,v,) € A™ and for 1,42, ..., i, € Z>( such that
i1 + 1o+ -+ iy € 2Z>0, We set

V(i1 i, i) = /a(vl)“a(vg)i2 - a(vn)" Dlal]. (4.6)

We view (i1, 42, . . ., i) as a word constructed with the letters i1, o, ..., ip,
and we extend the definition of V? linearly to the vector space generated by
all such words.

Definition 4.11. The shuffle product of two words (i1,42,...,4p) and
(J1,725--+,Jq) is defined to be the sum of the (p;q) words obtained by in-
terlacing the letters of the two words in such a way that in each term the
order of the letters of each word is preserved. The shuffle product is denoted
by L.

Lemma 4.12. Assume that 2n = mqiy + mais + - - - + M1, s an even positive
integer (where i1,is,...,1,. are distinct positive integers and my,ma,...,m,
are positive integers). Then, with the xi(a) as in (3.5),

[ (@@ i (@)™ Diel

:m'/ Vb((i17...,il)LU(i27...,i2)LU"'U_’(ir,...,ir)>dvldvg"'dv|m‘7
Ahn\

—_———
ma mo my
where
m! = (mq!)(ma!) -+ (m,)), Im| =mq+ma+---+m,.

Proof. 1t follows directly from writing

/ iy (@) ™My, (@)™ - 2, (@) Do

:/(/Ola(vl)“ dvl)ml</01a(v2)i2 dos)" - (/Ola(vr)ir dv,)"" Dlal,

and considering Definitions 4.10 and 4.11. 0

Note that Lemma 4.9 gives a formula for fAn V(iy, ... in)dvy - - - doy,.
Thus, using Lemmas 4.12 and 4.9 we have achieved a combinatorial description
of all the Brownian bridge integrals involved in the calculation of the spectral
action expansion.

4.3. The Integrals in Terms of the Dawson Function

In Lemma 4.9, we gave a combinatorial formula for

/ /a(vl)ila(vg)iz -~ a(vy)" D[a] dvy dvg - - - du,.
A crucial fact that we used for deriving the combinatorial formula is that since
the Brownian bridge is a Gaussian process, for (vi,...,v,) € A™ we have:

n

. 1
/exp V-1 Zuja(vj) Dla] = exp D) Z CjmUiUm |,
j=1

jm=1
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where
Cim =01 —vy) if j<m, and Cim =vm(l—wv;) if m <.
Therefore, if i1,42,...,4n € Z>o and %1 + iz + -+ + i, € 2Z>(, then, setting
I:(z’l,... in),
\II |1|

\I\l / / a(v1)a(v2)" - a(va)™ Da] dvy dvg -+ dvy

is equal to the coefficient of u’'u% - --ur in the Maclaurin series of

1 n
/ exp ~5 Z CjmUjUm, | dvr dvg---du,. (4.7)

J,m=1

By writing the expansion of the integrand in the latter, we derived the com-
binatorial formula presented in Lemma 4.9.

It is natural to ask whether there is a closed formula for the result of the
integral given by (4.7). It turns out that it is possible to obtain such closed
expressions in terms of the Dawson function

F(z) := exp (—2?) /095 exp (y?) dy. (4.8)

We show the first few cases of integral (4.7) and their explicit form in terms
of function (4.8).

Ezxample 4.13. When n = 1,2, 3, we find the following explicit expressions:

[ (o) - 220
exp | —zciquy | dvg = —————4,
Al 2

Uy

2
1
/A2 exp —3 Z CjmUjUm | dvgdos

7,m=1

_a(r () +F () - F (7))

urus (u1 + us)

3
1
/AS exp —5 Z CjmUjUm | dvy dvg dus

J,m=1

)

8\/§F( u

)

wug (ug + ug) (ug + ug) (ug +ug + ug)

SVIF ()
urts (1 + uz) (ug + us) (w1 + ug + ug)
1+u
SVF (453

_’U,1UQ (Ul + UQ) (’LLQ + U3) (U1 “+ ug + ’LLg)
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sﬂF(“

)
(5% (Ul + ’LLQ) us (U2 + ’LL3) (U1 + U2 + Ug)
8fF (U1+u2)
uy (ug + ug) ug (ug + ug) (w1 + ug + us)
8\[F (u2+U3)
U (’LL1 + UQ) us (’LLQ + U3) (u1 + uo + U3>
D
SR (55)
uy (ug + u2) ug (ug + ug) (u1 + ug + us)

war (25)
(
(

us (ug + u2) ug (ug + ug) (u1 + ug + ugz)

8V2F (255
(’LL1 + UQ) U3 (UQ + U3) Uy + ug + U3,)
8fF (ug—&-ud)

_UQ (U1 + UQ) us (UQ + Ug) (U1 + U9 + U3) )

An explicit expression for

1
—= imU;ilUm | dvy dvg dvsd
/A4 exp 5 Z CjmUju v1 dvg dvg dug

Jym=1

in terms of the Dawson function (4.8) is included in “Appendix A” of the arXiv
version of this paper, namely https://arxiv.org/abs/1811.02972.

4.4. Combinatorial Description of the Full Spectral Action Expansion
In Proposition 3.3, we showed that

(r,m)
Conr
(7n+7") (2n+m) 0o u, i (vi),uq;
. k P —n+tr—k, 2ntm=—pp | 1’ il
= e Yo vy k! p! W, ,
0<k,p<2M n: Nopi=1 il il
0<n<M

0<p<2M —2n
where for each fixed k,p,n, 3, the inner summation is over all sequences A =
(M1, Ag,...) and p = (u1, g2, . .. ) of nonnegative integers such that
o0 o0
N =>"ixi=8 N=> N=k |u=2M-2m-8, |u=
i=1 i=1
Note that these conditions imply that only finitely many A; and p; can be
nonzero, namely: Ag_py2 = Ag—p43 = - = 0 and popm—on—pg—pt2
= poM—2n—pg—py3 = - = 0.
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Lemma 4.14. Forr € R and m, M € Zx>q, the Brownian bridge integral of the

(r m)

expressions Cy; above gives

[ ¢t Dlal

n+r) (2n+m)k|
=) / Ve, D)w(2,...,2)w--- | dvs - dvgs,
4n on—M pl Ak+p —_——— N——
Ayt Aa+po
- nbmep T (N +pay (BO@\Y (A0
<po @ LT (550) (50) )
i=1 v : :

where the summation is over all integers 0 < k,p < 2M,0 < n < M, 0 <
0 < 2M — 2n, and over all sequences A = (A1, Ag,...) and u = (u1,ua,...) of
nonnegative integers for each choice of k,p,n, 3, such that |\|" = 8,|\| = k,
lul" =2M —2n =, |pu| =

Proof. This follows directly from the above fact from Proposition 3.3 using
Lemma 4.12. U

In Theorem 3.2, we showed that the coefficients appearing in the asymp-
totic expansion

oo

Tr(exp(—7°D?)) ~ »  7°M~ 4/ ut)dt  (as T — 0T)
M=0

are given by

and
1 1 _ _
anlt) = [ (5C51720 + 1 (G737 - C/37) ) Dlal, M € 2o,

The result of Lemma 4.14 gives a combinatorial description of the integral
i C’gjwm ) DJal; hence, we can write a combinatorial formula for an arbitrary
coefficient in the full expansion of the spectral action for the Robertson—
Walker metric with the expansion factor a(t). We use again the notation
A(t) =1/a(t), B(t) = A(t)? as in (3.7) and the expressions

as in Definition 4.10.
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Theorem 4.15. For any M € Z>1, the coefficients of the expansion of the
spectral action of a Robertson—Walker metric are given by

CLQM(t)
—n— 3/2 21\ L pl
p-
,Z )()/ Vb (1’71)LL|(2772)IJ_I dvl'”d’uk'HJ
471 on—M pl Ak+p —_—
A1ty Aa+po
n(3/2)- nep T3 (i iy (BOONY (A 6\
x B(t) B/2=k (A'(1))? pH( s )( il i
i=1 ¢ ’ ’

n—5/2\ 12n+2 5/2 s A2
1Y ((( ) ) BO ()
—<—”;”2><2;>B<t>—m)

E! p!

— vel@a,...,D)w(,...,2w--- | doy---do

el o, V| QD@2 duy
Aty Az+pa

o or O (252 (257,

where the structure of the summations is as follows. The first summation lis
over all integers 0 < k,p < 2M,0 <n < M, 0< 3 <2M — 2n, and over all
sequences A = (A1, Aa,...) and p = (u1, to,...) of nonnegative integers (for
each choice of k,p,n, 3) such that |\ = B, |\ =k, |u|' =2M —2n—0, |u| =
Similarly, the second summationy " is over all integers 0 < k,p < 2M—-2,0 <
n<M-1,0<p8<2M —2—2n, and over all sequences A = (A1, \a,...),
w = (u1,p2,...)of nonnegative integers such that [N = B,|\ = k, |u|" =
2M —2—2n — B, |ul = p

Proof. The result follows directly from Theorem 3.2 and Lemma 4.14. O

4.5. Explicit Form of the Coefficients

Using the combinatorial formula obtained in Theorem 4.15, we can compute ex-
plicitly the coefficients asps(t) in terms of the expressions A(t) = 1/a(t), B(t) =
A(t)?. For the first few coefficients, this gives the following expressions:

1
ao(t) = B

3A(t)? B”(t) 5B’ (t)? 1
() = SBwE " SB@pE T RBWMTE  ABHVE

A"(£)?2  BA'(4)2B'(t)  35A'(t)2B'(¢)?
) = 55072 ~ 3B 128B(t)%/2

5A(t)* Al(t)?
64B(t)7/2  16B(t)3/2
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ABY (A1) BA(t)A"(t)B'(t) B®W(t) 3B (t)?
8B(t)5/2  16B(1)7/2  80B(t)5/2 ' 64B(t)7/2
B (t) 1058/ (t)*
483(t)3/2 1024 B(t)11/2
B'(t)>  B®)B'(t) T717B'(t)*B"(t)
S 64B(1)/2 T 16B(1)7/2  384B(t)%/2
Similar explicit expressions for the coefficients ag(t) and as(t) are reported
in “Appendix B” of the arXiv version of this paper, namely https://arxiv.

org/abs/1811.02972. When written in terms of the scaling factor a(t) through
relation (3.7), these expressions agree with those computed in [7,23].

4.6. The Faa di Bruno Hopf Algebra

The Bell polynomials and the Faa di Bruno formula have a Hopf algebra inter-
pretation, where one considers the group G4 (A) of formal diffeomorphisms
tangent to the identity,

F&)y=t+ ) fat" € tA[t]],
n>2
with A a unital commutative algebra over a field K, with the product given
by composition. Viewed as an affine group scheme, G4 is dual to the Faa di
Bruno Hopf algebra Hpgp,

GYT(A) = Hom(Hpqz, A). (4.9)

As an algebra Hpgp is a polynomial algebra K[z, zo, 23, ..., Tp,...] in count-
ably many variables x;, with coproduct (see [25])

" (m+1)!
Alxy,) = 2:0 ((71_|_1))' Bpiimt1(1,2121,3zg,...,(n—m+ Dzp_p) @ T,

m=

n

:Z Z ko';nl &, |1—[aj & Tm,

m=0 \ ko+ki+ka+-+kp=m+1
k142ko+---+nk,=n—m

with xg = 1. The Hopf algebra is graded by deg(x,) = n and connected
Haeg=0 = K. The counit is given by e(x,) = 0y, and the antipode is deter-
mined inductively for graded connected Hopf algebras.

It is known that the Faa di Bruno Hopf algebra embeds in the Connes—
Kreimer Hopf algebra of planar rooted trees, [25], Hrap — Hcox and dually
the affine group schemes map surjectively Gox — GIf.

While we will not consider this question in the present paper, it is worth
pointing out that the structure of the asymptotic expansion of the spectral
action of the Robertson—Walker metrics that we obtained here in terms of Bell
polynomials suggests the presence of an interesting Hopf algebra action, simi-
lar to the one regulating the renormalization of quantum field theories, see [14].
Understanding the structure and meaning of the role of the Faa di Bruno Hopf
algebra in the spectral action expansion appears to be an especially interesting
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question in view of a better understanding of the spectral action as a gravity
model. Indeed, one usually considers the spectral action functional as an ef-
fective field theory (at energies around or below unification, as indicated by
the resulting models of gravity coupled to matter) and treats it semiclassi-
cally using the leading terms of the asymptotic expansion as a classical action
functional for (modified) gravity. The full spectral action expansion provides
a series of higher-derivatives correction terms, which are known to improve
renormalizability. In particular, the role of the full spectral action expansion
in renormalizability in the case of Yang—Mills models was studied in [43] and
for general almost-commutative geometries in [44,45]. The use of the full ex-
pansion of the spectral action functional is crucial in these renormalizability
arguments, see [45]. The description of the coeflicients of the spectral action
in terms of Brownian bridge integrals appears especially suitable for analyzing
the spectral action as a quantum theory and their expression in terms of Bell
polynomials, with the Faa di Bruno Hopf algebra action, suggests what the
underlying Hopf-algebraic renormalization structure should be. We hope to
return to this question in future work.

5. Multifractal Robertson—Walker Cosmologies

In this second part of the paper, we turn to consider the multifractal cases
of Robertson—Walker cosmologies, where the spatial sections are obtained as
an arrangement of 3-spheres such as an Apollonian packing, generalizing the
static cases considered in [3].

5.1. Packed Swiss Cheese Cosmologies

The hypothesis of multifractal structures in cosmology was proposed to jus-
tify the observable distribution of clusters of galaxies, see for instance [31].
A particularly interesting model exhibiting fractality and multifractality is
known as the “Packed Swiss Cheese Cosmology”, [38]. These are constructed
on the model of the fractality of an Apollonian packing of 3-spheres inside
a 4-dimensional spacetime. Equivalently, one can obtain these spacetimes as
an Apollonian arrangement of 4-dimensional Robertson—Walker metrics. This
does not require an embedding into higher dimensions, as the individual scaled
4-dimensional building blocks and their incidence relations completely spec-
ify the resulting spacetime, which is topologically 4-dimensional, but with an
associated non-integer Hausdorff dimension due to the fractality of the ar-
rangement.

In [3], it was shown that a spectral action model of gravity can be ap-
plied to these fractal cosmologies. Under some regularity assumptions on the
structure of the fractal, the spectral action can be computed, using a gen-
eral method of [10,11] for constructing spectral triples (the non-commutative
analogs of spin geometry) on fractals. Unlike the case of an ordinary smooth
manifold, in the presence of a fractal structure the heat kernel of the Dirac
operator acquires some log-periodic terms. These correspond to the presence of
poles off the real line in the zeta function of the Dirac operators. In turn, these
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poles determine additional terms in the asymptotic expansion of the spectral
action. These are corrections to the action functional of gravity that detect
the presence of fractality. In particular, the shape of a slow—roll potential for
inflation derived from the spectral action model was shown in [3] to be also
affected by these terms, so that corrections due to the presence of fractal-
ity also appear in the slow—roll coefficients, which in principle are detectable
via observational data. The regularity assumptions on the fractal geometry
used in [3] were aimed at obtaining sufficiently good analytic properties of the
corresponding zeta functions, in the sense of [32].

However, the model of spectral action on multifractal Swiss Cheese type
cosmologies considered in [3] is not entirely realistic, because the relevant
spacetime is assumed to be a product of a fractal packing of spheres (or of
spherical manifolds) times a compactified Euclidean time dimension S', so
that, in particular, the scaling factor of the spatial sections remains constant.
This corresponds to a static, rather than a more realistic expanding universe.

In order to make the model more realistic and physically interesting, our
goal in the present paper is to reformulate the multifractal spectral action
model in terms of Robertson—Walker metrics.

Although this may at first look like a simple modification, in fact it re-
quires a completely different set of analytical tools to derive the spectral action
computation from heat kernel and zeta function information. In particular,
the analytic techniques involved are based on the derivation of the terms of
the asymptotic expansion of the spectral action for Robertson—Walker metrics
discussed in the previous sections, based on the Feynman—Kac formula and
Brownian bridge integrals as in [7]. In the case of Robertson-Walker metrics
that are round 4-spheres, the result we obtain can also be obtained using the
technique of [3], based on the results of [33] counting the contributions of the
different levels in the fractal structure, and on results on the heat kernel on
fractals, [16-18].

5.2. Dirac Operator Decomposition

We consider here a Robertson—Walker geometry on a spacetime of the form
R x P, where the spatial sections, instead of being a single 3-sphere, form an
Apollonian packing of 3-spheres, as in a Packed Swiss Cheese Cosmology.

More precisely, here P is a packing of 3-dimensional spheres with radii
{anr :n € Nk=1,...,6-5""1} where, in an iterative construction of the
packing, at each stage n € N, a number of spheres equal to 6-5""! are added
to the packing. We denote these spheres by S,, ,, see [3,27] for a detailed
description of the Apollonian packings of higher-dimensional spheres and their
iterative construction.

In a Robertson—Walker metric on a spacetime with an Apollonian packing
of spheres in the spatial sections, we can assume that each sphere in the packing
inflates at time ¢ with the same rate a(t). We consider two possible rescalings of
the Robertson—Walker metric by effect of the scaling radii a,, j of the packing.
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1. The first choice is to rescale the whole 4-dimensional spacetime, that is,
to consider a metric of the form

ds? . = a2, (dt* + a(t)® do?), neNk=1,...,6-5""1  (51)

2. The second choice is to rescale only the spatial sections, that is, to con-
sider a metric of the form

dsp , =dt* +a(t)’ap ,do®,  neNk=1,...,6-5""" (5.2)

In both cases, we write D,, j for the resulting Dirac operators on R x S, , for
metric (5.1) or (5.2).

We then encode the geometry of the inflating sphere packing P in the
Dirac operator of a spectral triple associated with the entire (fractal) space R x
P. The main advantage of the spectral triples formalism of non-commutative
geometry, [12], is the fact that it makes it possible to adapt fundamental
properties of Riemannian geometry to spaces that are not smooth manifolds,
including fractals.

In our case, we follow the construction of spectral triples on fractals ob-
tained in [10,11]. For a space of the form R x P, with P an Apollonian packing
of 3-spheres, the spectral triple we consider is as in [3], with (A, H, D) with A
an involutive subalgebra of Cy(R x P) of functions f with bounded commu-
tator [D,w(f)], where 7 is the representation of the algebra as multiplication
operators on the Hilbert space H = @y 1 Hn i with H, = LQ(S%,,C,S) the
spinor spaces of the individual spheres in the packing and with Dirac operator
D = Dgyp of the form

5n—1

6
Daxp = P Dnx (5.3)

neN k=1

with the D, , the Dirac operators on the individual spaces R x S, , with the
Robertson-Walker metric (5.2).

We will discuss both choices (5.1) and (5.2) in Sect. 6.

Note that, depending on the form of the scaling factor a(t) of the
Robertson-Walker metric, the heat kernel and spectral action of the Dirac
operator Dryp may need regularization. Regularization is not always neces-
sary: cases when a(t) consists of an expansion followed by a contraction can
give rise to a compact spacetime (the round metric on S* is an example of
such a Robertson-Walker metric). In the following, we will be computing the
coefficients of the heat kernel expansion as functions as,,(t) of the time vari-
able, that is, prior to integration in the R direction in the R x P spacetime.
The cases of scaling factors causing divergences can be treated by regularizing
the spectral action through a cutoff regularization of the R integration of the
coefficients. Appropriate boundary conditions for a self-adjoint Dirac operator,
in the case where such a cutoff is introduced, can be obtained following the
procedure of [8,29]. A more detailed discussion of this type of regularization
is left to future work.
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5.3. Mellin Transform and Zeta Functions

We first recall the relation between the terms in asymptotic expansion of a
function and the poles of its Mellin transform, [24]. Given a meromorphic
function ¢(z) with set of poles § C C and its Laurent series expansion at a
pole zg € S,

d(z) = > anl(z—2)k,
—“N<k

the singular element S(¢, zg) of ¢ at zp is the projection onto the polar part
of the Laurent expansion at zg,

S(¢,20) = Y, er(z—z20)"
~N<k<0

The singular expansion of ¢ is the formal sum of all the singular elements of
¢ at all poles in S,

Sp(2) = 8(9, 2).
z€ES

We write ¢(z) =< Sy(z) to denote the singular expansion. For example, the
singular expansion of the Gamma function is

k1
F(Z)XZ( k!) itk

k>0

Then, the relation between the asymptotic expansion at u — 0 of a function
f(u) and the singular expansion of its Mellin transform ¢(z) = M(f)(z) is as
follows. The small time asymptotic expansion is of the form

F) ~umor D Ca,u®log(u)te,
aeS ka

where the coefficients ¢, are determined by the singular expansion of the
Mellin transform,

—1)kaf,!
M) = Saan () = 3 o i

a€S ko

where the index k, ranges over the terms in the singular element of ¢(z) =
M(f)(z) at z = «, up to the order of pole at . A similar expression holds for
the asymptotic expansion at u — oo, see [24] and the appendix to [47]. In the
case where there are no logarithmic terms in the asymptotic expansion,

f(u) ~u—0+ Z C(xuav
a€ES

the Mellin transform M(f)(z) has analytic continuation to a meromorphic
function on C with simple poles at z = —a with residue c,.
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5.4. Packings of 4-Spheres

Before discussing the general structure of the spectral action on Packed Swiss
Cheese Cosmologies based on Robertson—Walker metrics, which we will be dis-
cussing in Sect. 6, we begin by discussing explicitly a special case: choice (5.1)
of the scaled metrics in the special setting where the underlying Robertson—
Walker metric is a round 4-sphere. Thus, we are considering a packing of
4-spheres, where one scales the entire 4-sphere over each 3-sphere in the pack-
ing and not just the spatial directions. The resulting spacetimes then have a
different scaling of the time coordinate in each sphere of the Apollonian pack-
ing. This case is much simpler than the general case, because one can directly
see the corrections to the spectral action due to fractality simply by looking at
the zeta function of the Dirac operator as in the cases considered in [3]. Thus,
it serves as a good model case to identify the expected correction terms we
will encounter in the general case.

Lemma 5.1. In the case of a 4-dimensional sphere S of radius r > 0, the zeta
function of the Dirac operator is given by

(p(s) = Tr(|Dsa| ™) = Zmei\)\zﬂ r*(C(s = 3) = C(s = 1)),

with ((s) the Riemann zeta function.

Proof. The spectrum of the Dirac operator on a round (D — 1)-dimensional
sphere SP~1 of radius r is

Spec(Dgp-1) = {)\g,i =4t <D2_1 +€> |l e Z+}7 (5.4)

with multiplicities

o D
myy =207 (éj; ) (5.5)

As shown in [7], this can also be obtained by regarding the unit 4-dimensional
sphere as a Robertson-Walker metric with a(t) = sin(¢). In the case of a
4-sphere of radius r, this gives

Co(s) = Te([Dss| =) = S p(n)Te(F(H,))
n>0
with f(z) = 27/? and where H,, = H;F @ H;; with
(& 43, D
de? a? a? ’

with multiplicity p(n) = 2(n+1)(n+ 2) and with a(t) = sin(¢) with ¢ € [0, 7].
Here we are scaling both the factor a(t) and the ¢ direction by the same factor
r, since the whole S* is rescaled. Indeed, one then has

S U Te(F(H) = 3 puln) S (22~

n>0 n>0 k>n+2

HY = ¢

n
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—art Y SR = S -8 s - 1),

k>n+2
O

The fractal string zeta function [32] of an Apollonian packing P of 3-
spheres with sequence of radii £ = {a, 1} is given by the generating series

Ce(s) =) any. (5.6)
n,k

The exponent of convergence op of this series (the packing constant of the
Apollonian packing) is an upper bound on the Hausdorff dimension measuring
its fractality. In general, these fractal zeta functions do not necessarily have an-
alytic continuation to meromorphic functions on C. However, as shown in [32],
there are a screen and a window, that is, a curve of the form S(¢) + it for a
continuous function S : R — (—o0,0p| and a region W to the right of this
curve, within which analytic continuation exists.

Corollary 5.2. For a packing P of 3-spheres with sequence of radii L = {an i}
and the collection of 4-spheres obtained from it by making each 3-sphere the
equator inside a fized hyperplane of a corresponding 4-sphere, we obtain a Dirac
operator Dp (of the general form discussed in Sect. 5.2) with zeta function
(pp(s) = Cc(5)Cpga (), given by the product of the fractal string zeta function
of the sphere packing and the zeta function of the Dirac operator on the unit
4-sphere.

Proof. This follows directly from the previous lemma with form (5.3) of the
Dirac operator, which gives

(p(s) = Te(|Dp| ") = ) %ai,k(é(s —3) = (s = 1)) = Ce(s)Cpg (5)-
n,k

O

This shows that, for a spacetime geometry constructed in this way the
leading terms in the spectral action expansion have the following form.

Lemma 5.3. The leading terms in the expansion of the spectral action for the
Dirac operator Dp of the 4-sphere packings described above have the form

Te(f(Dp/A)) ~ F(0)(pp (0) + foA? <£2(2) + f4A4C£T(4)
o3 farelOp, (5.7)

oceS(L)

where S(L) is the set of poles of the fractal string zeta function (c(s) of the
sequence of radii of the packing and R, = Ress=,(c(s) are the corresponding
residues, and the coefficients f. are the momenta of the test function f,

fa= /OOO fr)ve~tdv.
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Proof. The result follows using the Mellin transform relation between the zeta
function of the Dirac operator and the heat kernel of the Dirac Laplacian

1 i 2
Tr(|Dp| %) = 7/ Tr(e PP /2 1dt (5.8)
I'(s/2) Jo
give the terms in the expansion of the spectral action of form (5.7), through
the relation between heat kernel coefficients and residues of the zeta function

via Mellin transform, as in Sect. 5.3. O

The terms (- (2) and (. (4) replace the radii 72 and 7 of the corresponding
terms in the spectral action on a single sphere S? of radius 7 of Lemma 5.1
with the zeta regularizations of the sums »_ ap ;. and Dok afl’k. Since the
packing dimension of a 3-dimensional sphere packing is smaller than four but
larger than three, by the estimate in [3], the sum (z(4) = >_, afl,k is an
actual convergent sum while ((2) is a zeta-regularized value. However, for
more general packings of 4-spheres, not obtained from a packing of 3-spheres,
the packing dimension may be larger than 4; hence, (-(4) would also be a
regularized value.

The multifractal nature of the sphere packing is reflected in the fact that
the zeta function (. (s) has poles off the real line.

In [3], the packing P of 3-spheres was assumed to satisfy certain strong
analyticity assumptions (listed in Sect. 3.3 of [3]), requiring that the fractal
string zeta function (. (s) = Zn,k ay, r, of the sequence of radii of the packing
would have analytic continuation to a meromorphic function on a region of the
complex plane that contains the nonnegative real axis; the analytic continu-
ation would have only one pole on the nonnegative real axis, located at the
packing dimension of P; all the poles of {(s) would be simple; and £ would
have a good approximation by a family £,, of self-similar fractal strings with
the lattice property (see [32]) so that the complex poles of (. (s) are approx-
imated by the poles of (., (s). More precisely, this approximation property
means that, for all € > 0 there is an n € N and R = R(e,n) > 0 such that
within a vertical region of size at most R the complex poles of (. (s) are within
distance at most € from the poles of (¢, (s). Under these assumptions, the fol-
lowing result is obtained by applying directly the results of [3] to the packing
of 4-spheres.

Proposition 5.4. Under the analyticity assumption of [3] on the sphere packing,
the term

> foaralp,

2
ceS(L)
consists of a leading real term

2o -8~ o~ 1R,

with 0 = o(P) € Ry the packing dimension of P, and an oscillatory term
S$(A) involving the contribution of the poles of ((s) off the real line. Its



F. Fathizadeh et al. Ann. Henri Poincaré

truncation SF°(A)<r given by counting only the poles in a strip of vertical

width R satisfies

N’V‘
SP(Nzr ~ Y ATy, (0n(A)),
7=0
where sy, j = Un=j+i(an7j+1ig? ), forj =0,...,N, are the poles of the approx-

imating Cr, (8) in the same strip, 0,, = ll(fggbA and ¢, ,(0,) =3, fs, ,€27m0n
with /

4fs o _
fsn,j = %(C(sn,j - 3) - C(sn,j - 1))Rsn7 /0 f(u)usnd ldu'

In the following subsection, we look at a simpler and more explicit lower-
dimensional example based on a special case of Apollonian circle packings, the
Ford circles. This provides an example where the correction terms to the spec-
tral action due to fractality can be computed completely explicitly, although
the packing in this case does not satisfy the analyticity assumption since it
does not have a good approximation by self-similar fractal strings with the
lattice property.

5.5. Lower-Dimensional Example: Circle Packings

It is useful to consider first a simpler lower-dimensional example where, in-
stead of a 4-dimensional spacetime R x P, with P an Apollonian packing of
3-spheres, one considers the case of a 2-dimensional spacetime R x C where
C is an Apollonian packing of circles. The reasons for considering this exam-
ple, although it is not directly of physical relevance, are that it simplifies two
important features of the more general case we will be analyzing in the follow-
ing: the sequence of the radii of the packing can be described more explicitly,
especially in the more interesting cases with number theoretic structure, [28];
moreover, the Dirac spectrum for the Dirac operator on the circle is simpler
than the Dirac spectrum on higher-dimensional spheres.

5.5.1. Ford Circles. We consider here in particular the lower-dimensional ex-
ample of a 2-dimensional spacetime R x C where the Apollonian circle packing
C is given by the Ford circles. These are circles tangent to the real line at
points (k/n,0) with centers at the points (k/n,1/(2n?)). The advantage of
this case is that the sequence of radii is known and given by a simple explicit
expression. This example will also be helpful in showing that the condition
mentioned above on the existence of a good approximation of £ and the poles
of (£ (s) by a family £,, of self-similar fractal strings and the poles of their zeta
functions (¢, (s) is in fact a very delicate property and even very simple and
apparently very regular examples of Apollonian packings need not satisfy it.

Lemma 5.5. The fractal string zeta function of the Apollonian packing of Ford
circles is given by

C(23—1)'

CE(S) =277 C(QS)

(5.9)



Spectral Gravity on (Multifractal) Robertson—Walker

Proof. In the case of Ford circles, the number of circles of radius r, = (2n?)~!
is equal to the number of integers 1 < k < n that are coprime to n, ged{k,n} =
1. This means that the multiplicity m(r,) is given by the value of the Euler
totient function

m(rn) = ¢(n),
where the Euler totient function is equivalently given by

o) =nJ] (1-1).

with product over the distinct prime numbers dividing n. Thus, the fractal
string zeta function in the sense of [32] of the Apollonian packing of Ford
circles is essentially the Dirichlet series generating function of the Euler totient
function,

Cels) = 3 p(n) (2n%)* =270 3 () n 2 = 27D, (25).  (5.10)

n>1 n>1

The Dirichlet series generating function of the Euler totient function

Do(s) = S 20 (5.11)

ns
n>1

can be computed using the fact that for a prime power p* the totient function
satisfies ¢(p*) = p* — p*~! so that

s 1—-p~°
1+ Z o(p")p~*F = T_pis
k

which then gives, using the Euler product formula,

(5= 1)

Dy(s) = 22—,

where ((s) is the Riemann zeta function. Thus, the zeta function of the Ford
circles packing is given by (5.9).

Lemma 5.6. The Ford circles packing does not satisfy the approzimation con-
dition by a family L, of self-similar fractal strings with the lattice property.

Proof. The set S(L) of poles of (£(s) consists of three subsets S(£) = S U
Sy US3 where §; = {s = 1}, the point where the function {(2s— 1) has a pole,
Sy = {s = —k : k € N}, the points that are trivial zeros of {(2s), and S3 =
{p € C\R_ : {(2p) = 0} consisting of all the non-trivial zeros of the Riemann
zeta function ((2s). Assuming that the Riemann hypothesis holds, the poles
of (r(s) in S3 are all on a single vertical line of real part 1/4. Thus, in the
case of the Apollonian packing given by Ford circles, the question of whether
poles of (. (s) that lie off the real line have a good approximation by self-similar
fractal strings, is in fact the question of whether the non-trivial Riemann zeros
admit such an approximation. It is known (Theorem 11.1 of [32]) that the non-
trivial Riemann zeros do not contain any infinite arithmetic progression. The
possibility of a finite arithmetic progression within a certain vertical strip is
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limited (Theorem 11.5 of [32]) by an estimate of the following form: if ((a +
inb) = 0 for some a € (0,1) and b > 0 and for all integers with 0 < |n| < A

then
b\« !
A < 60logd (2)

™

and A < 13b when a = 1/2, see Theorem 11.5 of [32]. Also, the possibility
of having an infinite sequence of non-trivial Riemann zeros approximated by
an arithmetic progression, namely having ((a + inb) — 0 as |n| — oo for
some a € (0,1) and b > 0, is ruled out (Theorem 11.16 of [32]). Thus, the
explicit example of Ford circles provides a simple case where one can see that
the approximation condition by self-similar fractal strings is very difficult to
satisfy even for very regular packings. O

Nonetheless, in the case of the Ford circles, one can explicitly see the cor-
rections to the spectral action due to the fractality of the Apollonian packing.

Since our main focus here is on 4-dimensional spacetime geometries, we
can also construct a 4-dimensional example using the 1-dimensional Apollo-
nian circle packing by Ford circles, by increasing dimension to a collection of
2-spheres with the Ford circles as equators in a given hyperplane and then con-
sidering these 2-spheres as equators of a collection of 3-spheres and similarly
pass to a collection of 4-spheres.

Proposition 5.7. For a packing of 4-spheres obtained from the Ford packing of
circles as above, the leading terms of the spectral action expansion are of the
form

Te(f(Dp /) ~ 1o 1(0) + T g BB p gy AOCED

140
2 ((h=8) — (k1)
((=2k—1)

fa*
2
keN

27%cos(blog 2 a
+ Z %%(Zg)r(f)g cos(blog A)A?,
o=a-+}+1tb

where o ranges over the non-trivial zeros of ((2s), with

r(f)e = /000 f(w)u®! cos(bu) du
and
Zy = (C(o —3) — (o —1))¢(20 — 1).

Proof. The packing is given by a collection of 4-spheres of radii the r, =
(2n?)~1 as the Ford circles and with the same multiplicities given by the Euler
totient function m(r,) = ¢(n). Thus, we can apply the expansion obtained
previously for an arrangement of 4-spheres with a given sequence of radii and
multiplicities, and we obtain

Te(f(Dp/A)) ~ f(0)Cp, (0) + f2A2C£T(2) + f4A4CLTM)
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+ 2 fUAGCD%(U)Rm
oceS(L)
where here we have
f(0)¢p5 (0) = f(0)¢p.(0) ¢£(0)
_ 4£(0) ¢(=1)
= L e ) S = 15 o)
with ¢(0) = —1/2, ((—1) = —1/12, and {(—3) = 1/120, and

(2@ 1503 o

2 4t
2Ce(4) 4725¢(7) , 4
Jah = e

The sequence of additional terms corresponding to poles of the zeta function
Cc(s) can be subdivided into the contributions of the three sets S; described
above so that we have a term coming from S; = {o = 1} with

CDS4( )

1
IM——Ri1 = — fLiA
71—

then a series of contributions from the poles in Sy, at the even negative inte-
gers,

(D (—k) 24 (k= 3) = ¢(~k 1)
AR R
J-n 2 ! C(—2k—1)
and a series of contributions from the set Sz that involves the non-trivial zeros
of the Riemann zeta function, of the form

FA7 CDs;(U) 2—;+ (C(o—3) = (o —1))¢(20 — 1),

Re = foA?
at points 0 € C ~\ R_ with ((20) = 0. We can write these equivalently as a
series of terms

f*kAika

2o ON08 2) gy 7, () A" cos(blog A).

3
where ¢ = a + ib (with a = 1 /4 under the assumption that the Riemann
hypothesm holds) and with r( = 7 f(w)u"" cos(bu) du and with Z, =
(Clo—=3) - C(U—l))C(QU—l) O

Thus, assuming the Riemann hypothesis holds, the correction terms due
to the presence of fractality introduce a term of order A in the energy scale
and a term of order A%, where the latter occurs together with a series of
log-periodic terms cos(blog A) with b the imaginary parts of the non-trivial
Riemann zeros.

Remark 5.8. Observe also that the usual cosmological term and Einstein—
Hilbert term now no longer have rational coefficients as in the case of the
ordinary Robertson-Walker metrics with a single S® as spatial section. An
effect of the fractality introduced by the sphere packing is the zeta regulariza-
tion of the sphere radius powers in these terms, which introduce non-rational
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coefficients like ¢(3), ¢(7), and powers of 7. In relation to the results of [20,22],
observe that the coefficients in this example are no longer rational numbers
but are still periods of mixed Tate motives. One can ask the question, for
more general sphere packings with associated zeta function ((z), of whether
the argument given in [22] can be modified to obtain a motivic description of
the coefficients of the spectral action expansion and what conditions on the
fractal string £ = {an,i} of the packing radii will give rise to mixed Tate
periods.

6. Feynman—Kac Formula on Sphere Packings

In this section, we consider the general case of a Packed Swiss Cheese Cos-
mology on R x P, where P is an Apollonian packing of 3-spheres S3, with
radii sequence £ = {a, 1}, where each R x Sf’hk is endowed with a scaled
Robertson—Walker metric of either form (5.1) or (5.2), for a given underlying
Robertson—Walker metric dt? 4+ a(t)?do?. We use the full expansion of the heat
kernel for the underlying Robertson-Walker metric, obtained in the previous
sections using the Brownian bridge and the Feynman-Kac formula, and an
analysis of the effect of the scaling by the radii a, ; to derive via a Mellin
transform argument the full heat kernel expansion for the Dirac operator on
the Packed Swiss Cheese Cosmology R x P.

We first consider the case of R x P with the scaled Robertson-Walker
metrics of the form a ; (dt* + a(t)*do?), as in (5.1), which we refer to as the
“round scaling” case. We compute the Feynman—Kac formula for the entire
sphere packing using a Mellin transform with respect to the s variables of
the heat kernel, together with the results on the asymptotic expansion for the
underlying Robertson—Walker metric to obtain the full heat kernel expansion
for the Packed Swiss Cheese Cosmology.

As we have seen in the simpler examples of the previous section, one
finds two series of terms, one that corresponds to the expansion of the un-
derlying Robertson—Walker metric, with zeta-regularized coefficients, and one
additional series that corresponds to the poles of the zeta function (.(z) of
the fractal string of the packing.

We then consider the case of R x P with the scaled Robertson—Walker
metrics of the form dt* + a2 ; - a(t)®>do® as in (5.2), or the “non-round scal-
ing” case. We illustrate in this case a different argument based on the Mellin
transform of the function fs(z) with respect to the “multiplicity” variable x,
and we interpret the integral [, fs(x)dx as a special value of a combination of
Mellin transforms. This shows the occurrence of zeta-regularized sums over the
radii in the resulting Feynman-Kac formula. We also explain how one obtains
the contributions of the poles of the zeta function (,(z) to the asymptotic
expansion of the spectral action in this case.

6.1. Zeta-Regularized Series and Mellin Transform

We consider the Packed Swiss Cheese Cosmology R x P with radii £ = {a, 1}
and with the Robertson-Walker metrics of the form ai) L (dt? + a(t)?do?), as
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n (5.1). We present a method for computing the asymptotic expansion of the
heat kernel based on the Mellin transform with respect to the variable 7 of the
heat kernel expansion exp(—72D?).

We consider a slightly more general form of the series considered in Sect.
4 of [47]. In particular, we consider the case of a function f(7) with small time
asymptotic expansion

f)~> etV (6.1)
N

and we consider an associated series of the form

gr(t) =>_ f(ra7), (6.2)

where R = {r,} is an assigned sequence of r,, € R’ with the property that the
zeta function (r(z) = ), r;,* converges for R(z) > C for some C' > 0 and has
an analytic continuation to a meromorphic function in C for which z = —N
for N € N are regular points. We also assume that (z(z) has only simple poles
and that the poles of (g are regular values of the Mellin transform M(f)(z).

Proposition 6.1. Let R = {r,} be a sequence as above with f(7) and gr(T)
as in (6.1) and (6.2). Then, the small time asymptotic expansion of gr(7) is
given by

gR(T) ~r—0+ Z CN CR(_N) TN + Z RR,O’ M(f)(o) T_Ua (63)
N ceS(Cr)
where S(Cr) is the set of poles of (r(z) with residues Rp o := Res,—-Cr(2).
Proof. We can formally write for the series g the expansion
gr(t) ~ Y enri N =Y " (r(=N)rN. (6.4)
N,n N
One observes then, as in [47], that if M(f)(z) is the Mellin transform

M) = [ s ar
0
then the Mellin transform M(g)(z) is given by
M(g)(2) = Cr(z) - M(f)(2). (6.5)
This means that we can obtain the asymptotic expansion of gr(7) when 7 —
0" by analyzing the singular expansion of the Mellin transform M (gr)(z), as
recalled in Sect. 5.3. In this case, we obtain the singular expansion

Smign)(2) = Z M_,_ Z M’

Z—0 Z—0
o€S(CR) o€S(M(f))

where S((gr) is the set of poles of (r(z), which are assumed to be simple, with
residue R, and where S(M(f)) is the set of poles of M(f) with singular

expansion
Co
Supn() = > o
oeS(M(f))

g
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Since we are assuming that f(7) has small time asymptotic expansion (6.1),
the relation to the singular expansion of the Mellin transform gives

N
Sup() =Y N
N

hence we obtain the result. O

6.2. The Feynman—-Kac Formula and Asymptotic Expansion

We use the method described in Proposition 6.1 together with the Feynman-—
Kac formula, to obtain the asymptotic expansion of the trace of the heat kernel
for the square of the Dirac operator on the sphere packing P endowed with
the Robertson—Walker metric as in (5.1).

Theorem 6.2. Let D := Dryp = ®n . Dni be the Dirac operator on a sphere
packing P, with sequence of radii L = {an}, with the Robertson—Walker
metrics (5.1). Assume that the zeta function (- (2) of the fractal string L has
analytic continuation to a meromorphic function on C that is reqular at the
points z € {M € 7Z : M < 4} and only has simple poles. Then, the heat kernel
expansion is given by

Te(exp(—r*D?)
~ Y Pice-an 4 a) [ (SOG4 1 (OG5 - ¢l//3) ) Dla

M
+ Z f(a) : Reszzogﬁ . 7—70-7 (66)

cES,

where S¢ is the set of poles of (s and f(z) = M(f)(2) is the Mellin transform
of the function f(1) = Tr(exp(—72D?)) with D the Dirac operator on R x S3
with the Robertson—Walker metric dt? + a(t)?do?.

Proof. We consider again the Feynman—Kac formula, focusing first on a single
sphere in the packing P, with radius a,, ;, endowed with a Robertson-Walker
metric of form (5.1). This means that we consider an operator of the form

2
nkdtz

where the potential Vj,, ,  is as in (6.20). The Feynman-Kac formula then
reads as

2
- (:12"1‘ n, kVnznk)

e—TanL,n,k(t’t) _ "n, ( )

:%/exp( /ank<t+\/§a:’ka(u)>du> Dlal.

Using the same Taylor expansion method described earlier, after replacing as

above the sum
S pmye T e (t,1)
m
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with multiplicities p(m) with the integral

/0; fronp(@)dz

1 _ _
Fron@) = ( - 4> et AU LY

with U and V as in (3.10) and (3.11), we obtain
> ulme™ (1)

where

U

vZ
:/“M (e“ (—an U Y? 4245, U2 + a3 V2U‘5/2)> D[o]

T 4

2
1 v
= /* (ew (—ap U™+ ap (20792 +V2U—5/2))> Dla]
with the Taylor expansion
2 (o]
oo Tt = 720040 Z a;],\f_Q(TH) C,](Vr[,e)TM
M=0

with CI(\;’@ as in (3.17) and the resulting expansion as in (3.20), which after
scaling appropriately by the factors a,, ;, becomes

v2
; <eff (a2 U2 + 2022 + VQU—W)))

i Z ( ~5/2,2) Cj(v;1/2,0)> Co(—M + 2)rM =2

M=
1 o0
520](\/[3/20)4- (=M +4)r M—4
M=0

+

Thus, we can write the Feynman—Kac formula for the whole P

SN pmyem T e ()

n,k m
= > Mg+ ) [ ( OGP0 1 L2 cé*Mlli’%)D[aL
M=0

with only the term %Céf‘g/z’o) when M = 0, as in Theorem 3.2. This series
should be interpreted in the sense discussed in Sect. 6.1, as a series

Zf nkT
1 _
- S [ (GO + ORI i) ) Dol
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Thus, applying the method of Proposition 6.1, we find that g,-(7) has an
asymptotic expansion for 7 — 07 of form (6.6). O

Theorem 6.2 determines the full expansion of the spectral action on a
multifractal Packed Swiss Cheese Cosmology R x P with the Robertson—Walker
metrics (5.1).

Corollary 6.3. Under the same hypotheses as Theorem 6.2, the full expansion
of the spectral action on R x P with the Robertson—Walker metrics (5.1) is of
the form

Tr(f(D/A))
~ Z A2V onr Ce(—2M + 4)
M=0
/ (10552/2’” H(C5IY - el ) Dl
+Y flo -Res.—oCc - (6.8)
oS,

Proof. Asin [5,6,42], we relate the coefficients of the spectral action expansion
to the coefficients of the heat kernel as in (2.2) and (2.3), by computing the
spectral action Tr(f(D/A)) with respect to a test function of the form f(z) =

I e e~ ?*du(r) for some measure y, with Jo7 du(r) = f(0). Assuming that
the full expansion of the heat kernel is of the form

—TD
§ T C2a7

we obtain from (2.2) and (2.3)
D/A Z f2a02a “+ ao f + Z fQOzCQOéA 204

a<0 a>0
where for a < 0

fau= [ S@v T,
and when a =M >0 0
favr = [ 7Mau(r) = (1M 0)
Thus, we obtain a series 0? the form
Te(f(D/A))

oo
~ D AT o (e(=2M + 4)
M=0

1 (=320 1 ~5/2,2 ~1/2,0
[ (580 +  (ch3” - ci3™) ) pla

+ > f(0) fo Res.ole- A

oES,
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where the Mellin transform relation (5.8) between heat kernel and zeta func-
tion
T (|D|7Z) 2 /OO ef‘rZD2 zfld
T = T T
I'(z/2) Jo
gives

F(2) = M(Tr(e ™" P*))(z) = 22

2

(p(2).
O

6.3. Scaling Properties for Non-round Scaling

We now consider the effect of rescaling the Robertson-Walker metric dt? +
a(t)*do? to metrics of the form dt* + a2 ; - a(t)* do?, as in (5.2).

In this case, it is technically considerably more difficult than in the round
scaling case to obtain exact results based on the spectral action expansion of
a single Robertson—Walker metric. Here we present first a brief heuristic argu-
ment based on scaling properties of the terms U and V of (3.10), (3.11), aimed
at identifying the kind of spectral action expansion that one expects in this
case, see (6.11). We then justify this expression using a Mellin transform argu-
ment, where we now take a Mellin transform with respect to the real variable
x whose integral provides the count of the multiplicities of the eigenspaces in
the decomposition of the Dirac operator. This gives us an expression for this
integration in terms of values of the Kummer confluent hypergeometric func-
tion. The effect of scaling is then considered in terms of this Mellin transform
expression. This confirms the form of the zeta-regularized coefficients identi-
fied in (6.11). The part of the argument that is more delicate in this case, with
respect to the round metric, is identifying the form of the log-periodic terms
coming from the poles off the real line of the fractal string zeta function of the
packing. Rather than providing a full explicit computation, we only present in
Sect. 6.7 an argument based again on properties of the Mellin transform that
justifies the presence of these log-periodic terms in the expansion.

Lemma 6.4. Let U andV be as in (3.10), (3.11), for a given Robertson—Walker
metric of the form ds? = dt? + a(t)?do? on R x S3. For a rescaled metric of

the form ds? = dt? + a? - a(t)? do?, with a constant scaling factor a > 0, as in
(5.2), we have

U—a?U VealV. (6.9)

Proof. In the first case, expressions (3.7), (3.10), (3.11) show that the U and V'
functions defined by (3.10) and (3.11) change like U +— a 2U and V +— a1V,
under the rescaling a(t) — a - a(t) of the scaling factor. O

Remark 6.5. Compare this with the case of a rescaled metric of the form ds? =
a-(dt?+a(t)?do?) as in (5.1), that we discussed in Sect. 6.1, where the operator
d?/dt? also scales by a~2; hence, in the Feynman—Kac formula, one modifies

the term
o s d2 . s d?
xp | —s— | —exp| —— — | .
P\ PL72 ae
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This has the effect of scaling the variable s — a~2s, so that the variables U
and V are replaced by new variables U’, V' with

"1 1
U'=a=* s/ A? ( V25 a(v)) dv and V' =a73 s/ A (t + @ a(v)) dv
0 a 0 a

with the effect of the rescaling v/2s/a on the expansion and on the resulting
heat kernel asymptotics shown in Sect. 6.1 .

Lemma 6.6. The rescaling U — a 2U and V +— a='V gives the rescaled
expression

o0 oo

_ _ 1 _

1 Z (a3 CJ(MS/M) _aC](M 1/2,0>> FM-2 5 Z C](\43/2,0> SM-4
M=0 M=0

—

(6.10)

Proof. By Lemma 6.4, in this case the scaling takes the form
eV2/4UU7'V7rL — a—?r—m eV2/4UUT'V"m7

which means that the coefficients C};" are rescaled by a factor a=2"~™ and

we obtain the rescaled expression (6.10). 0

Clearly, expression (6.10) suggests that, in this case, we should expect an
asymptotic expansion with zeta-regularized terms of the form

72 C( 5/2,2) C()C( 1/20)) M- 2+ ZC C( 3/2,0) M= 47

M=0 M 0
(6.11)

with the zeta function (£(s) = >_,, , a;, ;. of the sphere packing radii. This will
be justified more precisely in the following subsections.

6.4. Mellin Transform and Hypergeometric Function

We provide an argument for the presence of the zeta-regularized terms (6.11)
based on taking a Mellin transform with respect to the “multiplicity variable”
x in the function fy(x) of (3.12).

With the notation a(™ = a(a+1)--- (a+n—1) and a(®) = 1, the Kummer
confluent hypergeometric function is defined by the series

a(mgn

1F1 Cl b t Z ")n!

and is a solution of the Kummer equation

d2f df .
tSr + =05 —af =0,

The function fs(z) of (3.12) has a Mellin transform that can be computed
explicitly in terms of the Kummer confluent hypergeometric function.
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Lemma 6.7. The Mellin transform in the x-variable of the function

o) = fula) = (2= )oY

s given in terms of the Kummer confluent hypergeometric function 1 Fy by the
expression

M (<x2 o i) e—gc2U—o;V> (Z) _ }U_(Z+3)/2
2 2
vep (2 (- 21V z+21 Vv
x(u P(Q)( U1F1(2 v ) TEN e

z+1 z+1 3 V2 z2+3 3 V2

Similarly, the Mellin transform in the x-variable of the function

1
Jop(x) = (:c2 - 4> e UtaV

1s also given in terms of the Kummer confluent hypergeometric function as

1 2 1
2 _ - —z“U+aV — 77— (243)/2
M((x 4)e )(z) 8U
1 V2 z2+2 1 V2
v2ro (U F (2 2 F (212 -
X(U (Z/)< Ui 1(2 yar) T\ ey

241 21 3 V2 43 3 V2
+VF< . ><—U1F1 (2 ,2,4U)>+2(z+1)1F1 (2 ,2,4U)).

As discussed earlier, the real variable x is a continuous variable replacing
the discrete m + 2 in the expression for the potential V,,,(t) of (3.1).

Lemma 6.8. The multiplicity integral is a special value at z =1

/ fs(z)dz
_(ty-+9)p(? z 1 V2 _ z1V?
_< 4U 2 P<2> U.F 29 AU 2z1F1 1+27274U |Z:1

v2 \f( —1/2 4 ou=3/2 L y2y-5/2), (6.12)

= e4U

Proof. We consider again integral (3.13), which we write in the form

/ fola dx—/ fo do:Jr/ fori(z) da

1 2
fs,i(l') — (1,2 _ 4) e % U:I:IV.

In turn, we can write these integrals in terms of Mellin transforms as

/jo fs(x) dz = M(fs,)(2)|z=1 + M(f5,4)(2)|=1 (6.13)

where
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The Mellin transform on the right-hand side is given by

ML)+ M6 = -0 (5) (008 (G L)

z 1 V2
—221F1 <1+2,2,4[]>>7 (614)

and the evaluation at z = 1 of this expression gives back the expression we
used before

1 - z 2 1 V2 z 1 V2
-+ (2 A R X
( 4U 2 I‘(2) (U1F1<2’2’4U> 221 Fy (1+2,2, >>)|z_1

2
_ egfu@(_(]—uz +oU3/2 4 V2U—5/2)_ (6.15)
O

S

6.5. Scaling and Hypergeometric Functions

To simplify some of the following expressions, we introduce the notation

V2
Hy(7,2) == U"*/?T(2/2) 1 Fy ( A, )
14U
2727 4U
where as above, the variables s and 7 are related by s = 72. We also introduce,
for later use, the notation

He(r,2) == U2 e (2) T (2/2) 1 F) <

H(7,2) := Hy(7,2) = U=*/2T(2/2) 1 F, (Z 1 1/2)7 (6.16)

: % ZU> = Co(2) Hr,2). (6.17)

Corollary 6.9. Consider the scaling of the S® spatial sections by a factor a, i
taken from the series L = {an i} of radii of a given sphere packing, as in
(5.2).

M(fani)() = 55 (Hy(rz + )V = Hy(7,2))

1
—a?t? (H%(T,Z—F?»)V—H

—ais (r2+2).  (6.18)

1
2

Proof. Scaling the Robertson—Walker metric by a,, ; as in (5.2), we find that
the Mellin transform of f,(x) of (3.12) satisfies

1
M(f2)() = M(fan 1) (2):=gal
1 V2 242 1 V2
Luver(Z U - 201y (2122
@k UrFy yoa) T oy w
_ z+1 _ z4+1 3 V2
—I—anlkVF( 2 ) (an’Qk:UlFl (72 7575))

z+3 3 V2
—92 1), F (212 2
(z4+1)1 1( 5 ’2’4U>>

1 1 13 V2
=a (U <Z+1>/2vr<z+ )1F1(Z+ 77))
8 2 2 24U

+3) [7—(2+3)/2
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2
_yU~—=/217 (f) N (57 17 L)
2 2 24U
1 40 —(z41) z z+2 1 V2
- umGHIP (2 2 m (2222
+4a””“( 2) M\ T2 2w

z4+1 z4+3 3 V2
(557) crmn (2’2’4U)>'
We then write the above as (6.18), where we used I'(z/2)z = 2I'((z + 2)/2)
and I'((z + 1)/2)(2 + 1) = 2I'(z + 3) /2). O

Similarly, we obtain the scaling of the integral ffooo fs(x)dz, viewed in
terms of sums of Mellin transforms as above.

Corollary 6.10. For a scaled metric of the form dt? +ai’ka(t)2d02 as in (5.2),
we have

M(fsink,~)(2) + M(fsn.k,4)(2)
1 2 z z 1 V2
= ——a*F U 2T (Z )1 =, =, —
g Gk (2)1 ! (2’2’4U)
2yl z z 1 V2
r(1+—-)1F (1
tay kU "> (+2>1 1<+224U

—ian H(r2) + a8 H(r, 2 + 2), (6.19)

6.6. Sphere Packing and Mellin Transform

We consider then the full sphere packing P with sequence of radii £ = {ay, x}
and with the Robertson—Walker metrics of the form as in (5.2). The potential
Vin(t), m € N, of (3.1) is replaced by a sequence

Vi = m (<m + g) — - a'(t)) . (6.20)

Each potential in this sequence corresponds to a scaled choice a,, —1 RA(t) and
a, 3 B(t) of the variables of (3.7), and corresponding scaled variables a, 3 U

and a;jc V in (3.10) and (3.11), as discussed above. We then consider a function
fp.s associated to the full sphere packing P of the form

Jp.ol@) = ( - i) Z; U (6.21)
As above, we write
/ Fpa(@) dz = M(fpa)(2)omt + M(Fpoe)(#)lomrs

with fp s+ = (2% —1/4) 3, exp(—=? an R U wa, Ly,

Lemma 6.11. For R x P with sequence of radiic L = {anr} and with the
Robertson—Walker metrics of the form as in (5.2), the Mellin transform of
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Ips.— + [ps.+ satisfies, with s = 72,

Mfpo)(z) + M(fpoi)(2) = —iﬂﬁ(ﬂ D+ Helrz+2).  (622)

Proof. This follows directly from (6.12) since we have

M(fp)(z) = é (Hy(rz+ )V~ Hy(r.2) )Zank

2
—%(H%(T,z—l—B)V %TZ+2)ZGZ+2

Hy(r,z+ 1)V = Hy(7,2)) Ce(2)

(r,242)) Ce(z+2),

co| —

N =

- (H%(T,Z—H’))V—H

1
2

and
M(fps,-)(2) + M(fp.s,+)(2)
:_i Dy | Hrz)+ | Y aii? | Hirz+2),
n,k n,k
which gives (6.22). O

This shows that, indeed, we obtain the zeta-regularized coefficients (. (3)
and (z(1) as in (6.11), when we evaluate at z = 1 expression (6.22). This
argument, however, does not suffice to identify all the modified terms in the
asymptotic expansion of the spectral action due to the fractality of the sphere
packing, as we expect also in this case to see contributions from the poles of the
zeta function (- (z). We cannot apply the same argument used for the round
scaling here, since the fact that the 7 variable is not rescaled prevents us from
applying the same argument of Sect. 6.1 based on Sect. 4 of [47]. However,
we show in the next subsection that one can still extract the information on
the contribution of the poles of (£ (z) from a further analysis of these Mellin
transforms.

6.7. Pole Contributions

The discussion above shows why one obtains zeta-regularized coefficients in
the spectral action expansion in the case of the non-round scaling (5.2) of the
Robertson-Walker metrics. However, it does not explain why in the asymptotic
expansion for 7 — 0% of the heat kernel one should also find contributions
associated with the poles of the zeta function ((z), as in the case of the
round scaling discussed before. In fact, one can see that such terms will occur
in this case too, when one applies the 7 expansion (3.15)

U NV
U:7—2E —TT", V:T2E —7;
n:On' n:On
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to the function Hy(7,2) = (e (2)T(2/2)U~*/? 1 F1(2/2,1/2,V?/4U) as in (6.17),
equivalently written as

= z/2
He(r,2) = Ce(2)D(z/2U /2 3 45/0)/2) Ve,
n=0
by expanding the confluent hypergeometric function, with (a), = a(a+1) - - (a+
n — 1) denoting the rising factorial. One sees from (3.15) that the term U~*/2
will contribute a term with 7% times a power series in 7, while the confluent
hypergeometric function will contribute power series in 7.

Rather than giving a complete computation, we simply explain here why
the presence of the term with 7% will generate the pole contributions, by illus-
trating the same phenomenon in a simplified case.

The product of the Mellin transforms M(f;)(z) - M(f2)(z) corresponds
to the transform of the Mellin convolution

MU)(E) - MU2)(2) = MU £2)(2),
()@ = [ £(5) ol -

Moreover, Mellin transform can be applied to distributions [30,37], by con-
sidering the space of test functions D(R,) and the space Q@ = M(D(Ry)) of
their Mellin transforms. Let D/, and Q' denote the dual spaces. Denoting by
(-, Y m the duality pairing between Q' and Q and by (-,-) the duality pairing
between D', and D(R.), for a distribution A € D, one defines M(A) by the
property that (M(A), M(#)) = (A, ¢). Then, the Mellin transform of a distri-
bution in D', belongs to the space Q', which is a space of analytic functions.
In particular, the Mellin transform of a delta distribution is given by

7 = M(§(z — 7). (6.23)

Similarly, we can write as Mellin transform of a distribution

T (c(2) =M ZTan,k S(x—T-ank) |- (6.24)

n,k

This is the distribution acting as

<Z7_an,k 5(33 - T an,k)a ¢($)> = ZTan,k ¢(T an,k)~

n,k n,k
We write this distribution as
Ap .= ZTamk 0 — 7 ank)-
n,k

Consider then a given function g(z). In particular, for our application
we should think of the function g,(z) :== M~Y(I'(2/2)1Fi(2/2,1/2,7)). The
product of Mellin transforms is then

M(Ap7)(2) - M(9)(2) = M(Ap 7 % 9)(2)
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o d
=M %Tan,k/o 6(u—7an,k>g(§)?u :gM(Q(T.ka)>'

We then let h.(7) := M(g(£), and we write the above as

L.(7):= Z ho(T - an k).
n,k

One can then obtain the asymptotic expansion for this function by using the
same technique that we used in the case of the round scaling, by considering
now the variable z fixed (it will be evaluated at z = 1 in the end) and taking a
Mellin transform with respect to the variable 7. To avoid confusing notation,
we write M. for the Mellin transform taken with respect to the variable 7, and
we write this Mellin transform as a function of a complex variable 8. Arguing
as in the round scaling case, we have

Mz (L:(7))(B) = Cc(B) - M(h=(7))(B).

Tt then follows that the terms in the asymptotic expansion for 7 — 0 of L,(7)
are determined by the terms in the singular expansion of the Mellin transform
Ce(B) - M(h,(7))(8). These contain a series of terms that correspond to the
poles o € S¢ of the zeta function (- () with coefficient given by the product
of the residue R, = Resg=,((3) and the value M(h.(7))(c) with a power
777, as well as terms that correspond to the poles of M(h.(7))(5) (which are
terms of the asymptotic expansion of h,(7). When we apply this argument
to g, (z) == M~ (T'(2/2) 1F1(2/2,1/2,7)), the resulting asymptotic expansion
then needs to be modified by replacing v = V2/4U and expanding U and V
in powers of 7 according to (3.15). This makes writing out in full the explicit
computation lengthy, but it does not change the fundamental structure of the
expansion, which will still have a series of terms arising from the poles of (¢ (/3).
Thus, even without carrying out a full explicit computation of all these terms,
we then see that the structure of the asymptotic expansion of the heat kernel
(hence of the spectral action) is similar to the case of the round scaling, with
a series of terms generated by the poles of (- (3) and a series of terms coming
from the asymptotic expansion of the underlying (unscaled) Robertson—Walker
metric, appearing with zeta-regularized coefficients as in (6.11).
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